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Geometry of higher-dimensional black hole thermodynamics
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We investigate thermodynamic curvatures of the Kerr and Reissner-Nordstrom (RN) black holes in
spacetime dimensions higher than four. These black holes possess thermodynamic geometries similar to
those in four-dimensional spacetime. The thermodynamic geometries are the Ruppeiner geometry and the
conformally related Weinhold geometry. The Ruppeiner geometry for a d = 5 Kerr black hole is curved
and divergent in the extremal limit. For a d = 6 Kerr black hole there is no extremality but the Ruppeiner
curvature diverges where one suspects that the black hole becomes unstable. The Weinhold geometry of
the Kerr black hole in arbitrary dimension is a flat geometry. For the RN black hole the Ruppeiner
geometry is flat in all spacetime dimensions, whereas its Weinhold geometry is curved. In d = 5 the Kerr
black hole can possess more than one angular momentum. Finally we discuss the Ruppeiner geometry for
the Kerr black hole in d = 5 with double angular momenta.
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L. INTRODUCTION

The Hessian matrix of the thermodynamic entropy is
known as the Ruppeiner metric [1]. It is a metric defined on
the state space by

gk = —0,9;5(M, N, (1)

where S is the entropy, M denotes the energy and N¢ are
other extensive variables of the system. There have been a
number of results indicating that this geometry measures
the underlying statistical mechanics of the system. In
particular for systems with no statistical mechanical inter-
actions (e.g. the ideal gas), the Ruppeiner geometry is flat
and vice versa. Furthermore it appears that a divergent
Ruppeiner curvature indicates a phase transition [1-3].
There is another metric which is defined as the Hessian
of the energy (mass), it is known as the Weinhold metric
[4.5]

The Ruppeiner and Weinhold metrics are related to each
other [6,7] via

1
ds} = ?ds%v. 3)

Since black holes are regarded as thermodynamic systems
[8], it is then natural to investigate their thermodynamic
geometries. Previous studies [9,10] suggest that the ther-
modynamic geometry of the black holes has a pattern from
which one may possibly deduce physical insights. In [9] it
is found that the divergence of the Ruppeiner curvature of
the Kerr black hold indicates a phase transition.

As a generalization of our previous work [9], we will
apply the Ruppeiner thermodynamic theory to the higher-
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dimensional black hole solutions which were first derived
by Myers and Perry in 1986 [11], in hopes to obtain further
structure of black holes and the Ruppeiner theory itself. As
it turns out, we obtain interesting results which may be a
justification for a possible application of the Ruppeiner
theory to black hole solutions that exist in various gravity
theories, e.g. string theory.

II. REISSNER-NORDSTROM BLACK HOLE

The Reissner-Nordstrom black hole is a solution of the
Einstein equation coupled to the Maxwell field. In arbitrary
spacetime dimension it is given by

ds? = —Vvdr + Vv idr* + rzdﬂ(zd_z), 4)
where d()? is the line element on the (d — 2) unit

(d=2)
sphere with d being a spacetime dimension. The volume
of the (d — 2) unit sphere is given by

2 ld=1)/2]

I

Qo = (5)

V is a function of mass and charge given in terms of
parameters u and g

I q
V=1-"5* Sy (©)
where
167GM
= (N
FT =20,
and
877G
)]

1" Vu-2a-3»%

An event horizon of the RN black hole is where V = 0,
which can be solved analytically in arbitrary dimension.

