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We consider the couplings of an infinite number of spin-2 fields to gravity appearing in Kaluza-Klein
theories. They are constructed as the broken phase of a massless theory possessing an infinite-dimensional
spin-2 symmetry. Focusing on a circle compactification of four-dimensional gravity we show that the
resulting gravity/spin-2 system in D � 3 has in its unbroken phase an interpretation as a Chern-Simons
theory of the Kac-Moody algebra diso�1; 2� associated to the Poincaré group and also fits into the
geometrical framework of algebra-valued differential geometry developed by Wald. Assigning all degrees
of freedom to scalar fields, the matter couplings in the unbroken phase are determined, and it is shown that
their global symmetry algebra contains the Virasoro algebra together with an enhancement of the Ehlers
group SL�2;R� to its affine extension. The broken phase is then constructed by gauging a subgroup of the
global symmetries. It is shown that metric, spin-2 fields and Kaluza-Klein vectors combine into a Chern-
Simons theory for an extended algebra, in which the affine Poincaré subalgebra acquires a central
extension.
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I. INTRODUCTION

The AdS/CFT correspondence is still one of the most
promising avenues towards a deeper understanding of the
strong coupling mysteries of gauge theories on the one
hand and nonperturbative effects of string or gravity theo-
ries on the other hand [1–3]. However, to use the AdS/CFT
correspondence even at the level where the supergravity
approximation is valid, one has to compare the full non-
linear couplings of in general massive Kaluza-Klein states
to operators of corresponding conformal dimension on the
CFT side, and a restriction to massless modes is therefore
unsatisfactory. Moreover, as the internal manifolds appear-
ing in the background geometries of 10-dimensional su-
pergravity, like AdS5 � S

5 or AdS3 � S
3 � T4, are

typically of the same size as the Anti-de Sitter space, the
masses of the higher Kaluza-Klein states are very small,
and it is therefore in no sense an effective description to
truncate them out. Nevertheless, usually one indeed in-
spects only the lowest multiplet, simply because of our
lack of knowledge concerning the effective actions of the
higher ones. This paper aims to go a first step towards a
construction of the full action containing the whole tower
of Kaluza-Klein modes.

In practice it is a very tedious task even to compute the
effective action for the zero-modes. Thus, in the case of a
generic internal manifold one would have no chance to
compute the action for the full tower of Kaluza-Klein
modes directly. Instead one therefore may construct the
action directly in the lower-dimensional space-time by
identifying the underlying symmetries and deriving the
possible couplings which are allowed by them. This ap-
proach has been proven to be very fruitful in the construc-
tion of gauged supergravities. For instance, in case that the
address: olaf.hohm@desy.de
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number of unbroken supercharges is sufficiently large it is
usually sufficient to identify the underlying gauge group,
which is given by the isometry group of the internal
manifold, and the spectrum of the various fields under
this gauge group. More recently this program has been
applied to gauged supergravity in D � 3 [4,5]. In this
way a tower of massive spin-1 Kaluza-Klein multiplets
for supergravity on AdS3 � S

3 � K (K � T4 or K3) has
been described as a unique gauging of three-dimensional
supergravity [5], where the vectors get massive via a three-
dimensional version of the Higgs mechanism. What was
missing in this description is the full tower of massive spin-
2 multiplets (originating from the higher-dimensional met-
ric and its superpartners). It is my aim in this paper to
incorporate towers of massive spin-2-fields via coupling
massless spin-2 fields to gravity and establishing a novel
version of the Higgs mechanism by which they can become
massive.

However, it is not clear a priori whether such a massless
spin-2 theory actually exists. Even though we know that
the massive theory appearing via Kaluza-Klein reduction
has to be consistent, the direct construction of gravity/spin-
2 coupled systems seems to be disabled by the so-called
interaction problem for higher-spin fields. The latter states
that it is not clear how to construct an interacting theory of
higher spin fields (with spin s > 1), in particular, how to
couple them to gravity (for a recent review see [6].) The
latter holds for massive and more severely also for mass-
less fields. Let us illustrate this problem in the case of a
massless spin-2 field. The action for a free massless field of
arbitrary spin on a Minkowski background1 has been con-
Even though we are ultimately interested in the AdS case, we
will restrict the analysis to Minkowski backgrounds and discuss
later on possible generalizations to AdS spaces.
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structed by Pauli and Fierz [7] and is given in the case of a
spin-2 field h�� by

S �
Z
dDx�12@�h��@

�h�� � @�h
��@�h�� � @�h

��@�ĥ

� 1
2@�ĥ@

�ĥ�; (1.1)

where ĥ � ���h�� denotes the trace evaluated in the
Minkowski metric. This of course coincides with the lin-
earization of the Einstein-Hilbert action and is moreover
invariant under the spin-2 gauge transformations �h�� �
@��� � @���, which are the linearized diffeomorphisms.
To couple this spin-2 field to gravity, naively one would
replace all partial derivatives in (1.1) by covariant ones.
However, this would violate the invariance under any
obvious covariantisation of the spin-2 transformation due
to the noncommutativity of covariant derivatives,
�r�;r�� 	 R��. This in turn would render the theory
inconsistent since there is no longer a symmetry which
reduces the propagating degrees of freedom to the required
1
2D�D� 3� of spin-2. And indeed it has been proven sev-
eral times in the literature that spin-2 fields cannot be
coupled consistently to gravity (see e.g. [8–10]). Even
though in [11,12] Cutler and Wald were able to construct
interacting multigraviton theories that are consistent in the
sense that they admit a spin-2 gauge invariance, later on it
has been shown [9] that all of these theories are unphysical
due to the presence of ghostlike excitations.

The reasoning given for the interaction problem so far
seems to apply only for massless fields, in which case one
has to have a gauge symmetry, but it is actually more
severe in that also a coupling of massive higher spin fields
to gravity is in general not consistent. (For the case of
massive spin-2 fields a very clear discussion of the con-
sistency problems can be found in [10], see also [13–15].)

To make this point more transparent, I remind the reader
that actually the same problem appears for massless
spin-3=2 fields  �, whose free gauge symmetry � � �
@�� is also not consistent with gravity couplings. But here
it has been partially solved by the invention of local
supersymmetry. Therefore a number of massless spin-3=2
fields can be coupled to gravity if they are realized as gauge
fields of supersymmetry, and moreover, couplings of mas-
sive spin-3=2 fields are only consistent if they are realized
through spontaneously broken supersymmetry. The mas-
sive spin-3=2 fields appearing in Kaluza-Klein (KK) re-
ductions therefore have to be accompanied by spontan-
eously broken supercharges. For instance, recently we have
constructed the effective supergravity action for a massive
spin-3=2 multiplet appearing in the KK reduction on
AdS3 � S

3 � S3 as a spontaneously broken maximal N �
16 supergravity theory [16], which therefore in total has
twice as much supersymmetry than is actually preserved by
the background. But the theory admits no symmetric
phase, such that half of the gravitinos get massive through
a super-Higgs mechanism. However, the possible number
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of spin-3=2 fields is limited by the maximal amount of 32
real supercharges, and it remains the puzzle how an infinite
KK tower of spin-3=2 fields can be coupled to gravity.

One of the main aims of the present paper is to analyze
in which way consistency of the gravity/spin-2 coupling in
Kaluza-Klein theories can be achieved. That means, I will
show in which way a spin-2 symmetry is realized in the full
nonlinear theory that guarantees consistent couplings in the
same sense as supersymmetry does for spin-3=2 fields.
More precisely, I will construct an unbroken phase with
couplings of an infinite number of massless spin-2 fields to
gravity and possessing a larger symmetry structure. This
theory will then be deformed via gauging certain rigid
symmetries, which in turn modifies the spin-2 symmetry.
This is in analogy to the deformation of an ungauged into a
gauged supergravity, which also modifies the supersym-
metry variations.

In this paper we will focus on a KK reduction to D � 3.
This is mainly motivated by the topological nature of
massless spin-2 fields and the fact that the analogous
construction of gauged supergravities in D � 3 is signifi-
cantly simplified due to the fact that in the ungauged theory
all propagating bosonic degrees of freedom can be as-
signed to scalar fields by use of standard Poincaré duality
[17,18]. In fact, starting from a formulation where all
vectors have been dualized into scalars, the global symme-
try group is enhanced, e.g. in the maximally supersymmet-
ric case it is the exceptional group E8�8�. Gauging of a
subgroup of the global symmetry can in turn be performed
by just introducing a topological Chern-Simons term for
the gauge fields (and adding some Yukawa-type cou-
plings). The analysis of the possible gaugings consistent
with supersymmetry can then be performed in a com-
pletely algebraic way. Fortunately, also gauged supergrav-
ities with Yang-Mills type gauging are covered by these
theories, since the on-shell duality between vectors and
scalars actually persists also in the gauged phase, as has
been shown in [4,19].

It will be my aim in this paper to outline a similar
procedure for the construction of the effective action of
massive KK states in D � 3, i.e. we have to show that all
degrees of freedom can be dualized into scalar fields. In an
unbroken limit, where the KK masses go to zero, these will
then exhibit an enhanced global symmetry, which severely
restricts the form of the couplings. In addition we will have
a local spin-2 symmetry for infinitely many massless spin-
2 fields in much the same way as one has local supersym-
metry in an ungauged supergravity theory. The broken
phase of the KK theory will then be constructed by gauging
part of the global symmetry, or in other words by switching
on a gauge coupling, which will turn out to be given by the
mass scale M characterizing the inverse radius of the inter-
nal manifold. This gauged deformation in turn will induce
a mass term for the spin-2 fields such that a novel Higgs
mechanism for the spin-2 fields is possible in the same way
as a super-Higgs effect appears in gauged supergravity.
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More specifically, we have to address the following
questions:
(i) H
ow can we identify the unbroken phase, and how
is the spin-2 symmetry realized in this limit? In
particular, how does this theory fit into the no-go
results discussed in the literature before?
(ii) W
hich global symmetry is realized on the scalar
fields in this phase?
(iii) W
hich subgroup of the global symmetries has to be
gauged in order to get the full Kaluza-Klein theory?
Does a formulation exist also for the gauged phase,
where all vector and spin-2 fields appear to be
topological?
(iv) H
ow does the spin-2 symmetry get modified due to
the gauging?
The first step will therefore be to identify the ungauged
theory with its symmetries, i.e. to answer question (i). The
required symmetries that appear in Kaluza-Klein reduc-
tions have in part been analyzed some time ago by Dolan
and Duff in [20], where they showed that in the simplest
case of an S1 compactification including all massive modes
a local Virasoro algebra v̂ corresponding to the diffeo-

morphisms on S1 as well as the affine extension diso�1; 2�
of the Poincaré algebra appear. The latter describes an
infinite-dimensional spin-2 symmetry, which in the
Kaluza-Klein theory is spontaneously broken to the usual
diffeomorphism group such that all higher-spin-2 fields get
massive via eating vectors and scalars. We will construct a
consistent infinite-dimensional gauge theory for massless

spin-2 fields as a Chern-Simons theory of diso�1; 2� and
moreover show that the scalar fields span a kind of non-

linear �-model with target space dSL�2;R�= dSO�2�, exhib-
iting an enlarged global symmetry, which answers question
(ii). Answering question (iii) we will gauge part of the
global symmetry, which in turn modifies the spin-2 sym-
metries. In the formulation, where all degrees of freedom
appear in scalar fields, the KK vectors are topological and
we will show that they combine with the spin-2 fields into a
Chern-Simons theory for an extended algebra, which en-
lightens the modification of the spin-2 symmetries, thus
answering in part question (iv). Schematically, the situ-
ation is given below.

