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Chiral effective-field theory in the A (1232) region: Pion electroproduction on the nucleon
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We develop an extension of chiral perturbation theory to the A(1232)-resonance energy region and
apply it to investigate the pion electroproduction off the nucleon (e” N — ¢~ N7r). We present a complete
calculation of this process, in the A-resonance region, up to next-to-leading order in the § expansion. At
this order, the only free parameters are the three low-energy constants corresponding to the magnetic
(M1), electric (E2), and Coulomb (C2) yN — A transition strength. After fitting these parameters to a few
well-known data, our calculation provides a prediction for observables and multipole amplitudes of pion
electroproduction. These results compare favorably with the phenomenological multipole solutions and
recent experimental results from MIT-Bates and MAMI. Our prediction for the pion-mass dependence of
the yNA form factors offers an explanation for the discrepancy between the recent lattice-QCD results

and the experimental value for the “C2/M1 ratio” at low Q7.
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I. INTRODUCTION

The first excited state of the nucleon—the A(1232)
resonance—dominates pion-production phenomena and
plays an important role in our understanding of the low-
energy nucleon structure. High-precision measurements of
the nucleon-to-A transition by means of electromagnetic
(e.m.) probes became possible with the advent of the new
generation of electron scattering facilities, such as BATES,
MAMLI, and JLab, with many measurements being com-
pleted in recent years [1-4].

The electromagnetic nucleon-to-A (or, in short yNA)
transition is predominantly of the magnetic dipole (M1)
type. In a simple quark-model picture, this M1 transition is
described by a spin flip of a quark in the s-wave state. Any
d-wave admixture in the nucleon or the A wave functions
allows for the electric (£2) and Coulomb (C2) quadrupole
transitions. Therefore by measuring these one is able to
assess the presence of the d-wave components and hence
quantify to which extent the nucleon or the A wave func-
tion deviates from the spherical shape, i.e., to which extent
they are “deformed” [5]. The d-wave component of A’s
wave function can be separately assessed by measuring its
electric quadrupole moment. However, this would be ex-
tremely difficult because of the tiny lifetime of the A.
The yNA transition, on the other hand, was accurately
measured in the pion photo- and electroproduction reac-
tions in the A-resonance energy region. The E2 and C2
transitions were found to be relatively small at moderate
momentum transfers (Q?), the ratios Ry, = E2/M1 and
Rgy = C2/M1 are at the level of a few percent.

Traditionally, the resonance parameters are extracted by
using unitary isobar models [6—12], which in essence are
unitarized tree-level calculations based on phenomenologi-
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cal Lagrangians. However, at low Q? the yNA transition
shows great sensitivity to the “pion cloud,” which until
recently could only be comprehensively studied within
dynamical models [13-18]. (Unlike the isobar models,
dynamical models include quantum effects due to pion
loops.)

With the advent of the chiral effective-field theory
(xYEFT) of QCD [19,20] and its extensions to the
A-resonance region [21,22], it has become possible to
study the nucleon and A-resonance properties in a pro-
foundly different way. Recently, we have been able to
perform first yEFT studies of the yNA transition in pion
electroproduction [23] and of the A-resonance magnetic
moment in the radiative pion photoproduction [24]. The
advantages over the previous dynamical approaches are
apparent: YEFT is a low-energy effective-field theory of
QCD and as such it provides a firm theoretical foundation,
with all the relevant symmetries and scales of QCD built in
consistently. Moreover, we find that already at next-to-
leading order (NLO) in the “6 expansion” of Ref. [22],
the observables for pion electroproduction in the
A-resonance region are described remarkably well. The
XEFT, therefore, provides a theoretically consistent and
phenomenologically viable framework, which, in particu-
lar, will allow for a model-independent extraction of the
resonance parameters.

Tremendous progress has recently been achieved as well
in the lattice-QCD simulations of the yNA transition. The
present state-of-the-art results [25] are “‘quenched” and are
obtained for pion masses above 300 MeV. These results
can only be confronted with experiment after an extrapo-
lation down to the physical pion mass of 140 MeV. A linear
in the quark-mass (m, ~ m2) extrapolation was used in
Ref. [25]. The thus obtained Ry, ratio, at low Q2, was
found to be in major disagreement with experiment. The
apparent caveat of this result is that the extrapolation in the
quark mass need not be linear. The nonanalytic dependen-
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cies, such as N and Inm,, are known to be important as
one approaches the small physical value of m,. These non-
analytic terms can also be obtained from yEFT, and, as we
have demonstrated [23], the Rg;, and Rg,, ratios do exhibit
a pronounced nonanalytic quark-mass dependence, such
that the lattice results [25] can be reconciled with experi-
ment. Here we shall refine our calculation by consistently
including the quark-mass dependence of the nucleon and
A-isobar masses in the same yEFT framework [26].

A brief account of this work has recently been published
[23]. In this paper we present an extensive description of
the work, improve on our theoretical error analysis, and
present some new results that could not be included in the
brief publication. This paper is organized as follows.

In Sec. II we recall the relevant chiral Lagrangians,
while Sec. III explains the power counting in the
d-expansion scheme based on which the leading- and next-
to-leading-order contributions are selected. The chiral-
loop contributions to the y/NA-transition form factors are
evaluated in Sec. IV by using two different techniques. In
Sec. V we discuss the theoretical uncertainty of our calcu-
lation due to the neglect of higher-order effects. In Sec. VI
we present the results for pion photo- and electroproduc-
tion observables, multipoles, and the extracted yNA form
factors. In that section we also discuss the yEFT predic-
tions for the m, dependence of the yNA transition and
compare them with available lattice results. Section VII
lists the main points and conclusions of the paper. The two
appendixes contain technical details concerning the
Feynman-parameter and dispersion integrals, respectively.

II. THE EFFECTIVE CHIRAL LAGRANGIAN

In this section we define the relevant effective
Lagrangian of low-energy QCD, where we restrict our-
selves to the two flavor, isospin symmetric case (m, =
mg = mg). The guiding principle is the symmetry under
the SU(2); X SU(2) chiral rotations, see [19,20,27]. The
lowest-order Lagrangian of the Goldstone-boson (pion)
isovector field 7° (a = 1, 3)

L2 =129, Us*UT + (U + U]
= Lo, mormt —imi[m + O(#)] (1)
where

U(_x) = el‘ﬂ'”(x)T“/f,” = uz(x)’

with 747¢ = 7 vam!
\/577_ — 9

and the linear in U, explicit symmetry-breaking term is
proportional to the quark (or, pion) masses: y = 2Bm, =
m2 + O(m%). Furthermore, at this lowest order, f, =
92.4 MeV is the pion decay constant and B is related to
the scalar quark condensate as B = —(gq)/f%. In the

2

PHYSICAL REVIEW D 73, 034003 (2006)

notation £, the superscript stands for the number of
derivatives of Goldstone-boson fields and insertions of
their mass.

The chirally symmetric Lagrangian for the nucleon iso-
doublet field, N = (p, n)”, can conveniently be written by
using the SU(2) vector and axial-vector currents,

1 1
ST (x) = ?(ua#uf + uT(?Mu)
i

2
1
=W8“b67“77b6#7rc + o(7*), (3a)
Ly _ 1 t T
37 ay(x) = 2—l_(u du— ud,u’)
1
=_—71%,m + o(73), (3b)

2fx

and the chiral covariant derivative acting on the nucleon
field,

D,N = 3,N + Lirv%N. @)

In terms of these definitions the nucleon Lagrangian begins
at

LY = NGB — My +Lgardeys)N, )

where g4 =~ 1.267 is the nucleon axial-coupling constant.

In the presence of the electromagnetic field (A,), the
charge of the pions is accounted for by making the ‘““mini-
mal substitution”: 9,74 — 9,7 + eg®®3A, 7", in the
above expressions. Similarly, the proton charge is included
by the minimal substitution in the chiral derivative as
D,N— D,N +ies(1 + 7)A,N.

The Lagrangian for the spin-3/2 isospin-3/2 A isobar
can be written in terms of the Rarita-Schwinger (vector-
spinor) isoquartet field,' A, =(AL" AL A%, AI])T, by
using the vector and axial-vector currents Eq. (3) in the
isospin-3/2 representation of SU(2). The corresponding
generators 7 ¢ have the following matrix representation:

0 J3/2 0 0
T,:g V3/2 0 1 0

, 6
3[ o 1 0 3/2 (62)
0 0 3/2 0

0 —v3/2 0 0

2i| \/3/2 0 -1 0
T2 == , (6b
3 0 1 0 —3/2 (6b)

0 0 V3/2 0
T3 = diag(L, 4, =4, - 1), (6¢)

"Frequently chiral Lagrangians for the A isobar are written in
terms of the isovector-isodoublet field [21]: Af}L =TA ws With T
isospin-1/2-to-3/2 transition matrices. It is an alternative to the
isoquartet representation adopted in this work. The two repre-
sentations, however, are equivalent at the level of observables.

