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The abundance of Kaluza-Klein dark matter with coannihilation
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In universal extra dimension models, the lightest Kaluza-Klein (KK) particle is generically the first KK
excitation of the photon and can be stable, serving as particle dark matter. We calculate the thermal relic
abundance of the KK photon for a general mass spectrum of KK excitations including full coannihilation
effects with all (level-one) KK excitations. We find that including coannihilation can significantly change
the relic abundance when the coannihilating particles are within about 20% of the mass of the KK photon.
Matching the relic abundance with cosmological data, we find the mass range of the KK photon is much
wider than previously found, up to about 2 TeV if the masses of the strongly interacting level-one KK
particles are within 5% of the mass of the KK photon. We also find cases where several coannihilation
channels compete (constructively and destructively) with one another. The lower bound on the KK photon
mass, about 540 GeV when just right-handed KK leptons coannihilate with the KK photon, relaxes
upward by several hundred GeV when coannihilation with electroweak KK gauge bosons of the same

mass is included.
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I. INTRODUCTION

One of the most important astrophysical challenges is to
understand the nature and identity of dark matter. Perhaps
the most interesting candidate is a neutral, stable, weakly
interacting particle arising from physics beyond the stan-
dard model (SM). This is consistent with a wide range of
data, such as measurements of the cosmic microwave
background radiation that imply the abundance of dark
matter is roughly a factor of 6 times the abundance of
baryons [1], as well as comparisons between large scale
structure simulations and galaxy survey observations that
suggest the bulk of dark matter is cold [2].

Universal extra dimension (UED) models [3] (see also
[4]), in which all of the standard model fields propagate in
extra dimensions, provide an interesting example of
Kaluza-Klein (KK) dark matter [5-7]. This is because
bulk interactions do not violate higher dimensional mo-
mentum conservation (KK number), and in these models
all of the couplings among the standard model particles
arise from bulk interactions. To generate 4D chiral fermi-
ons, the extra compact dimension(s) must be modded out
by an orbifold. For five dimensions this is S'/Z,, while in
six dimensions T?/Z, is suitable and has other interesting
properties [3] including motivation for three generations
from anomaly cancellation [8] and the prevention of fast
proton decay [9]. An orbifold does, however, lead to some
of the less appealing aspects of the model. Brane-localized
terms can be added to both orbifold fixed points that violate
KK number. If these brane-localized terms are symmetric
under the exchange of the two orbifold fixed points, then a
remnant of KK number conservation remains, called KK
parity. All odd-level KK modes are charged under this
discrete symmetry thereby ensuring that the lightest
level-one KK particle (LKP) does not decay. The stability
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of the LKP suggests it could well be an interesting dark
matter candidate.

We calculate the thermal relic abundance of dark matter
including coannihilation with all level-one KK particles.
This is an important calculation since there are many level-
one KK particles that are near enough in mass to the LKP
that they are expected to be important to determine the relic
abundance. The identity of the LKP depends on the mass
spectrum of the first KK level. We assume it is the lightest
KK photon. This has been widely advocated for both its
properties as dark matter and is favored by the contribu-
tions to the masses of the level-one KK particles from one-
loop radiative corrections [5,7]. The spectrum of level-one
KK particle masses is also not known. However, certain
finite and log-enhanced one-loop radiative corrections [10]
to the masses have been calculated in [5]. The sizes of these
corrections depend on two unknowns: the size of the log,
i.e., the cutoff scale of the theory, and the size of the
matching corrections evaluated at the cutoff scale.
Generically one would expect the calculable log-enhanced
corrections to dominate over the uncalculable matching
corrections. However, the log is not particularly large
relative to the finite matching corrections. Indeed, should
the cutoff scale be close to the scale of the KK particle
masses, uncalculable matching corrections would be of the
order of the calculable log-enhanced corrections, and then
one would like to know the relic abundance for a general
spectrum. This is the calculation we carry out in this paper.

We present our results with three scenarios of level-one
KK particle mass spectra. First, we consider coannihilation
with all level-one KK particles that carry electroweak, but
not color charges. Next, we consider coannihilation includ-
ing colored particles. In both of these cases, we take all of
the level-one KK particles (other than the LKP) to have the
same mass mym(l + &). Finally, we consider coannihila-
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tion with all particles with a mass spectrum derived from
the loop corrections from [5]. We believe these three
scenarios provide a good cross section of the effects of
coannihilation. We also provide formulas for the (co)anni-
hilation cross sections so that any other more complicated
spectra could easily be calculated based on our results.

The format of this paper is as follows. In Sec. Il we
discuss KK dark matter including past results and motivate
the need for the calculations we carry out. In Sec. III, we
briefly describe the method used to calculate the relic
abundance of the KK photon, and the effect of including
coannihilating particles in this calculation. In Sec. IV, we
consider the effect of coannihilation on the relic abun-
dance, and use this to obtain limits on the mass of the
corresponding dark matter candidate, the KK photon. We
find mass ranges in three scenarios: (1) when electroweak
KK excitations are coannihilating, (2) when colored KK
excitations are coannihilating, and (3) when both coanni-
hilate using the spectrum from the one-loop radiative
corrections in [5]. Appendixes A review the Lagrangian
and Feynman rules in UED. The diagrams and cross sec-
tions pertinent to these results are summarized in
Appendixes B and C.

I1. KK DARK MATTER

The relic density of the KK photon was first calculated
by Servant and Tait [6]. Using their results, one finds that
its thermal relic abundance of the KK photon matches the
Wilkinson microwave anisotropy probe (WMAP) observa-
tions for cold dark matter when the KK photon mass is
between about 550 and 850 GeV. The range of mass that
they found depended on the relative importance of coanni-
hilation with the level-one KK excitations of the right-
handed leptons. This was the only coannihilation channel
that was considered in [6]. Several groups have also exam-
ined the prospects for detecting KK dark matter directly
and indirectly [7].

Coannihilation is likely to occur through other level-one
KK excitations. Examining a typical spectrum of KK ex-
citations from the one-loop radiative corrections discussed
in [5], one finds that the KK excitations of the particles
transforming under the electroweak (but not color) groups
tend to be within about 10% of the mass of the KK photon.
This is near enough in mass that coannihilation with these
KK excitations is expected to affect the thermal relic
abundance. We emphasize that these radiative corrections,
proportional to the log of the ratio of the cutoff scale A to
the compactification scale R™!, are merely indicative of
shifts in the level-one KK particle masses, since the finite
matching corrections are unknown. Indeed, if the cutoff
scale were not too large, even the KK excitations that
transform under SU(3),. could also play an important role
in the calculation of the thermal relic abundance.

What is the cutoff scale of UED models? Generically,
the cutoff scale is where the extra dimensional theory gets
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strong. In the four-dimensional effective theory this can be
estimated by including KK excitations into loops, and one
obtains typically AR ~ 10-100. But there have also been
recent explicit scattering amplitude calculations that sug-
gest the cutoff scale may be much lower than previously
assumed [11]. In any case, it is clear that including the
effects of coannihilation for the entire spectrum will allow
us to calculate the broadest range of KK photon masses
that lead to a thermal relic abundance consistent with the
cosmological measurements. We will illustrate the relative
importance of different channels by showing the results for
specific choices of the level-one KK spectrum.

The lower bound on the mass of the KK photon arises by
calculating the effects of KK particles in loop corrections
to precision electroweak data. This was first done by [3]
who found a lower bound of about 300 GeV. As we will
see, this bound is not saturated no matter what spectrum of
level-one KK excitations one takes, and so we do not need
to consider it further.

In general, the accuracy we desire requires only tree-
level calculations. However a very recent paper did find an
important effect on the relic abundance of the KK photon
[12]. The loop-suppressed operators on the orbifold fixed
points lead to couplings between pairs of level-one excita-
tions and SM particles through resonances of level-two
(and higher) KK excitations. The resonance behavior can
roughly compensate for the loop suppression, resulting in a
large contribution to the total cross section. Reference [12]
investigated the effect of the annihilation yMy() — 7
through an s channel 2, and found that including this
process leads to a significant decrease in the relic abun-
dance of y!". Including these loop-suppressed effects
would make our calculations prohibitively complicated,
so in this paper we neglect them. Instead, our motivation
is orthogonal, namely, to understand the implications of
including coannihilation of all level-one KK excitations on
the relic abundance. Ultimately, to obtain the most accurate
estimate of the relic abundance of the KK photon would
require taking into account both the resonance effect as
well as the coannihilation effects that we report in this

paper.

III. THE RELIC DENSITY OF THE KK PHOTON

A. Annihilation and freeze-out

We now briefly review the standard method for calculat-
ing the cosmological relic density of a stable particle
[13,14]. The number density of a particle in the expanding
universe is described by the Boltzmann equation

dn e
Tf +3Hny, = —(oav)(ng)® — (n)?] (1)
where (o4v) is the thermal average of the total cross

section for annihilation of the particle 4 (assumed here
to be equal to the total cross section for producing ¢) times
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the relative velocity of two particles, and H is the Hubble
expansion rate of the Universe.

