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Fate of an accelerating universe
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The presently accelerating universe may keep accelerating forever, eventually run into the event
horizon problem, and thus be in conflict with the superstring idea. On the other hand, the current
accelerating phase as well as the fate of the universe may be swayed by a negative cosmological constant,
which dictates a big crunch. Based on the current observational data, in this paper we investigate how
large the magnitude of a negative cosmological constant is allowed to be. In addition, for distinguishing
the sign of the cosmological constant via observations, we point out that a measure of the evolution of the
dark energy equation-of-state may be a good discriminator. Hopefully future observations will provide
much more detailed information about dark energy and thereby indicate the sign of the cosmological
constant as well as the fate of the presently accelerating universe.
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I. INTRODUCTION

The accelerating expansion of the present universe was
suggested by the type Ia supernova (SN Ia) distance mea-
surements [1,2] in 1998 and reinforced recently by updated
SN Ia data [3–6] and Wilkinson Microwave Anisotropy
Probe (WMAP) measurement [7] of cosmic microwave
background (CMB). One general conclusion from these
measurements and other CMB observations in recent years
[8–10] is that the universe has the critical density, consist-
ing of 27% pressureless matter and 73% dark energy with a
negative pressure [11] (such that p=� <�0:78 [7]).

The most promising candidates to account for dark
energy include (i) a cosmological constant [12], (ii) a
slowly evolving scalar field called ‘‘quintessence’’ [13],
(iii) the presence of extra dimensions on top of the well-
known 3� 1 space-time [14–17], and (iv) the modification
of gravity [18–20]. The existence of a positive cosmologi-
cal constant is the simplest candidate for dark energy. The
cosmological constant may be provided by various kinds of
matter/energy, such as the vacuum energy of quantum
fields and the potential energy of classical fields, and could
also be originated in the intrinsic geometry. Nevertheless,
Shapiro and Sola [21] show that the scaling behavior of
such cosmological constant, when embedded in the frame-
work of the standard model of elementary particle physics,
inevitably leads to a cosmological constant of right size but
opposite in sign. As to other dark energy candidates,
quintessence is usually realized by a slowly evolving
mode (or coherent state) of a real scalar field while the
possibility of realizing quintessence by a complex scalar
field was also pointed out in [22,23]. Quintessence pro-
vides dynamical negative pressure and could in principle
avoid the fine tuning problem. For example, the‘‘tracker
fields’’ proposed by Zlatev et al. entail solutions which will
join a common cosmic evolutionary path, regardless of a
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wide range of initial conditions [24]. We shall leave the
discussions on the possibility of understanding the accel-
erating universe via extra dimensions to other papers of
ours [15,17].

Another general consensus is that the present universe is
thus already dominated by dark energy and, in light of
general relativity and cosmological principle, there is no
way to overrun the dominance of dark energy over the
other familiar form of matter or energy. It is therefore of
fundamental interest to examine the possibilities resulting
an eternally accelerating universe [25–28]. If the expan-
sion of the universe keeps accelerating forever, the uni-
verse will have to exhibit an event horizon, raising the issue
about the viability of the current description of string
theory: The existence of the event horizon brings chal-
lenges to string theory, such as the construction of suitable
observables to displace the problematic conventional
S-matrix in the universe with an event horizon [25,26,29].

However, there is a pitfall in the chain of the arguments
leading to an eternally accelerating universe. That is, there
might be competitive components in our universe and at
present only one such form, say quintessence of some kind,
has assumed its control. For example, it is perfectly justi-
fied to assume that a negative cosmological constant,
whose existence may be a natural occurrence as suggested
in [21,30–32], could be present but yet to exert its control
in the distant future. The existence of a negative cosmo-
logical constant is more compatible with string theory [29].
The possibility of an accelerating universe with a negative
cosmological constant has been considered in [30,33,34]
for the renormalization-group running of the cosmological
constant (vacuum energy) and in [35–37] for quintessence.