034003-2



CHIRAL EFFECTIVE-FIELD THEORY IN THE A(1232) ...

and satisfy 7 ¢7T“ = 5/3. The chiral derivative is then
given by

DA, =0d,A, +iviTA,, (7)

o

and the first-order chiral Lagrangian can be written as

L (Al) = K,u,(i’y'quDp - MA’}/"“/)AV
- %HAK;L¢CTC75AM) (8)

where M =~ 1.232 GeV is the mass of the A isobar, Hy is
the axial-coupling constant given, in the large-N. limit
[28], by H4 = (9/5)g4 and this value is known to be
consistent with the empirical information, see, e.g., [29].
The totally antisymmetric products of y matrices are de-
fined as y#” = L[y*, y¥], y*** = ie*"*Pygys. The elec-
tric charge of the A is accounted for by the following
minimal substitution: D, — D, + iel(1 +3T3)A,,.

The free Rarita-Schwinger field obeys the following
field equation:

iyﬂvpapAV = MA')/'U'VAV’ (9)

which, in particular, yields the constraints: y*A uw=0=
d*A . The constraints reduce the number of spin degrees
of freedom of the vector-spinor field to the physical num-
ber appropriate for a massive particle with spin 3/2. These
constraints arise essentially due to the invariance of the
free-field kinetic term [left-hand side of Eq. (9)], upon the
gauge transformation of the spin-3/2 field:

A,x) = ALx) + 9,e(x), (10)

where € is a spinor. In order for interactions to support the
number of the free-field constraints, they must be symmet-
ric with respect to the same (or, at least, similar) trans-
formation [30]. Now, the chiral interactions in Eq. (8)
obviously do not have this symmetry. Therefore, we re-
define them by using the free-field equation, or, equiva-
lently, redefine the spin-3/2 field, such that they become
symmetric [31]. Then, e.g., the lowest-order axial coupling
becomes

n o _ Hy

AAT - ZMAfﬂ—

ehrP7 N, T9,A,)0,7 + O(a).
11

The difference with the original interaction term from
Eq. (8) is of higher order (in the pion derivatives and mass).

We write the NA-transition Lagrangian right away in
such an expanded form which exhibits the spin-3/2 gauge
symmetry:

PHYSICAL REVIEW D 73, 034003 (2006)

1 _ lhA N Ta v a
Lyn = mNT y#M9,A,)9,m + He, (12a)
3iegy — -
L = %M N 735 A FRY 4+ He, 12b
NA T OMy(My + My TR ¢ U2b)
—3e —
L =" NI’ 9,A
NA 2MN(MN+MA) Vs gE( " V)

+18C vy A, — aVAa)aM}FW +He, (120)
My

where F#” and F*” are the electromagnetic field strength

and its dual, T“ are the isospin-1/2-to-3/2 transition (2 X

4) matrices:

1/(-V3 0 1 0

y I , 13
JE( 0 -10 \/§) (13
—ifJ/3 01 0

T2 =" 13b
\/6(0 1 0 ﬁ)’ (130
2/0 1 0 0

T3=\g(o 0 1 0)’ (13¢)

satisfying T¢T?T = §9b — 1770,

Note that the electric and the Coulomb yNA couplings
are of 1 order higher than the magnetic one, because of the
v5s which involves the “small components™ of the fermion
fields and thus introduces an extra power of the 3-
momentum.

For the momentum-space A propagator we use

BEMAT o 1oy (L= QWP+ My)
e LA L eyt
2(1 = &*)p*p?
3(p* — M3)

S*B(p) =

X (y*pP — yPp®) + } (14)

where { is a gauge-fixing parameter, see Refs. [26,32] for
details. The analog of the Landau gauge for the spin-1 case
here is { = oo:

P+ My
af — (3/2)ap
SF(p) M p? P (p), (15)

with

2 PP\, P
T(3/2)aﬁ =2 gaB — + £ _aBu , 16
(p) 318 P 327 e (16)
the covariant spin-3/2 projection operator. As long as the
couplings of the spin-3/2 field are gauge symmetric with
respect to the transformation (10), the results are indepen-
dent of the choice of the gauge-fixing parameter ¢.

III. POWER COUNTING AND
RENORMALIZATION

The inclusion of the A resonance introduces another
light scale in the theory, the resonance excitation energy:
A =M, — My ~ 0.3 GeV. This energy scale is still rela-
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tively light in comparison to the chiral symmetry-breaking
scale A,gp ~ 1 GeV. Therefore, § = A/A,sp can be
treated as a small parameter. The question is, how to
compare this parameter with the small parameter of chiral
perturbation theory (YPT), € = m,/A,sp. After all, our
aim is to organize an expansion in @ small parameter and to
estimate the size of various contributions based on power-
counting rules. So some specific relation between 6 and €
would be helpful.

In most of the literature (see, e.g., [21]) they are assumed
to be of comparable size, 6 = €. This, however, leads to a
somewhat unsatisfactory result: the A-resonance contribu-
tions are always estimated to be of the same size as the
nucleon contributions. Thus, obviously, the A contri-
butions are overestimated at lower energies and underesti-
mated at the resonance energies. To estimate the
A-resonance contributions correctly, and depending on
the energy region, one needs to count 6 and € differently.

A relation € = 8> was suggested and explored in
Ref. [22], and is adopted in this work. The second power
is indeed the closest integer power for the relation of these
parameters in the real world. We should stress that this
relation is used for power-counting purposes only. It is not
imposed in the actual evaluations of diagrams. Each dia-
gram is simply characterized by an overall §-counting
index n, which tells us that its contribution begins at O(5").

Because of the distinction of m,. and A the counting of a
given diagram depends on whether the characteristic mo-
mentum p is in the low-energy region (p ~ m) or in the
resonance region (p ~ A). In the low-energy region the
index of a graph with L loops, N, pion propagators, Ny
nucleon propagators, Ny A propagators, and V; vertices of
dimension i is

n= 2<Zivi +4L — Ny — 2N7,) — Ny =2n,p1 — Nj,

A7)

where n pr is the index in yPT with no A’s [27]. In the
resonance region, one distinguishes the one-A-reducible
(OAR) graphs [22], see e.g., Fig. 2(a). Such graphs contain
A propagators which go as 1/(p — A), and hence for p ~
|

M:M(O)_4 2 _ 3g3\ 31a4(1
N N CiNMZ S7f )2 me

+ D

and one can easily verify that the loop contribution begins
at O(m3) in agreement with power counting.

We now turn to the analysis of the pion electroproduc-
tion process. The pion electroproduction amplitude to
NLO in the 6 expansion, in the resonance region, is given
by graphs in Figs. 2(a) and 2(b), where the shaded blobs in
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FIG. 1. Nucleon self-energy to one loop.

A they are large and all need to be included. This gives an
incentive, within the power-counting scheme, to resum A
contributions. Their resummation amounts to dressing the
A propagators so that they behave as 1/(p — A — 3). The
self-energy > begins at order p® and thus a dressed OAR
propagator counts as 1/83. If the number of such propa-
gators in a graph is Ngag, the power-counting index of this
graph in the resonance region is given by

n = nypr — Npy — 2Noag, (18)

where N, is the total number of A propagators.

A word is given on the renormalization program, as it is
an indivisible part of power counting in a relativistic
theory. Indeed, without some kind of renormalization the
loop graphs diverge as A, where A is an ultraviolet
cutoff, and N is a positive power proportional to the
power-counting index of the graph. Also, contributions of
heavy scales, such as baryon masses, may appear as MV .
The renormalization of the loop graphs can and should be
performed so as to absorb these large contributions into the
available low-energy constants, thus bringing the result in
accordance with power counting [33].

To give an example, consider the one-7N-loop contri-
bution to the nucleon mass, Fig. 1. For the #NN vertex

from LE\}) the power counting tells us that this contribution
begins at O(m3). An explicit calculation, however, will
show (e.g., [27]) that the loop produces O(m%) and O(m2)
terms, both of which are (infinitely) large. This is not a
violation of power counting, because there are two low-
energy constants: the nucleon mass in the chiral limit, M©,
and c;y, which enter at order O(m%) and O(m?2), respec-
tively, and renormalize away the large contributions com-
ing from the loop. The renormalized relativistic result, up
to and including O(m3), can be written as [26]

m2 \5/2 m, 17m, my \3
——7| arccos + -
4MN> My | 16M, <2MN>

2 4
30 — 10 Mx + Ma ln& , (19)
8My My My My

{
(a) include corrections depicted in Figs. 2(c)—2(f). The
hadronic part of (a) begins at O(8°) which here is the
leading order. The Born graphs of Fig. 2(b) contribute at
O(5). We note that at NLO there are also vertex corrections
of types (e) and (f) with nucleon propagators in the loop
replaced by the A propagators. However, after the appro-
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(@ (b)

©) (d) (e) ®

FIG. 2. Diagrams for the eN — ewN reaction at NLO in the
6 expansion, considered in this work. Double lines represent the
A propagators.

priate renormalizations and Q> << AA, these graphs start
to contribute at next-next-to-leading order.