Unbroken phase:

CS theory for ̂iso(1, 2) +

σ-model ̂SL(2, R)/ ŜO(2),

spin-2 symmetry

gauging−−−−−→

Broken phase:

CS theory for extended

algebra + gauged σ-model,

deformed spin-2 symmetry
�
⏐
⏐abelian duality

⏐
⏐
�non-abelian duality

Unbroken phase:

Scalars φn, U(1) vectors An
µ,

reduced global symmetry,

spin-2 symmetry

M→0←−−−−

Broken phase:

4D gravity on R3 × S1,

infinite tower of spin-2

fields with mass scale M
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In order to get the full Kaluza-Klein theory (given in the
lower right corner) we show how to construct the ungauged
theory with its enlarged symmetry group (given in the
upper left corner). Then we argue that via gauging part
of the global symmetries we obtain a theory (given in the
upper right corner) which is on-shell equivalent to the
original theory. However, in the case of a reduction on S1

the effective action can also be computed directly (and in
fact has been computed for reductions to D � 4, see [21–
25]), i.e. the unbroken phase could then be determined by
taking the limit M ! 0 (i.e. obtaining the theory in the
lower left corner) and then performing a standard dual-
ization. Nevertheless this is the simplest case, where one
can analyze the general aspects of the program outlined
above, which is crucial in order to apply this procedure to
more complicated internal manifolds.

The paper is organized as follows. After reviewing
in Sec. II the results of [20] applied to the case of an
S1 compactification to D � 3, the unbroken phase with
vanishing KK masses will be discussed in Sec. III. For
this we will construct a consistent coupling of infinitely
many massless spin-2 fields to gravity and discuss its
relation to a geometrical framework introduced by Wald
in [12]. Finally, after dualization we analyze the symme-
tries of the �-model, which is spanned by the scalar
fields. In Sec. IV we will turn to the general problem of
gauging a subgroup of the global symmetries found
in Sec. III and see in particular how the topological
fields combine into an extended Chern-Simons theory,
somehow unifying the internal symmetries with the spin-
2 symmetries. I conclude in Sec. V with a discussion,
including those aspects which apply also to KK reductions
to dimensions other than D � 3, while a generalization
to arbitrary internal manifolds will be discussed in the
appendix.
II. KAC-MOODY SYMMETRIES FOR A
KALUZA-KLEIN THEORY ON

R3 � S1

It has been shown by Dolan and Duff [20] that Kaluza-
Klein compactification can be analyzed from the follow-
ing point of view. The infinite tower of massive modes in
the lower-dimensional Kaluza-Klein spectrum can be
viewed as resulting from a spontaneous symmetry breaking
of an infinite-dimensional Kac-Moody-like algebra down
to the Poincaré group times the isometry group of the
internal manifold. This infinite-dimensional symmetry
group is a remnant of the higher-dimensional diffeomor-
phism group.

To be more specific let us review Dolan and Duff’s
analysis applied to the case of a Kaluza-Klein reduc-
tion on R3 � S1. We start from pure Einstein gravity
in D � 4 and split the vielbein EAM in D � 4 as fol-
-3
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lows:2

EAM �
	�1=2ea� 	1=2A�

0 	1=2

 !
: (2.1)

Here we have chosen a triangular gauge and also per-
formed a Weyl rescaling. The fields are now expanded in
spherical harmonics of the compact manifold, which for S1

simply reads

ea��x; 
� �
X1

n��1

ea�n�� �x�ein
;

A��x; 
� �
X1

n��1

An��x�ein
;

	�x; 
� �
X1

n��1

	n�x�ein
;

(2.2)

where we have to impose the reality constraint �	
�n �
	�n and similarly for the other fields. Truncating to the
zero-modes, the effective Lagrangian is given by

L � �eR�3� � 1
2eg

��	�2@�	@�	

� 1
4e	

2g��g��F��F��; (2.3)

where as usual F�� denotes the U�1� field strength for A�.
This action is invariant under three-dimensional diffeo-
morphisms and U�1� gauge transformations.

Let us next analyze how the four-dimensional symme-
tries are present in the Kaluza-Klein theory without any
truncation. For this we notice that the diffeomorphisms in
D � 4, which are locally generated by a vector field �M,
are restricted by the topology of the assumed ground state
R3 � S1 to be periodic in 
. Therefore we have to expand
similarly

���x; 
� �
X1

n��1

���n��x�ein
;

�5�x; 
� �
X1

n��1

�5�n��x�ein
:

(2.4)

The four-dimensional diffeomorphisms act on the vielbein
as

��EAM � �N@NEAM � @M�
NEAN; (2.5)

and by applying this formula to (2.1) we get
2M;N; . . . � 0; 1; 2; 5 denote D � 4 space-time indices,
A; B; . . . are flat D � 4 indices and the coordinates are called
xM � �x�; 
=M�, where M is a mass scale characterizing the
inverse radius of the compact dimension. Our metric convention
is ��;�;�� for D � 3 and similar for D � 4.
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��	 � ��@�	� �
5@5	� 2	@5�

�A� � 2	@5�
5;

��A� � ��@�A� � �5@5A� � @���A� � @��5

� A�@5�
�A� � A�@5�

5;

��ea� � ��@�ea� � �5@5ea� � @���ea� � @5�5ea�

� @5�
�A�e

a
�:

(2.6)

Moreover we have to add a compensating Lorentz trans-
formation with parameter �a5 � �	

�1@5�
�ea� to restore

the triangular gauge,

��	 � 0; ��ea� � �A�@5��ea�;

��A� � �	
�2@5�

�g��;
(2.7)

where as usual we have written g�� � ea�e�a, but now with

-dependent vielbein. Using the mode expansion for the
fields in (2.2) and the transformation parameter in (2.4),
one gets an infinite-dimensional Kaluza-Klein symmetry
acting on the fields as3

�	n � ��k@�	
n�k � iM

X
k

�n� k��5
k	

n�k

� 2iM
X
k;l

k��k	
n�k�lAl�;

�An� � @��
5
n � iM

X
k

�n� 2k��5
kA

n�k
� � ��k@�A

n�k
�

� @��
�
kA

n�k
� � iM

X
k;l

k��k �	
�2�n�k�lgl��

� iM
X
k;l

k��kA
n�k�l
� Al�;

�ea�n�� � ��k@�e
a�n�k�
� � @��

�
k e

a�n�k�
� � iMn�5

ke
a�n�k�
�

� iM
X
k;l

k��k �e
a�n�k�l�
� Al� � e

a�n�k�l�
� Al��: (2.8)

Here �	�2�n is implicitly defined by 	�2 �P
1
n��1�	

�2�nein
.
We see now that the standard Kaluza-Klein vacuum

given by the vacuum expectation values

hg��i � ���; hA�i � 0; h	i � 1; (2.9)

is only invariant under rigid k � 0 transformations, or in
other words the infinite-dimensional symmetry is sponta-
neously broken to the symmetry of the zero-modes, i.e. to
three-dimensional diffeomorphisms and a U�1� gauge
symmetry.

To explore the group structure which is realized on the
whole tower of Kaluza-Klein modes including its sponta-
neously broken part, Dolan and Duff proceeded as follows.
Expanding the generators of theD � 3 Poincaré algebra as
3We will adopt the Einstein convention also for double indices
m; n � �1; . . . ;1, but indicate summations explicitly, if the
considered indices appear more than twice.
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well as those for the diffeomorphisms on S1 into Fourier
modes, one gets

Pna � ein
@a; Jnab � ein
�xb@a � xa@b�;

Qn � �Mein
@
;
(2.10)

where we have used flat Minkowski indices. This implies
after introducing Ja � 1

2 "
abcJbc the following symmetry

algebra

�Pma ;P
n
b��0; �Jma ;J

n
b��"abcJ

c�m�n�;

�Jma ;Pnb��"abcP
c�m�n�; �Qm;Qn�� iM�m�n�Qm�n;

�Qm;Pna���iMnP
m�n
a ; �Qm;Jna���iMnJ

m�n
a ;

(2.11)

i.e. we get the Kac-Moody algebra associated to the
Poincaré group as well as the Virasoro algebra, both with-
out a central extension. More precisely, we have a semi-
direct product of the Virasoro algebra v̂ with the affine

Poincaré algebra diso�1; 2� in the standard fashion known
from the Sugawara construction [26]. This algebra should
be realized as a local symmetry. However, this latter state-
ment is a little bit contrived since even the diffeomor-
phisms (i.e. the k � 0 transformations) are known not to
be realized in general as gauge transformations for a
certain Lie algebra, e.g. as gauge transformations for the
Pa. One aim of the present paper is to clarify this question
in the case of a KK reduction to D � 3, and we will see
how a modification of (2.11) appears as a proper gauge
symmetry.

