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JP = 1" udss tetraquark
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Using the color-magnetic interaction Hamiltonian with SU(3) flavor symmetry breaking, we perform a
schematic study of the masses of the J¥ = 17 tetraquarks in the antidecuplet representation. After
diagonalizing the mass matrix, we find the ud5 § tetraquark could lie as low as about 1350 MeV. It decays
into K" K%7°, KYK" 7, K°Kk%#* via P-wave. The dual suppression from the not-so-big three-body
phase space and P-wave decay barrier may render this exotic state rather narrow. Future experimental
exclusion of this state will cast doubt on the validity of applying the simple color-magnetic Hamiltonian to

the multiquark system.
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I. INTRODUCTION

The identification and interpretation of scalar mesons
below 1 GeV have been a difficult issue in hadron spec-
troscopy for decades. Especially their underlying structure
and decay patterns have been challenging. Jaffe gave a
fairly good description of scalar mesons below 1 GeV
assuming they are tetraquarks [1-3]. It is important to
note there does not exist a scalar tetraquark with exotic
quantum numbers in Jaffe’s “good” diquark scheme.

Recently, Karliner and Lipkin argued that the (uds)
triquark cluster and antistrange can form a narrow reso-
nance with double strangeness [4]. Now no P-wave is
introduced. This state has I = 0, J® = 0. Isospin symme-
try and parity conservation forbids it to decay into either
K" K° or KKr. Hence, the only allowed decay mode is
KK if it lies above the four-body threshold. Because of
strong phase space suppression, the width of this tetraquark
should be small according to Ref. [4]. Burns, Close, and
Dudek pointed out there would exist a J* =17 udss
tetraquark around 1.6 GeV if the J¥ = %-i— O exists [5].

It will be very interesting to confirm its existence both
theoretically and experimentally. A fully dynamical calcu-
lation of the tetraquark spectrum based on the first princi-
ple is still very demanding, although there have appeared
some preliminary results on tetraquarks from the lattice
QCD approach [6].

Recently, in the framework of the flux-tube quark model
Kanada-En’yo, Morimatsu, and Nishikawa argued that the
scalar tetraquark with double strangeness does not exist
[7]. Instead they pointed out that the J* = 17 udss is
stable and low lying. Its mass is around 1.4 GeV and decays
into K*7r via S-wave with its width around 20-50 MeV
[7].

On the other hand, there has accumulated good evidence
of the J¥ = 17" exotic mesons which cannot be g me-
sons. There are two candidates I1,(1400), IT,(1600) [8].
Lattice QCD simulation, QCD sum rule approach, and the
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flux-tube model predict the lowest 1-* hybrid meson
around 1.9 GeV. Their masses are too low as a hybrid
meson. The assignment of II,(1400), I1,(1600) as tetra-
quarks with one orbital excitation is quite attractive now.
P-wave tetraquarks were studied extensively in Ref. [9].

In this work we perform a schematic study of the mass
splitting of the J¥ = 17 tetraquarks in the antidecuplet
representation, of which uds s is a member. In Sec. II we
present the color-magnetic interaction Hamiltonian. Then
we construct the wave functions of J© = 17 tetraquarks in
Sec. III. The formalism of calculating SU(3) flavor sym-
metry breaking corrections to the color-magnetic interac-
tion energy is presented in Sec. IV. Section V discusses the
extraction of the parameter and numerical analysis. The
last section is a short summary.

II. COLOR-MAGNETIC INTERACTION FOR THE
MULTIQUARK SYSTEM

The constituent quark model (CQM) is quite successful
in the description of the meson and baryon spectrum.
Within CQM the color-magnetic interaction arising from
one-gluon exchange is responsible for the mass splitting
between the octet and decuplet baryons as first pointed out
by De Rujula, Georgi, and Glashow [10]. The Hamiltonian
describing the color-spin hyperfine interaction of a multi-
quark system reads [2,11]

Hew = =D vk - A6 G (1)

i>j

where &; is the quark spin operator and X,» the color
operator. For the antiquark, Xq = —A" and G; = —0".
The value of the coefficient v;; depends on the multiquark
system and specific models. In the present convention, v;;
is positive. For example, v;; takes different values for ¢g,
4949, and q4qq systems. In the bag model, v;; depends on
the bag radius and the constituent quark mass m; ;. In
CQM, we have v;; = [mi/(m;m))|v(m;, m;). v(m; m;)
still depends on the constituent quark mass through the
spatial wave function. For example,  for the J/¥ and 7,
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system is very different from v for the rho and pion system.