The A self-energy Fig. 2(c) can, in the { = oo gauge, be
presented as

3 es(p) = S (AP (p),

where 2, (/) has the spin-1/2 Lorentz form, computed by
us earlier [24,26]. To recall these results, it is convenient to
introduce the following dimensionless quantities:

(20)

1
B=50-r+u)  a=1-8

A= 1= A+ P ] = B et
e

The imaginary part of the A self-energy is related to the
resonance decay width, which at the leading order (LO)
gives

[y = —2Im3,(My) = (47/3)My\Ci A3 (a + 1), (22)

with Cy = hyM, /(87 f ;). The experimental value for the
A-resonance width, I'y = 0.115 GeV, fixes hy =~ 2.85. At
NLO, the residue of the A propagator receives a correction:

ImX/ (M,) = —ZWCZAA[aB(a +r) - %Az(r + 2 — u?)l
(23)

The renormalized A propagator, in the { = o gauge, at
NLO reads

-7

Sap(p) = (24)

The real part of the renormalized A self-energy, by As
contributes to the mass as
My = Mg)) — dciam? + Rei(AWN)(MA), (25)

where

PHYSICAL REVIEW D 73, 034003 (2006)
3 A(My) = —1CEAM,[V(w, 8) — V(0, 8) — w2V'(0, 8)].
(26)

The 7N loop integral V(u, 8) is given in analytical form
by [26]

V(w, 8) = 3r + a)[B(p? —2A%) Inu? + a(r* — 2A%) Inr?
— (a3 + B%) + 427 + 41 Q(N)] + tpt(Inp?

— %) — }‘r“(lnr2 — %) 27)
with the elementary function () defined as
1 aB-pi=A /\2 =0
_ | 2x nﬁf wr+A -
o = L S )2 <), (28)

N arctanaBJH\2

The region A% >0 corresponds with m, <My — My,
where the A is unstable. The region A?> <0 corresponds
with m, > M, — My, where the A is stable.
Furthermore, from Eq. (27) we read off the m?. and mZ
terms, which enter Eq. (26) and need to be absorbed by the
renormalization of the low-energy constants,

r2

V(0. 8) = %[g(z -+ 2(1 - ?ﬂrS Inr?

— 11—2(1 +7)2(1 — r*)3In(1 — ?)

5 77 0 r
=t =+ —=06-12r+3
[36 % 8 2l 3”}
(29)
1 2r
! —_ _ + == 5 2
V'(0, 8) 2<1 3>r Inr
1
+|:§(1+r2+r4)+%(1+r2)}(1—r2)
7 r 2 P A4
XInl—r)—|—=+=-+—+—+—| (30
o ”[182623}()

The vector-meson diagram, Fig. 2(d), contributes to
NLO for Q* ~ AA. We include it effectively by giving
the g,, term a dipole Q? dependence (in analogy to how it
is usually done for the nucleon isovector form factor):

&M
(1 + Q?%/0.71 GeV?)*'

&m = (31)
An analogous effect for the gz and g couplings begins at
N?LO. The loop corrections to the yNA vertex are dis-
cussed separately in the following section.

IV. EVALUATION OF THE yNA FORM FACTORS

In this section we present a detailed analysis of the
yNA-vertex corrections that appear at NLO, see
Figs. 2(e) and 2(f). To the order we work, the pseudovector
7NN interaction from the Lagrangian (5) is equivalent to
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the pseudoscalar one, and we use the latter in the actual
calculations of the graphs Figs. 2(e) and 2(f).

The rest of the section is organized as follows. First we
will comment on the electromagnetic gauge invariance of
these contributions. Then, after a brief summary of differ-
ent decompositions of the yNA vertex into Lorentz-
invariant form factors, we evaluate the chiral corrections
to those form factors at NLO. As a cross-check, we do the
calculations using two different techniques: the Feynman-
parameter method and the sideways dispersion relations.

A. Electromagnetic current conservation

The addition of the one-loop graphs Figs. 2(e) and 2(f)
to the “tree-level” yNA vertex from Eq. (12), should not
spoil the e.m. current conservation:

4l (P  ul(p) =0 (32)
where u,, is the free Rarita-Schwinger vector spinor of the
A, u is the free Dirac spinor of the nucleon, and momenta
are defined as in Fig. 3. These sorts of conditions are most
conveniently checked by using the Ward-Takahashi iden-
tities for the e.m. couplings of the nucleon, pion and A
fields:

qurfyLNN =enqg Y= eN[SXII(P') - Sﬁl(p)], (33a)
4 Uyar = exq - (p + p') = e,[S7'(p) — S7'(P)],
(33b)
q,T558 = exy Pq,, = es[S,"P(p) = 5, "% (p)].
(33¢)
where g=p' —p, ey=13e(l +13), e, =ieer,

exn =1e(1 +377) and S™! denote the corresponding in-
verse propagators. Applying these identities to the dia-
grams Figs. 2(e) and 2(f) we obtain

eity (P )Z{a(P) = 254 (P")]ulp),

(34)

quita(PTSN u(p) =

where X4, is the one-loop N — A self-energy, which, due
to Lorentz covariance has the following general form:

300(p) = A(p*)p* + B(p?)y“. (35)

D 24

FIG. 3. y*NA vertex. The 4-momenta of the nucleon (A) and
of the photon are given by p (p’) and ¢ = p’ — p respectively.
The 4-vector index of the spin-3/2 field is given by «, and u is
the 4-vector index of the photon field.

PHYSICAL REVIEW D 73, 034003 (2006)

FIG. 4. The higher-order yNA vertex correction required by
the electromagnetic current conservation.

The scalar functions A and B do not vanish, however we
may use the Rarita-Schwinger conditions, p - u(p) =0 =
v - u(p), to show that the second term on the right-hand
side of Eq. (34) vanishes. The first term can only be
canceled by the contribution of the diagram in Fig. 4.

Thus, the condition of the e.m. current conservation
requires the diagram of Fig. 4 to be included in addition
to the NLO contributions Figs. 2(e) and 2(f). When com-
puting this diagram, we discover that it is actually of
N?LO, because the Lorentz form Eq. (35) cuts out the
spin-3/2 part of the A propagator and hence also the
pole of the propagator. The A propagator in Fig. 4, there-
fore, counts as 8°.

To NLO, the sum of Figs. 2(e) and 2(f) conserves the
e.m. current.

B. Form-factor decompositions

The yNA vertex can in general be decomposed into
three Lorentz covariants. For instance,

y 3 My +M
Ta(P)Dyate(p) = \ﬁMN[(MAi T
X it (p"Hgm(QH e plgy
+ ge(Q*)(g*p"™ — q - p'g*M)iys
+ 2c(Q)(q%q* — > g*)iystu(p),
(36)

2

where ¢ = p’ — p is the photon 4-momentum, Q> =
Furthermore, g,,(Q?%), gz(Q?), and g-(Q?) are the mag-
netic dipole, electric quadrupole, and Coulomb quadrupole
form factors, as defined in Ref. [18]. In the limit Q% = 0
they are equal to the physical values of the corresponding
parameters in the Lagrangian (12). These form factors
relate to the conventional magnetic (Gj},), electric (G})
and Coulomb (Gy) form factors of Jones and Scadron
[34] as follows:

M ]
Gy =38u + e (—=B,8e + 0%gc),
+

M? -
= _ZA(_IBygE + 0%¢0¢),

(37)
. 2M3
Ge= 3 A(gp + B,8c)
(O
where Q. = /(M = My)> + 0, Q%= Q*/M?, and
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B, =1(1 —r* = 0%). The multipole ratios £2/M1 and
C2/M1 at the A-resonance position can be expressed in
terms of these form factors as

G*
Ry, = ——E ,
EM G,

0.0 G
AM3 G

M= (38)

Alternatively, the on-shell yNA vertex is also often
expressed in the following form:

b
it o (P Nau(p) = \Eﬁa(p’){(y"q“ — 7 q8*")g(0%)
+ (g p'g* — q*p'*)g2(0?)
+ (q%q* — ¢*g**)g3(0H)}iysu(p),
(39)

which is defined for the p — A™ transition, yielding the

isospin factor 4/2/3. The form factors g, gz and g can
then be expressed in terms of g;(Q?) (i = 1, 2, 3) through
the relations:

2\ _% MNQ%F 2
2 =% MNQ%— 2\ 2
2 _% MNQ2+ 2
gc(Q%) = 3 7(MA + My) g3(0Q”). (40)

C. Feynman-parameter method
The one-loop corrections to the yNA form factors are
given by the graphs in Figs. 2(e) and 2(f). As they contain
three propagators, we apply the Feynman-parameter trick:
1 1 x 1
—— =2 dx | d .
ABC ﬁ) ﬁ) y[Ay +Bx—y)+C1—x)7]P
(4D
For the diagram Fig. 2(e) we have A = k> — m2 + i€, B =
(k+ q)*> —m% +ie,C = (p — k)> — M3 + ie, where k is
the integration 4-momentum. After the shift of the integra-

tion momentum, k — k — (x — y)g + (1 — x)p, we obtain
Ay + B(x — y) + C(1 — x) — k* — M?, where

M2(x,y) = mix + (M} — p*x)(1 —x) — 2p - q(1 — x)

X(x=y) —qg*x =y —x—y —ie
(42)

For the case of the N — A transition we may use
p>=M3, p?=(p+q?=M3, and hence 2p-gq=
M} — M3 — ¢%, and

MA(x,y) = mix + [M} — xM3; + (M3 — M3)y](1 — x)
+ g*y(x — y) — ie (43)
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The next step is to perform the integration over 4-
momentum which can be done by using the following
rules:

d*k 1
[ Gy s = )

_ .(_l)n F(I’l - 2) —2(n—2)
"Gm? Tk S
d*k k,k, 1
(277_)4 (k2 f mz)n = 2(7[ — 1)J11—1(m2)g,u,v‘ (44b)

Integrals with an odd number of 4-vectors k in the numera-
tor vanish. The integral J, diverges for n = 1 and 2, but
can be defined via dimensional regularization as

2

—im? 2 m
— -1+ m) @
(4m)? < 4—q E n47r> (453)

—i 2 m?
Jo(m?) = G (- =4 + yp + IHE)

Jl(mz) =

(45b)

where d — 4~ is the number of dimensions and yp =
—I"(1) = 0.5772 is the Euler constant.