© 2006 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.73.024017

JAN E. AMAN AND NARIT PIDOKRAJT

For the sake of tidiness and simplicity, we set Newton’s
gravitational constant to be G = 9(2 d-2) /167 in order to

eliminate all the 77’s under the square root in (9). There are
two roots, one of which is an outer horizon, r, while the
other is called a Cauchy horizon

7\ 1/d=3)
T
I (2 3 ,U~2> . 9

It is obviously seen that

r‘f3 +ri 3 =p and ri_3r”£_3 = 4% (10)
This solution develops a singularity when g*> > u?/4 with
the singularity at r = 0. When ¢*> < u?/4, we have the
outer event horizon as in (9). We note that u and g are the
ADM mass and electric charge of the black hole respec-
tively [11]. When expressed in terms of the mass, charge
and dimensionality of the RN black hole, we obtain

i3 MQuy o d-2 @
A7y L SR 7o ey Vel E

In arbitrary dimension the black hole becomes extremal
when

2 2(d—3
%zﬁff 12)

The area of the event horizon of the RN black hole is thus
given by

A=Qu . (13)
The entropy of the hole [12] takes the form

kpA  k _
=2 =20, (14)

with 7 =1 for simplicity. We can further introduce
Boltzmann’s constant to absorb the 77’s and other numbers
in the following way,

[2(d — 2)]d=2/(d=3)]

kg (15)
[1/(d-3)]
47 Q) (d-2)
Hence we obtain the entropy function as
S = A = (p4-3)ld-2/(@-3)], (16)

Explicitly in terms of mass and charge, it reads

[(d—2)/(d—3)]
d-2 Q°
S=(M+Mfl - —- = . a7
( \/ 2(d - 3) M2> an

We have learned from our previous work [9] that for the
RN black hole, it is simpler to work in Weinhold coordi-
nates. An inversion of (17) gives M as
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Sl@=3)/(d=2)] d—2 2
M= _Q —. (18)
2 4(d — 3) §ld=3)/(d-2)]
In d = 4 it takes a simple form
VS @
M=—1+=—| 19
- ( X ) (19)

The Weinhold metric of the RN black hole is diagonaliz-
able in any dimension by choosing the new coordinate

| d=2 (0]

"7 12(a = 3) sl@3/@21 (20)
where —1 =u =1. Thus we obtain the diagonal
Weinhold metric as

1 d—3
d 2 S*[(d*l)/(d*Q)] _ - 1— 2 d52
w R A
+ Szduz} (21)

This metric is curved and Lorentzian. By means of con-
formal transformation (3), we obtain the diagonalized
Ruppeiner metric for the d-dimensional RN black hole in
the new coordinates as

_dsz
(d—-2)S

2(d —2)S du?
d—3) 1—u*

which is a flat metric. The black hole’s temperature is given
by

ds3 = (22)

M _ d-3 1—u?
S 2(d —2) sV/@d-2)’

(23)
Furthermore, we can introduce new coordinates so that
the metric in (22) can be written in Rindler coordinates as
ds* = —dr* + T2da?, (24)

using

[ S
’Tzzm and

It is readily seen that o lies within the following interval
d—2 d—2
—— T =0 = —————T
2\/2(d — 3) 2,/2(d — 3)

This can be turned into Minkowski coordinates # and x via
the following coordinate transformations

x = Tsinho, 27

gnV2d =3 _ (25)

d—2

(26)

t = tcosho,
such that
ds*> = —di* + dx* = —d7* + T2 do?. (28)

Hence we obtain a Rindler wedge whose opening angle
depends on the dimensionality of the RN black hole, i.e.
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curves of constant S
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FIG. 1. The state space of the four-dimensional Reissner-
Nordstrom black holes shown as a wedge in a flat Minkowski
space. Note that the curves of constant entropy reach the edge
the wedge.

_d=2)7 _ oh (d—2)m
2.2d—3) 2.2(d - 3)

For d = 4 the resulting wedge is shown in Fig. 1. It is
noticeable that the opening angle of the wedge of the RN
black hole grows and reaches the lightcone as d — c0. We
represent the entropy function of the d = 4 RN black hole
in the Minkowskian coordinates as

tanh

= ta

. (29)

X
t

Lo
S_E(t x?). (30)

Curves of constant S are segments of hyperbolas.