Thus, after introducing the basics in cosmology in the
next section, we study several simple examples in Sec. III
for demonstrating various possible fates of the presently
accelerating universe which are swayed by a cosmological
constant, in particular, its sign. In Sec. IV we investigate
how negative, confronting the constraints from various
astronomical observations, a cosmological constant is al-
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lowed to be, and propose a phenomenological discrimina-
tor of the sign of the cosmological constant. A summary
follows in Sec. V.
II. BASICS

In standard cosmology, the universe at large scales is
described by the Friedmann-Robertson-Walker (FRW)
metric,

ds2 � dt2 � a2�t�
�

dr2

1� kr2 � r
2d�2

�
; (1)

which respects the cosmological principle, i.e., homoge-
neity and isotropy. In Eq. (1), a�t� is the (cosmic) scale
factor, and k can be chosen to be�1,�1, or 0, correspond-
ing to a closed, open, or flat universe, respectively.
Provided that the matter content of the universe is taken
to be a perfect fluid, the Einstein equations yield�
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and also imply the energy-momentum conservation,

d�~�a3� � �~pd�a3�; (4)

where ~� and ~p are effective energy density and pressure of
the perfect fluid including the contributions from a cosmo-
logical constant � and other matter contents. As indicated
in Eq. (3), the expansion of the universe is accelerating if
the pressure ~p is so negative that

~p <�1
3~� < 0; provided ~� > 0: (5)

The universe is usually considered to be composed of
various kinds of perfect fluids with different types of
equations of state:

pi � wi�i; (6)

where �i and pi are energy density and pressure of the ith
component, and the equation-of-state factor wi in general
may depend on energy density �i and time. Assuming that
each (fluid) component evolves independently and each wi
is constant, we obtain, from Eq. (4), a relation between the
energy density �i and the scale factor a�t�:

�i / a�3�1�wi�: (7)

This relation implies that the energy density of the com-
ponent with a smaller equation-of-state factor w drops
more slowly along with the expansion of the universe. As
a result, eventually the universe will be dominated by the
component with the smallest equation-of-state factor w as
long as the universe keeps expanding at all times.
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III. EXAMPLES

As one prominent candidate of dark energy, quintes-
sence may play a crucial role in swaying the fate of the
universe. In addition, the cosmological constant, which
entails the smallest equation-of-state factor (w � �1)
among ‘‘nonphantom’’ (w � �1) dark energy sources,
may take over to dominate the universe eventually.
Therefore, in this section we will explore how these two
kinds of energy sources will affect the ultimate fate of the
presently accelerating universe.

A. Quintessence

We consider a Lagrangian density of a scalar field for the
quintessence as follows:

L �
������
jgj

q �
1
2g
���@����@��� � V���

�
: (8)

For simplicity, here we consider a universe which at large
scales is homogeneous, isotropic, and spatially flat, and
accordingly can be described by the flat FRW metric (k �
0) in Eq. (1). Although we focus on this highly symmetric
space at large scales, the small-scale behavior of the field�
in general does make contributions to the stress energy of
�, and accordingly is involved in the calculation of the
energy-momentum tensor. More precisely, when we invoke
the cosmological principle and the Einstein equations of
large scales (corresponding to the FRW metric), the
energy-momentum tensor contributed by a field is the
spatially averaged stress energy of the field (to which the
small-scale spatial variations do make contributions), but
not the stress energy of the spatially averaged field. Thus,
regarding the calculation of the large-scale energy-
momentum tensor contributed by a field, in general we
should take the possible small-scale variations of the field
into consideration, instead of ignoring them simply
through the requirement of homogeneity and isotropy of
the universe at large scales. However, in order for the
quintessence field � to generate accelerating expansion,
the weak spatial dependence of the field is requisite, as to
be explained in the following.

To describe the small-scale behavior and to calculate the
stress energy of a field, in general we should consider a
more general metric instead of the FRW metric. Here, for
simplicity, we assume that the deviation from the back-
ground FRW metric is insignificant, and accordingly we
ignore the metric perturbations. In this case the field equa-
tion of the scalar field � is