Then, the (MS-subtracted) result for the graph of
Fig. 2(e), where the photon couples to the charged pion
in the loop, can be decomposed into the three Lorentz
covariants Eq. (36) and cast in the form:

(0) ! =y 2
8y = —CNAf dyy[ dxInM:, (46a)
0 0
(e) : = 2
gy = +CNAf a’yyf dx{InM?
0 0
= 2x[(1 = y)(A + r) — x]M;?}, (46b)

1
g = —CNAfO dyy(2y — 1)

% ] V(- )+ ) — XM (460)
0
with

Me=(x= P =X +2B,xy+ 0%(1—y) —ie
(46d)

while the analogous contribution of the graph Fig. 2(f),
where the photon couples to the electric charge of the
nucleon in the loop, is given by
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- 1 17
g,(‘f,) = _CNAf dyyf ydx{21n.’]\/l§
0 0
+ M [2a,xy + 0%y(1 = y) — (x + (1 = 0},
(47a)
1
g = —gi)) + 2Cya ﬁ dyy

x ﬁ) M+ (1 - 0 — xp(1+ )]
(47b)
g = —2Cya ﬁ dyy? ﬁ)l”’ dxly(1 + ) — 1 + x]M72,
@7c)
with
M3:=(x— @) — A+ 2a,xy + 0%y(1 — y) —is,
47d)

where we have used the definitions of Eq. (21) and intro-
|
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duced

. 4gahy Q%rr2
Cra = 8mf, )2 301 +r) “48)

Finally, the integration over x and some of the
y integration can be done analytically, see Appendix A.

D. Dispersion method

Alternatively, we can compute the correction to the
vyNA vertex by exploiting the analyticity of the loop con-
tributions. We use the so-called sideways dispersion rela-
tions [35,36], and hence start with calculating the
absorptive (imaginary) part of the yNA vertex from the
cut in the 7wN-loop diagrams of Fig. 5. Subsequently, the
real part of the on-shell yNA vertex is computed through
the dispersion relation in the A-resonance 4-momentum
squared p”.

We first express the half off-shell yNA vertex (where we
allow the A to be off shell) in terms of the invariants g;(s =
p?, 0%, fori=1,273, as

Tetu(p) = (PP NH(r#aP — v - agP*)gi (5, Q1) + (q - p'gP* — 4P p'*)gi (s, 0?)
+(gPq" — q*gPM)g3 (s, QN}iysu(p) + (P2 (p))al(v qP — v - qgP)g; (s, Q%)

+(q - p'gP* — qPp'™)g; (s, 0%) + (gPg* — ¢*gPH)g5 (s, OM)}iysu(p),

where the spin-3/2 positive (negative) energy projectors
are given by

e

M, 8ap — §7a7ﬂ
1
- W(Y “P'YaPp T PaVpY p’)}- (50)

We next determine the real parts of the invariants g;" for

s = Mi (i.e., the A is on shell) through a dispersion
relation in s as

o Imgf (s, 0%)

1
Re g (M}, Q) = —Pf ds
T

, (G
Sth S_Mi

where the integration starts from the 7N threshold sy, =
(My + m,)?, and where P denotes the principal value
integration. These unsubtracted dispersion integrals do
not converge. However, the dispersion relations for the
following differences:

Re g/ (M%, 0?) — Reg; (M3, 0)

_ lpfw s Img; (s, 0?) — Izmg?(s, 0)
T Js s — My

, (52)

do converge, for all the considered contributions. This
subtraction can be put in correspondence with the renor-

(49)

{
malization of appropriate low-energy constants from the

Lagrangian (12).

The expressions for the absorptive (imaginary) parts of
these form factors are calculated in Appendix B with the
results given by Egs. (B50) and (B51). The dispersion
integrals in Eq. (52) are evaluated numerically. The physi-
cal form factors are then simply given by g;(Q?) =
g (M3, 0%).

We compared the thus obtained results with the
Feynman-parameter method results. We found perfect
agreement between both methods for all three yNA tran-
sition form factors, which provides a cross-check on our
calculations.

q q
¢
Pi=gq gty e
[ Yo A\
P PO A+ I AR

FIG. 5. Absorptive part of the ypA*t vertex. (a) w*n loop
where the photon couples to the 7"; (b) 7°p loop where the
photon couples to the charge of the proton. The vertical dotted
lines indicate that the 77N intermediate state is taken on shell.
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V. ERRORS DUE TO NEGLECT OF N?LO EFFECTS

Prior to presenting the results of our NLO calculation,
we would like to make an estimate of the theoretical
uncertainty due to the neglect of higher-order effects.
Some of the next-next-to-leading order (N*LO) contribu-
tions are shown in Fig. 6. Of course, there is no substitute
for an actual calculation of those effects, but at present we
only know that they must be suppressed by at least one
power of 6 (= A/A sp) as compared to the NLO and two
powers of &6 as compared to the LO contributions.
Therefore, we can estimate the size of the N2LO contribu-
tion to an amplitude A as Ay o6 or A; 82, The theoretical
uncertainty of a calculation up to and including NLO can
thus be estimated as

Aerr = |ALO + ANL0|52~ (53a)

In cases where the amplitude does not receive any LO
contributions, we have no other option than

Aerr = |AnL0l 0. (53b)

This looks nice and simple, however, there are a few
caveats in the implementation of such an estimate. First of
all, although we have introduced & as A/A g, it counts as
well the other small scales of the theory, m, and Q2.
Therefore, we shall estimate the error using the following
expansion parameter (assuming A g ~ My):

2

sl ) G) e
3LMy My M3,

where all the light scales are treated on equal footing and

hence are averaged over.

Secondly, what if the amplitude happens to vanish at
some kinematical point. According to Egs. (53a) and (53b)
the theoretical calculation at that point would be perfect,
which is of course unlikely to be true in reality. So, when
considering dependencies on kinematical variable(s), we
shall take an average of the error over some appropriate
region of that variable.

Given these two points, we are led to the following
formula for the theoretical uncertainty of the NLO calcu-
lation for an amplitude A:

O

|Al6% LO #0,

AL.3, LO=0, (55

Am={

and the subscript “av” indicates that the appropriate aver-
aging is performed.

, , ,
’ , ,
. . ’ ’
~ . , c=s s
% \ , , . ,

FIG. 6. Examples of N?LO contributions to the eN — ewN
reaction neglected in this work. Open circles denote the e.m.
coupling to the anomalous magnetic moment of the nucleon.
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The theoretical uncertainty of the NLO calculation of an
observable O is

LO #+ 0,
LO =0,

2101,,8%,

2013, (56)

O = |
where the factor of 2 takes into account that an observable
is a product of two amplitudes.

Note that this error estimate differs from the one pre-
sented in our earlier paper [23], where we overlooked the
case of vanishing LO contributions. This underestimated
the error in some observables, as will be discussed in more
detail below.

VI. RESULTS AND DISCUSSION

We are now in a position to discuss the NLO results for
pion photo- and electroproduction amplitudes and observ-
ables. We begin with the multipole analysis for pion photo-
production. The resonant photoproduction multipoles are
well established, and we use them to determine the two
low-energy constants: g,, and g, the strength of the M1
and E2 yNA transitions. Subsequently, we discuss the
results for pion electroproduction: cross sections, multi-
poles and the Q? dependence of the Ry, and Rgy, ratios.
The comparison with pion electroproduction observables
allows one to determine the third low-energy constant in
the YEFT framework, related to the strength of the C2
vyNA transition. Once the three low-energy constants are
determined, the Q% and m,, dependencies follow as a
prediction of the NLO result. We discuss the predictions
for the m,. dependence of the magnetic dipole yNA form
factor, the Rgy, and Ry, ratios, and compare with the
recent lattice-QCD results.