In summary, from this infinite-dimensional symmetry
algebra only iso�1; 2� � u�1� remains unbroken in the
Kaluza-Klein vacuum. This in turn implies that the fields
An� and 	n for n � 0, which correspond to the spontane-
ously broken generators ��n and �5

n, can be identified with
the Goldstone bosons. They get eaten by the spin-2 fields
ea�n�� , such that the latter become massive. A massless spin-
2 field carries no local degrees of freedom in D � 3, while
a massless vector as well as a real scalar each carry 1
degree of freedom in D � 3, such that in total the massive
spin-2 fields each carry 2 degrees of freedom, as expected.
III. UNGAUGED PHASE OF THE KALUZA-KLEIN
THEORY

We have seen in the last section that the full tower of
Kaluza-Klein modes on R3 � S1 carries a representation of
an infinite-dimensional, but spontaneously broken symme-
try algebra. As indicated in the introduction we are going to
construct the action for this theory by first starting from its
unbroken phase, where all spin-2 fields appear massless
and then gauging a certain subgroup of the global symme-
tries. The unbroken phase is given by the limit, where the
mass scale M ! 0, or equivalently, where the radius of the
compact dimension goes to infinity. In other words, the
044003
gauge coupling g will be determined by this mass scale,
g � M. In III A and III B we discuss the theory describing
the pure spin-2 sector. Additional matter couplings will be
introduced in III C, while possible dualizations are dis-
cussed in Sec. III D.

A. Infinite-dimensional spin-2 theory

To construct the theory containing infinitely many mass-
less spin-2 fields coupled to gravity, we remember that
according to (2.11) it should have an interpretation as a

gauge theory of the Kac-Moody algebra diso�1; 2�.
However, as we already indicated in the discussion at the
end of the previous section, in general dimensions this is
not a helpful statement, because not even pure gravity has
an honest interpretation as a Yang-Mills-like gauge theory.
Fortunately, Witten has shown that in contrast gravity in
D � 3 can be viewed as a gauge theory of the Poincaré
algebra iso�1; 2�, namely, as a Chern-Simons theory for
this particular noncompact gauge group [27]. Furthermore,
the symmetries of general relativity, i.e. the diffeomor-
phisms, are on-shell realized as the non-Abelian gauge
transformations. We are going to show that correspond-

ingly the Chern-Simons theory of the affine diso�1; 2� de-
scribes a consistent coupling of infinitely many spin-2
fields to gravity.

To start with, we recall the Chern-Simons theory for a
gauge connection A, which is given by

SCS �
Z

Tr
�
A ^ dA�

2

3
A ^A ^A

�
: (3.1)

Here the trace refers symbolically to an invariant and
nondegenerate quadratic form on the Lie algebra. The
invariance of the quadratic form h; i then implies that under
an arbitrary variation one has

�SCS �
Z
h�A�;F ��idx

� ^ dx� ^ dx�; (3.2)

where F �� � @�A� � @�A� � �A�;A�� denotes the
field strength. In particular, under a gauge transformation
�A� � D�u, where D� denotes the gauge covariant
derivative

D�u � @�u� �A�; u� (3.3)

of an infinitesimal transformation parameter u, the action is
invariant due to the Bianchi identity. In addition, the non-
degeneracy of the quadratic form implies the equations of
motion F �� � 0.

Therefore, to construct the Chern-Simons theory fordiso�1; 2�, we have to find such a quadratic form. It turns
out that

hPma ; Jnbi � �ab�m;�n; hPma ; Pnbi � hJ
m
a ; Jnbi � 0

(3.4)
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defines an invariant form since the bilinear expression

W :�
X1

n��1

Pa�n�J��n�a (3.5)

commutes with all gauge group generators. For instance,

�W;Pkb� � "abc
X1

n��1

Pa�n�Pc�k�n� � 0 (3.6)

can be seen by performing an index shift n! n0 � k� n,
which shows that the sum is symmetric in a and c.4

We turn now to the calculation of the action, the equa-
tions of motion and the explicit form of the gauge trans-
formations, which is necessary to identify the Kaluza-
Klein symmetries and fields. The gauge field takes values
in the Kac-Moody algebra, i.e. it can be written as

A � � ea�n�� Pna �!
a�n�
� Jna: (3.7)

Note, that in the description of ordinary Einstein gravity as
Chern-Simons theory the gauge field !a

� is interpreted as
the spin connection, which like in the Palatini formulation
is determined only by the equations of motion to be the
Levi-Civita connection. Here, instead, we have an infinite
number of ‘‘connections‘‘ and their meaning will be inter-
preted later.

With the invariant quadratic form defined in (3.4), the
action reads

SCS �
Z
d3x"���e�n��a�@�!

a��n�
� � @�!

a��n�
�

� "abc!�m��b !
��n�m�
�c �: (3.8)

If we define ‘‘generalized‘‘ curvatures

Ra�n� � d!a�n� � "abc!�m�b ^!
�n�m�
c ; (3.9)

the action may be written in a more compact form as

SCS �
Z
e�n�a ^ Ra��n�: (3.10)

The field equations implying vanishing field strength,
F �� � 0, read in the given case

@�e
a�n�
� �@�e

a�n�
� �"abce�n�m��b !�m��c �"abc!

�n�m�
�b e�m��c �0;

@�!
a�n�
� �@�!

a�n�
� �"abc!�n�m��b !�m��c �0:

(3.11)

Because of the mixing of the infinitely many ’spin con-
nections’, the torsion defined by ea�0�� does no longer vanish
by the equations of motion. This in turn implies that it is
not transparent which part of the Einstein equation ex-
4Upon truncating the quadratic form to the zero-modes, this
reduces to an invariant form of the Poincaré algebra, which was
the one used in [27] to construct the Chern-Simons action
describing pure gravity in D � 3.
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presses the curvature and which part the energy-
momentum tensor for the higher spin-2 fields. We will
clarify this point later.

Next we evaluate the explicit form of the gauge trans-
formations. Introducing the algebra-valued transformation
parameter u � �a�n�Pna � �

a�n�Jna , for the transformations
given by �A� � D�u one finds

�ea�n�� � @��
a�n� � "abce�n�m��b ��m�c � "abc!

�n�m�
�b ��m�c ;

�!a�n�
� � @��

a�n� � "abc!�n�m��b ��m�c : (3.12)

To see that these gauge transformations indeed include the
spin-2 Kaluza-Klein transformations (2.8) for M � 0, let
us define for given KK transformation parameterized by ��k
the gauge parameters

�a�n� � ��k e
a�n�k�
� ; �a�n� � ��k !

a�n�k�
� : (3.13)

Then the gauge transformation (3.12) takes the form

�ea�n�� � @��
�
k e

a�n�k�
� � ��k@�e

a�n�k�
� � ��k �@�e

a�n�k�
�

� @�e
a�n�k�
� � "abce�n�k�m��b !�m��c

� "abc!�n�k�m��b e�m��c �; (3.14)

where we have again performed an index shift. We see that
the first two terms reproduce the correct KK transformation
in (2.8) with M � 0, while the last terms vanish by the
equations of motion (3.11). On-shell the KK transforma-
tions are therefore realized as gauge transformations. That
the symmetry is realized only on-shell should not come as
a surprise because this is already the case for the diffeo-
morphisms [27], which are now part of the KK symmetries.

Thus we have determined a theory which is by construc-
tion a consistent coupling of infinitely many spin-2 fields.
One might ask the question whether the theory can be
consistently truncated to a finite number of spin-2 fields,
i.e. where only ea�n�� ; n � �N; . . . ; N for any finite N re-
main. This turns out not to be the case, because setting all
generators of the Kac-Moody algebra with jnj>N to zero
does not result in a consistent Lie algebra since the Jacobi
identity would be violated,5 and correspondingly the
Chern-Simons theory would be inconsistent.

So far we have seen that the action permits a consistent
spin-2 invariance. It remains to be checked that it can also
be viewed as a deformation of a sum of free Pauli-Fierz
Lagrangians (1.1), in particular, that the first-order theory
constructed here is equivalent to a second-order action. To
see this we introduce an expansion parameter � and lin-
earize the theory by writing
5Similarly it has been shown in [28], that a restriction to a
finite number of massive spin-2 fields in Kaluza-Klein theories is
not a consistent truncation.
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ea�0�� � �a� � �h
a�0�
� �O��2�;

ea��1�
� � �ha��1�

� �O��2�:
(3.15)

We concentrate for simplicity reasons only on the case
where just ea��1�

� are present. Even though, as we have
just seen, this is not consistent with the gauge symmetry in
general, it yields correct results up to order O��� as the
corrections by the full equations are at least of orderO��2�.
Using the equations of motion for ea��1�

� we can now
express!a��1�

� in terms of them. One finds upon expanding
up to O���

!a�1�
� � ��"�ac�@�h

�1�
�c � @�h

�1�
�c� � ��b�h

b�1�
� !a�0�

�

� ha�1�� !b�0�
� �!b�0�

� ha�1�� �!a�0�
� hb�1�� �

� 1
4"
��d�@�h

�1�
�d � @�h

�1�
�d��

a
� �

1
4�

�c��d�h�1��d!
�0�
�c

� h�1��c!
�0�
�d �!

�0�
�dh

�1�
�c �!

�0�
�dh

�1�
�c��a�� �O��2�;

(3.16)

and analogously for !a��1�
� . The next step would be to

insert these relations into the equation for ea�0�� and solve
the resulting expression for the ‘‘spin connection‘‘ !a�0�

� .
However, due to the fact that ea��1�

� as well as!a��1�
� are of

order O���, for the approximation linear in � we just get

0 � "abc��b!
�0�
�c � "abc��c!

�0�
�b � ��@�h

a�0�
� � @�h

a�0�
�

� "abc�h�0��b!
�0�
�c �!

�0�
�bh

�0�
�c ��: (3.17)

In the limit �! 0 this is the relation for vanishing torsion
in the flat case and is therefore solved by !a�0�

� � 0. Up to
order O��� we have the usual relation of vanishing torsion
for the ‘‘metric‘‘ ha�0�� and it can therefore be solved as in
the standard case. But to solve the equation we have to
multiply with the inverse vielbein and therefore up to order
O��� the solution is just the linearized Levi-Civita connec-
tion. Altogether we have

!a�0�
� � ��lin. Levi-Civita connection� �O��2�: (3.18)

We can now insert this relation into the formulas (3.16) for
!a��1�
� and get

!a�1�
� � ��"�ac�@�h

�1�
�c � @�h

�1�
�c�

� 1
4"
��d�@�h

�1�
�d � @�h

�1�
�d��

a
�� �O��

2� (3.19)

and analogously for !a��1�
� . Finally inserting this expres-

sion into the equation of motion for !a�1�
� to that order, i.e.