We solve the Boltzmann equation to obtain the number
density of a massive particle at late times. At early times
(T > my, nz,q ~ T3), nqu is large, and any deviation of n

eq __

from n°4 rapidly goes to 0. At late times (T << my, n,,
g(m,T/2m)32e~ms/T), n is tiny since the particles are
now too massive to be thermally produced. As n, de-
creases due to the expansion of the Universe, the particles
eventually become too dilute to annihilate and freeze out at
a constant density per comoving volume. This freeze-out
occurs roughly when the Hubble expansion rate overtakes
the rate at which the particles annihilate, I' = (o4 v)n,, =
H.

As we will verify later, KK dark matter freezes out at
T; << mgg, so that at freeze-out n® = g(m?/2mx)*%e ™,
where x = % and g is the number of degrees of freedom of
the annihilating particle. In this case, (1) cannot be solved
analytically. Instead, the Boltzmann equation must be
solved either numerically, or by means of a standard ap-
proximation which gives solutions consistent with numeri-
cal results to within 10%. Here we shall use the latter
approach.

To solve the Boltzmann equation approximately, we
begin by making a simplifying change of coordinates. If
we assume the Universe expands adiabatically, then sa’ =
const, where s is the comoving entropy density given by
s = (27%/45)g.T? and g, is the effective number of rela-
tivistic degrees of freedom. In terms of the variables ¥ =
ny/s, Y4 =n/s, and x = m/T, (1) can be rewritten as

ay _ (oav)

= Iy (v

2

where we assume that freeze-out occurs in a radiation
dominated epoch, so that dx/dt = Hx. Writing A =Y —
Y*©4, this becomes

(oav)
2
= —f(x)AQY® + A)

A+ Y = —C AQYed + A)

3)

where C = mMpp\/g.7/45, and f(x) = C{o,v)x 2.
At early times, the particles track their equilibrium
values, so that A < Y% and A’ < Y°?. In this case

qu/

A= mara T Ay

“)
To determine the freeze-out temperature, we use this ex-
pression for A to solve A = c¢Y® with Y =
45g/(\327" g,)x*%e™*, where ¢ is a numerical factor
whose optimal value is determined by comparison with

numerical solutions of the Boltzmann equation (¢ = \/i —
1). The freeze-out temperature can be deduced by solving
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the following equation numerically:

xp = ln(c(c +2) 45 gmMP1<UAU>>

= 5
3 2773\/g—*(x}/2) )

At late times, Y9 and Y*¥ are both small, and Eq. (3)
reduces to

A/
p = _f(x)-

(6)
This equation is separable, and can thus be solved (with
boundary conditions again chosen to give the best fit to
numerical simulations):

1
R ¥ ey
Py = Mmynyl—w = mysoYe,
Q, - Py _ sov/45 _ (7
Pe  NT&Mpp, [T{oav)x *dx
1.04 x 10°

= ff;(a'Av)x_zdx'

Note that because of the factor of sy appearing in the
numerator, this solution assumes that the Universe expands
adiabatically between freeze-out and today. This is, of
course, not quite true, as some standard model particles
will subsequently fall out of equilibrium, slightly increas-
ing the entropy per comoving volume. In practice, how-
ever, this contribution from known standard model sources
is very small, and hence may safely be neglected.

B. Coannihilation

Different species of interacting particles that have
masses nearly degenerate with the KK photon will fall
out of equilibrium at the same time and with roughly
similar density. Interactions of the form X = /,X’
(where ¢, and i, are the KK particles, and X, X" are SM
particles), converting the relic into other particles of simi-
lar mass, occur rapidly. In fact, such processes are much
more efficient than the relevant annihilation processes, so
that the abundances of all the particles are effectively
correlated during freeze-out. The slightly heavier particle
species will eventually all decay to the lightest stable
particle (in our case, the KK photon) and thus contribute
to the relic density. This situation is called coannihilation.

As shown in [14], to compute the relic density and
freeze-out temperature with coannihilation, it suffices to
substitute an effective cross section o for o in Egs. (5)
and (7) above, where
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8i8;j — (845,
Tofi = Za'ij 12 /(1 + 51')3/2(1 + 5j)3/ze x(8;+8;)
ij eff

8eff = Zgi(l + 8;)32e7 0%,
7

®)

where 8; = (m; — m;)/m,. The relic abundance depends
on a weighted average of the annihilation and coannihila-
tion cross sections of all relevant particles. Thus if the
coannihilating particles interact more strongly compared
with the annihilating particles (while also being close
enough in mass) they can increase the effective cross
section and thereby decrease the relic density.
Conversely, if they are more weakly interacting, then the
coannihilation effects decrease the effective cross section,
yielding a larger final value for (},,.

A simple intuitive picture of the effects of including
coannihilation comes from noting that

p~ ( ] f<oAv>x2)l. ©)

The integral over x will of course result in a different
weight for s and p wave annihilation, nevertheless it is
easiest to simply ignore this difference and approximate
py ~ (ov))~'. A larger effective cross section results in
more annihilation during freeze-out, and thus a smaller
relic density.

Furthermore, it is easy to see that the effective cross
section o is a weighted average of the relevant annihi-
lation and coannihilation cross sections by considering the
case where all but the lightest (first) coannihilating parti-
cles have the same mass m; = m;(1 + §), j # 1, and all
particles have the same number of degrees of freedom.
Then

Z(l + 6)3(al-+aj)/2e—(a,-+aj)5xﬂ

— g1
1

a-eff =

>

Z(l + 5)30,»/26*@)(6
i

5—0 1 O-ij
Oeff — _ZZ
N 7 J11

(10)

where i, j run over all included particles, a; ; = 0(1) for the
LKP (all other KK particles), and o;; is the total (co)anni-
hilation cross section for the process ¢;i; — standard
model particles.

This makes it clear that in the limit of a small mass
difference and equal numbers of degrees of freedom, o is
precisely the average of all relevant cross sections while
the relic abundance depends only on whether this average
is larger or smaller than oy;. If all o;; are equal, then
including coannihilation does not alter the relic density;
if the weighted cross sections of the coannihilating parti-
cles are on average larger (smaller) than that of the original
particle, then the relic density will be smaller (larger) when
coannihilation is included. This holds irrespective of the
value of 6. However, since 6 enters exponentially into the
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weights of the coannihilation cross sections, the effects of
coannihilation are rapidly suppressed as the relative mass
difference & increases. Typically for weakly interacting
particle dark matter, Xp = 20 to 30, and for 6 > 0.1 the
effects of coannihilation are generally negligible.
However, for very large coannihilating cross sections, frac-
tional mass differences up to 6 = 0.2 can affect the relic
density [14].

IV. RESULTS

Now we are ready to consider the effect of coannihila-
tion on the relic abundance of the KK photon. Each coan-
nihilation scenario considered requires several total
annihilation cross sections; the relevant Feynman dia-
grams, together with tables of the formulas of the relevant
cross sections, are presented in Appendixes B and C.

Certain approximations were made in obtaining our
results. Cross sections were computed ignoring all terms
of order mgy;/mgg where mgy, is any standard model mass.
Consequently, we ignored all Yukawa couplings which are
proportional to the corresponding fermion mass. This ap-
proximation is well justified (in that including such terms
should alter the relic abundance by less than 10%) for all
particles except possibly the top quark, whose mass m, =
175 GeV is close to one-half of the precision electroweak
lower bound on R~!. In particular, as shown in [12], the top
Yukawa coupling can alter the cross section significantly,
as it leads to nearly resonant s-channel diagrams. Aside
from this effect, our results are not expected to be sensitive
to the top mass since, as we will see, the masses of the KK
photon necessary to explain the observed relic dark matter
abundance are well above the mass of the top quark. In
addition, we neglected the mixing between B! and W3(1),
which are expected to be rather small already for the first
KK level (see Appendix A 3). Hence, we take yV) = B,
zM = w{" throughout.

When examining the relic density as a function of mass,
a further simplification is obtained by ignoring the mass
dependence of x;. The value of x, depends very weakly on
the mass. Indeed, from (5) we expect this dependence to be
approximately logarithmic. Typically, over the mass range
of mygkx = 0.2 to 2 TeV, x; varies by about 2 GeV/ deg, or
less than 10%." This variation has a small effect on the relic
density. This also shows that the KK dark matter is cold:
for all cases considered here, we find 23 < xp < 28, so that
the particles are well approximated as nonrelativistic.

We use couplings and astrophysical parameters that can
be obtained from [15]. In particular, we take the electro-
weak and strong couplings evaluated at M, (ignoring the
renormalization group running of the couplings). In prac-
tice, the freeze-out temperature is between about 25 and

'"The dependence of x; on the relative masses of the coanni-
hilating particles, however, has a somewhat larger effect, and
these have been taken into account.
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100 GeV, depending on which particles coannihilate. The
dark matter relic density is taken to be the 1o value from
WMAP, Qpy = 0.113 = 0.01 [1].