A. Pion photoproduction

In Fig. 7, we show the result of the yYEFT calculations
for the pion photoproduction resonant multipoles M(13+/2)

and E(13+/2), around the resonance position, as a function of
the total c.m. energy W of the wN system. These two
multipoles are well established by the MAID [11] and
SAID [37] partial-wave solutions which allow us to fit
the two low-energy constants of the chiral Lagrangian
Eq. (12) as gy = 2.9, gg = —1.0. As is seen from the
figure, with these values the NLO results (solid lines) give
a good description of the energy dependence of the reso-
nant multipoles in a window of 100 MeV around the
A-resonance position. Also, these values yield Rgy =
—2.3%, in a nice agreement with experiment [1].

The dashed curves in Fig. 7 show the contribution of the
A-resonant diagram of Fig. 2(a) without the NLO vertex
corrections Figs. 2(e) and 2(f). For the M, multipole this
is the LO contribution. For the E;. multipole the LO
contribution is absent [recall that the gp coupling is of
1 order higher than g,,, see Eq. (12)]. Hence, the dashed
curve represents a partial NLO contribution to E| ; therein.
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FIG. 7 (color online).
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Multipole amplitudes M §3+/2) (left panel) and E(13 12) (right panel) for pion photoproduction as a function of the

invariant mass W of the N system. Green dashed curves: A contribution without the yNA-vertex corrections, [i.e., Fig. 2(a) without
Figs. 2(e) and 2(f)]. Blue dotted curves: adding the Born contributions, Fig. 2(b), to the dashed curves. Black solid curves: complete

NLO calculation, includes all graphs from Fig. 2. In all curves the low-energy parameters are chosen as g, =

2.9, gz = —1.0. The

data points are from the SAID analysis (FA04K) [37] (red circles), and from the MAID 2003 analysis [11] (blue squares).

Upon adding the nonresonant Born graphs Fig. 2(b) to
the dashed curves we obtain the dotted curves in Fig. 7.
These nonresonant contributions are purely real at this
order and do not affect the imaginary part of the multi-
poles. One sees that the resulting calculation is flawed
because the real parts of the resonant multipoles now fail
to cross zero at the resonance position and hence unitarity,
in the sense of Watson’s theorem [38], is violated.> The
complete NLO calculation, shown by the solid curves in
the figure, includes in addition the vertex corrections
Figs. 2(e) and 2(f), which restore unitarity exactly. This
may come as a surprise, since we are doing a perturbative
calculation, without a resummation of rescattering contri-
butions. Nevertheless, it not difficult to see that our nu-
merical result is not a fluke. Watson’s theorem is satisfied
exactly by the NLO, up to-one-loop amplitude given by the
graphs in Fig. 2.

It is also interesting to examine our calculation for the
nonresonant multipoles, which all receive contributions of
NLO only. In Fig. 8, we show the NLO calculations for the
real parts of the nonresonant s-, p- and d-wave pion photo-
production multipoles in the A(1232) region in comparison

Recall that Watson’s theorem is a simple statement of uni-
tarity based on a coupled-channel scattering equation to leading
order in the electromagnetic interaction. The theorem relates the
phase of a photoproduction multipole M ) to a correspondmg
(in spin and parity) 7N-scattering phase shift 5 ™

Ml“/N) |M(7N) | lﬁ(m\”

For the resonant channel the corresponding phase shift crosses
90° at the resonance position, and thus the real part of the
resonant multipoles must vanish.

5 ¢ 10
E ReE, (32 C
-10 F *F!'-\
Fyuuwusun8 8l 5F HE
-15 B L
g L ReE, (12)p
oo o b Lo 1 I BN IR BT
2 - F
s 1S T e
s il ERNN
[ 2
:Re‘EI (//‘2),, ‘ ERe‘MH(I‘/Z)P ‘
F ReM, (2 L Re M, (12)p
S b 2 E
:_LIII"" :....llll
-182\\\ I 11 I 11 L1l O%\\\‘\\\‘\\\‘\\\‘\
E E .....oo
sC*eesaaag 2l aassuuns
[ ReE, (2 o [ ReE 0
k\\\‘\\\‘\\\ L1l \\\‘\\\‘\\\‘\\\\
F Re M, (37  Re M, (12)p
L [ a A
-o_sw 05 o umm=®?
_lklllllllllllllllll Oklllllllllllllllll
118 12 122 124 126 118 12 122 124 126
W (GeV) W (GeV)

FIG. 8 (color online). Nonresonant multipole amplitudes (in
units 1073 /m,,) for pion photoproduction as a function of the
invariant mass W of the 7N system. The solid curves result from
our NLO calculation. The data points are from the SAID analysis
(FA04K) [37] (red circles), and from the MAID 2003 analysis
[11] (blue squares).

034003-10



CHIRAL EFFECTIVE-FIELD THEORY IN THE A(1232) ...

with the two state-of-the-art phenomenological multipole
solutions, MAID and SAID. Note that at NLO in the
6 expansion, the nonresonant multipoles are purely real.
The multipole solutions show indeed that the imaginary
parts of nonresonant multipoles, around the A resonance,
are negligibly smaller than their real parts. From the figure
one thus sees that for most of the nonresonant multipoles,
the parameter-free NLO results agree fairly well with the
phenomenological multipole solutions. The largest differ-
ences are observed for the M ﬁl_/”f’ multipole. This multi-
pole corresponds with nucleon quantum numbers. The
cause of the appreciable difference in this channel is
largely due to the nucleon anomalous-magnetic-moment
contributions, which are not included in our calculation
(since they appear at N°LO in the & expansion), but which
are included in the phenomenological solutions.

B. Pion electroproduction

We now will present the electroproduction observables
obtained from the NLO amplitude of Fig. 2. The fivefold
pion electroproduction cross section can be expressed as

do do

=T 7
@eLdopwaos  vagen 07

where the virtual photon flux factor I',, is defined as

~
(e

[\
(e

G, €0, (lb/sr)

G, (Ub/sr)

1111 | 1111 | 1 111 | 1 111
-1 -05 0 0.5 1
cos 97:

FIG. 9 (color online).

PHYSICAL REVIEW D 73, 034003 (2006)

e E,(W?-M3) 1
' (w3 E, 2M y (1-¢)Q%

where W is the invariant mass of the final 7N system, E,
(E’) are the initial (final) electron lab energies, and &
denotes the photon polarization parameter.

The y*N — 7N cross section for unpolarized nucleons
is expressed in terms of 5 response functions as

(58)

do dO'T dO'L dO-TT
= + + £ cos2®
a0, 40, faa. F%Taa.
dO'LT
+4/2e(1 + P
g( £) cos 0.
e i 4OLT
+h 28(1 - 8) sin® dT, (59)

where O and ® are the pion polar and azimuthal c.m.
angles, respectively, and & denotes the electron helicity.

In Fig. 9 we show the NLO results for the different
virtual photon absorption cross sections entering Eq. (59)
at the resonance position, and for Q% =~ 0.127 GeV?, where
recent precision data are available. Besides the low-energy
constants g,,; and g, which were fixed from the resonant
multipoles in Fig. 7, the only other low-energy constant
from Eq. (12) entering the NLO electroproduction calcu-
lation is g¢. In Eq. (59), the main sensitivity on g¢ enters in
o 7. A best description of the o r data in Fig. 9 is obtained
by choosing g = —2.36.

G, (Ub/sr)
[w)

A
L R R

G’ (Ub/sr)
v el

1111 | 1111 | 111 | 11 ||
-1 -05 0 0.5 1
cos G)TC

The NLO results for the @, dependence of the y*p — 7¥p cross sections at W = 1.232 GeV and Q* =

0.127 GeV?. The theoretical error bands are described in the text. Data points are from BATES experiments [3,42].
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The theoretical uncertainty of the NLO result is esti-
mated by using Eq. (56), where the average is taken over
the range of © .. Note that o, ; and o7+ do not receive any
LO contributions and therefore the LO = 0 case in Eq. (56)
must be applied in the estimate. This point was overlooked
in our first error estimates of the NLO calculation [23],
which clearly led to an underestimate of the theory error
for o7 and o 7.

From Fig. 9, one sees that the NLO yEFT calculation,
within its accuracy, is consistent with the experimental data
for these observables.