0 � @�!
a�1�
� � @�!

a�1�
� ; (3.20)

and multiplying with "��
 results in
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0 � @�@

h�� � @�@
ĥ� �
��ĥ� �
�@�@�h

��

� @�@�h
�
 ��h�
: (3.21)

This coincides exactly with the equation of motion derived
from the original free spin-2 action (1.1). Here we have
defined h�� :� �a�h

�1�
�a � �a�h

�1�
�a, which also results up to

O��� from the general formula for the higher spin-2 fields
in a metriclike representation:

g�n��� :� ea�n�m�� e�m��a : (3.22)

Clearly, also for the linearized Einstein equation we get the
free spin-2 equation, and therefore we can summarize the
analysis by saying that the theory reduces in the lineariza-
tion up to order O��� to a sum of Pauli-Fierz terms. On the
other hand, we know that the full theory has the KK
symmetries (2.8) which mix fields of different level and
accordingly the full theory (3.8) has to include nonlinear
couplings. This in turn implies that the higher order terms
in � cannot vanish and our theory is therefore a true
deformation of a pure sum of Pauli-Fierz terms. In sum-
mary, one can solve the equations of motion for !a�n�

� at
least perturbatively, thus giving a second-order formula-
tion. However, it would be much more convenient to have a
deeper geometrical understanding for the !a�n�

� . Such a
geometrical interpretation indeed exists and is given by
Wald’s algebra-valued differential geometry [12], which
we are going to discuss in the next section.

B. Geometrical interpretation of the spin-2 symmetry

Cutler and Wald analyzed in [11] the question of pos-
sible consistent extensions of a free spin-2 gauge invari-
ance to a collection of spin-2 fields. In much the same way
as a non-Abelian Lie algebra determines the gauge sym-
metry for a collection of spin-1 fields, they found that such
a spin-2 theory is organized by an associative and commu-
tative algebra A (which should not be confused with a Lie
algebra). Namely, the additional index which indicates the
different spin-2 fields is to be interpreted as an algebra
index, and therefore any collection of spin-2 fields can be
viewed as a single spin-2 field, which takes values in a
nontrivial algebra. Now, an associative and commutative
algebra A can be characterized by its multiplication law,
which is with respect to a basis given by a tensor aknm
according to

�v � w�n � anmkv
mwk; (3.23)

where v;w 2 A. That the algebra is commutative and
associative is encoded in the relations

akmn � ak
�mn�; akmnanlp � aknpanml: (3.24)

With respect to such a given algebra A, the allowed gauge
transformations can be written according to [11] as
-7
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�g�n��� � @���
�n�
�� � 2����

n
l�
�l�
� �: r��

�n�
� �r��

�n�
� ;

(3.25)

where the generalized Christoffel symbol is defined by

����
n
l �

1
2g
��

l
k�@�g��nk � @�g��

n
k � @�g��

n
k�; (3.26)

and

g��kn � aknmg
�m�
�� : (3.27)

We see that r� has the formal character of a covariant
derivative.

Moreover, it has been shown in [12] that beyond this
formal resemblance to an ordinary metric-induced connec-
tion, there exists a geometrical interpretation in the follow-
ing sense. As in pure general relativity, where the
symmetry transformations are given by the diffeomor-
phisms acting on the fields via the pullback, the above
given transformation rules are the infinitesimal version of
a diffeomorphism on a generalized manifold. This new
type of manifold introduced in [12] generalizes the notion
of an ordinary real manifold to ‘‘algebra-valued’’ mani-
folds, where the algebra A replaces the role of R. To be
more precise, such a manifold is locally modeled by a
n-fold cartesian product An in the same sense as an ordi-
nary manifold is locally given by Rn. On these manifolds
one can correspondingly define a metric which looks from
the point of view of the underlying real manifold like an
ordinary, but algebra-valued metric. Now, the diffeomor-
phisms of these generalized manifolds act infinitesimally
on the metric exactly as written above. (For further details
see [12].) Moreover, most of the constructions known from
Riemannian geometry like the curvature tensor have their
analogue here.

To check whether the theory fits into this general frame-
work we first have to identify the underlying commutative
algebra. Because of the fact that the theory contains nec-
essarily an infinite number of spin-2 fields, the algebra has
to be infinite-dimensional, too, and we will assume that the
formalism applies also to this case.

We will argue that the algebra is given by the algebra of
smooth functions on S1, on which we had compactified,
together with the pointwise multiplication of functions as
the algebra structure.6 With respect to the complete basis
fein
; n � �1; . . . ;1g of functions on S1, the multiplica-
tion is given due to elementary Fourier analysis by
6That the spin-2 couplings arising in Kaluza-Klein compacti-
fications might be related to Wald’s framework in this way has
first been suggested by Reuter in [29], where he analyzed the
reduction of a dimensionally continued Euler form in D � 6.
Namely, the latter has the exceptional property of inducing an
infinite tower of massless spin-2 fields due to the existence of an
infinite-dimensional symmetry already in the higher-
dimensional theory.
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�f � g�n �
X1

m��1

fn�m � gm �
X1

k;m��1

�k�m;nfkgm;

(3.28)

such that the algebra is characterized by

ankm � �k�m;n: (3.29)

This implies that the metric can be written according to
(3.27) as

g��nk � ankmg
�m�
�� � g�n�k��� : (3.30)

Now it can be easily checked that the KK transformations
(2.8) for M � 0 applied to (3.22) can be written as

�g�n��� � r��
�n�
� �r��

�n�
� ; (3.31)

i.e. they have exactly the required form. Here the connec-
tionr� is calculated as in (3.25) with respect to the algebra
(3.29). For this we have assumed that indices are raised and
lowered according to

��n�� � g��
n
k�
�k��; (3.32)

while the inverse metric is defined through the relation

g��k
ng��

k
m � ��� �nm: (3.33)

With the help of this geometrical interpretation we are
now also able to interpret the existence of an infinite
number of ‘‘spin connections’’ !a�n�

� . If we assume that
the vielbeins are invertible in the sense of (3.33), one can
solve the equations of motion (3.11) for the connections in
terms of ea�n�� , as we have argued in Sec. III A. Then one
can define a generalized covariant derivative by postulating
the vielbein to be covariantly constant,

r�e
a�n�
� � @�e

a�n�
� � ����nme

a�m�
� �!a�n�m�

� eb�m�� � 0:

(3.34)

Since the antisymmetric part r��e
a�n�
�� vanishes already by

the equations of motion (3.11), this requirement specifies
the symmetric part of r�e

a�n�
� . In turn, the algebra-valued

metric (3.22) is covariantly constant with respect to this
symmetric connection,

r�g
�n�
�� � @�g

�n�
�� � ����

n
mg
�m�
�� � ����

n
mg
�m�
�� � 0: (3.35)

But this is on the other hand also the condition which
uniquely fixes the Christoffel connection in (3.26) as a
function of the algebra-valued metric [12]. Altogether,
the equations of motion for the Chern-Simons action
(3.8) together with (3.34) determine a symmetric connec-
tion, which is equivalent to the algebra-valued Christoffel
connection (3.26) compatible with the metric (3.22).

Wald also constructed an algebra-valued generalization
of the Einstein-Hilbert action, whose relation to the Chern-
Simons action (3.8) we are going to discuss now. This
-8
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generalization is (written for three space-times dimen-
sions) given by

Sm �
Z
amnlR

n"���ldx� ^ dx� ^ dx�; (3.36)

where Rn and "���l denote the algebra-valued scalar cur-
vature and volume form, respectively [12]. Applied to the
algebra (3.29) it yields

Sm �
Z
Rm�n"n���dx

� ^ dx� ^ dx�: (3.37)

Here the volume form is given by "n��� � en����, where

en �
1

3!
�����abce

a�n�m�k�
� eb�m�� ec�k�� ; (3.38)

such that the zero-component of (3.37) indeed coincides
with the Chern-Simons action (3.10). One may wonder
about the meaning of the other components of the
algebra-valued action (3.37), whose equations of motion
cannot be neglected for generic algebras. However, the
quadratic form (3.4) which has been used to construct the
Chern-Simons action (3.8), is actually not unique, but
instead there is an infinite series of quadratic forms,

hPma ; Jnbik � �ab�m;k�n; (3.39)

each of which is invariant and can therefore be used to
define a Chern-Simons action. These will then be identical
to the corresponding components of the algebra-valued
action (3.37). But, as all of these actions imply the same
equations of motion, namely F �� � 0, and are separately
invariant under gauge transformations, there is no need to
consider the full algebra-valued metric, but instead the
zero-component is sufficient.

Moreover, also matter couplings can be described in this
framework in a spin-2-covariant way. For instance, an
algebra-valued scalar field 	n can be coupled via

Smscalar �
Z
amnka

n
lp@
	

l@
	p"���kdx� ^ dx� ^ dx�:

(3.40)

Furthermore, (3.40) is invariant under algebra-
diffeomorphisms. The latter acts as a Lie derivative on
algebra-valued tensor fields [12], such that the scalars
transform with respect to the algebra (3.29) exactly as
required by (2.8) in the phase M ! 0. Again, for the
algebra (3.29) considered here, the zero-component of
(3.40) is separately invariant and can be written as

Sscalar �
Z
d3x

���
g
p �n@�	l@�	n�l

�
Z
d3xd


���
g
p
@�	@�	: (3.41)

Similarly, the Chern-Simons action can be rewritten by
retaining a formal 
-integration and assuming all fields to
be 
-dependent. For explicit computations it is accordingly
044003
often more convenient to work with 
-dependent expres-
sions and therefore we will give subsequent formulas in
both versions.