A. Coannihilation with simplified level-one KK
spectrum

To investigate the effects of KK particles coannihilating
with the KK photon, we chose two different mass spectra
for the coannihilating particles. First, particles in the first
KK level are divided into two groups: those with masses
approximately mym(l + &), with 8 small, and those that
are too heavy to play a role in coannihilation. While this
choice of mass spectrum gives a good understanding of the
range of possible outcomes of including coannihilating
particles, it is also somewhat arbitrary. Thus, we also
investigate a mass spectrum based on that derived in [5]
in the next subsection.

The first check on our results was to consider coannihi-
lation of the KK photon with just right-handed leptons,
where our calculations and numerical results agree with
[6]. This provides a nontrivial check on our procedure for
calculating the relic density in the universal extra dimen-
sions model.

Figure 1 shows the effect of including coannihilation of
the KK photon with leptons (blue; leftmost pair of solid
and dashed lines), and all electroweak particles including
leptons, scalars, and electroweak gauge bosons (red;
middle pair of solid and dashed lines). Here we assume
in each case that particles included in the coannihilation
have the same mass m, (1 + §). The graph shows that
coannihilation with leptons, and to a lesser extent with W
and Z bosons, tends to increase the relic density for a given
mass of the KK photon.

Figure 2 shows the effect of including coannihilation of
the KK photon with all level-one KK electroweak particles
and level-one KK quarks (blue; middle pair of solid and
dashed lines), and all particles at KK level-one including
the KK gluon (red; rightmost pair of solid and dashed
lines). Again, we assume in each case that all particles
included in the coannihilation have the same mass my(l +
8). Clearly, including coannihilation with strongly inter-
acting KK particles decreases the relic abundance for a
fixed KK photon mass. The extent of this decrease is one of
the most important results of this paper. In particular, if the
level-one KK particles are highly degenerate to within a
few to perhaps 10%, the KK photon mass consistent with
the thermal relic abundance that matches the WMAP data
could be several TeV.

These results can be more readily understood by exam-
ining the relative magnitudes of the cross sections in
question, shown in Fig. 3. Notice first that the coannihila-
tion cross section of any noncolored particle with B is
smaller than the annihilation cross section of B) with
itself. Thus coannihilation with particles whose self-
annihilation cross sections are close to those of B') tends
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FIG. 1 (color online). Relic abundance of KK dark matter as a
function of mass after including no coannihilation (black; right-
most solid line), coannihilation of B with all leptons (blue;
left-most pair of solid and dashed lines), and all electroweak
particles (red; middle pair of solid and dashed lines), assuming in
each case that all coannihilating particles have the same mass
mym(l + 8). The solid (dashed) lines show the values for § =
0.01 (0.05) for the cases with coannihilation. Notice that for the
case including KK electroweak gauge bosons, the abundance as
a function of mass is smaller for the smaller mass splitting 6 =
0.01, unlike the case with just KK leptons, since these two sets of
KK particles can somewhat compensate for each other in the
relic abundance calculation.

/ / — quarks
—— gluons

L I L I L I )
3 3.5 4 4.5 5 55 6

y“) mass (TeV)

FIG. 2 (color online). Relic abundance of KK dark matter as a
function of mass after including coannihilation of B! with all
nonstrongly interacting particles and quarks (blue; middle pair
of solid and dashed lines), and all level-one particles (red;
rightmost pair of solid and dashed lines) assuming in each
case that all coannihilating particles have the same mass m,, =
mym(l + §8). The solid and dashed lines show the values for § =
0.01, and 6 = 0.05.
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Electroweak Particles
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FIG. 3 (color online). Magnitudes of all cross sections, using
mgg = 1 TeV, x; = 25, and all couplings taken at the scale M.
Here each symbol represents a particular particle species (see
legend), and the x-axis indicates with which particle the (co)an-
nihilation is occurring. For example, a blue star above the text e;
is the coannihilation cross section of B() = v with e; . Only 2
families of fermions are shown, as this is sufficient to show the
difference between annihilation between members of the same
family, and coannihilation between members of different fami-
lies. The annihilation cross sections for fermions, W and its
scalar counterpart w have been weighted by a factor of 1/2 to
account for the two helicities. In general the coannihilation cross
sections are smaller than the annihilation ones (and more numer-
ous), so that usually adding more coannihilating particles de-
creases the effective cross section. However, as the SU(2)
coupling is stronger than the U(1) coupling, and as it also opens
more channels, when scalars and gauge bosons, whose annihi-
lation cross sections are quite large, are added, the average cross
section increases.

to decrease the effective cross section, and hence increase
the relic abundance for a given B'") mass. This is the case
for leptons and scalars. The level-one KK electroweak
gauge bosons W) and Z(V and all strongly interacting
particles have sufficiently large self-annihilation cross sec-
tions that they cause an increase in the effective cross
section, and decrease the relic abundance. For W) and
ZW this effect is relatively small, and their inclusion does
not completely counterbalance the reduction in o result-
ing from including leptons and scalars. In the case of the
strongly interacting particles, the relevant cross sections
are approximately an order of magnitude larger than those
of the nonstrongly interacting particles, and the resulting
reduction in the relic density is quite dramatic at small J.

B. Coannihilation with the Cheng, Matchev, Schmaltz
spectrum

In this section we consider the spectrum that results if
one takes the one-loop radiative corrections to the KK
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masses from [5]. There are several assumptions built into
this spectrum. One is that the matching contributions to the
brane-localized kinetic terms are assumed to be zero when
evaluated at the cutoff scale. Furthermore, the radiatively
generated terms are log enhanced by a log of the ratio of
the cutoff scale A to the mass of the KK excitation. This
ratio is also not known, and may be much smaller than
previously estimated [11]. We therefore consider a wide
range of AR to illustrate the effects of coannihilation.

First, let us summarize the results of [5] that are used for
the masses of the KK excitations in this section:

2 2
, g% (=39{B) n
8(miyn) = 16772R2< 2 2 3 AR)
2
__ 28 —5403)
5("’1%‘/(”)) = m(T — + 15”2 hlAR),

__n 2 27T 5, 1,
n S — + - + - 1 AR,
8(mym) = 167nrzR (682 + 2g"*) InAR,
S(myw) = o 6g2 + lg’2 InAR
d 1672R\ °° 2 ’
n 27 9
é(myw) = 672K <§ g’ + gg’2> InAR,
9
S(m,w) = ~g” InAR.
man) = 1625 28710

All of the noncolored KK excitation masses are within
about 10% of m.,m up to moderately high values of the
cutoff scale (AR = 30), and hence are almost certainly
relevant for coannihilation. Conversely, for AR > 5, the
masses of the strongly interacting particles are more than
10% greater than m.w, and thus are less likely to be
important for coannihilation. However, as emphasized by
[14], particles with sufficiently large cross sections may be
relevant to coannihilation even for mass differences of up
to of order 20%.

We further simplify the mass spectrum given by (11),
while ignoring the SM top quark mass, by dividing the KK
particles into five mass classes: the KK photon; the KK
leptons and scalars; the KK W and Z gauge bosons; the KK
quarks; and the KK gluon. (In cases with more than one
particle of slightly differing mass, we take the average
mass of all of the particles in that class.)

Figure 4 shows the y() mass that results in a thermal
relic abundance consistent with cosmological data, as a
function of AR, given a five class mass spectrum. The
upper plot also shows the mass gap o for each of the
classes. Because g, is considerably larger than g, g/, the
masses of the strongly interacting particles increase rather
quickly as the cutoff increases. For AR = 2, nearly all
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AR

— lep. and scal.

— allEw
quarks

1.2 gluons

— Balone

FIG. 4 (color online). The calculated ") mass yielding a
thermal relic abundance consistent with WMAP observations
is shown in the bottom graph using as a function of AR. This
result was calculated using a simplified spectrum of the first KK
level consisting of four sublevels that vary logarithmically with
AR, shown in the top graph. The ratios are from top to bottom:
the KK gluon, the KK quarks, the KK electroweak gauge bosons,
and the KK leptons and scalars, divided by the KK photon mass.
The black dashed line corresponds to & = 0.05 for reference. In
the bottom graph, including increasing numbers of particles at
the first KK level are shown with the four lines labeled in the
legend. The solid straight black line (the line at the top on the far
right) shows the case without coannihilation for reference. All
level-one KK particles except for the leptons and scalars become
rapidly irrelevant to the relic abundance calculation once AR =
100.

strongly interacting particles have 6 > 0.05. Masses of the
leptons and scalars, however, vary rather slowly with AR,
and remain within 10% of the y(!) mass out to values AR ~
10*. Thus as the cutoff is increased, the gluons, quarks, and
to a lesser extent the W and Z bosons, rapidly become too
heavy to play a role in coannihilation, and the relic density
is determined by the effective cross section of y!) and the
KK leptons and scalars. Thus the mass spectrum, Eq. (11),
favors a somewhat lower value of m,n =~ 700 GeV to be
consistent with the measurements of the dark matter abun-
dance in the Universe.