@2�

@t2
� 3H

@�
@t
�

1

a2r
2�� V0��� � 0; (9)

and the energy density and pressure of the quintessence are
given by

�Q �
1

2

�
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�
2
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2a2 �r��
2 � V���; (10)
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pQ �
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In Eq. (9), the Hubble expansion rate H is defined as H �
_a=a, and 3H�@�=@t� can be regarded as a damping term

caused by the expansion of the universe. Equations (10)
and (11) imply that the equation-of-state factor wQ (i.e.
pQ=�Q) of the quintessence ranges from �1 to 1. As
mentioned above, in the Einstein equations corresponding
to the FRW metric which describes the universe at large
scales, the energy-momentum tensor involves the spatial
average of the above energy density and pressure. These
spatially averaged (over large enough scales) quantities
should be independent of the spatial coordinates for the
requirement of homogeneity and isotropy. Furthermore, as
indicated by Eqs. (9)–(11), the spatial variation of � (that
provides vanishing �Q � 3pQ) in general can induce the
time variation of� that provides positive pressure. Thus, in
order to generate negative enough pressure and the accel-
erating expansion, both the weak spatial dependence and
the slow evolution of the quintessence field� are requisite.

As summarized in [25,26], there are various kinds of
quintessence models leading to a perpetually accelerating
universe and accordingly exhibiting an event horizon. For
example, for the potential proposed by Ratra and Peebles,

V��� � exp
�
�

������������������
3
2��� 1�

q
�
�
; (12)

with � <�1=3, we have solutions which will approach to
the equation-of-state p � �� eventually [38].
Consequently this class of potentials with � <�1=3 will
generate a perpetually accelerating universe. In addition,
for the potential (originally studied in [38])

V��� �
M4�n

�n ; (13)

we have ‘‘tracker solutions’’ which approach to an
equation-of-state p � �� asymptotically, insuring the
eternal acceleration [24]. The potential in Eq. (13) can be
classified to a wider class of potentials referred to as ‘‘run-
away scalar fields’’, in which V, V0, V 00, V0=V, and V00=V
all approach 0 as �! 1 [39]. Steinhardt claimed that the
runaway scalar field will guarantee the eventual accelera-
tion of the universe. Nevertheless, there are other possible
quintessence models providing alternative results
[26,40,41]. For example, for a potential which drops to a
minimum at �0 and then becomes flat for �>�0, the
universe will be dominated by the kinetic energy after the
scalar field passes the minimum, and then become decel-
erating with an equation-of-state p � �.

There are two more points which should be added. First,
the existence of a nonzero minimum of the quintessence
potential bounded by below can make a contribution to the
cosmological constant. We will categorize the possibly
nonzero minimum of the potential as a part of the cosmo-
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logical constant, and accordingly set this minimum to be
zero after introducing the cosmological constant. Second,
we note that the kinetic energy and potential energy of the
quintessence are transferred to each other along with the
evolution of the quintessence field. In addition, the kinetic
energy is dissipated, accompanying the expansion of the
universe, due to the damping term 3H�@�=@t� in Eq. (9).
As a result, in general the energy density of the quintes-
sence will be dissipated as the universe expands, and the
equation-of-state factorwQ can only skim over or approach
�1 (rather than halting at that point) and hence should be
always larger than that of a cosmological constant.

B. The cosmological constant

Provided that there is no ‘‘phantom’’ energy with the
equation-of-state w<�1 [42,43], the cosmological con-
stant, with the smallest equation-of-state factor (w � �1),
will eventually dominate the universe as long as the uni-
verse keeps on expanding at all times. In the following,
using Eqs. (2) and (3), we will see how a positive and a
negative cosmological constant will affect the fate of the
universe profoundly in totally different ways.

1. �> 0

In both the open (k � �1) and the flat (k � 0) case, the
universe will expand forever, and the cosmological con-
stant will take over eventually such that the expansion will
eternally accelerate thereafter, consequently exhibiting an
event horizon. For a closed (k � 1) universe, the situation
is more complicated. It involves a competition between
three terms in the Friedmann Eq. (2): the curvature term
k=a2, the cosmological constant term �=3, and the energy
density term 8�G

3 � from the matter contents other than the
cosmological constant. Roughly speaking, if the cosmo-
logical constant has already become predominant before
the moment when the curvature term is comparable to the
matter density term, the universe will then expand forever
in an accelerating manner and exhibit an event horizon.
Conversely, if the cosmological constant is still compara-
tively small at that moment, the universe will collapse
eventually (a big crunch).