ITI. KERR BLACK HOLE

The electrically charged rotating black hole is known as
the Kerr-Newman black hole [13,14]. The limiting case
where the electric charge is zero is known as the Kerr
solution. In higher-dimensional spacetime there can be
more than one angular momentum in the Kerr solution.
For the Kerr black hole with a single nonzero spin [11,15-
17], we obtain the outermost event horizon by solving the
equation

2+ a? - = (. 31
We take our liberty to set the Newton’s constant G =
Q(y—y) /47 for the sake of simplification. The area of the
event horizon is given by

A= Q(d_z)ri_“(ri + a?). (32)
The ADM mass of the hole is defined by
4AM
=—. 33
d—2 (33)

The angular momentum per unit mass is dimension depen-
dent, namely
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_d—=217]

2 M
By setting kz = 1/7 we obtain the entropy function of the
Kerr black hole in d-dimension as

(34)

a

S=ri4r +a®) =rop (35)

With further algebraic manipulation, we find that even
though an explicit entropy function in arbitrary dimension
cannot be obtained, we can still work in d dimensions via
the Weinhold metric. The mass function in arbitrary d can
be written in terms of S and J as

d—2 4J2\1/(d-2)
M == §ld=3/@=2]( 1 4 = . (36
4 52 (36)

The Weinhold metric g}/ = 9;0;,M(S,J) of the
d-dimensional Kerr black hole takes a complicated form,
but it is found to be flat as anticipated a priori based on our
previous work [9]. It takes the form

ds¥, = M([—48(d — 5)J* +245%)% — (d — 3)§*]dS?
+ [64(d — 5)J°S — 16(d — 1)JS?]dSdJ
+[—32(d — 4)J?S* + 8(d — 2)S*]dJ?). (37)
where

1
A= 4(d — 2)(S2 + 4J2)[Cd-9/@-2gl@+ /@21

(38)

This metric can be brought into a diagonal form via coor-
dinate transformations

J
=— 39
u=g (39)
and
4= 2 qa-3)/ea-2) 2)1/2(d-2)]
The Weinhold metric in a diagonal form now reads:
2(d —3) (1 —44=342

a5ty = —ar + 24D L2410 G

d—2) (1 +4u?)

This metric is a flat metric. In d = 4 we can write it in

Rindler coordinates as
ds}, = —d7* + r*do? (42)

by using
1
u= 3 sinh20. 43)

In four-dimensional spacetime we have the extremal limit
along J/M? = 1 hence u is bounded by
1 1
lul = 3 e lo| = Esinh_ll =~ (.4406. (44)

By using (27) we obtain the wedge of the state space of the
Kerr black hole (see Fig. 2) in a flat Minkowski space
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FIG. 2. The state space of d = 4 Kerr black holes shown as a
wedge in a flat Minkowski space. The slope of the wedge
measures approximately 80° from the x axis. Curves of constant
entropy give causal structure to the state space of the black hole.

whose edge is bounded by

\/5—1 X
t

— < = \/_2‘_1
11 \Vaer

In five dimensions, the extremal limit is given by J?>/M?3 =
16/27 and —oo0 < u = oo where

(45)

u= % tanv/30. (46)

Hence we obtain a wedge with a different opening angle
since o falls in the range

1 T
=— 0 =—=

lo| 7 arctan e 0.90609. 47)
The opening angle of the wedge for the d = 5 Kerr black
hole is wider than that of d = 4. Remarkably, the wedge of
the d = 6 Kerr black hole fills the entire light cone. This is
because for black holes in d = 6 there are no extremal
limits. It is noteworthy that there is a causal structure of
state space, but it is determined by curves of constant
entropy rather than by the lightcone itself. The curves of

constant entropy for d =4 Kerr black hole in
Minkowskian coordinates are given by
2 — 2
L itk 0 (48)
4(f + x?)