V. CONCLUSIONS

We have calculated the thermal relic abundance of the
KK photon in the five-dimensional UED model for a
generalized mass spectrum of level-one KK particles. We
find that the lowest KK photon mass which could possibly
account for the observed dark matter relic abundance is
540 GeV, resulting from including coannihilation with
three generations ey and neutrinos all very nearly degen-
erate with (V) (8§ = 0.01). This is consistent with the result
found in Ref. [6] updated to reflect the WMAP measure-
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ments. Since the radiative mass corrections should be the
same for ¢; and v, a more realistic estimate, given by
including all KK leptons, is 570 GeV. This is significantly
lower than the lower mass bound of 860 GeV given by
including y" alone. Including level-one KK quarks and
the KK gluon with masses within about 10% of the mass of
the KK photon significantly increases the total effective
annihilation cross section. This implies the KK photon
mass leading to a thermal relic abundance consistent with
WMAP observations is much larger, up to several TeV, see
Figs. 2 and 4 for more precise numerical ranges. On face
value, such a small separation between the KK photon and
the strongly interacting level-one KK particles is not ex-
pected from the radiative corrections to the masses of the
first KK level computed in [S]. However, if the cutoff scale
is not much larger than the KK photon mass itself, and thus
matching corrections are comparable in size while opposite
in sign to compensate, the level-one KK spectrum could be
much more degenerate. These results show that the range
of the KK photon mass is much wider if indeed the mass
spectrum is more degenerate than previously thought.
Given measurements of the level-one KK particle masses,
the calculations presented here could be used to find the
total effective cross section to verify if the KK photon does
(or does not) make up the dark matter density needed to be
consistent with WMAP observations.

ACKNOWLEDGMENTS

We are grateful to K.C. Kong and K. Matchev for
extensively comparing their results with ours. We thank
G. Servant and T. Tait for discussions. G.D. K. thanks the
Aspen Center for Physics for hospitality where part of this
work was completed. This work was supported in part by
NSERC and by DOE under Contracts No. DE-FGO02-
96ER40969 and No. DE-FG02-90ER40542.

Note added.—During the completion of this work we
became aware of an analogous calculation done indepen-
dently by another group [18]. We have compared exten-
sively the formulas for the annihilation cross sections
involving KK quarks, KK leptons and KK gauge bosons,
in the limit of degenerate KK masses, as listed in the
Appendixes. In all considered cases we found perfect
agreement.

APPENDIX A: UNIVERSAL EXTRA DIMENSIONS

Here we provide a brief overview of the universal extra
dimension model in five dimensions (for a review, see
[16]). In subsequent Appendixes we list the Feynman
diagrams for (co)annihilation and the cross section results
we obtained. The particle content of the UED model is
shown in Table I. The Z, orbifold projects out one helicity
of the fermion zero modes, as well as the zero mode of the
5th component of the gauge field. We begin with a brief
survey of the mass eigenstates of the theory; the Feynman
rules are presented in Appendix A.
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TABLE I. 5D fields and their behavior under the orbifold
projection y — —y.

5D field 4D even fields 4D odd fields
Ay A, A
(L, L) L= (vep) L= (Vg €g)
(0,0 0= (u,dp) 0 = (ug, dg)
(e, &) e=ep E=¢e;
(u, @) U= ug i=uy
(d, d) d = dy d=d,
¢ ¢
1. Fermions
The kinetic terms for fermions have the form:
Liinetic = ¥(x, y)(¥#9,, + g557595)h(x, y) (AD)

where we have ignored SM mass terms. Upon doing the
usual Fourier expansion for, for example, the first genera-
tion of (left-handed) quarks, and integrating over y, we
obtain

(u, d)m"‘a (u, d)y,

Lkinetic =

P Q(;))

+P Q(”<wa PROY + 9 P Q(/)ﬂ. (A2)

(We use lower case letters to denote SM particles, and
upper case for their KK excitations.) To obtain the full
fermion masses, the usual mass terms arising from the
Yukawa couplings are added.

2. Gauge bosons

After compactification, the kinetic terms in the gauge
boson Lagrangian can be expressed as
Liineic = —3(F, F*" +2(354,, — d,a)  (A3)
where A, is the 4D gauge field, and (to make the analogy
with the Higgs mechanism more apparent) a = As, a 4D
scalar. Integrating over the fifth dimension coordinate y
causes all cross terms between modes of different KK
number to cancel, leaving

4=|~

Lkinelic = Z (a A(J) d VALJ«))Z

() 7\
1< Al — aﬂa(/)>.

Expanding the second term, and collecting modes of differ-
ent KK number, we obtain

(A4)

M8
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1 ©
_Z(aMAV —
-[_1. .0
+ Z[_Z(GMA”] -9,

[=

j N DR
_ (ﬁ)aua(’)f‘“(’) n Eaﬂamaﬂa@}

0
Lkinetic = a,,AE,,))Z

4 L/jN\2 ,
AP + §<E> AP A0

(AS)

This is precisely the Lagrangian for a tower of 4D gauge
fields with masses M; = 4 generated by a spontaneously
broken symmetry. The scalar fields a) are eaten by the

gauge field Ag{) in the usual Higgs mechanism to give them
mass.

3. Electroweak KK gauge boson mass eigenstates

There is a tower of KK gauge bosons for each of the SM
gauge symmetries. The electroweak gauge boson KK
tower, however, is different from the SM zero modes in
the admixture of W3U) and BY). This is because the KK
SU(2) and U(1) gauge bosons receive different loop cor-
rections to their masses. The actual KK mass eigenstates
can be found by diagonalizing the matrix

2
1”7+81+ig2v2 iggv
+82+1 2 2

1 2
188"V
5(mW(,,>) 6, = 5(m pw) are the radiative cor-

rections to the nth KK level electroweak gauge bosons
(precise expressions can be found in [5]). We can reexpress
this as

Tt Ay 0 (o
2
0 Z+Ay
(A7)

where Ay, = (6; + 8,)/2,and 6 = (8, — 6,)/2. The first
contribution to the masses is diagonal in the W®)-B basis,
and does not affect mixing. The mass eigenstates result
from diagonalizing the second matrix; thus the Weinberg
angle at each KK level is determined by the relative sizes of
6 and the electroweak masses i g:8 jvz. Since 0 is propor-
tional to RZ , if mgg > M.,,, the KK mass matrix is almost
diagonal in the W®)-B basis. Since myy is at least 300 GeV
[3], the KK Weinberg angle is much smaller than its SM
counterpart. In fact, for R~! = 600 GeV (which is roughly
the lower bound on the mass of BY) and A/u =2,
sin(fgg) < 0.15, and to the accuracy required here we
can take yV) = B and Z() ~ Wél).

(A6)

where 6§, =

7118 iggl’v2
_8 + Zgl2v2

I,
oo
OQ\

4. Scalars in the electroweak sector

We have just shown that in the absence of other scalar

interactions Ag") is the Goldstone boson eaten by Agf) in the
effective 4D theory. In the weak sector, however, the
interactions between A5 and the KK scalar fields mix up
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the mass eigenstates. Note that this was also discussed in
Ref. [17].

To see this, consider the 2-point vertices of the SU(2)
gauge bosons. The 5D gauge field strength contributes a
term of the form (AS5). Now we add to this the interactions
with the standard model scalar fields:

Lcaiar = %lamq) - lgA%Tu(I)P
= 40,,09"® + igAL[(T*®)19,, P — 3, DT T D]
+ 2AL (T @) A (TP D)} (A8)

where A,,, ® are the five-dimensional fields. We now will
determine the physical and Goldstone scalars by examin-
ing all of the 2-point vertices in this Lagrangian.

After integrating out the 5th dimension, and adding in
the gauge boson kinetic term, the relevant piece of the
Lagrangian is

1
myiAaotal’ — 2 |PPmig + gAﬁf;[TaﬁaMcb(”)*

= 04O (199)] + £ [T T "

2
— mygg®(TD)*] + %AT'”A;”;[(T%)TT% + my]

— a,(n)a”(Tv) TP (A9)
where 7 = (0, v) is the standard model Higgs vacuum
expectation value (VEV). The terms involving T9vd,,®
give 2-point couplings between the KK weak gauge boson
and the KK excitation of the corresponding Goldstone
boson, which we write as d)E,”). In the case of Ag‘(E a%),
these 2-point couplings involve ps = myg rather than
spatial derivatives, and thus become mass mixing terms
between ®¢ and a“. In addition, both ® and A{, acquire
KK mass from their interactions with a“, while a“ gets a
mass from its interactions with the Higgs VEV. Thus a“ is
no longer purely a Goldstone boson, as it has an electro-
weak scale mass.
A convenient gauge-fixing functional is

1
VE

After fixing the gauge via L — L — %GZ, all 2-point inter-
actions between the scalars and gauge bosons of the effec-
tive 4D theory are canceled for any gauge-fixing parameter
¢. This means that one is free to choose a gauge (£ — )
in which the Goldstone boson propagator vanishes. For
general values of &, there are mass mixing terms between

G = —=[0"Al) — E(gF'DY + mykal™)]  (A10)

aﬁ,”) and @g"). This leads to mass matrices for the scalars of
the form

m12<K§ + m%
(‘mmeK(f - 1)

—mzmygg (€ — 1) )

All
migtmi ) Y

between a“ and the KK excitation of the corresponding SM
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Goldstone boson. Here my, and m, are the masses of the
SM W and Z gauge bosons, respectively.