However, v can be treated as a constant for different

members within a single flavor-spin representation.
Under exact SU(3), flavor symmetry, v;; = v,

Hey = —vD) A ;0 3. )
=

We use the notation |Dg, D5, S, N, Dj;y) to denote a par-
ticular multiquark configuration, where Dg, D5, and D5y
are SU(6) color spin, SU(3). color, and SU(3); flavor
representations of the multiquark system, respectively. S
is the spin of the system, and N is the total number of
quarks and antiquarks. The SU(6),, generators are a =
2/3c%, A%, o*A, k=1,2,3, a=1,2,...,8. For the
antiquark a; = —a”. The Casimir operators of SU(6),,
and SU(3); groups are defined as Cs = 332, (SX | a¥)?,
C; = 38_ (3N, A9)2. The color-magnetic interaction en-
ergy of the multiquark system can be expressed in terms of
the quadratic Casimir operators of SU(2),, SU(3)., and

SuU(6),,:

Hey = %[f(total) —2C(Q) —2C(Q) + 16N],  (3)

where C = Cg — C; — $S(S + 1) and Cl(total), C(Q), and
C(Q) denote the C of the whole multiquark system, the
subsystem of quarks and antiquarks, respectively.

III. 1* TETRAQUARKS

We use diquarks to construct the 1" teraquark wave
function. Nominally there are four types of diquarks:
[21,3,,0,2, §f>, 121, 6., 1,2, §f>, [15,3,, 1,2, 6/),
[15,6,,0,2,6,). The spin and color wave functions of the
first two type of diquarks are simultaneously symmetric or
antisymmetric. Using the master formula Eq. (3),

Vem(Q) = — %[E(Q) ~ 16N}, )

it is easy to show that the color-magnetic interaction is
attractive for the first two types of diquarks and repulsive
for the latter two types of diquarks. Numerically, we have
Vem = —8v, — %v,%v, 4v for four types of diquarks, re-
spectively. The first type of diquark is what Jaffe called the
good diquark since its color-magnetic (CM) interaction is
the strongest. Jaffe used only the good diquark as the
building block of scalar tetraquarks. Our present calcula-
tion does not rely on any specific clustering. We do not
truncate the basis and limit to the good diquarks. Instead
we diagonalize the chromomagnetic interaction in the
whole basis.

We want to emphasize that diquarks are not pointlike
particles. Instead they are extended objects in space. There
also exists color-magnetic interaction between quarks in-
side different diquarks. We can construct six types of 1+
tetraquarks. Their underlying diquark-diquark structures
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were presented in Ref. [2]. In the exact SU(6) symmetry
limit,

135, 1., 1,4, (1 + 8),) = 121,6,,1,2,3,)

® |21;6c; 1; 27 3f>’ (5)

135,16, 1,4, (1 + 8 +27);) = [15,3,, 1,2, 64)
®153,1,26;), (6)

135, 1., 1,4, (8 + 10),) = V1/3121,3,,0,2,3,)
® |E) 3(;) 1) 2) 6f>
—2/3121,6.,1,2,3/)
® |E) 6(;) O) 2) 6f>) (7)

1280, 1., 1,4, (8 + 10),) = /2/3121,3,,0,2,3,)
®[15,3.,1,2,64)

+V1/3121,6,1,2.3)
® |B) 65) O) 2) 6)‘)) (8)

|35, lcy 1: 4) (8 + 10)f> = 1/3|ﬁ; 3C’ 0, 2; 3f>
®115,3,1,2,6,)

—\2/3121,6,, 1,2, 3
®115,6,,0,2,6/), 9)

1280, 1., 1,4, (8 + 10);) = +/2/3|21,3,,0,2,3;)

®153,1,2,65)
+4/1/3121,6,, 1,2, 35
® [15,6.,0,2,64). (10)

In the presence of CM interaction Hcy in Eq. (2) with

exact flavor symmetry, the first two kinds of tetraquarks in

Egs. (5) and (6) are still mass eigenstates:

[17(1 + 8);) =135,1,, 1,4, (1 + 8),),

11)
[17(1 +8+427),) =135, 1., 1,4, (1 + 8+ 27)).

CM interaction Hcy; mixes the two flavor eigenstates in
Egs. (7) and (8) to yield the mass eigenstates:
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[17(8 + 10);) = (23£>|35, 1., 1,4, (8 +10);)
+ <%>|280,lc,1,43(8 +10),),
1 (12)
[17(8 + 10)}) = <§>|35, 1., 1,4, (8 +10))

- (*f)uso, 1., 1,4, (8 + T0),).
Hcyy also mixes the fifth and sixth states in Egs. (9) and
(10) to yield the mass eigenstates |17(8 + 10);) and
[17(8 + 10)).