Finally let us briefly discuss the resolution of the afore-
mentioned no-go theorems for consistent gravity/spin-2
couplings. In [9] it has been shown that Wald’s algebra-
valued spin-2 theories for arbitrary algebras generically
contain ghostlike excitations. Namely, the algebra has to
admit a metric specifying the kinetic Pauli-Fierz terms in
the free-field limit and moreover has to be symmetric in the
sense that lowering the upper index in akmn by use of this
metric results in a totally symmetric amnk � a�mnk�. Now,
requiring the absence of ghosts, i.e. assuming the metric to
be positive-definite, restricts the algebra to a direct sum of
one-dimensional ideals (which means akmn � 0 whenever
m � n). The theory reduces in turn to a sum of indepen-
dent Einstein-Hilbert terms. For the infinite-dimensional
algebra considered here the metric is given by the L2-norm
for square-integrable functions (see formula (A2) in the
appendix), which is clearly positive-definite. The action
may instead be viewed as an integral over Einstein-Hilbert
terms and is thus in agreement with [9].

C. Nonlinear sigma-model and its global symmetries

Apart from the spin-2 sector also the infinite tower of
scalar fields 	n will survive in the unbroken limit M ! 0.
We have seen in the last section how spin-2 invariant
couplings for scalar fields can be constructed. To fix the
actual form of these couplings, we have to identify also the
global symmetries in this limit, and in order to uncover the
maximal global symmetry, we will dualize all degrees of
freedom into scalars.

We note from (2.8) that in the unbroken phase the
Virasoro algebra v̂ parameterized by �5

k reduces to an
Abelian gauge symmetry, while the full v̂ will then turn
out to be realized only as a global symmetry, which is
typical for an ungauged limit. More precisely, we expect an
invariance under rigid transformations of the general form
��5�n � i
X
k

�n� �1� ��k��5
k�

n�k; (3.42)
where �5
k is now space-time independent. One easily

checks that these are representations of v̂, which can there-
fore be labeled by their conformal dimension �. More
precisely, the KK fields ea�, A� and 	 transform as � �
1, � � �1 and � � 2, respectively.

We start form the zero-mode action (2.3) and replace it
by the algebra-valued generalization discussed in the last
section. For the Einstein-Hilbert term we have already seen

that this procedure yields the correct diso�1; 2� gauge the-
ory, and therefore it is sufficient to focus on the scalar
kinetic term and the Yang-Mills term. The action reads
-9
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Smatter �
Z
d3xd
e

�
�

1

4
	2F��F��

�
1

2
	�2g��@�	@�	

�
; (3.43)

where all fields are now 
-dependent or, equivalently,
algebra-valued.

To dualize the U�1� gauge fields An� into new scalars ’n,
we define the standard duality relation

	2F�� � e"���g��@�’; (3.44)

which is not affected by the 
-dependence of all fields.
Thus, the Abelian duality between vectors and scalars
persists also in the algebra-valued case, and the degrees
of freedom can be assigned to	 and’. The Lagrangian for
the scalar fields then takes in the unbroken limitM ! 0 the
form

L scalar �
1
2eg

��	�2�@�	@�	� @�’@�’�; (3.45)

which coincides formally with the zero-mode action after a
standard dualization, but now with all fields still being

-dependent. From (3.44) one determines the transforma-
tion properties of the dual scalar ’ under v̂ and finds

��5’ � �5@5’� 2’@5�5; (3.46)

i.e. it transforms in the same representation as 	 with � �
2. (For the computation it is crucial to take into account
that also ea� transforms under v̂.) Now one easily checks
that the action is invariant under global Virasoro
transformations.

Moreover, it is well known that the zero-mode scalar
fields span a nonlinear �-model with coset space
SL�2;R�=SO�2� as target space, carrying the ’Ehlers
group’ SL�2;R� as isometry group [30]. If one includes
all Kaluza-Klein modes at M � 0, this symmetry is en-
hanced to an infinite-dimensional algebra, which we are
going to discuss now. Defining the complex scalar field
Z � ’� i	, the action can be rewritten as

L scalar �
1

2
eg��

@�Z@� �Z

�Z� �Z�2
; (3.47)

which is invariant under the SL�2;R� isometries acting as

Z! Z0 �
aZ� b
cZ� d

;
a b
c d

� �
2 SL�2;R�: (3.48)

This invariance is not spoiled by the fact that Z is still

-dependent and so the SL�2;R� acts on the full tower of
Kaluza-Klein modes, as can be seen by expanding (3.48)
into Fourier modes. But moreover, also the SL�2;R� group
elements can depend on 
, and therefore an additional
infinite-dimensional symmetry seems to appear.

To determine the algebra structure of this infinite-
dimensional symmetry, let us first introduce a basis for
sl�2;R�:
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h �
1 0
0 �1

� �
; e �

0 1
0 0

� �
; f �

0 0
1 0

� �
:

(3.49)

Infinitesimally, with transformation parameter � � ��
�
they act as

���h�Z � �2�Z; ���e�Z � ��;

���f�Z � �Z2;
(3.50)

or, expanded in Fourier components, as

��m�h�Zn � �2�mZn�m; ��m�e�Zn � ��mn�m;

��m�f�Zn � �mZn�m�lZl: (3.51)

In particular, the real part of Z, i.e. the dual scalar ’,
transforms as a shift under e-transformations, which will
later on be promoted to local shift symmetries in the
gauged theory.

We can now compute the closure of these symmetry
variations with the Virasoro variations ��m�Q�. One finds

���m�Q�; ��n�h��Zk � �in�����m�n�h�Z
k;

���m�Q�; ��n�e��Z
k � i��n� 2m������m�n�e�Z

k;

���m�Q�; ��n�f��Z
k � i��n� 2m������m�n�f�Z

k;

(3.52)

where we have set

����m�n � �m�n: (3.53)

Furthermore, the extended sl�2;R� transformations close
among themselves according to

���m�h�; ��n�e��Z
k � 2�����m�n�e�Z

k;

���m�h�; ��n�f��Zk � �2�����m�n�f�Z
k;

���m�e�; ��n�f��Zk � �����m�n�h�Z
k;

���m�h�; ��n�h��Z
k � ���m�e�; ��n�e��Z

k

� ���m�f�; ��n�f��Zk � 0:

(3.54)

Altogether we can conclude that the following Lie algebra
is a global symmetry of the ungauged theory

�Qm;Qn�� i�m�n�Qm�n; �Qm;en�� i��n�2m�em�n;

�Qm;hn���inhm�n; �Q
m;fn�� i��n�2m�fm�n;

�hm;en��2em�n; �hm;fn���2fn�m;

�em;fn��hm�n; �em;en�� �hn;hm�� �fm;fn��0:

(3.55)

We see that the symmetry algebra includes not only the
Virasoro algebra v̂, but also the Kac-Moody algebradsl�2;R�, which transforms under v̂. Note, that these trans-
formation properties are not the standard ones known from
the Sugawara construction (compare the form of

v̂ 32 diso�1; 2� in Sec. II, see also [26]). However, this alge-
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bra reduces to the standard form upon the change of basis
given by Q̂m � Qm �mhm, such that it clearly defines a
consistent Lie algebra.

In summary, we can think of the scalar fields 	n and ’n

as parameterizing an infinite-dimensional �-model coset
space

M �
dSL�2;R�dSO�2� : (3.56)

Strictly speaking this is not full truth, since the metric used
to contract indices is actually algebra-valued. Thus, here
we have an algebra-valued generalization of a �-model,
which in turn is the reason that it does not only have the

symmetries dsl�2;R�, but instead the whole algebra

v̂ 32 dsl�2;R� defined by (3.55).
In total, the ungauged phase of the effective Kaluza-

Klein action without any truncation is therefore given by

S �
Z
d3x

�
�"���e�n��a�@�!

a��n�
� � @�!

a��n�
�

� "abc!�m��b !
��n�m�
�c � �

1

2
eg��	�2�@�	@�	

� @�’@�’�
�
; (3.57)

where in the second term the algebra multiplication defined
in (3.40) is implicit, or in other words, where all fields are

-dependent and an integration over 
 is assumed. The
action is by construction invariant under spin-2 transfor-
mations. Moreover, we have already seen that the scalar
couplings are also invariant under global Virasoro trans-
formations. To see that this is also the case for the gener-
alized Einstein-Hilbert term, we have to show that one can
determine the transformation rule for !a�n�

� such that the
action stays invariant. This is indeed possible, and one
finds

��5!a�n�
� � i

X
k

�n� k��5
k!

a�n�k�
� ; ��5!a

� � �5@
!a
�:

(3.58)

Equivalently, they can be computed by solving the !a�n�
� in

terms of the vielbeins by use of (3.11) and then applying a
v̂ transformation to this expression. Both results coincide.
Note that instead the full algebra-valued action (3.37)
transforms nontrivially under v̂, namely, as

�Sm � im�5
nS
�m�n�: (3.59)

However, as we have already seen in Sec. III B, it is
sufficient to include only the zero-component in (3.57),
which is clearly invariant.
044003
D. Dualities and gauging

So far we have determined the unbroken phase of the
KK theory in a description where all propagating degrees
of freedom reside in scalar fields. Before we turn to a
gauging of a subgroup of the global symmetries one may
wonder whether it is still possible to assign all degrees of
freedom to scalars, since the introduction of gauge fields
necessarily seems to enforce the appearance of local de-
grees of freedom that are instead carried by vectors.
However, in [4,19] it has been shown that in three-
dimensional gauged supergravities all Yang-Mills-type
gaugings are on-shell equivalent to Chern-Simons gaug-
ings (with an enlarged number of scalar fields), in which
case the gauge fields are topological and thus all bosonic
degrees of freedom still appear as scalar fields. We are
going to show that this duality also applies to the present
case.