To obtain the physical and Goldstone particles, we di-
agonalize the mass matrix.” We find the mass eigenstates

P(1)=7mzim2 (—mgga +m,P), withmass &,/mxy +m2,
< KK

(ﬁ:% + (D lhm 2 + 2

P /—m?+mik(mza myx®P),  wit ass,/mKK ms.

Clearly p! is the Goldstone boson, which can be elimi-
nated from the theory by taking the limit £ — oo, leaving
p? the physical scalar particle. The fact that the physical
scalar is a mixture of A5, and @, changes its couplings to
other particles by terms proportional to the masses of the
electroweak gauge bosons. Note that this mixing in the
scalars is needed to ensure unitarity of gauge boson scat-
tering is preserved, which we explicitly verified.

Since the A5 component of the physical scalar is sup-
pressed by my/mgy relative to the ®V component, in
practice this mixing can be ignored in all calculations not
involving massive external SM gauge bosons.

This completes our discussion of the particle spectrum
of the UED model. The KK zero modes are the particles of
the standard model. At ngg = 1 and higher, the effective
theory contains massive vector bosons that have eaten the

corresponding Goldstone A(S") (or a combination of A(S") and

®™ for the W and Z). It also contains both helicities of
SU(2) doublet and singlet fermions, with the SM helicity
even under the Z, action, and the non-SM helicity odd.
Finally, the model contains physical scalars, which are the

KK Higgs, A" and g{)(vﬁ), gb(Z"), that are mixtures of A;”’Z
with the KK excitations of the SM Goldstone bosons ¢y, 7.

APPENDIX B: FEYNMAN RULES

In this section the Feynman rules relevant for the calcu-
lations used in this paper are written. Only the relevant
interactions, namely, between SM particles and level-one
KK modes, are shown. In the diagrams we use double and
single lines to denote KK particles and SM particles,
respectively.

1. Fermion/gauge boson interactions

The fermion interactions of the KK modes differ from
those of the standard model due to the vectorlike nature of

2To avoid potential confusion with signs, note that the signs of
the off-diagonal terms in the mass matrix depend on how we
define ® and ®*. For the above, we have used the parametriza-
tion ® = (i(w; + iw,), v + ¢ — iz); interchanging ® and ®* in
this convention will change the sign of the off-diagonal terms in
the mass matrix, which introduces a relative — sign between the
a and @ components of the physical scalar. In order to ensure
that the cancellations necessary to maintain the unitarity of the
theory occur, care must be taken to use the correct sign con-
ventions when computing vertex couplings.
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these higher modes, which introduces helicity operators at
certain vertices. We find it convenient to work in unitary
gauge, so that the Goldstone bosons do not appear as
external particles but instead as the longitudinal polariza-
tions of the massive KK gauge bosons. The relevant fer-
mion interactions, after integrating over the fifth
dimension, are

ig —=
T U(O)Y”Ag)PLF(LD + PLF(LI)Y“Ang)f(O)],

(B1)

[PLF(LI) ’yMAfl?)PLF(L]) + PRF;;)Y“AQ)PRF%])]

g
V7R

(B2)
leading to the following vertices:
1
f(O)F(l)Afu)
igy*P; (ingoing f or outgoing F)
igy* Py (ingoing F or outgoing f)
0
F(I)F(I)Afu)

igy*

where F, P, F; + FxPrFr = FF; ie., this vertex is non-

chiral as expected.

2. Fermion/scalar interactions

The interactions of fermions with scalars proportional to
Yukawa couplings are presented for completeness, even
though we do not make use of them since we have ignored
terms of order v?/m%y. The Yukawa terms result in

(1) #(1)
f(0)|: PG pioy @ + —
J7R

Raggw} (B3)
7T T

— A A
(1) u 1) . * D (1)

P, F PrG rio + PrG i B4

LFU| g POk 2 /—WRRDR¢i| (B4)
— A Ap

P.FV 2 p GgW G\ } BS

RLR N LGur % (BS5)
A A

P F(l)[ ‘g oy @ + 22 <I><‘>} B6

LEL | TR S JaRP (B6)

where F (f) and G (g) are the KK (SM) SU(2) singlet and
doublet fermions, respectively. In addition, the interactions
of A5 with fermions can be deduced from the gauge boson/
fermion interaction Lagrangian above. The only difference
is that A5 is odd under the orbifold Z,, and so it couples to
the “wrong” (opposite) handedness of the KK fermions.
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After integrating over the fifth dimension, the interaction
terms become

8 o 1 1 1 1
Ty AL P + PR AL O

and similarly for G, replacing left with right KK fermions.
This leads to the Feynman rules:

(B7)

%PR (for F)
o ﬁPL (for G)
fO)G )P
Py (for G, D)
\/_Rla-2 R u
> fLPR (for Gp, )
F g0 )
Jr )
,,,,, N @)
FOED 6O

io, (for G,, ¢¥)
> @ e (for Gp, b)

where F; PRGg + FxP; G, = FG. Unlike the vertices be-
tween SM scalars and fermions, which are suppressed by the
small Yukawa couplings, the intrinsic strength of the vertex
between As and fermions is not small. However, since the
physical scalar particle is mzAs + mgx®, in the limit that
both fermion masses and m, are small compared with mgy,
we can ignore all scalar-fermion vertices.

3. Gauge boson/scalar interactions

The electroweak gauge boson/scalar interactions are of
the form

AL (DorP* —
N

+ oD — Dok +

D 9L D) + AL (poH D — D*orp

[A(I)A(O)“((I)cﬁ + D¢
+v® + vd*) + Aﬁ})A“W(lqﬂ2 + v + vg?)

+ AP AR D] (BS)
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where the gauge group indices and generators have been
suppressed. The forms of these interactions are neverthe-
less identical to those in the standard model.

Since As and the Higgs mix with each other, as we
showed above, it is convenient to compute the interactions
of A5 with electroweak gauge bosons and scalars. In the
electroweak sector, where f¢%¢ = jg¢, these interactions
arise from

ig(0rAZ — 85A““)(AZA§ - Aé’A;)

2
% (ALAS — APAS 2. (B9)

After integrating over the fifth dimension, the only terms
which survive are (using the notation a, to denote As;)

( _ a,U,Agl(n)mgll)(AaM(n))(AZ(O)Ag(") _ Ag(n)AiL(O))
2
S AL0AL — AL AP, (B10)

Summing over a, b, ¢ € SU(2) and switching into the
usual W*, W~, A, Z basis gives the following 3-point
interaction terms:

i(— WO W=+ W= W Ymgg(s,a
+iW*" (Z,c,, + A,s,,)

w y + cwaZ)

- (AS}n)sw + Zg/n)CW)W+ ,,)mKKa_
+ i(_W_(n)V(ZVCW + Avsw)

+(ZWe, + AWs YW mggas (B11)

for the two gauge boson/As interactions, and

—l(a(")aa(") (")aa(f))s AY — i(—a@é)a_

a(”)aa("))c 70— t({a(”)c + a(")s oa®
— a(”){aa(")swaa(")c Ww+o — i(—{aﬁ")cw

+ aﬁ,”)s }8a(ff) + a("){aa(")s + 6a(")c Hw-O
(B12)

for the triple-scalar/gauge boson interactions. The 4-point
interactions are obtained from the corresponding standard
model vertices by requiring both KK particles be As.

As also couples to @ through |D M(I)IZ. This results in
three types of vertices: V| = gmggAs;PD*, V, =
gmyAsAs®, and V5 = g?AsAsDD*. V, and V; are identi-
cal to those of the KK gauge bosons, once the factors of
8 are replaced with gss. V) is obtained from the corre-
sponding KK gauge boson vertex by replacing p, —
imgk. As some care must be taken with signs, the V| terms
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are listed here:

— s, (—w,Pw_ + w,(”)er)a(y")
1

+ magn)(icos(zew)(m(n)w_ )

1
+ h(n)Z _ Z(n)h) + 5(_iZW+(n) _ hW+(")

1
+ hDw, + izMw a_ + z(izw_(”) — hw_"

+ Wy — iz™Ww Va,. (B13)

The vertices involving physical scalars follow from
combining vertices involving As and @ in the correct
proportion. Tables II, III, TV, V, and VI of these physical
vertices are given below. In principle, care must be taken in
vertices involving the Weinberg angle, as the mass mixing
is not the same for the KK particles as it is for the SM
particles. In the case of the scalar A5, however, the physical
component of As is that which mixes with the SM
Goldstone boson of the Z particle, and hence its mixing
angle should be the same as that of the SM Z boson. For the
KK gauge bosons, the mixing angle is different. However,
as we already discussed above, it is a good approximation
to neglect this mixing and thus take y'!) = B() and Z(V) =
w3,

The following notation is used in Tables II, III, IV, V, and

VL. We define «, = mgg/s/miy +m% and k, =

mgg/+/mixx + m5. ®,, ®,, and ®_ are the physical
level-one KK scalars that are themselves mixtures of the
KK excitations of the SM Goldstone bosons and A5 from
the weak gauge bosons, as described in Appendix A 4.
(Here we use level-one KK particles, but the vertices are
the same for level n KK states also.) @, is the level-one KK
Higgs particle, while 4 is the SM Higgs particle. Tables I,
III, IV, V, and VI include only vertices which differ from
those of the SM.