The CM interaction energy Vey = —16v, 0, — Dv, L,
—Qv, 32y for [17(1+8),), [17(1 +8+27),), [17(8 +
10),), 178 + m)}), [17(8 + 10);), and [17(8 + 10)}),
respectively, among which three are unbound with Vo =
0. Although [1%, (1 + 8),) and the octet part of [17(8 +
10) ) are bound, they do not carry exotic quantum num-
bers. They lie around ~1.1-1.4 GeV and mix strongly with
conventional L =1 g¢gg states such as b;(1235),
a;(1260), f,(1285), etc. No symmetry forbids them fall
apart into two mesons. Hence these states are very broad.
Experimental identification of these broad bumps above
background is nearly impossible. We do not discuss them
further in this work.

From now on, we focus on the antidecuplet part of the
[17(8 + 10);). [17(8 + 10),) is its charge conjugate rep-
resentation. If 17 tetraquarks really exist, they should
belong to this category. In fact, the antidecuplet contains
several 1" tetraquarks which are exotic in flavor and useful
for the experimental search. Their flavor wave functions

are presented in Table I. As will be shown below, the uds §
|
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1% tetraquark is expected to be rather narrow from sym-
metry considerations.

IV. 1" TETRAQUARK MASSES

For the tetraquark, the Hamiltonian reads
H = m(q;) + Heu, (13)

where m(q;) is the mass of ith constituent quark. The
SU(3), flavor symmetry is badly broken since m; > m,,.
Besides the constituent quark mass difference, we need to
consider the symmetry breaking corrections to the CM
interaction energy in Eq. (1). The explicit expression of
its matrix element between two states |k) and |I), Voy =
(k| Hop | ) with given flavor context q,¢,G3Gs (q; =
u, d, s), reads

Vem(@1923334) = Vi2(q192) + Vi3(9133) + Vi4(q1G4)

+ Vo3(9233) + Vau(q2G4) + V34(G3G4)
(14)

with V;; = —v,-j(klx,» . Xj&i - G;|l), where v;; = v in the
limit of exact flavor symmetry and v;; = v[m3/(m;m;)]
with our assumption for symmetry breaking. [1*(8 + 10);)
and [11(8 + m)}> are mass eigenstates of Hqy in the exact
SU(3) flavor symmetry. Clearly, they are not eigenstates of
the CM interaction with SU(3) flavor symmetry breaking.
They will mix each other and also with the [1*(1 + 8)),
[17(1 + 8 4+ 27),), and their conjugate representation.

In order to get the physical mass eigenstates, we need to
calculate every individual term in Eq. (14) and diagonalize
the new 6 X 6 mass matrix. For the purpose of calculating
V(gq) terms, we need to do some recouplings [12,13]:

{l419:D6(Q)D3(0)S(0Q); 3334D6(Q)D5(Q)S(ON} i, 5) = ZR(D3(Q)D3(Q)§D3(13)D3(24)§D)R(S(Q)S(Q);5(13)5(24);5)

X{lq133D¢(13)D5(13)S(13): 4244 D(24) D5(24)S(24))} p, 5,

(15)
TABLE I. The flavor wave function and mass of the antidecuplet tetraquarks. The CM energy is in unit of v.

Y, L I) Quark content Vem(v) Mass (MeV)
(2,0,0) [ud]5 s —11.4 1347
(L1, =) J1/3([ds]55) + /2/3((udKa 53) —8.4 1351
(1,11 V1/3([us1s35) + 2/3((ud}{d 5}) ~8.4 1351
0,1, —1) V1/3(udla @) + /2/3((ds}a 53) —-10.1 1256
(0, 1,0) V1/3(udla d}) + /2/3\1/2([ds}d 5} + [us}a 5}) -10.1 1256
0,1,1) V1/3([(udld d) + /2/3([us]d 5) -10.1 1256
(=13, -3 [dslaa -10.1 1197
(-3, -1 V1/3([usla @) + /2/3((dsKa d}) -10.1 1197
(-13.) V1/3({ds)d d) + 2/3([(usKa d}) -10.1 1197
(=1,3.9) [us]dd —-10.1 1197
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where the recoupling coefficients are

PHYSICAL REVIEW D 73, 014018 (2006)

R(S(Q)S(0); S(13)8(24); S) = \/(ZS(Q) + 1)(2S(Q) + 1)(25(13) + 1)(28(24) + 1)

S(Q)
I 50 | «a6
S(13) S(24) S

|—=bo =
==

R((Agmo)(Aga5): (A3 pe13)(Aga prag)) = (— DAt et At ruy((10)(10)(10)(01); (Ag ) (A13 13)). (17)