The reliability of the present yEFT calculation can also
be tested by comparing its predictions for the nonresonant
multipoles with the phenomenological multipole solutions
MAID and SAID. In Fig. 10, we show this comparison for
the nonresonant s- and p-wave pion electroproduction
multipoles at the resonance position as a function of Q2.
Note that there is a considerable uncertainty in the phe-

nomenologically extracted s-wave scalar multipoles S((ff)

and SE)' f)P at low Q2. As one can see from the figure, our
calculation is in reasonable agreement with the phenome-
nological solutions for most of the s- and p-wave non-

0r 10
r Re E, (372) [
F .--':"-"5"'-.' :. o ® 0 6 "E" """ g ngn u
-10 [ et 5F
e r Re E, (12)p

° Re S, (12)p
_207\\\‘\\\\‘\\\\‘\\\\‘\\\\ :\\\\‘\\\\‘\(\)T\‘\\\\‘\\\\
F ReM, 2 25k Re M, (172)p
L C -'._:__...2 ..
_10k\\\\‘\\\\‘\\\\‘\\\\‘\\\\ _2.55\\\\\\\‘\\\\‘\\\\T\.T\.
0F L
L e % 2 -
M ?ﬁ.ﬁ..l.-‘..l.-’--l.ﬂ.p
2T ReM,0mp ol ReE, amp
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FIG. 10 (color online). Nonresonant multipole amplitudes (in
units 1073/m,) for pion electroproduction at the resonance
position (W = 1.232 GeV) as a function of Q2. The curves are
the results of our NLO calculation. The data points are from the
SAID analysis (FA04K) [37] (red circles), and from the MAID
2003 analysis [11] (blue squares).
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resonant multipoles. The largest discrepancy is observed in
the 02 dependence of both E&/z) and Egl +/2)” . This discrep-
ancy will need to be resolved by s-wave N?LO corrections
which grow with Q2.

In Fig. 11 we show the Q” dependence of the ratios Ry,
and Rg,,. Having fixed the low-energy constants g,,, gg
and g, this O dependence follows as a prediction. The
theoretical uncertainty here (shown by the error bands) is
estimated according to Eq. (55), for the LO = 0 case, and
the average taken over the range of Q* from 0 to 0.2 GeV?.
From the figure one sees that the NLO calculations are
consistent with the experimental data for both of the ratios.

To see how higher-order effects may affect the Q2
dependence, we include the vector-meson type of depen-
dence for the electric yNA transition by the following
replacement of the low-energy constant:

8E
— 60
U /A (©0
In contrast to the analogous effect for g,,, which is of NLO,

the inclusion of the Q* dependence in gy is a N>LO effect.
We choose Ay so as to satisfy the asymptotic condition

0O

0 0.05 0.1 0.15
0’ (GeV?)

02 0.25

FIG. 11 (color online). Q% dependence of the NLO results
(solid curves) for Rgy, (upper panel) and Rgy (lower panel).
The blue dashed curves represent a phenomenological estimate
of N2LO effects by including Q* dependence in g according to
Eq. (60). The blue circles are data points from MAMI for Ry,
[1], and Ry, [43,44]. The green squares are data points from
BATES [3].
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[39]: Rgy — 1, for Q* — oo, This is achieved by the
choice: AZ = ./—g,(0)/g:(0) 0.71 GeV2. The dashed
curves in Fig. 11 show the resulting effect of the replace-
ment (60), as imposed on the complete NLO result shown
by the solid curves with error bands. The fact that the
dashed curves go out of the error bands at some point
indicates that our error estimate is not designed for such
high Q? values.

C. Chiral behavior and chiral extrapolations

Since the low-energy constants g,s;, gg, and g, have
been fixed, our calculation can provide a prediction for the
m,. dependence of the yNA transition form factors. The
study of the m . dependence is crucial to connect to lattice-
QCD results, which at present can only be obtained for
larger pion masses (typically m, = 300 MeV).

The m, dependence of the nucleon and A-resonance
masses, given above by Egs. (19) and (26), are compared
with lattice results in Fig. 12. We constrain one of the two
parameters in Eq. (19) by the physical nucleon mass value
at m, = 0.139 GeV, while the other parameter is fit to the
lattice data shown in the figure. This yields Mz(\(/)) =
0.883 GeV and c;y = —0.87 GeV~!. As is seen from
the figure, with this two-parameter form for My, a good
description of lattice results is obtained up to m2 =
0.5 GeV?2.

Analogously to the nucleon case, we fix one parameter
in Eq. (26) from the physical value of the A mass, while the
second parameter is fit to the lattice data shown in Fig. 12,

yielding MY = 1.20 GeV and ¢,y = —0.40 GeV~!. As

1.8
1.7
1.6
1.5
1.4
1.3
1.2
1.1

1
0.9
0.8

M (GeV)

coeo b b b e b

0.1 0.2 0.3 0.4 0.5
m_” (GeV?)

S B S L

FIG. 12 (color online). Pion-mass dependence of the nucleon
and A(1232) masses. The curves are two-parameter expressions
for the 7N loop contributions to My and M, according to
Egs. (19) and (25) respectively, using M;f,)) = 0.883 GeV, c;y =
—0.87 GeV~!, and MY = 1.20 GeV, ¢;y = —0.40 GeV~! re-
spectively. The red squares are lattice results from the MILC
Collaboration [45]. The stars represent the physical mass values.
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well as for the nucleon, this two-parameter form for M
yields a fairly good description of the lattice results up to
m2 =~ 0.5 GeV?.

In Fig. 13 we examine the m, dependence of the mag-
netic -yN A-transition form factor G7,, in the convention of
Jones and Scadron, see Eq. (37). At the physical pion mass,
this form factor can be obtained from the imaginary part of
the Mff multipole at W = M (where the real part is zero
by Watson’s theorem) as

32M5 1p7 T

, 1/2
ReG;4(Q2)=< T ) M2, (61)

where |p%| (Iq%]) denote the pion (virtual photon) c.m. 3-
momenta, respectively, at the resonance position, i.e. for
W = M. Recall that the value of G}, at 0> = 0 is deter-
mined by the low-energy constant g,,. The QO dependence
then follows as a prediction of the NLO result, and Fig. 13
shows that this prediction is consistent with the experimen-
tal value at Q> = 0.127 GeV? and physical pion mass.
The m,. dependence of G7, is also completely fixed at

NLO, no new parameters appear. In Fig. 13, the result for
G;, at Q*>=0.127 GeV? is shown both when the

OIIIIIIIIIIIIIIIIIIIIIIIIII

0 005 01 015 02 025
m_*(GeV?)

FIG. 13 (color online). The m, dependence of the real part of
the Jones-Scadron yNA form factor G}, for Q> = 0 and Q? =
0.127 GeVZ. The solid (dashed) curves are the NLO results for
0% =0.127 GeV? (Q* = 0), respectively, including the m.,,
dependence of My and M,. The green dotted curve is the
corresponding result for Q% = 0.127 GeV? where the m,, de-
pendence of My and M, is not included. The blue circle for
Q? = 0is a data point from MAMI [1], and the green square for
0% =0.127 GeV? is a data point from BATES [3]. The three
filled black diamonds at larger m, are lattice calculations [25]
for Q? values of 0.125, 0.137, and 0.144 GeV? respectively,
whereas the open diamond near m, = O represents their extrapo-

lation assuming linear dependence in mZ.
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m, dependence of the nucleon and A masses is included
and when it is not. Accounting for the m, dependence in
My and M,, shown in Fig. 12, apparently changes the
result for G}, quite significantly. The yEFT calculation,
with the m_ dependence of My and M, included, is in a
qualitatively good agreement with the lattice data shown in
the figure. The yEFT result also follows an approximately
linear behavior in m?2, although it falls about 10%—15%
below the lattice data. This is just within the uncertainty of
the NLO results. One should also keep in mind that the
present lattice simulations are not done in full QCD, but are
quenched, so discrepancies are not unexpected.

In Fig. 14, we show the m . dependence of the ratios Ry,
and Rg;, and compare them to lattice-QCD calculations.
The recent state-of-the-art lattice calculations of Rgy, and
Rgpy [25] use a linear, in the quark mass (m, o m2),
extrapolation to the physical point, thus assuming that
the nonanalytic m, dependencies are negligible. The thus
obtained value for Rg,, at the physical m . value displays a

Ry (%)

0.05 0.1 0.15 0.2 0.25
mn2 (GeVz)

FIG. 14 (color online). m, dependence of the NLO results at
0% = 0.1 GeV? for Rg,, (upper panel) and Rg,, (lower panel).
The blue circle is a data point from MAMI [43], the green
squares are data points from BATES [3]. The three filled black
diamonds at larger m . are lattice calculations [25], whereas the
open diamond near m, = 0 represents their extrapolation assum-
ing linear dependence in m2. Red solid curves: NLO result when
accounting for the m . dependence in My and M, ; green dashed
curves: NLO result of Ref. [23], where the m, dependence of
My and M, was not accounted for.
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large discrepancy with the experimental result, as seen in
Fig. 14. Our calculation, on the other hand, shows that the
nonanalytic dependencies are not negligible. While at
larger values of m ., where the A is stable, the ratios dis-
play a smooth m, dependence, at m, = A there is an
inflection point, and for m, = A the nonanalytic effects
are crucial, as was also observed for the A-resonance
magnetic moment [24,40].

One also sees from Fig. 14 that, unlike the result for G,
there is only little difference between the yEFT calcula-
tions with the m, dependence of My and M, accounted
for, and our earlier calculation [23], where the ratios were
evaluated neglecting the m, dependence of the masses.
This is easily understood, as the main effect due to the
m, dependence of My and M, arises due to a common
factor in the evaluation of the yNA form factors, which
drops out of the ratios. One can speculate that the quench-
ing effects drop out, at least partially, from the ratios as
well.