2. �< 0

In the case of the negative cosmological constant the
universe will always collapse eventually [44] (see also
[45]). We can see, from Eq. (2), that the universe will start
to collapse at the moment when

k

a2
�

�

3
�

8�G
3

�; (14)

no matter whether the universe is open, flat, or closed and
how close to zero the negative cosmological constant
might be.
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For a concrete demonstration, we analyze numerically
the evolution of the universe which is composed of a
negative cosmological constant (with energy density ��)
and a quintessence field � with the potential

V��� �
M6

�2 : (15)

We use the unit system in which c � 8�G=3 � H0 � 1
(where H0 is the present Hubble expansion rate). With this
unit system, the constant M in Eq. (15) is chosen to be
unity, i.e., M � �3H0=8�G�1=3c � 1. The results are pre-
sented in Figs. 1 and 2. These two figures sketch the
evolution of the scale factor a�t� and the Hubble expansion
rate H�t� � _a=a of two universes, where the time t is in
unit of the present Hubble time H�1

0 and t � 0 denotes the
present time. The solid line is for the case of �� �

� 1
50�Q�0�, where �Q�0� is the present energy density of

the quintessence, and the dashed line sketches an acceler-
ating, nearly exponential expansion of the universe in the
case of �� � 0 as a reference. As shown in these two
figures, the universe with a negative cosmological constant
will collapse (i.e. ln	a�t�=a0
 drops and H�t� becomes
negative) eventually, in contrast to the case of �� � 0,
even though the energy density from the cosmological
constant only accounts for 2% of that from the quintes-
sence initially.

We note that the collapse takes place and proceeds in a
violent manner since the original ‘‘damping’’ term
3H�@�=@t� in Eq. (9) turns to an ‘‘amplifying’’ term
when the universe is collapsing, i.e.,H < 0. In this collaps-
ing epoch, the kinetic energy 1

2 �@�=@t�
2 of the quintes-

sence becomes more and more dominant due to this
amplifying effect. After the universe is dominated by the
kinetic energy, it takes a finite time comparable to or even
shorter than the present Hubble time H�1

0 for the universe
to collapse to the singularity. This can be shown by the
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following formulas for a quintessential-kinetic-energy-
dominated collapsing universe:

jHj ’

�����������������
8�G

3
�Q

s
’

�������������������������
4�G

3

�
@�
@t

�
2

s
>

��������������������
8�G

3
j��j

s
’H0=

������
50
p

;

(16)

jHj ’
1

3�A� t�
�A: a constant�: (17)

Equation (17) is straightforwardly obtained by solving
Eqs. (2) and (9) with the assumption of the dominance of
the quintessential kinetic energy.

The above studies reveal a fact that the ultimate fate of
the universe is determined by the cosmological constant (if
there is no phantom energy). In particular, the future
evolution pattern of our presently accelerating universe
under the control of quintessence can be totally changed
by the presence of a negative cosmological constant, which
is part of the dark energy but may be yet too small to be
detected. Consequently, it is impossible to predict the
ultimate fate of our universe without knowing the detailed
nature of the dark energy content therein.

In the following section we shall explore the possibility
of the existence of a negative cosmological constant, con-
fronting the constraints obtained from various astronomi-
cal observations. We shall see that the negative
cosmological constant may not be tiny; instead, a model
with a significant, negative cosmological constant is con-
sistent with the current observational data.
IV. PHENOMENOLOGY

For simplicity, we consider a flat universe dominated by
three components: (i) nonrelativistic matter, including
(cold) dark matter, with �m � 0:27 [46], (ii) a cosmologi-
cal constant �, and (iii) a smoothly distributed energy
source X that possesses positive energy density and a
-4
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constant, negative equation-of-state factor wx and is re-
sponsible for the present accelerating expansion. For X to
be different from a cosmological constant, we require
wx � �1. In this model, dark energy consists of two
components, � and X; its energy density, pressure, and
the equation-of-state factor are as follows: �DE �
�x � ��, pDE � px � p�, and

wDE �
px � p�

�x � ��
�
wx�x � ��

�x � ��
: (18)

In this model there are two free parameters: wx and ��

(or ��). We can obtain information about these two pa-
rameters by invoking the constraints from observations on
various physical quantities. In the following, we shall
invoke the constraints obtained by Wang and Tegmark in
[47], using SN Ia (in particular, the ‘‘gold’’ set [6]), CMB
[7,9,10], and galaxy clustering [48] data. These constraints
are, respectively, on the dark energy density �DE as a
function of redshift z and on the parameters wDE�0� and
w0DE�0�, where ‘‘0’’ denotes the present time (i.e., z � 0),
and w0DE�0� � dwDE=dz�z � 0�.