To begin with, we note that in the gauged theory all
partial derivatives are replaced by covariant ones. For a
given field � transforming in a representation � under v̂
the covariant derivative reads

D��n � @��n � ig
X
k

�n� �1���k�Ak��n�k; (360)

where we have introduced the gauge coupling g � M.
Indeed, it transforms by construction covariantly under
local v̂ transformations, ���D��

n� � ig�n� �1�
��k��kD��n�k, if we assume as usual that An� transforms
as a gauge field under the adjoint (i.e. as the KK vector in
(2.8) with � � �1). Similarly, the non-Abelian v̂ field
strength is given by

Fn�� � @�An� � @�An� � ig
X
m

�n� 2m�An�m� Am� : (3.61)

These expressions are given for the KK fields in

-dependent notation by

D�	 � @�	� gA�@
	� 2g	@
A�;

F�� � @�A� � @�A� � gA�@
A� � gA�@
A�:
(3.62)

The part of the gauged action containing scalar fields
will be given by the covariantization of the action (3.43)
according to (3.62). One easily checks that this transforms
into a total 
-derivative under local �5

k-transformations, i.e.
defines an invariant action. Furthermore, by explicit reduc-
tions [21,22] it has been shown that exactly these terms
appear, as well as an explicit v̂ gauge invariant mass term
for the spin-2 fields, i.e. the action reads

Lscalar �
1
2eg

��	�2D�	D�	�
1
4e	

2g��g��F��F��

�Lmass: (3.63)

To show that this action is indeed on-shell equivalent to a
Chern-Simons gauged theory we introduce, following
[4,19], new gauge fields for each of the former Yang-
Mills fields, or in other words, we enhance the gauge
-11
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symmetry with nilpotent shift symmetries (see also [31]).
To explain this dualization procedure, let us consider the
Yang-Mills equation resulting from (3.63)

D��	2F��� � j�; (3.64)

where j� denotes the current induced by the charged fields.
It implies integrability of the duality relation

1
2 e
�1"���	2F�� � D�’� gB� �: D�’; (3.65)

where’will be the scalar field carrying the former degrees
of freedom of A�, and B� is the gauge field corresponding
to the enlargement of the gauge group. From the previous
section we know already the transformation properties of’
under v̂, and one may check explicitly that it does not
change in the gauged phase. In particular, also the dual
vector B� will transform with � � 2, in other words it
transforms under the dual of the adjoint representation of
v̂, which will later on turn out to be important.7 To define
the dual action we add instead of the Yang-Mills term a
Chern-Simons-like term B ^ F, where F denotes the non-
Abelian field strength, and get

L scalar �
1
2eg

��	�2�D�	D�	�D�’D�’�

� 1
2g"

���B�F�� �Lmass: (3.66)

Indeed, varying with respect to B� one recovers the duality
relation (3.65), and eliminating the dual scalar ’ by means
of this relation yields the Yang-Mills type theory (3.63).
Thus we have shown that the degrees of freedom of the An�
can be assigned to new scalars ’n, if at the same time new
topological gauge fields Bn� are introduced that promote
the former global shift transformations (i.e. the

e-transformations of dsl�2;R�) to a local symmetry.

IV. GAUGED PHASE OF THE KALUZA-KLEIN
THEORY

Up to now we have determined the action (3.57) of the
ungauged theory, which is invariant under global

v̂ 32 dsl�2;R� transformations as well as local spin-2 trans-
formations. We argued that in order to get the full Kaluza-
Klein action one has to gauge the Virasoro algebra together
with the shift symmetries of (3.55). In the next section we
discuss the effect of this gauging on the topological fields.
We will see that they combine into a single Chern-Simons
theory, quite analogous to gauged supergravities, where
truncating to the topological fields results in the Chern-
7For each representation � on a vector space V one has the
dual representation �
 on the dual space V
, which is defined by
the requirement h�
�g��v
�; ��g��v�i � hv
; vi, where h; i de-
notes the natural pairing between vectors in V and V
 and g is
a group element. This implies �
�g��t ��g�1� or at the level of
the Lie algebra �
�X� � �t��X�. Since the adjoint representa-
tion is given by �tn�mk � fnmk , the coadjoint has therefore the
matrices �t
n�km � ��tn�km � �fnkm .
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Simons theories of [32] for AdS supergroups. The scalars
will be discussed thereafter.

A. Local Virasoro invariance for topological fields

As usual the gauging proceeds in several steps. First of
all, one has to replace all partial derivatives by covariant
ones. Let us start with the generalized Einstein-Hilbert
term. The covariant derivative for !a�n�

� in accordance
with (3.58) reads

D�!
a�n�
� � @�!

a�n�
� � ig

X
m

�n�m�Am�!
a�n�m�
� ; (4.1)

or equivalently

D�!a
� � @�!a

� � A�@5!a
�: (4.2)

The covariantized Einstein-Hilbert action is then invariant
under local Virasoro transformations. In contrast it will no
longer be invariant under all spin-2 transformations, but
only under three-dimensional diffeomorphisms, since the
explicit @5 appearing in the covariant derivatives will also
act on the spin-2 transformation parameter. Thus, the gaug-
ing will deform the spin-2 transformations.

Furthermore, we have already seen that in order to
guarantee that the resulting action will be equivalent to
the original Yang-Mills gauged theory, one has to introduce
a Chern-Simons term for the Kaluza-Klein vectors An�,
whose propagating degrees of freedom are now carried
by the dual scalars ’n, as well as for the dual gauge fields
Bn�. This implies that we do not have to gauge only the
Virasoro algebra v̂, but instead the whole subalgebra of
(3.55), which is spanned by �Qm; em�, while the rigid
symmetry given by hm and fm will be broken explicitly.
Both gauge fields combine into a gauge field for this larger
algebra. Moreover, in contrast to v̂ itself this algebra
carries a nondegenerate invariant quadratic form, namely

hQm; eni � �n;�m; (4.3)

such that a Chern-Simons action can be defined. The
existence of this form is due to the fact that em transforms
actually under the coadjoint action of v̂, as we have argued
in III D. We will see that the Chern-Simons action with
respect to this quadratic form indeed reproduces the correct
B ^ F-term in (3.66).

It is tempting to ask, whether all topological fields, i.e.
the gravitational fields together with the gauge fields for
the Virasoro and shift symmetry, can be combined into a
Chern-Simons theory for a larger algebra. The latter would
have to combine the affine Poincaré algebra with the
algebra spanned by �Qm; em�. Naively one would think

that the semidirect product v̂ 32 diso�1; 2� defined in (2.11)
and extended by em according to (3.55) is the correct
choice. However, it does not reproduce the right KK sym-
metry transformations, and moreover, the algebra seems
not to admit a nondegenerate and invariant quadratic form.
-12
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To see that a Chern-Simons formulation nevertheless ex-
ists, we observe that varying the total action consisting of
the sum of v̂-covariantized Einstein-Hilbert action and B ^
F with respect to A�, we get the non-Abelian field strength
for B� plus terms of the form ea�@5!�a. Thus, a Chern-
Simons interpretation is only possible if the latter terms are
contained in the field strength of B�, or in other words, if
the algebra also closes according to �P; J� 	 e.

Demanding consistency with the Jacobi identities and
requiring that ea� and !a

� transform under the right repre-
sentation of v̂, the following Lie algebra is then uniquely
fixed up to a free parameter �:

�Pma ; Jnb� � "abcPc�m�n� � i�n�abem�n;

�Jma ; Jnb� � "abcJc�m�n�; �Pma ; Pnb� � 0;

�Qm;Qn� � ig�m� n�Qm�n;

�Qm; Pna� � ig��m� n�Pm�na ;

�Qm; Jna� � �ignJm�na ;

�Qm; en� � ig��n� 2m�em�n;

�Pma ; en� � �Jma ; en� � �em; en� � 0:

(4.4)

Here we have rescaled the Qm with the gauge coupling
constant g for later convenience.

We see that one gets an algebra which looks similar to
the one proposed in [20] (see (2.11)), except that it does not
contain the semidirect product of v̂with the affine Poincaré
algebra, since the Pna and Jna transform in different repre-
sentations of v̂. But in contrast to Sec. III C, where we
observed a similar phenomenon for the global symmetry
algebra, there seems not to exist an obvious change of basis
which reduces the algebra to the standard form. Namely,
because of the different index structure the Qm can be
shifted neither by Pma nor Jma . In fact, that the algebra is
consistent even in this nonstandard form is possible only
because of the nilpotency of translations, i.e. �Pma ; Pnb� � 0.

Furthermore, we observe that the algebra admits a cen-
tral extension em of the Poincaré algebra even at the
classical level. (Even though, strictly speaking, it is only
a central extension for the Poincaré subalgebra, since the
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em do not commute with theQm.) Remarkably, it is exactly
this modification of the algebra that allows the existence of
an invariant quadratic form. Namely, the bilinear expres-
sion

W � Pa��m�J�m�a �
�
g
Qme�m (4.5)

(in particular, hQm; eni �
g
� �

m;�n) is invariant under (4.4).
The total Chern-Simons action constructed with respect to
this quadratic form, with the gauge field written as

A � � ea�n�� Pna �!
a�n�
� Jna � An�Qn � Bn�en; (4.6)

is then indeed given by

SCS �
Z
d3xd


�
"���e�a�D�!

a
� �D�!

a
�

� "abc!�b!�c� �
g
�
"���B�F��

�
; (4.7)

i.e. consists of the v̂-covariantized Einstein-Hilbert term
and the Chern-Simons action for A� and B�.

Let us briefly comment on the reality constraints on
(4.4). Naively one would take (4.4) as real Lie algebra,
and correspondingly the gauge fields in (4.6) would also be
real. However, the reality condition �Q
�m � Qm (and
similarly for all other generators) is not consistent, since
taking the complex conjugate of (4.4) changes relative
signs. Instead, only the reality constraint �Q
�m � Q�m

can be consistently imposed. This is on the other hand
also in accordance with the reality condition for the origi-
nal KK fields in (2.2), and therefore the fields in (4.6) fulfill
exactly the correct reality constraint. For the Virasoro
subalgebra this corresponds to a real section where the
Möbius group spanned by Q�1, Q0 and Q1 is not
SL�2;R�, but instead the compact SU�2�.

The equations of motion for the Chern-Simons action in
(4.7) again imply vanishing field strength,

F �� � Ra�n��� Jna � T
a�n�
�� Pna � F

n
��Q

n �Gn
��en � 0;

(4.8)

whose components can in turn be written as
Ra�n��� � @�!
a�n�
� � @�!

a�n�
� � "abc!�n�m��b !�m��c � ig

X
m

�n�m�!a�n�m�
� Am� � ig

X
m

mAn�m� !a�m�
� ;

Ta�n��� � D�e
a�n�
� �D�e

a�n�
� � "abce�n�m��b !�m��c � "abc!