Differentiation of the mass function (36) with respect to the
entropy gives the temperature of the Kerr black hole in
arbitrary d as
d=5 J2
_ (d—3)(1+4m§)
4801/@=2](1 + 4%)[01—3)/@1—2)]'

(49)

This temperature shrinks to zero at extremality for d =
4,5. According to [11,16] for d = 6 there is no extremal
limit, the black hole’s temperature does not vanish but
reaches minimum and starts to behave differently as 7 ~
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r7!. In any dimension, we obtain the Ruppeiner metric by
using the conformal relation (3). It is found to be a curved
metric with the curvature scalar of the form

1 1-12453 %
R =—- -5 (50)
SU-483H01 +453 5

In d = 4 the curvature scalar diverges along the curve
4J% = §? which is consistent with the previous result [9].
The Ruppeiner curvature scalar in (50) is valid in any
dimension higher than three. In d = 5 the curvature is
reduced to

R =-= SD

which diverges in the extremal limit of the d =5 Kerr
black hole. For d = 6 we have a curvature blow-up but not
in the limit of extremal black hole, rather at
24730

4J 15 S-. (52)
This is where Emparan and Myers [16] suggest that the
Kerr black hole becomes unstable and changes its behavior
to be like a black membrane. Note that in d = 5 for some
values of the parameters, there exist “black ring”’ solutions
[18] whose entropy is larger than that of the black hole
studied in this paper. A careful observation of (51) indi-
cates that nothing special happens to the Gibbs surface of
the Kerr black hole a la Myers-Perry.

IV. MULTIPLE-SPIN KERR BLACK HOLE

This is a case where the entropy of the black hole is a
function of three parameters, namely, the function of mass
and two spins. Another example of the three-parameter
thermodynamic geometry can be found in [9] where the
Ruppeiner and Weinhold geometries of the Kerr-Newman
black hole were investigated. The general Kerr metric in
arbitrary dimension d is available in, e.g. [11,16,19]. The
black holes have (d — 1)/2 angular momenta if d is odd
and (d — 2)/2 if d is even. The multiple-spin Kerr black
hole’s metric in Boyer-Lindquist coordinates for odd d is
given by

ds? = —di* + (r* + a?)(du? + p2de?)

2
1224 - 2 717\2 IF 2
+ 2 (dF+ auldd )+ ——
T apddd )+ dr (5
where
wr?
di=dt — =" _ar, 54
7 M- (54)
) I .
dd; = do; + G ar, (55)

I — ur?r?+ad?

with the constraint
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,ulz = 1. (56)
The functions Il and F are defined as follows:
(d—1)/2 2,2
_ > 2 o, il

II = l_[ (r* + aj), F=1 Zra (57)

i=1

The metric is slightly modified for even d [11]. The event
horizons in the Boyer-Linquist coordinates will occur
where g, = 1/g,, vanishes. They are the largest roots of

Il —ur=0 evend, (58)
IMT—pur’=0 oddd (59)
The areas of the event horizon are given by
Q-
A=—"2TT0% +a}) oddd, (60)
A= Q(d—z)l_[(”i +a?) evend. (61)

In d = 5 there can be only two angular momenta associ-
ated with the Kerr black hole, thus the area of the event
horizon reads
272
A= ?(ri +a?)(ri + a3).

(62)

The temperature of the d = 5 Kerr black hole with two
spins is the Hawking temperature T = «/27 where the
surface gravity « is given by

1 1
K=r + -—.
+<r%r + a% r%r + a%) Ty

Since there are two angular momenta, hence two angular
velocities are associated with this black hole,

(63)

ay a
) ’ Qaz_ 2 2°
ri toaj ry t+a;

(64)

The first law of thermodynamics for this black hole takesJ

16 S?3(8% + 385J7 + 35503 + 4841373 + 64J1)3)
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the form [19]
dM =TdS + Q, dJ, + Q,dJ,, (65)