Introducing � � ���0�=�x�0� � ��=�x, we write the
formulas for �DE�z�, wDE and w0DE�0� as follows:

�DE�z�
�DE�0�

�
�1� z�3�1�wx� � �

1� �
; (19)

wDE �
wx�1� z�3�1�wx� � �

�1� z�3�1�wx� � �
; (20)
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FIG. 3. The 1� constraint on �DE�z� (presented by the gray region
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1� wDE�0� �
1� wx

1� �
; (21)

w0DE�0� �
3�1� wx�

2�

�1� ��2
� 3	1� wDE�0�


2�: (22)

We require � >�1 for insuring that the dark energy
density is positive. According to Eq. (21), if � >�1,
wDE�0� and wx are simultaneously larger or smaller than
�1. Accordingly the sign of 1� wDE�0� can tell us
whether the dark energy component X is phantom (wx <
�1) or not. In addition, as shown in Eq. (22), the sign of
w0DE�0�, i.e., whether the equation-of-state factor of dark
energy is increasing or decreasing, is determined by the
sign of the cosmological constant. As a result, in our model
the sign of w0DE�0� can be a discriminator of the sign of the
cosmological constant phenomenologically. In particular,
currently increasing (i.e., decreasing with z) wDE indicates
the existence of a negative cosmological constant.

In Fig. 3, we demonstrate how well this model with a
negative cosmological constant satisfies the constraint on
the evolution of the dark energy density. The gray region
shows the 1� constraint on �DE�z�, which is obtained in
[47] by using the parametrization of the 3-parameter
spline. The solid curves present the behavior of �DE�z�
predicted in models with various values of wx and � which
satisfy the 1� constraint. These plots show that the exis-
tence of a significant, negative cosmological constant is
allowed. For example, for the case wx � �0:9, �� is
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allowed to be as large as 0.6, that is, at present the magni-
tude of the energy density of the cosmological constant is
allowed to be larger than one-half of that of the dark energy
component X, and accordingly is larger than the dark
energy density.1

In Figs. 4 and 5, we demonstrate how well this model
with a negative cosmological constant satisfies the con-
straint on wDE�0� and w0DE�0�. The gray region is ruled out
by SN Ia data, with the prior �m � 0:27� 0:04, at 95%
confidence [47]. In Fig. 4, the black area represents the
models with the parameters in the range f�1:2<wx <
�0:65; � >�0:5g, which are within the allowed (white)
region. We note that � � �0:5 corresponds to j��j �
�DE � �x=2 and therefore indicates a significant, nega-
tive cosmological constant. For more details, in Fig. 5 we
illustrate the allowed range of � for various values of wx.
From the left to the right side, the solid curves correspond
to theoretical models fwx; � > �mg with different values of
wx and �m, as listed in the following:
wx
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These plots show that, confronting the current con-
straints from observations, the existence of a significant,
negative cosmological constant is allowed. For example,
�� is allowed to be as large as 0.9 for the case wx � �0:9,
only
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at is
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ntly,
with
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and 0.5 for wx � �1:2. Even for the case wx � �0:6 that
is not consistent with the 1� constraint in Fig. 3,�� is still
allowed to be as large as 0.3. Thus, the existence of a
negative cosmological constant is fairly consistent with
the current observational data. For the case wx >�1, the
existence of a negative cosmological constant dictates a big
crunch as the fate of the presently accelerating universe,
while a positive cosmological constant dictates eternal
acceleration. For wx <�1, the phantom dark energy com-
ponent X dictates a singular fate in a finite time, so-called
‘‘big rip’’ (i.e., with the scale factor a blowing up), before
which the expansion of the universe keeps accelerating
[42,43].