TABLE II. Two vector/scalar vertices.
Vertex Coupling
W (1)W+(0)¢, ige,(=1)Pm k. g,,
w;(“ Z0¢_ igmy(s% + (=1Pcl )k, 8 s
W;(l)zg))q)+ —igmy(st, + (=1)Pcd)K 8w
W;(O)Zg,l)(l)+ —igmz(sa, - (_1)BC%V)KWg,u,V
WOz igmz(s2 — (= 1P )k, 8 0
W 040D Tigmzsin(26,,)((=1)# = D)k,,8,.,
Wo A0, Sigmysin(260,,)((=1)P — Dk, 8,0
W, 040, Yigmzsin(260,)((—1)P + 1k, g,
W+<0>A( o SLigmysin(26,,)((— 1) = D)k,,8,.,
Aii) AV P, as in standard model
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TABLE III. Two scalar/vector vertices.
Vertex Coupling
APD, D gs(ps = p-)
200, @ gley 2 — NG (p —p)
Wi 00 & g(% + Drkn(p- = po)
W, 0. @, —g( + Do (ps = o)
Aﬁ))jCI)jCDh K;jx SM vertex
TABLE IV. Two vector/2 scalar vertices.
WiOw, 00, o L0+ 2,
wOw, Od @, £42(1 +4 ) 2

AV4, 00, &
VA AR R

Zezgﬂ,,

2 2 cos(20,)? | 2chm?
8 Kw( 2(.3: + miKz)gl’“V

) 2cm
ZOAV D, D ger, (0 + Sy,

0) y5,=(0 2 2 3 m?
ZE»L)WV ¢ )(qu)i %KwKz(%: - Cmgj)guu

& _ 2,2
AW 00 . w1+ 5,y

TABLE V. Three scalar vertices.

2 m2 172 2
® Pl —g(mz(1 + ’"TI:K) +2Mj C:mz
2 2
@y —glmi (14 ) + )
TABLE VI. Four scalar vertices.
2 2 2
O, D_hh —gKs Miﬁh + My
" 4 (m;v ka)
_gz K% MZ] m2
D D hh pies m_é + ZW{K

Here we have included only vertices in which the SM
scalars are the physical Higgs particle. In practice, to low-
est order in v/mgy, the only vertices that are affected are
those whose analogue in the SM contains a factor of m . In
this case, the contributions of certain A5 terms can be of the
same order in m; as the contributions of &0,

Note that vertices of the form AWAZaC have a sign
which depends on whether the indices a, b, ¢ occur in
clockwise or counterclockwise order, caused by g¢
from the commutators of SU(2) generators. Diagrams of
the form A*#A¢ ® have no such sign. Hence care must be
taken in combining the contributions of these two types of
diagrams to obtain the physical scalar vertex. In order to
make this clear, we have explicitly kept a factor of (—1)#
in the relevant vertices. Here 3 is even for vertices in which
the electric charge entering the vertex increases in the
counterclockwise direction, and is odd otherwise.
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The gauge boson self-interaction terms are exactly as in
the standard model, and need not be reviewed here. Note

that A(l), being even under orbifold parity, has no vertices
with the Goldstone boson A5 apart from those in the kinetic
terms described above.

APPENDIX C: GENERIC DIAGRAMS AND THEIR
ANNIHILATION CROSS SECTIONS

In this section, we list all Feynman diagrams involved in
the annihilation processes we consider. (As explained
above, processes involving the Yukawa coupling of
Higgs to fermions, the self-coupling of Higgs to itself,
are not calculated as they are expected to have a small
effect on these results.) The possible annihilation processes
are classified according to the nature of the initial and final
state particles. Some diagrams apply to multiple processes,
and not all diagrams in a given section necessarily apply to
all processes of that type. A comprehensive list of pro-
cesses, the relevant diagrams, and the corresponding cross
sections can be found in Appendix C.

1. Fermion annihilation

a. fOFO - £0 £O gug fFOFD _, fOFO

b fUFD — AP AL
Here the set of diagrams depends on the particular final

state; i.e., the last diagram is absent when the final state
gauge bosons are hypercharged.
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c. fFOFD . 50 4+0

N s
N s

2. Gauge boson annihilation
a. AYAY — fOFO

Here vertices involving both SM and KK fermions are
chiral, as previously mentioned, and factors of the appro-
priate helicity projection operators must be included. In the
limit that electroweak breaking masses are ignored, all of
these scattering processes result in two final state fermions
of the same chirality.

a b

b. WE})W(VI) — ¢(0)¢*(0) and ZS)ZS}) N ¢(0)¢*(0)

This set of diagrams corresponds to the annihilation of
W or Z bosons into at least one physical SM Higgs boson.
In the limit that the masses of the SM W and Z are small
compared to s, we can consistently ignore diagrams with
vertices of the form WWd¢, ZZ¢p, and WZ¢, as their
couplings are suppressed by v/mgx or v?/s. If one of
the external particles is a gauge boson, the Goldstone
boson equivalence theorem tells us that only the longitu-
dinal polarization of the external gauge boson contributes.
We can then use the Goldstone boson approximation to
calculate the relevant cross sections from the set of dia-
grams below.

N ,
N
. ,
7 N S
a , b ™. ,
'ﬁ::::::% M
N -
N .
N .
N
C s

e ADAD — AV AY
This set of diagrams corresponds to KK gauge boson
annihilation into SM gauge bosons. Note that we treated
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SM electroweak gauge bosons as massive, so that no
external Goldstone bosons are necessary. However, all
diagrams with physical scalar propagators must be in-
cluded. In the s channel, only the Higgs plays a role.
However, since there are physical KK w and z scalars,
these propagators must be included in the # and u channels.
We remark that would-be high-energy divergences of the
form s/m%; are absent precisely because the non-

Goldstone scalars are a mixture of ¢! and A(Sl).

@

3. Higgs annihilation
a. VDD —s HO HO

This set of diagrams correspond to scalar annihilation
into at least one final state Higgs particle. If final state
gauge bosons are present, the resulting diagrams contain at
least one coupling proportional to my, and hence are highly
suppressed unless the gauge boson is longitudinally polar-
ized. Thus all such processes can be described by purely
scalar final states in the limit that we ignore terms propor-
tional to m,/mgg.

Here we furthermore ignore diagrams involving 3-scalar
vertices, since their contribution is suppressed by factors
ofv/mygy or v?/s.

N / =~ ~ - -

b OMAAAA b aAAAARS
Va N\ ” N
7 N ” N
Va A\ ” N

N .
N s 7z
N e AN ’
N e N -
” N
.
C d X
” X
” X
5 - S
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b. VP — AP AP

;71 oo {ij b T

Ve AN 7

7 AN ” AN
7 AN

7 AN

N
EEEN
a AN
a AN R
” A 7z X
” X

2 3
v N
W W
” N
” \ 4 AN
Vi N 7 AN
Ve \a

4. Fermion/gauge boson coannihilation
a fUAY — fOAY

PN

5. Gauge boson/Higgs coannihilation
a. ®VAY — ®O 4

Here again we work in the limit my, < s, mgg. In this
limit, processes to two final state scalars can be neglected,
as they necessarily involve at least one vertex suppressed
by a factor of m,. In processes to one final state scalar and
one final state gauge boson, diagrams in which scalar
propagators are replaced by gauge boson propagators are
also electroweak suppressed (by m%, while the longitudinal
gauge boson contributes 1/m;) and thus neglected.

PHYSICAL REVIEW D 73, 015001 (2006)

6. Fermion/Higgs coannihilation
a. WV FU —, @O fO)

This coannihilation diagram includes processes to exter-
nal Goldstone bosons which are of course just the leading
order contribution to the analogous process of coannihilat-
ing into external SM gauge bosons.

APPENDIX D: CROSS SECTIONS

1. Fermion annihilation

The following Tables VII-XIX refer to the diagrams and
matrix elements computed in Appendix B, by the section
numbers assigned to each process. The total cross section is
the sum of the appropriate terms and cross terms, multi-
plied by the necessary spin averaging and identical particle
factors. We use the notation L = In[(1 + 8)/(1 — B)].

a ép

The expressions for the annihilation cross sections in-
volving ep are given in Table VII. Note that in the
s-channel diagrams the mass of the propagator was ignored
(i.e., only hypercharge gauge photon exchanged), since we
neglected terms of order v?/miy.

b. ey

The expressions for the annihilation cross sections in-
volving e, are given in Table VIII. Cross sections identical
in nature to those of Ep have not been reproduced in
Table VIII. They can be obtained from the previous table
with appropriate replacements of the coupling constants.