�n�m�
�b e�m��c ; Fn�� � @�A

n
� � @�A

n
� � ig

X
m

�n� 2m�An�m� Am� ;

Gn
�� � @�B

n
� � @�B

n
� � ig

X
m

�m� 2n�An�m� Bm� � ig
X
m

�n�m�Bn�m� Am� � i�
X
m

mea�n�m�� !�m��a

� i�
X
m

�n�m�!a�n�m�
� e�m��a :

(4.9)

Here D�e
a�n�
� denotes the v̂-covariant derivative on ea�n�� , which is in 
-notation given by

D�ea� � @�ea� � A�@5ea� � ea�@5A�: (4.10)
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Moreover, all quantities can be rewritten in 
-dependent notation, e.g. the non-Abelian field strength for B� is given by

G�� � @�B�� @�B�� 2�B�@5A��B�@5A�� � A�@5B�� A�@5B����ea�@
!�a� ea�@
!�a�: (4.11)

The gauge transformations for gauge parameter u � �a�n�Pna � �
a�n�Jna � �

5
nQ

n ��nen can be written as

�ea�n�� � @��a�n� � "abce
�n�m�
�b ��m�c � "abc!

�n�m�
�b ��m�c � ignAn�m� �a�m� � ignea�n�m�� �5

m;

�!a�n�
� � @��a�n� � "abc!

�n�m�
�b ��m�c � ig

X
m

mAn�m� �a�m� � ig
X
m

�n�m�!a�n�m�
� �5

m;

�An� � @��
n
5 � ig

X
m

�n� 2m��5
mA

n�m
� ;

�Bn� � @��n � ig
X
m

�m� 2n��mAn�m� � ig
X
m

�n�m��5
mB

n�m
� � i�

X
m

mea�n�m�� ��m�a � i�
X
m

�m� n�!a�n�m�
� ��m�a :

(4.12)
8As before, we indicate Virasoro transformations by a sub-
script 5 on the transformation parameter.
Let us now check, whether the KK symmetries are
included in these gauge transformations. First of all, it
reproduces the correct transformation rule for B� under
v̂, as can be seen by rewriting the last equation of (4.12) in

-dependent notation

�B� � @��� 2g�@
A� � gA�@
�� g�5@
B�

� 2gB�@
�5 � �ea�@
�a � ��a@
!a
�: (4.13)

By comparing (4.12) with (2.8) we also see that the
Virasoro gauge transformations parameterized by �5 are
correctly reproduced for ea� and A�. To compare with the
spin-2 transformations we define in analogy to (3.13) the
transformation parameter

�a � ��ea�; �a � ��!a
�; �5 � ��A�: (4.14)

Then one finds for the vielbein

��e
a
� � ��@�e

a
� � @��

�ea� � gA�@
�
�ea�

� gA�@
��ea� � ��Ta��; (4.15)

which implies that on-shell, i.e. for Ta�� � 0, the gauge
transformations coincide with the KK symmetries in (2.6)
and (2.7). With the same transformation parameter and
� � ��B� we find for A� and B� the following trans-
formation rules (again up to field strength terms)

��A� � ��@�A� � @��
�A� � gA�@
�

�A�;

��B� � ��@�B� � @���B� � gA�@
��B�

� 2gB�@
�
�A� � �e

a
�@
�

�!�a;

(4.16)

which reproduces for A� the same transformation as in
(2.8), up to the	-dependent term (which, of course, cannot
be contained in a Chern-Simons formulation.)

As in the case of the pure gravity-spin-2 theory, the
topological phase of the Kaluza-Klein theory is given by
a Chern-Simons theory, and moreover the KK symmetry
transformations are on-shell equivalent to the non-Abelian
gauge transformations determined by (4.4). Even though
this equivalence holds only on-shell, the KK transforma-
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tions are separately an (off-shell) symmetry, since
��A� � ��F �� leaves the Chern-Simons action invari-
ant, as can be easily checked with (3.2).

Finally, let us check that spin-2 transformations together
with the Virasoro transformations build a closed algebra, as
it should be at least on-shell, since they were constructed as
Yang-Mills gauge transformations. For the vielbein, e.g.,
one finds8

���; ��5�ea� � �����ea� � �����5e
a
�; (4.17)

with the parameter given by

����� � �5@5��; ����5 � ��@��5: (4.18)

The same formula holds for A� and B�. But, for B� one
also has to check the closure of the shift symmetries with
spin-2 and here one finds

���; ���B� � ��~�B� � 2�@5�
�F��; (4.19)

where

~� � ��@��� 2�@5�
�A�: (4.20)

Therefore the algebra closes only on-shell, i.e. if F�� � 0.

B. Virasoro-covariantization for the scalars

To summarize the results of the last section, we have
seen that in the gauged phase the spin-2 transformations of
Sec. III are no longer a symmetry due to the substitution of
partial derivatives by covariant ones. Therefore the spin-2
transformations have to be deformed by g-dependent
terms. For the topological fields we have seen that a
Chern-Simons formulation exists, which in turn yields
modified spin-2 transformations, which are consistent by
construction.

Next let us focus on the scalar fields. For them we have
already noted the form of the covariant derivative in (3.62),
and the same formula holds for ’, but with the difference
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that it also has to be covariant with respect to the local shift
symmetries gauged by B�. The latter act as ��’ � �g�,
i.e. the covariant derivative reads in 
-notation

D �’ � @�’� A�@5’� 2’@5A� � gB�: (4.21)

Altogether, replacing the partial derivatives in (3.57) by
covariant ones and adding the Chern-Simons action con-
structed in the last section as well as an explicit mass term
which is known to appear [22,24], results in

SKK �
Z
d3xd


�
"���

�
�ea��D�!�a �D�!�a

� "abc!b
�!c

�� �
1

2
gB�F��

�
�

1

2
eg��	�2�D�	D�	�D�’D�’� �Lmass

�
:

(4.22)

Here we have determined the free parameter of the algebra
(4.4) to be � � 2 in order to get the correct Chern-Simons
term for A� and B� discussed in Sec. III D. Namely, there
we have already observed that varying this action with
respect to B� one recovers the duality relation (3.65). In
turn, the equations of motion for (4.22) and for the Yang-
Mills gauged action are equivalent. This can be seen di-
rectly by imposing the gauge ’ � 0 in (4.22) and then
integrating out B�, which results exactly in the Kaluza-
Klein action containing the Yang-Mills term in (3.63).
Moreover, varying with respect to !a

� still implies Ta�� �
0. This shows that !a

� can be expressed in terms of ea� as is
standard, but with the exception that all derivatives on ea�
are now v̂-covariant. In the second-order formulation this
means that the Einstein-Hilbert part looks formally the
same as in Sec. III, but with all Christoffel symbols now
containing v̂-covariant derivatives. This is on the other
hand also what one gets by direct Kaluza-Klein reduction
in second-order form [22,24]. Thus we have shown, that
(4.22) is on-shell equivalent to the Kaluza-Klein action
which results from dimensional reduction.

In view of the fact that (4.22) is manifestly v̂ and shift
invariant it remains the question how the spin-2 symme-
tries are realized. As for the case of the topological fields,
also the �-model action for the scalar fields will no longer
be invariant under the unmodified spin-2 transformations
for the same reasons. To find the deformed transformation
rule for the scalars, one way is to check the closure of the
algebra. The unmodified spin-2 transformations do not
build a closed algebra with the local v̂ transformations.
But, if we deform the spin-2 transformation to

��	 � ��@�	� 2g	@
�
�A�; (4.23)

the algebra closes according to

���; ��5�	 � �����	� �����5	; (4.24)
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i.e. exactly like in the case of the topological fields with the
parameters given in (4.18). The KK transformations can
therefore be entirely reconstructed by requiring closure of
the algebra. The same transformation holds for the dual
scalar ’.

In the presence of matter fields we have to be careful
about the closure of the algebra also on the gauge fields.
Namely, for the pure Chern-Simons theory shift with spin-
2 transformations in (4.20) close on-shell (as it should), but
for the theory constructed here the field strength does not
vanish. Thus one way to get a closing algebra is to extend
the transformation rule according to

�0B� � �2’@
��F��; (4.25)

and all transformations close off-shell.
Therefore we see that in the full theory the transforma-

tion rules for the vectors A� and B� get extended by scalar
field dependent terms. That is on the other hand also what
we already know from the symmetry variations in (2.8) for
An�, and these terms will be needed in order for the full
action to be spin-2 invariant. This is in complete analogy to
the construction of gauged supergravities, where the pro-
cedure of gauging is only consistent with supersymmetry,
if additional couplings like mass terms are added, while the
supersymmetry variations are supplemented by scalar-
dependent terms. However, in the present case the invari-
ance of the Yang-Mills gauged Kaluza-Klein theory is
guaranteed by construction, which in turn implies that
the on-shell equivalent dual theory (4.22) is also invariant
(if one assumes transformation rules for B�, which are on-
shell given by the variation of the left-hand side of (3.65)).
In view of our aim to construct the Kaluza-Klein theories
for more general backgrounds, it would however be im-
portant to find a systematic procedure to determine the
scalar-dependent corrections for gaugings of arbitrary dif-
feomorphism Lie algebras. This we will leave for future
work, but here let us just show how the scalar-dependent
correction in (4.25) ensures the invariance under spin-2 for
a subsector.

For this it will be convenient to separate from the spin-2
transformations those parts which represent already a sym-
metry for each term separately. To do so we remember that
to realize the spin-2 transformations on the topological
fields as gauge transformations we had to switch on also
the Virasoro transformations with parameter �5 � ��A�.
Now we will turn the logic around and apply a spin-2
transformation followed by a Virasoro transformation
with parameter �5 � ���A�. Since Virasoro invariance
is manifest, this is a symmetry if and only if spin-2 is a
symmetry. One may easily check that on ea� and	 (as well
as ’) this transformation is given by

��	 � ��D�	; ��e
a
� � ��D�e

a
� �D��

�ea�:

(4.26)

Here we have used (4.10) and also introduced a Virasoro
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covariant derivative for the spin-2 transformation parame-
ter (of which we may think as transforming as ��5�� �
�5@5��),

D��� � @��� � A�@5��: (4.27)

We see that we get transformation rules which look for-
mally like a diffeomorphism symmetry, except that all
appearing derivatives are v̂-covariant. In the following
we will refer to these transformations as ‘‘gauged diffeo-
morphisms‘‘. In contrast, the gauge fields A� and B�
transform as

��A� � ��F��;

��B� � ��D�B� �D���B� � �ea�@
��!�a:
(4.28)

It remains the question whether actions can be con-
structed that are manifestly invariant under these trans-
formations. To analyze this let us start with an action
constructed from a scalar Lagrangian given by

S �
Z
d3xd
eL; (4.29)

and moreover being invariant under local Virasoro trans-
formations. Put differently, this means that the Lagrangian
varies as ��5L � �5@5L� 2L@5�5 under v̂ (because then
it transforms together with the vielbein determinant, whose
symmetry variation reads ��5e � �5@5e� 3e@5�

5, into a
total 
-derivative). By use of the v̂-covariant derivative
given by

D�L � @�L� A�@5L� 2L@5A�; (4.30)

we can then evaluate the variation of the action under
gauged diffeomorphisms and find

��S �
Z
d3xd
����D�e� eD����L� e��D�L�

�
Z
d3xd
D��e��L�

�
Z
d3xd
�@��e��L� � @5�e��A�L�� � 0:

(4.31)

Thus, if one constructs an action from a Lagrangian that
transforms as a scalar under gauged diffeomorphisms, then
the action is invariant under these gauged diffeomorphisms
if and only if it is also invariant under local Virasoro
transformations. The latter requirement is satisfied in our
theory by construction. Thus it remains to be checked
whether the Lagrangian transforms as a scalar. However,
using (4.26) and (4.28) and �D�;D��	 � �2	@5F�� �
@5	F��, one proves that the covariant derivative D�	
transforms under gauged diffeomorphisms as

���D�	� � D��
�D�	� �

�D�D�	� 2	@5�
�F��;

(4.32)
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i.e. it does not transform like a one-form, but requires an
additional piece proportional to F��, which again shows
that corrections have to be added to the transformation
rules.