In Fig. 14 we also show the m . dependence of the yNA
transition ratios, with the theoretical uncertainty estimated
according to Eq. (55), for the case LO = 0, and with the
average taken over the range of m2 from 0 to 0.15 GeV?.
The m, dependence obtained here from YEFT clearly
shows that the lattice results for Rg,, may in fact be
consistent with experiment.

VII. CONCLUSION

Let us briefly go over the main points and results pre-
sented in this paper, which is the first one in a series
devoted to yEFT in the A(1232)-resonance region.

(i) We develop an extension of chiral perturbation
theory to the A(1232)-resonance energy region,
based on the & expansion of Ref. [22]. In this
XEFT framework the expansion is done in the
small parameter 6 equal to the excitation energy
of the resonance over the chiral symmetry-
breaking scale. The other low-energy scale of the
theory, the pion mass, counts as 82, which is a
crucial point for an adequate counting of the
A-resonance contributions in both the low-energy
and the resonance energy regions.

This framework has been applied here to the pro-
cess of pion electroproduction. This is a first YEFT
study of this reaction in the A(1232)-resonance
region. We have performed a complete calculation
of this process in the resonance region up to, and
including, next-to-leading order in the & ex-
pansion. The power counting in 6 has only been
used to establish which graphs contribute at the
leading and next-to-leading order, no actual expan-
sion of the diagrams themselves is being done.
Therefore, some higher order in § effects, required
by relativity and analyticity, are automatically in-
cluded. Such effects are known to improve the

(i)
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convergence and extend the region of applicability
of YEFT calculations.

(iii)) Our NLO calculation of pion electroproduction
satisfies gauge and chiral symmetries perturba-
tively, and Lorentz covariance, analyticity, unitar-
ity (Watson’s theorem) exactly.

(iv) The chiral-loop contributions to the yNA transi-
tion have been evaluated using two independent
techniques: the Feynman-parameter method and
the sideways dispersion relations. Both methods
yield the same result.

(v) The only free parameters entering at this order are
the yNA couplings g,, g5, &c characterizing the
M1, E2, C2 transitions, respectively. By compar-
ing our NLO results with the standard multipole
solutions (MAID and SAID) for the photoproduc-
tion multipoles we have extracted g, = 2.9 and
gr = — 1.0, corresponding to Rgy; = —2.3%. The
NLO xEFT result was also found to give a good
description of the energy dependence of most non-
resonant s-, p- and d-wave photoproduction multi-
poles in a 100 MeV window around the
A-resonance position. From the pion electropro-
duction cross section oy we have extracted g =
—2.36, which yields Ry =~ —7% near Q> =
0.1 GeV2. Overall, the NLO results are consistent
with the experimental data of the recent high-
precision measurements at MAMI and BATES.

(vi) The yEFT framework plays a dual role in that it
allows for an extraction of resonance parameters
from observables and predicts their pion-mass de-
pendence. In this way it may provide a crucial
connection of present lattice-QCD results (ob-
tained at unphysical values of m) to the experi-
ment. We have shown here that the opening of the
A — 7N decay channel at m,, = M, — My indu-
ces a pronounced nonanalytic behavior of the Rgy,

PHYSICAL REVIEW D 73, 034003 (2006)

lattice-QCD results for Ry, are in disagreement
with experimental data, the yEFT prediction of the
nonanalytic dependencies suggests that these re-
sults are in fact consistent with experiment.

(vii) The present calculation is systematically improv-
able. We have indicated what are the next-next-to-
leading order effects, however, at present we could
only estimate the theoretical uncertainty of our
calculations due to such effects. We have defined
and provided a corresponding error band on our
NLO results. An actual calculation of N’LO ef-
fects is a worthwhile topic for a future work.

As high-precision data for low-Q? pion electroproduc-
tion in the A-resonance region become available from
BATES, MAMI and JLab, and the next-generation lattice
calculations of the yNA transition are on the way [41], the
XEFT presented here makes a promise to be the theoretical
framework to examine and connect these results.
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APPENDIX A: FURTHER EVALUATION OF THE
FEYNMAN-PARAMETER INTEGRALS

To perform the integrals in Eqs. (46a)—(46c¢), we first
note that M2 can be written as [(x — B + yB,)* — D?],
with

D(y) =[(B—yB,)?* — u?>— 0%(1 — y) + ie]'/?,

Al
and Rg,, ratios. While the linearly extrapolated S
;  and then use the following elementary integrals:
x—a+t+b
fdx In[(x — a)?> — b*] = —2x + (x — a) In[(x — a)> — b*] + blnib +C,
xX—a-—
1 1 x—a+b
dx—F5—5=—In—++C,
f x(x—a)z—bz 2b nx—a—b (A2)
a— e LTl
x—a)P?—-0b* 2 2b x—a-—b>b ’
x? a*+b> x—a+b
dx——=x+tal —a) — b+ In + C,
/x()c—a)Q—b2 x+aln[(x—a) ] 2% x—a-b

to perform one integration:
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() — _ : 1= 2
3, Cna | dyy dxInM:
0 0

- —Cun ]0 1 dyy{—zu — ) + (@ — ya,) I[2(1 = y2 + yu?] + (B — yB,) In[ 2 + 0°y(1 — )]

(1=y)(B—yB, —y0*+ D)—/Lz-i-is”
(1=y(B—=yBy—y0*—D)—u*+is]]

g = CNA[ dyyf dx{In M2 — 2 —x + (1 — y)(1 + H]M 2

+ Dln|:

= _CNA]O dyy{(ﬁ —yBy = r(1 =) I[P(1 = y)* + yu?] + (@ = ya, + r(1 = y) In[p? + O°y(1 = )] (a3

(1 —y)(B—yBy—yQ“rD)—/ﬂHS}}
(1=y(B—yBy,—y0*— D) — pu?+ie]l

¢ = —Cus [ dyyy 1) [l (=4 I

r2 _ 2
= _CNAf dyy(y — 1) { §1+ Qyz) (;LE’L;) LD(a —ya, + (1 —y))

(1 =B —yBy—y0*+ D) — pu? +ie
8 ln[(l =B —yB, —y0*—D) — u*+ is}}’

+ %(a —ya, +r(l - y))ln|:

Furthermore, define

I, = ﬁ Ly In[(r/ (1 — )2 + ¥, (Ada)
Ty = ﬁ) Ly In[1 + (8 w1 — )] (A4b)
1 (1—=y)(B—yB, —y0*+ D)~
X, = | dyy"Dln L A4
ﬁ Y= B -8, -0 - D) - (A40)
Loy (=B —yB,—y0*+ D)~
L,=] dy==1n Y ~ Add
fo DU - )B -8, —y0 - D) - (Add)
Then,
gy = Cyalll —np) — aIy + a, I, = BT, + B,T> — K} (AS5)
g5’ = —Cral—dinp = (B= I, + (B, = NI = (@ + Ty + (a, + NT> + Bla + 1L
- [ﬁ(a’y + r) + IB'y(a + r):|£2 + B'y(a'y + r)£3}’ (A6)
(e) =3Cna2L, = I} =20, + Ty + (a + 1)(Ly —2L,) — (e, + 1)(Ly — 2L5)}, (A7)
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_ 8 —6(u/r)* + (u/r)

2V4(r/ ) — 1

— R/ + S/
VAP 1

N B 3w/ - 2(,u,/r)4} In(r/ ),

VO A+ 00
20 W 0

_ 13 27 2@ +3% + 4%

12=

Ji

Q3

3

arCtaHW — E + %(M/r)Z +
1 6
3 (/.L/}") arCtan\/‘m _ ? 4+ (,U//r)z

o 352
18 30" 3 fa+ @2

APPENDIX B: ABSORPTIVE PARTS OF THE
VERTEX CORRECTIONS

In the sideways dispersion relation method, we evaluate
the 7N loop contribution to the yNA form factors using a
dispersion relation in the invariant mass of the A. To
present the results of this technique, we first introduce a
number of kinematical quantities and notations. The pion
momentum in the rest frame of the decaying A with
invariant mass W = /s is given by |p,| = WA, with

§ =yl =G+ Pl - = w7

— = = e -

(B1)

and @i =m_ /W, 7= My/W. We also introduce ry =
MA/W. In the on-shell case, W = M,, we of course
have F=r, i = u, and A = A.

Furthermore, the energies of the pion (£ ) and nucleon
(Ey) in the rest frame of the decaying A can be expressed
as E, = WP and Ey = Wa with the fractions given by

B=1i1-7+ a=l1+P-p)=1-p
(B2)

2%,

and the Lorentz-invariant pion (nucleon) velocities, de-
noted by v, (vy), respectively, are given by

A A
ﬂ_EM_T’ UNEM_T: (B3)
Eﬂ. B EN o
where we used |py| = |p,| in the A rest frame.