In the cross section to leptons of the same generation,
explicit coupling factors have been kept since the diagrams
are the same for both (i) E, E;, — e, e, and (ii) E, E; —
v,V,, as well as the analogous processes with neutrinos
in the initial states (iii) and (iv). Here g?m is the total
coupling in the s (f) channel. Ignoring the SM gauge
boson masses, gi=g; =g (tan’0y Yy Y, +T5(E.)X
T3(e;)) for annihilation into the same particle, and
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TABLE VII. Annihilation cross sections involving ep.
Process Diagrams Total cross section
EpEr — eger C.la:ab W[BS(ZS — mig) + mig(4s — Smgy)L]
ERER — ce C.la: cd ]927,32 > [B(1252 + 16miy + 65smky) — 12m%y(4s + 3mi L] + g2‘4""ﬁ FZL (s +2mZy)
ExEx— fF C.la:d %}f’"“)zf%mc(yz +72)
Erfig — eglr C.lac 64#ﬁ2;fnz [B(4s + 9m%y) — 8mEy L]
Epjig — €RMR C.la:a 64:[;;;2 (4s — 3myy)
EREg — ¢ " C.lc f;;;{jz (s + 2my)
EREp — vy C.1b: ab ﬁ{(s2 + dmiys — 8mik )L — sB(s + 4m)}
42(21/2+sin(0y)
ExEr — ZZ C.1b: ab %{(s + dmiys — 8mi )L — sB(s + 4m )}
ExEx— WW C.lb:c o )
TABLE VIII. Annihilation cross sections involving e; .
Process Diagrams Total cross section
E,E, — WHW- C.lb: ac (96cw mKK2+24scW4)L+2ﬁmKK2+sﬁ 40scw4ﬁ—176ﬁmKK Lw“

7687s% B¢, *

§=gXtan’0y Yy, Y, + T5(E)T5(v)) g7 =g*/2 for
processes to the electroweak partner (where the ¢ channel
is mediated by a W= boson).

For cross sections to gauge bosons, the leading terms in
the limit of vanishing gauge boson mass have been kept.

c. Quarks

The expressions for the annihilation cross sections in-
volving quarks are given in Table IX. The processes QQ —
gq and QQ — qq are essentially the same as the corre-
sponding processes for electrons shown above, except that
an additional diagram involving gluon exchange is present.
In the limit that all KK gauge bosons have mass, and we
ignore the masses of all SM gauge bosons in the s channel,
the relevant amplitude comes from the electron amplitude
(with the appropriate modification of the hypercharge
value) plus the same amplitude with all couplings changed
to g,. Annihilation to scalars and electroweak gauge bo-

TABLE IX. Annihilation cross sections involving quarks.

Process Diagrams Total cross section

Q00— gy C.lb:ab

g2 (- SmKK4+4mKK25+sz)L—szﬂ—4ﬂmKK2s

18753 B2
2 2 2 4 2 . 2
oy . 8587, (s*+dsmy > —8m *)L—s*B—4sBm
00—gZ Clbabp L L K
— 4 —d(my +dsmy, 2 +s2)L+TBs +31sBmy,, 2
QQ — gg Clb:rabc —3% KK KK e KK

sons are identical to the electron case, with the appropriate
couplings. Thus the only novel diagrams are annihilation to

gg and gvy.
Here g, is the coupling of the quark to the Z boson.

Note that in annihilation to gluons, the appropriate color
factors have been included, along with a factor of é for the

average over quark colors. In gg — gy or gqqg — gZ, a
factor of 1/2 must be included for the trace over r%¢’.

2. Gauge boson annihilation

Because the KK Weinberg angle is sufficiently small
that its effect on our computations can be neglected, the
results here are presented in the B!, W31 basis.

a. Hypercharge

The expressions for the annihilation cross sections in-
volving B are given in Table X.

TABLE X. Annihilation cross sections involving B.

Process Diagrams Total cross section
7 ] 1V4[(10my, > +55)L—T5p]
B,B,— ff C.2a:ab T
R ) 1 sutet
B;LBV — W™W C2.c: de,f 192 Be,as
) 11 st
B#BV — 77 C2.c: d,e,f 2 192 Be,as
_ ] 1.1 st
B,B, — hh C.2.b: ab,c 2 192 Be,tms

015001-15



FIONA BURNELL AND GRAHAM D. KRIBS

PHYSICAL REVIEW D 73, 015001 (2006)

b. W

The expressions for the annihilation cross sections involving W3 are given in Table XI.

TABLE XI. Annihilation cross sections involving Wj.

Process Diagrams Total cross section

W3, W3, — f f C2a:ab 8473(f')4[(1;);ns,§,;;+25s)u7s5]

W3, W3, — ¢ C.2b: abc 1 1925'7“”6

W3, W3, — 2,7, C2c: def 1 #;m

W3, W3, — WHW~  C2c: abedef fi (712'"““45+24m“"6);;4ﬁ§i(?5m'<‘<2Sz+lzsmKKAB + [;’;

c. W=

The expressions for the annihilation cross sections involving W= are given in Table XII.

TABLE XII. Annihilation cross sections involving W=.

Process Diagrams Total cross section

W;{ W, — frfr Cla:c 0 to leading order i? the SM z bo§on mass
WiW, — fufL C.l.a: ac % (SH12m"‘<7)21‘w;;/03§rgﬂm“-

W;Lr W; N W; Wl: C.oc: a,c,d,e,g % (*32mKK25*48n1KK4)igggif;4lmKKZBs+87mKK4B
WiW, —AA, C2c: abe £ (712’"1«4"*24’"Kxﬁl)é;;‘2ii;if’"mzsz+12mKK4SB
WiW, = 2,7, C.2.c: ab,cde,f g4c“’4(24LmK"6+um“;;jﬁ; Blzz,,fIZ’%K4s+3szﬁ'nKK2+4s3B ) 4 53 /3874”
WiW; —Z,A, C2c: abe e e =
WiW, — hh C2b: abe e

W, W, — hz C.2b: ab.d & i

The expressions for the annihilation cross sections involving gluons are given in Table XIII. Here the factor of 1/64 was

included for the average over initial gluon colors.

d. Gluon

TABLE XIII. Annihilation cross sections involving gluons.

Process Diagrams Total cross section
F . 4 (40s+98m, 2)L—83Bs—T2Bm, >
8u8v—If C.2.a: ab,c % KK — KK
3 4 (—8my 2s? =24my *s+24my O)L+8s3 B+ 13my . 2 Bs?+34m, s B
8u8v = 8v8u C2ciabeg gs — BT S =
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3. Scalar annihilation

The expressions for the annihilation cross sections involving scalars are given in Tables XIV, XV, and X VI. In this set of
cross sections, note that the KK modes of the SM Goldstone bosons are in fact separate propagating degrees of freedom,
and thus their annihilation cross sections must be calculated independently of those of the KK W and Z bosons. For
processes to one Higgs and one SM gauge bosons, we use the Goldstone boson approximation, as processes to final state
transverse polarizations are suppressed by v/mgk.

TABLE XIV. Scalar annihilation into scalars.

Process Diagrams Total cross section
Lo . H2 (4Bmy > —8m *L)H | 8Bs+4Bmy >
wiw™ — hh Cla a’b’d 5127sBe,* 5127'1'[32xanchw2 512‘17',825mKK2
[T . 1 24&2,8*9233‘}11“(2*lﬁﬁmKK4
ww — Zh C.3.a: a,b,c 768 775232’”;(1(2
+L 724mKK sL+44BsmKK +16[3mKK + 1 74ﬁmKK +BsmKK
768 7B8%s% Myx 2¢,? 768 stmech““
. 1 8sB+4Bmy P —4Bmy PH? +8m PH2L+H* Bmy
7z — hh C3.a:ab,d 5e B Tent
4
hh — hh C3a:d £
wsBe,t
hh — zh ~ (Jz )4
¢ G
hz — hh =
< (i)
4(76smy 2 B—4, 446052 B—144sm, >L
wrz—wth C.J3.a: ab,c L & (6smgp Bm'§‘<2 S P 144smyy L)
768 TR My

g*(84smy, 2L —485% B—30sm,, > B)

i
+ 768 ’n'stmeK ¢’
_A,_L g4 (Bsmy 2 B+1252 B—12sm, *L)
768 ’TTBZSmeKZL'w4
4 1252420 2 4Bm
wh — wh C3a: bed Ay s
4+ (12smy 2L—6Bsmy H?> | g 4
768 w22 my c,? 256 wspBc,*
4 (—24 2+12 2H?)L
hz — zh C3la:acd i T e 1)
L8 3H? Bsmyg > —6smy > BH> =4 Bmy * +28smy, > B+125% B
768 B2 my et
3 —24Bc,2s? + 1752 Be,,* + 1252 B — 96sc,, my L + 96¢,,2smy 2L + 48smy > B
384 s’ B%c,?
1726W sty B — 48smy L — 96¢,,2smy > B — 192my*Le,,? + 96 Lmy?
s’ Bc,?
_ 60s?Bc,* — 144sc, m ’L + 76¢,, smyy > B — 4c,* Bmy* — 48 B¢, s?
2152 BPmyy e,
—30c,, 2smyy> B + 84c, 2smy’L — 12smy >L + 3smy 2B + 12SZB:| D1
232 2. 4 g
2ms”Brmyg c,,
[—24Bcwzs2 + 1752 Be,,* + 1252 B — 965sc,, myy >L + 96¢,, > smy L + 48smy> B
332 2
384 s’ B-c,,
N 172¢,*smy> B — 48smyy > L — 96¢,,2smyi > B — 192my*Le,,? + 96Lmy
2.2
s’ e,
12828 — 20smy B — 4Bmyyt  12H?smy L — 6smy BH?  3H* (D2)
27152 B my 2152 BPmy ¢, 2Bmsc,,*
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TABLE XV. Scalar annihilation into gauge bosons.