With SU(3) Racah coefficients U((10)(10)(10)(01); (20)(00)) = 4/2/3, U((10)(10)(10)(01); (20)(11)) = /1/3, U((10) X
(10)(10)(01); (01)(00)) = —4/1/3, U((10)(10)(10)(01); (01)(11)) = /2/3, we have

{lg19:21,3, S = 0;33G415,3, S = D}

V3, _ V6, ) N _
= ?Iqlqsl, 1,0;9,3435, 1, 1) — ?Iq1q335, 8,0;¢24435,8,1) — ?|QIQ335y 1,1;92341, 1,0

Vo, _ V3,0 a Vo i}
+ ?|41Q335: 8, 15423435, 8,0) — ?|6]1C]335y 8,1:4,3435,8, 1) + ?|6]161335, 1, 1;9,3435, 1, 1),

(18)
e Vo, _ V3,0 a
{lg19221, 6, 1; 333415, 6, 0>}(1,1) == ?|QICI3 1,1,0;9,3435,1,1) — ?|Q1CI335: 8,0:¢23435,8, 1)
Vo, N V3, _
+ ?|CI161335, 1, 152341, 1,0) + ?|q161335, 8, 15923435, 8,0)
Vo, a V3,0 i}
+ ?|q1q335, 8, 1;¢,3435,8, 1) + ?|q1q335, 1,1; 9,435, 1, 1). (19)
Then we can rewrite the SU(6) flavor eigenstates in terms of two pairs of q,G3 ® ¢,Ga4:
_ 1, _ _ 1, _ _ 2, _
|35, IC’ 1, (8 + 10)f> = §|q1Q31’ 1, 0, QQQ435, 1, 1> - §|QIQ335, 1, l;qZQ41, 1, O> - §|qlq335, 8, l,qZQ435, 8, 1>
V2 a
3 lg13335, 1, 15423435, 1, 1), (20)

_ 1 1 V2
|280, lc, 1, (8 + 10)f> = — Elqlqg35, 8, O, qZQ435, 8, 1> + §|q167335, 8, I,QQQ435, 8, O> - ?|Qqu35’ 8, l,quzl?)S, 8, 1>

2
+ §|f11(?335y 1, 1; 423435, 1, 1).

With the SU,(3) and SU(2) symmetries, the recoupling to
4144 ® g»g3 can be easily obtained. With the help of the
above formulas, we can calculate the CM energy of any
tetraquark states. The results are collected in Table I in
units of v.

V. THE EXTRACTION OF v

In order to get the numerical values of 17 tetraquark
mass, we need to determine the constituent quark mass and
the value of the parameter v in Eq. (1) for the 1" tetraquark
system. With the experimental values of 7, p, K, K* me-

2y

{
sons as inputs, we extract the constituent quark mass con-
sistently:

M() = 2m, — 160’

m,, = 308 MeV
M(K) = m, + m; — 16{v' e 136 MoV
M(p) =2m, + 50’ =1 v =29.9 MeV
M(K*):mu—f—ms-k%gv/ gzm_‘j:()-63

where v’ is the CM interaction parameter in Eq. (1) for the
gg meson system without the orbital and radial excitation.
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In order to extract v for the tetraquark system, we follow
Jaffe’s assumption that scalar mesons below 1 GeV are
mainly composed of a pair of good diquark and antidiquark
[1-3]. We are not arguing this is the only interpretation.
For example, f/a,(980) could be the KK molecule states
as suggested by Weinstein and Isgur [14]. They could also
be conventional gg states or mixture of ¢4 and tetraquarks.
We use this working assumption to constrain the 17" tetra-
quark mass only.

Under this working assumption, there exists a scalar
tetraquark nonet [1]. Moreover, strong mixing between
the SU(3) singlet scalar tetraquark o’ and the octet member
£ will split the spectrum, leading to the physical f,(980)
[(usii 5§ +dsd5)/~/2] and o (udiid). This mixing mecha-
nism violates Okubo-Zweig-lizuka rule and cannot be
described by the color-magnetic interaction Hamiltonian.
Therefore we avoid f;(980) and o~ mesons. Instead we use
ay(980) meson mass to extract v. The quark content of
ao(980) with positive charge is usd 5. Using similar tech-
niques, we derive its CM interaction eigenstate:

[0 (1 + 8) ) y=0s=1) = 0.974]|1,1,,0,4, (1 + 8);)

— 0.225405,1,, 0,4, (1 + 8),)

+ e (22)
where the ellipse denotes the other four components from
other representations with tiny coefficients and

11,1.,0,4, (1 + 8);) = 6/7121,6,, 1,2,3;)

® (21,6, 1,2,3;)
+4/1/7121,3,,0,2,3)
®[21,3.,0,2,3)

405, 1,,0,4, (1 + 8),) = V1/7I21,6,,1,2,3,)
® (21,6, 1,2,3;)
—6/7121,3,,0,2,3)
®[21,3.,0,2, 3)). (23)

Similarly, the SU(6) flavor eigenstates can be expressed in
terms of two pairs of ¢g.