The entropy of the d = 5 Kerr black hole with double spins
is given by

kBA kB 2772
We can choose kp and G such that S simplifies as
1
=~ (R @R+ ad), (©7)
I+
where 7 is the largest root of
(2 + a%)(r2 + a%) —urr =0, (68)

where u is the ADM mass defined in (33) with d = 5 and
a; = 3J;/2M. The temperature of the d = 5 double-spin
Kerr black hole reaches zero in the extremal limit which is
given by

ayta,=.p (69)
or explicitly in terms of mass and the two spins as
4M3/2
Ji+J=—F. 70
1 2 3\/§ ( )

Since solving for the entropy function directly is rather
complicated, we thus use the same procedure as in the case
of the single-spin Kerr black hole and obtain the mass as a
function of entropy and two angular momenta as

2/3 21/3
m=22 <1+4J1> <1+

4J3\1/3
— —=| . 71
4 52 52 > 71

The Hessian of M with respect to the entropy and two
angular momenta yields the Weinhold metric, which is
found to be curved. The curvature scalar of the Weinhold
metric takes the form

R Weinhold —

3 (S2+ 4JD)V3(S2 + 42387 — 40, 0) (S + 4,y

(72)

We next transform it into the Ruppeiner metric via the conformal relation with an inverse temperature as a conformal
factor. The temperature of the double-spin Kerr black hole in five dimensions is given by

1 (8% +4J,,)(S? — 4J,J,)

T 25 (S 1 ARP(S? + AR 7
The Ruppeiner curvature scalar of the double-spin Kerr black hole in five dimensions reads
S8 + 20862 + 208%J3 + 256544273 + 192J1J35% + 192J3735% — 256]‘1‘J§“ (74)

R Ruppeiner —

25(8% + 4J3)(S? + 4J3)(S? — 4J,J,)(S? + 4J,J,)

Note that both the Weinhold and Ruppeiner curvature scalars are divergent at
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S2
JiJ, = T (75)

which is the extremal limit of the d = 5 double-spin Kerr
black hole. Note also that this curvature scalar does not
vanish either in the limit of J; = 0 or J, = 0.

V. DISCUSSION

The geometry of black hole thermodynamics in higher-
dimensional spacetime has a pattern similar to the previous
study in d = 4 spacetime. Since microstructures of black
holes are unknown, we cannot yet conclude our findings
along the same line as those done for the ideal gas [2].
Examination of our examples shows that when a flat ther-
modynamic curvature arises, it is the Hessian of a function
of the form

i) = 2(}) (76)
y
with a a constant. We have checked that such a function
always gives a flat thermodynamic metric, regardless of a,
and regardless of the function f.

It is worthwhile to observe that inclusion of a cosmo-
logical constant leads to curved thermodynamic geome-
tries [9]; see [20] for a discussion of the higher-
dimensional cases. We note that the calculations of the
three-parameter thermodynamic curvature scalars are best
achievable by utilization of computer programs for alge-
braic computations such as CLASSI [21] and GRTENSOR [22]
for MAPLE.

VI. SUMMARY AND OUTLOOK

In this paper, we study thermodynamic geometries of the
black hole families and obtain some interesting results,
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TABLE I. Geometry of higher-dimensional black hole ther-
modynamics.

Spacetime dimension Black hole family Ruppeiner Weinhold

d=14 Kerr Curved Flat
RN Flat Curved

d=5 Kerr Curved Flat
Double-spin Kerr  Curved  Curved
RN Flat Curved

d=26 Kerr Curved Flat
RN Flat Curved

Any d Kerr Curved Flat
RN Flat Curved

coinciding with our previous findings. We speculate
some sort of duality between entropy and mass of the black
hole, which is somewhat corresponding to the very dis-
tinction between a rotation parameter and an electric
charge.

We summarize our results in the Table I. Furthermore,
we have seen that the Ruppeiner curvature, in all the
systems we have studied so far, behaves in a physically
very suggestive way. The question why we have this pat-
tern may be answered by the quantum theory of gravity in
the future.
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Note added in proof.—Ref. [23] contains very relevant
information about the five-dimensional case.
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