Process Diagrams Total cross section
22— 727 C3.b: ab,c,g gt (CAsmg 2 +8m L +ABsmy 2 +s?B | gtH
64 mchs’ B? 512msBe,*
_ (—16m,, 0 +8my, *s)L—2Bs> =3 Bs>m,,, > —8Bsm., *
N W+W C.3.b: ab £ — KK KK KK KK
2z .J.0: a,b,C.6,1,2 647753,32ka2

42 4
g'H* B-2L g _H*
+ 64 2smp? + 256 Bwsc,*

4 B2 4 2 2
. gt (—4sMh*+8Mh*)L+s* B+4Mh?* Bs 1 H*
hh — 727 C.3.b: a,b,c,e.f,g o e ype + 33 B
1 (—4Bmy > +8my 2L)H? 1 8Bs+4Bmy
512 wﬂzsmKKZ(rw“ 512 wﬁzsmKKZL'w4
4 2 4 2 2 4
+ 17— . gt ((=4sMh*+8Mh*)L+s*B+4Mh*Bs g H*
hh— W™W C.3.b: a,bcef,g S e ) + i B
+ gt (4mKK2cwzﬂ—&nKchsz)Hz + gt Scw4Bs+4cw4,8mKK2
256 'n-stmKchw“ 256 fn'ﬁzsmKchw“
— 4 552 B—48smy, 2L+124sm,, > B—96Lm,  *
b — WHW C3b: abdef g T L B
+ gt —24miksL-*—24szB—47:mKK2ﬁ—4,BmKK4
768 5% B2 myg
— — 4 17Bs—96m,, >L+172Bm, > 4 4
+ + . - KK kK | & __H
wwm - WTW C.3.b: a,c,de,g 5 pcyy +& Brse?
g_“[(—SsmKKzﬁ-F&chKzL)HZ + 3s2ﬁ+7smKK2B—6smKK2L—ﬁmKK4]
192 'n'szﬁmechW4 W.YZBZH‘LKKZL‘WA
— 4(2¢, 2= 1)*8my *L—4m,, *Ls+s> B+4sm,. >
wtw™ — ZZ C3.b:abcefg L N P Y BrdomgcP)
g*H* g @Bmg e, —8myy *Le, > H?
512sBmc,* 512mKK277'sﬁzcw4
80w4s,8+4ﬁmKchw4
SIZmKKZ'n'sBZCW4
— 8my *—dsm, 2)L+4Bsm > +5>
W™ — AA C3b:ab, c e S E
- 42 (22 —1)2 (—dsmy 2 +8m )L+4Bsm 2 +s?
whw™ — AZ C.3.b: ab,c g 3”‘(262“’ D7 oy gfﬂ)sﬁz Bomgc +o P
z S
5,284 (17Bs—96m,, 2 L+172Bm,, >
wth— WtA C.3.b:ac,d —ﬁ w'8'(176 m§gz Br)
5,284 (17Bs—96m,, 2 L+172Bm,, 2
whz— WA C3b: acd — b TR S L 1T )
77.S2BZ
wth— Wtz C.3.b: ab,cde,f,g [Eq. (D1)]
wtz— Wtz C.3.b: ab,cde,f,g [Eq. (D2)]

TABLE XVI. Scalar annihilation into fermions.

Process Diagrams Total cross section
whw™ — ff C3c (EB=eRa) 1 202 l‘z‘jj;
whzlor @) — fHf C3.c (gz_z)z S;Z%'fﬁz

26— [T C3c (CUT sy s

Here Q and T3 denote the charge and SU(2) charge, respectively, of the fermion.

4. Coannihilation
a. Gauge boson coannihilation

The expressions for the coannihilation cross sections involving gauge bosons are given in Table XVII.
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TABLE XVII. Coannihilation cross sections involving gauge bosons.

Process Diagrams Total cross section
_ (g2 g)[(10m,,, > +55)L—7s8B]
A,Z,— 2. a, 1 z KK
St L0749 C2a:ab 2(N>—1) : 7252w 7
(g%, g)[(10my > +55)L—7sp]
+ _ . 1 W, KK
8u WV — qq C.2a: ab I L T2 7
+ 173 o . 4 (5s+14my )L+ (—16m, > —135)B
Wy w — fifL C.2.a: ab,c £ KK P KK
+ — 1 Y2g%g%((—10my, > —55)L+7sB)
WiB,— ff C.2a:ab T T
BHWS}) - ff C.2.a:ab as for BB— ff
=/ + 22 (—4my, 2s—6my )L+2s2 B+5 2411 4
W, wo — WrA, C.2c: ac,g 8 = Sl =3 mKKzsﬁszzsﬁmKK Bk
+ /(3 + . 4e2 (—Amg ls—6my )L+25% B+55Bmy > +11 Bmy
Wﬁ WS,) — W,jZM C2c:acde,g glg KK KK S KK KK
gtc2 —dmy P +s
5% pfrlzz
W3B, — hh or Z,Z C2b: abe £1 T
I d m=r T T 247Tsﬁcwz
* — . 1 g*s?
WiB, —zw C.2.b: a,b,c 193 smpe
+, - . 1 _g*s,?
W3, B, = w'w C.2.b: a,bc 93 smpe.?
WiB,— h C2b: ab 1 gl
uwby w -<.D: a,b,C 192 57 B¢, 2
+ 173 H(—s+4m,, 2)
Wi — hw C.2b: abed — ghg S

b. Fermion coannihilation

The expressions for the coannihilation cross sections involving fermions are given in Table X VIIIL.

TABLE XVIII. Coannihilation cross sections involving fermions.

Process Diagrams Total cross section

fB,— f(A, +Z,) C4a: ac gzg%yz(Tg“"“1926(2“5/;2)("/2("L’5))
fW,(,3) — f(A, +Z,) C.4.a: ac g4T§(T§Hanz(giv::siz)(nf(ékﬁ))
fiB,— fi W, C4.a: ac W

W — fiw, Cda:abc g4(—26m,;,(6;;5r;§fni:2233m“2)

g*((=32¢, > +6)my L+ (24Bc,,> — B)my > +32¢,, 25 B)

76877sﬁmeK2cw2

W,Lf —L;(Z,+A,) Cdaabc
WiL; — L/ (Z,+A,) Cdaabc asabove
W; QZ _ QZ(Z# + Au) Cda: abc gt (=bmy PL+240c, 2my 2L+ By 2 —208 Be,, 2my 2 —288c,, 25 B)

6912c,,2 s B2 my >
Wi0r —0/(Z,+A,) Cdaabc asabove

4 2
LW, — fL Wy Cdaiab L &0mecltahy

192 'n'sﬁmeK

fiW, = fIW, Cdabe & _léLmlgg;gfn’Z:;”&B
fLWS — frws C.4.a:bc as above

W3,0 — 8.4 C4.a: ac gzggg 63’7‘7;35

B,Q— 8.4 Cdaac  gfop
Wi0—g.q C.4.a: ac % 6;;;5

8ud = 48, Caaape LELmectinac 300

88w —B+6L
2(N2—1) 967>

8ud = qALZ, W, Cda: ac
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c. Higgs coannihilation

The expressions for the annihilation cross sections involving Higgs bosons are given in Table XIX. In the last line, g,
and g, denote the couplings of the appropriate 7-channel gauge boson to the fermions and the scalars, respectively.

(1]

(3]
(4]

TABLE XIX. Coannihilation cross sections involving scalars.

Process Diagrams Total cross section
W3 — hZ, C.5.a: abc m

hB, — hZ, C.5.a: a,b,c 965:(22"’53

W3 —zZ, C.S.a: ab,c m

B, — 7Z, CSsa:abe 965(?;3

h(or ) W — wtw;, C.5.a: ab,c,d % %W
h(or 2) B, — w* W, C5a: abc oy

w W3, B, - w (Z, +A,) CS.a: ab,c m

wEB, — hW C.5.a: abe £ W

wEWD — hwi C5.a: abd g ey
h (or z) W,y — h (or z) W C.5.a: ab,c %

2 (or by WE — h (o 2) W C.5a: abd e

w W} —z(rh) (Z,+A,) C.5.a: ab,c,d % (74LC‘;‘TZS;§Z:'2""‘§:<:24C‘“2SB
w W —w W C.5.a:b,cd W

wrWi — wtw; Cs.a:acd % (‘Zﬁ;,@#
fé— £ céa e s
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