As mentioned above, in this simple model where the
dark energy component X possesses a constant equation-
of-state factor wx, the signs of 1� wDE�0� and w0DE�0�
(which hopefully can be obtained from future observa-
tions), respectively, can tell us the signs of 1� wx and �,
i.e., whether the dark energy component X is phantom or
not and whether the cosmological constant is positive or
negative. This feature and the relation between the fate of
the presently accelerating universe and the parameters wx

and � are summarized in the following table.
wDE�0� and wx
-6
w0DE�0� and �
 Fate
>� 1
 �
 accelerating forever

>� 1
 �
 big crunch

<� 1
 �
 accelerating until big rip

<� 1
 �
 accelerating until big rip
For a more general model where wx�z� is not a constant,
the generalized version of Eqs. (21) and (22) is as follows:
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1� wDE�0� �
1� wx�0�

1� �
; (23)

w0DE�0� �
w0x�0�
1� �

�
3	1� wx�0�


2�

�1� ��2

�
w0x�0�
1� �

� 3	1� wDE�0�

2�: (24)

In this case, the information about the sign of 1� wDE�0�
obtained from observations can still tell us whether the
dark energy component X is phantom or not. As to the sign
of the cosmological constant, the situation is more com-
plicated. If wx�z� is an arbitrary function, there is no hope
to extract information about � or �� because phenomeno-
logically it is redundant to introduce a cosmological con-
stant in this case. Nevertheless, for each category of
theoretical models where wx�z� is further specified by
some theoretical requirements, obtaining information
about the cosmological constant from observations is fea-
sible in principle. For example, for theoretical models
where wx�z� is determined by n parameters, the informa-
tion about the cosmological constant can be extracted from
the observational constraints on wx�0�, w0x�0�, w00x �0�, . . . ,
w�n�x �0� where the superscript ‘‘�n�’’ denotes the nth deriva-
tive of wx with respect to redshift z. In particular, for
models where wx at the present epoch is barely dynamical
and satisfies w0x�0�  3	wx�0� � 1
2, the sign of w0DE can
still reflect the sign of the cosmological constant in the
same way as that in the case of constant wx.

FATE OF AN ACCELERATING UNIVERSE
V. SUMMARY

To sum up, we have demonstrated, through simple ex-
amples, how the current accelerating phase as well as the
fate of the universe can be swayed by a negative cosmo-
logical constant. A negative cosmological constant may in
fact be a natural occurrence, as suggested in [21,30–32].
We have shown that the existence of a significant, negative
cosmological constant is consistent with the current obser-
vational data, if the present accelerating expansion is gen-
erated by another dark energy component. As a result, the
present accelerating situation does not guarantee the exis-
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tence of an event horizon in conflict with the current
description of string theory.

We have pointed out that phenomenologically a measure
of the dynamical behavior of the equation-of-state factor of
dark energy (wDE) may be a good discriminator of the sign
of the cosmological constant: positive (negative)
dwDE=dz�0� corresponds to a positive (negative) cosmo-
logical constant. In addition, the measure of the sign of 1�
wDE�0� can tell us whether the dark energy component (if it
exists) other than a cosmological constant is phantom or
not. These two discriminators work in the cases where the
equation-of-state factor of the dark energy component X
barely changes with time and the cosmological constant is
exactly a constant. In some other cases they may not work.
For example, in the dark-energy model invoking the
renormalization-group running of the cosmological con-
stant [21,49,50], the variable cosmological constant with
w � �1 can effectively behave as normal quintessence
(w>�1) or phantom dark energy (w<�1) in different
situations [51,52], and therefore does not fit the above
requirements for the validity of these discriminators.

So far the observational data are not good enough to tell
us the tendency of the evolution of the dark energy
equation-of-state. Accordingly both the case of a positive
cosmological constant (alone) and the case of a negative
cosmological constant (together with another dark energy
component which provides antigravity and generates the
present accelerating expansion) are consistent with the
current data. Hopefully future data (e.g., data from
Supernova Acceleration Probe (SNAP) [53] and Joint
Efficient Dark-energy Investigation (JEDI) [54]) will pro-
vide much more detailed information about the evolution
of the dark energy equation-of-state, and thereby indicate
the sign of the cosmological constant and the fate of the
presently accelerating universe.
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