Let us consider the subsector of the theory where we
rescale

ea� ! �ea�; ’! ��1=2’; (4.33)

and then take the limit �! 0. The action then reads

S�!0 �
1

2

Z
d3xd
��g"���B�F��

� eg��	�2D�’D�’�: (4.34)

However, in spite of the fact that the term 	ea�@
��!�a in
(4.28) disappears in this limit and with the additional
contribution (4.25) in the B� variation, the extra term in
(4.32) is canceled, and the kinetic term for ’ is therefore
separately invariant. The Chern-Simons term on the other
hand transforms according to (3.2) as

��S�!0 � �g
Z
"���F��F��’@5�

� � 0; (4.35)

where we have used that a totally antisymmetric object in
four indices vanishes in D � 3. Thus we have shown the
scalar field modification in (4.25) is sufficient in order to
restore the spin-2 invariance of this subsector of the theory.
V. CONCLUSIONS AND DISCUSSION

In this paper I have examined the spin-2 symmetries
appearing in Kaluza-Klein theories. Via analyzing an S1

compactification to D � 3 I have shown how a spin-2
symmetry is realized in the unbroken phase by construct-
ing the Chern-Simons theory of the affine Poincaré alge-
bra. This spin-2 symmetry fits also into a geometrical
framework introduced by Wald. The latter associates to
any given commutative algebra a consistent multigraviton
theory, and in the present case the algebra is given by the
algebra of smooth functions on S1. Even though the Chern-
Simons description is special to D � 3, the latter construc-
tion is possible in any dimension. Moreover, by construct-
ing the analogous extension of the Poincaré algebra for
arbitrary internal manifolds I prove in the appendix that
also in these cases the Chern-Simons theories are equiva-
lent to the algebra-valued gravity theories. Thus I have
confirmed and refined the proposal made in [29].

In addition, I discussed matter couplings in the unbroken
phase in a formulation, where all degrees of freedom reside
in scalar fields, and showed that they admit an enhanced
infinite-dimensional rigid symmetry, which contains the
Virasoro algebra and an affine extension of the Ehlers
group.

Upon gauging part of the global symmetries I con-
structed the broken phase, which adds a Chern-Simons
term for the KK vectors and an explicit mass term for the
-16
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spin-2 fields. The latter theory was shown to be on-shell
equivalent to the Yang-Mills gauged action which one gets
by direct KK reduction. Moreover, the KK vectors com-
bined with the metric and the higher spin-2 fields into a
Chern-Simons theory for an extended algebra, which fea-
tures also a central extension for the affine Poincaré sub-
algebra. The non-Abelian gauge transformations for this
theory were shown to be on-shell equivalent to the KK
transformation in (2.8), up to scalar-dependent terms. This
proves that truncating only to the topological fields and
disregarding scalar field contributions results in a consis-
tent theory. The latter is in analogy to gauged supergrav-
ities in D � 3, where a truncation to the supergravity
multiplet and the compact Chern-Simons gauge fields
results in the pure Chern-Simons theories for AdS super-
groups constructed in [32]. Similarly, in [33] couplings of
an infinite tower of higher-spin fields to gravity have been
constructed as Chern-Simons theories for higher-spin al-
gebras, and the present work contains the analogue for an
infinite tower of spin-2 fields.

Based on the algebra (4.4) we were able to analyze how
the gauging deforms the spin-2 symmetries for the topo-
logical fields. But, we can no longer expect this algebra to
be realized as a proper gauge symmetry also on the matter
fields, since here even ordinary diffeomorphisms have no
direct interpretation as Poincaré gauge transformations.
We have seen that also scalar-dependent modifications of
the spin-2 transformations are required and have shown
explicitly how the spin-2 invariance of a subsector (4.34) of
the theory is restored. However, we did not analyze in
detail which scalar-dependent deformations guarantee the
invariance of the full theory containing a spin-2 mass term
(whose form can be found in [21]), but just observed that
the existence of such a deformation is ensured by the on-
shell equivalence to the original KK theory. We will leave a
more exhaustive analysis of these deformations, i.e. a
complete answer to question (iv) raised in the introduction,
for future work. The latter will also be necessary in order to
consider more general internal manifolds [34].

Finally let me comment on possible generalizations.
Since the original motivation was given by the AdS/CFT
correspondence, one would like to analyze KK theories on
AdS3. For this, naively one would first replace the Poincaré
algebra in (4.4) by the AdS3-isometry group SO�2; 2�. But
for nonvanishing cosmological constant 
 one would get
the additional commutator �Pa; Pb� 	 
Jab, which in turn
would render the algebra (4.4) with its nonstandard product
between v̂ and the Kac-Moody algebra inconsistent, as its
consistency relied heavily on the nilpotency of the Pma .
That this algebra would be inconsistent should not be a
surprise, because it would correspond to a compactification
on AdS3 � S1, which is not a solution of four-dimensional
AdS-gravity. Accordingly, the naive S1-reduction of AdS-
gravity in D � 4 would result in a cosmological constant
term in D � 3 containing an explicit dilaton factor 	,
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which therefore could clearly not be covered by a Chern-
Simons description. On the other hand, for compactifica-
tions on, say, AdS3 � S3, which are solutions of the higher-
dimensional gravity theories, one would expect the appear-
ance of consistent algebras like (4.4), containing an affine
extension of SO�2; 2�.

Moreover, it would be interesting to extend the analysis
to the compactification of supergravity theories [35]. This
would require an extension of (4.4) to a super-Kac-Moody
algebra, whose Chern-Simons theory would then describe
a supergravity with an infinite number of gravitinos, i.e.
possessing an infinite number of supercharges (N � 1). A
resolution of the apparent conflict with the no-go theorem
restricting the number of real supercharges to be less or
equal to 32, is given by the observation that upon coupling
to propagating matter these theories need not to admit a
phase where the whole supersymmetry is unbroken (see
also the discussion in [16]).
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APPENDIX: SPIN-2 THEORY FOR ARBITRARY
INTERNAL MANIFOLD

In the main text we have shown that the Chern-Simons
gauge theory of the affine Poincaré algebra describes a
consistent gravity-spin-2 coupling. This is on the other
hand also equivalent to Wald’s algebra-valued generaliza-
tion of the Einstein-Hilbert action, where the algebra is
given by the algebra of smooth functions on S1. We are
going to show that this picture generalizes to the case of an
arbitrary internal manifold.

Let M be an arbitrary compact Riemannian manifold
and femg a complete set of spherical harmonics (where
generically m now denotes a multi-index), which we also
take as a basis for the algebra of smooth functions on M.
The infinite-dimensional extension of the Poincaré algebra
is no longer given by a Kac-Moody algebra, but instead is
spanned by generators Pna � Pa 
 en and Jna � Ja 
 en,
which satisfy the Lie algebra (compare the algebra in [36])

�Pma ; P
n
b� � 0; �Jma ; J

n
b� � "abcJ

c 
 �em � en�;

�Jma ; Pnb� � "abcPc 
 �em � en�:
(A1)

Here � denotes ordinary multiplication of functions. Note,
that this algebra reduces for the case M � S1 to the Kac-

Moody algebra diso�1; 2� in (2.11). There exists also an
-17
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inner product on the space of functions, which is given by

�em; en� �
Z
M

dvolMemen; (A2)

such that a nondegenerate quadratic form on (A1) exists:

hPma ; J
n
bi � �ab�em; en�: (A3)

In complete analogy to Sec. III, a Chern-Simons theory can
then be defined, whose equations of motion read

@�e
a�n�
� � @�e

a�n�
� � anmk"

abc�e�m��b!
�k�
�c �!

�m�
�be

�k�
�c � � 0;

@�!
a�n�
� � @�!

a�n�
� � anmk"

abc!�m��b!
�k�
�c � 0;

(A4)

while they are invariant under

�ea�n�� � @��a�n� � anmk�"
abce�m��b�

�k�
c � "abc!

�m�
�b�

�k�
c �;

(A5)

where anmk defines the algebra structure with respect to the
basis femg. If one defines the transformation parameter to
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be

�a�n� � anmk�
��m�ea�k�� ; �a�n� � anmk�

��m�!a�k�
� ; (A6)

one can show using the equations of motion and the
associativity (3.24) of the algebra, that

�ea�n�� � anmk��
��m�@�e

a�k�
� � @����m�e

a�k�
� �: (A7)

For the algebra-valued metric defined by gn�� �

anmke
a�m�
� e�k��a this implies

��g
n
�� � @��

��l�g��
n
l � @��

��l�gn��l � �
��l�@�g��

n
l

� r��n� �r��n�; (A8)

where again (3.24) has been used. Altogether, the gauge
transformations of the Chern-Simons theory for (A1) co-
incide with the algebra-diffeomorphisms. Thus we have
shown that also for arbitrary internal manifolds the Chern-
Simons description based on the algebra (A1) is equivalent
to Wald’s algebra-valued multigraviton theory.
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