We denote the virtual photon 4-momentum by ¢ =
(¢° q). For spacelike virtual photons, the virtuality is
usually denoted by 0? = q> — ¢3 > 0. The virtual photon
3-momentum in the A rest frame can then be expressed as
lq] = Wk, with

Vaur + 0>+ 0
In

\/4M2 0 -0
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1
|20/ 5/ i/, a8

= L/
(A8Db)

(A8c)

(A8d)

= %\/(1 - )2 +20%(1 + )+ 0*

= 31+ P2 + G0 - P2 + G%)

(B4)

where 0% = 02/s. It is also useful to introduce the fraction
of the photon energy:

~ plog 1 D,
=291 -p -2 BS
By . 2( 0°) (B5)
satisfying k> = B2 + Q2. Finally, we define
W = glpwl lal _ 2k A ’ (B6)
Q*+2E,¢" 0*+2BpB,
2lpyllql 2k A
wy =Ml E% @B
QO + 2ENg o+ 2aBy

In the real photon limit (Q? — 0), one obtains that w, —
v, and wy — vy.

The calculation of the absorptive part of these 7N loop
contributions, entering the sideways dispersion relations,
involves several phase space integrals, of which the sim-
plest is of the form:

d4

Q2m)*

X [2m&((p' — pr)* — M3)O(p"” — po)] = ﬁ.
(B8)

=[2m)8(pZ — m%)O(pY)]

The evaluation of the absorptive part corresponding with
Fig. 5(a), first involves the following phase space integrals
with different powers of pion momentum in the numerator:

034003-17



VLADIMIR PASCALUTSA AND MARC VANDERHAEGHEN PHYSICAL REVIEW D 73, 034003 (2006)

d4

G (3 = mOWCmS(p' = pa)? = MO = pIps = azp™ (89)
d4
f G [CmO(E = mOGNLCMS(p' = pr)? = MO = po)lpipk = ax7p8" + as 70 ¥, (BI0)
with
A~
aLx =E'B’ (B11)
1/ A
ar . = G<_?>’ (B12)
N2

a5y = 4177)I</§2 + );) (B13)

Furthermore, the calculation of the absorptive part corresponding with Fig. 5(a), which has one pion which is off shell,
also involves the following integrals:

d*p., 1 1
(25)4 [2m)6(p% — m2)O(PDIQ2m)S(p' — pr)* — M3)O(p"” — pY)] P S P2 by, (B14)
d*p, 2 2 0 / 2 2 0 0 P 1 la @
o’ [2m)S(p7 — mz)O(P)I2m)6((p' — pr)* — M3)O(p” — p3)] P S g {by 20" + b3 2"},
(B15)
d*py 2 2 0 / 2 2 0 0 pﬁpg
2 [2m)6(p7 — m7)O(p)[2m)o((p' — pr)* = MHOP® — po)l5—F——
(2m) q9° —2pnq
1 ap'B + gPpleN e, Cia
= —E{cmg“" + C’m<—q : . pC/] L ) + ﬁp’“p”” + ﬁqaq'g}, (B16)
d*py 2 2 0 / 2 2 0 0 p?,pﬁp%
m)o\P7r — Mg P m P — DPz) — My P Pl —
TL2m)6( )O(p)[(2m)6(( ) — M3)O( )]
(2m) 9~ —2prq
= —;{dl,w[gaﬁp” + gPrp'e + gvep'P] + d’l,wq .2p/ [q*pPp" + qPp'*p' + +q7 p'*p'F]

2 . a « B g dym 4
[q*qPp"" + qPq7p' + q7q*p'P] + p—;;p’ pEpT + p—;;’q qﬁfﬂ}-

+dy ,(gPq? + gPrq* + g7*qP) + d) ,

q-p'
(B17)
The coefficients appearing in the above equations are given by
11 1+w
b =—=—1 7, B18
LT T A 2R °g<1 —w77> (B18)
1 1 . N 1 +w
byy=-— 4B, + 0*(2B — B,) = 1 1 B19
2, 4o 4[.(._2{ B'y Q ( B IBV)R 0g<1 — Wﬂ-)} ( )
1 A 1 1+w
b3 p=—=-——={"2+—1 z B2
T Agr 2;?2{ W 0g<1 - ww)}’ (B20)
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1 A2 2 1+w, 1
e R () Ry | B2
/ _ 1 Y _3Q2 55 =9 = 1 1+w,
ol ~ 40? ~
X [)ﬂ(2ﬁ3<1 w—%> + ww> 0*(2BB, + QZ)}}, (B22)
_ L1y 30 52\ _ 4432 Q_2 L+wa\[ef _ 3 32 1 A2
o =- 4R2{)\[<1 )2(25/% + 0% — 40 } +=1o g<1 — Wﬂ)[m (1 w%,) +4B*+ 0 }} (B23)
LA 6 1+w, 3
SRR TS 1°g( el 24
L R4 - O0QB-B) T+w,\ o~ o~ 1
. _54:23{ JRAB, — = +_] g<1 . /37)[ ] +w—%} (B2
, 1 B 0’ 5
Br = g ae A 2R (58— 0+ 25) - PG + 202 + 255, |
1  B0a

+2Q_rjlog<1 +w )[/\2<ﬁy(23 B”( W537> + kz(l _W%)

1 A2 1 1 1+w 1
dy =— —1=— — + 1 TN -1+ — |l B27
s °g<1—w,,>[ =) (B27)

) BCA - B,)CBR, + Q2>]}, (B26)

, 11 (- 4 2N\ 302 N
o (4 3) -8 S, - 0]
A2 1+w 5
# o toe( e 4 (1 - o) - B,0es - £,)(3 ) | (B28)
dy, = —3dy, —4d\ . — 2B, (dy, + db ) + B*by (B29)
de = 2 (dy +d )+ B30
b = @ 2 2m) T 5 Gm (B30)

The calculation of the absorptive part corresponding with Fig. 5(b), which has one nucleon which is off shell, involves
the integrals:

4
(dziffx [2m)8(p, — M3)OP)LRmS(p' — py)* — m2)O(p"” — pd)Ipk = aynp', (B31)

d4
] ELN10m)8(p3 — ME)OPWTRMS(p' — py)? — m2)O(P° — pQ)Ip&pt = ayyp?g®® + asyp'*p'f,  (B32)

Qm)*
d*py 2 210 (p? / 2 21@)(p/0 0 1 _ 1
2 [2m)é(py — My)O(P)I2m)6((p" — py)* — mz)O(p"” — p)] P P P& by N, (B33)

and analogous integrals as in Eqs. (B15)—(B17), where p, < py-.
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The coefficients appearing in the above integrals are
given by

A
al‘N = E(j{, (B34)
1 A3
ar, N = E<_ 3 ), (B35)
1 412
agN == _77-/\(72 + T), (B36)
and
1 1 1+ wy
biy=—— B37
W 4 2k g(l—wN>’ ®37)
1 -
byny = P {4/\37 + O[1 + P2 + 0?
1 1+w
+2(7 - a5 10g<1 — WN>}, (B38)
N

11 ~ i
biy == ﬁ{—m + &g, + QZ)—I (1 J_r WN)},
(B39)

1 _ T
CLN = m{_zﬁyaw +2(B57 — O*A%)by §

+ Q%B,byy + OXR* + B2)bsnh (B40)

QZ AZ QQ
CII,N = _<1 K )Cl N + Q2 ~2 LN — 7[73’]\}, (B41)

con = —2c1y — Q%cay + Pbyy + O%byy,  (B42)

3y = (B43)

1 -
2 {3ciy + A2byyb
1

div = —
W o2

{—Byeaw +ayy) + [P - 0)
A2
% &2 — 07)¢

Y

— 0*A by +

0 -
+ Tﬂy(cz,zv + 2C1,N)}’ (B44)

5 P2

idl,N + 75’2,1\/ -
Q2
2K

1~
+ EBy(CII,N + c2,N)i|>

(1-7)

d . = — = 7
LN 4’~<2

as N
1 ")
[Sduv + 4N T by n

(B45)
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1 - 1 1
dyy = ?Bydl,N + S 61N~ Q2 a N, (B46)
- I~ ! 1 /
dyy = 25 By(d\y +2d) y) + 260w (B47)
dyy = —3d,y — 4d} y — 2B, (dyy + db ) + @by,
(B48)
2 ; 1
d4,N = @(dz)]v + dZ,N) + ECS,N' (B49)

The imaginary parts of g;, g,, and g3 corresponding
with the diagram of Fig. 5(a) are thus given by

gahaM
Img, =75 {dar)
haMy 1 +
Inga _ gA4A2 N W{(’A 7) Qdy, —c).)
S By
erd/ }
By
haMy 1 + 7
Imgy, = gA4;2 il W{(MZ D (b3, — 3¢3.
+2d, )+ 22 (4d), — ¢ B50
o) 2/37( - 1,T>‘l (B50)

The imaginary parts of g, g,, and g3 corresponding
with the diagram of Fig. 5(b) are likewise given by

Img/, = — %#MN{(ZW + lf(rA — Pbyn
+ (12_75:00/1,1\/ %2 3N}
Img;, = %{_%3,N - (m’é: : cin T %dlw
N 2(rjA8+ 7) dlzN}
y
Img?, = gAf;gMN ‘/IV{ ACIN — Z,Brj dyy —(ra + f’)d4,N}.

(B51)
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