V21, _
[1,1,0,4,(1 +8),) = TMICISL 1,0; 42441, 1,0)

V7, )
— 171918351, 1423435, 1, 1)

N/ )
+ 7 1913:35,8,0;924435,8, 0)

JiE, _
- T|61161335, 8, 1;4,3435,8, 1),

(24)
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A2
1405,1.,0,4,(1+ 8) ) = —2—\/1—|61151335, 1,134,435, 1,1)
N )
+=771912335.8,0:423435.8,0)
521
+T|CI1(?335,8,1;(]267435,8,1>.

(25)
Its CM interaction energy and mass are
Vem(ag(980)) = —28.8v,
M(ay(980)) = 2m; + 2m,, — 28.8v.

Using the experimental value of ay(980) mass as input, we
get

v =~ 21.1 MeV. (26)

The Vey of k, fy(980), and o mesons are —35.4v,
—28.8v, and —43.4v, respectively. Thus, we can predict
the masses of «, f,(980), and o mesons: m,. = 663 MeV,
mg 980) = 980 MeV, m, = 316 MeV. As pointed out by
Jaffe decades ago [1-3], strong correlations between light
quarks lead to low-lying scalar tetraquark mesons. Mixing
between flavor eigenstates within different representations
further lowers o meson mass. Since it is above 77 thresh-
old, it falls apart via S-wave easily and becomes very broad
and buried by background. Moreover, one should be cau-
tious that other complicated mechanisms will alter the
sigma meson mass from the color-magnetic interaction
Hamiltonian significantly.

Note the same v’ is assumed for L” =0~ and 1~ ¢g
mesons within this model. In our case neither 0* nor 17
tetraquarks have orbital excitation. Hence, the parameter v
should be the same for both 0" and 17 tetraquark systems.
Now we can estimate the 17 tetraquark mass. For example,
the mass of the A;333 member of the antidecuplet (ud5s 5)
reads

M(A333) = qu + Vem(Ay333)

= m(u) + m(d) + 2m(s) + Vem(Ai333)
=308 X2+486 X2+ (—11.4 X 21.1)
~ 1347 MeV. 7

The antidecuplet 1% tetraquark masses are collected in
Table 1.

VI. DISCUSSIONS

In short summary, we have performed a schematic study
of the masses of 17 tetraquarks in the decuplet representa-
tion. We have paid special attention to the SU(3) flavor
symmetry breaking corrections to the color-magnetic in-
teraction energy. The SU(3) flavor symmetry breaking
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color-magnetic Hamiltonian mixes J© = 1" states in dif-
ferent SU(6) representations. We have diagonalized the
6 X 6 mass matrix to obtain the masses of 1" tetraquarks
in the decuplet representation.

Only three flavor-exotic 17 tetraquarks, uds 5, usdd,
and dsii i1, are potentially interesting. All the other seven
states will easily fall apart into two mesons via S-wave and
become completely buried by background. Among the
three flavor exotics, both usdd and dsiiii 1 tetraquarks
will unfortunately fall apart into K*7r very easily via
S-wave. Hence they are too broad also. It is impossible
to measure these states experimentally.

Now let us focus on 1% uds 5 tetraquark. Let us call it
T+ Its quantum numbers are ¥ = +2, Q = +1, I = 0.
With a mass of 1347 MeV, uds 5 cannot decay into K*K
final states since mg- + mg = 1386 MeV. Parity and an-
gular momentum conservation forbid it decay into
K"K, K" KT 7 7%, KT KO7°7%, KK 7t 70, Tts decay
modes, which are allowed by both kinematics and symme-
try, are KYK°7%, K*K* 7, K°Kk%7r* . These decays occur
through P-wave. The dual suppression from the not-so-big
three-body phase space and P-wave decay barrier may
render this exotic state rather narrow. The value of
1347 MeV is clearly a lower bound, as the parameters
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leading to this estimate predict too low a mass for « and
o before introducing mixing which will further lower their
mass. However, a higher lying, and thus broader, KK*
resonance would still be very interesting by its exotic
character.

We strongly call for experimentalists to search for this
interesting state (i) in the double-strangeness-exchange
reactions on the proton or deuteron target: K*d — p +
p+ K~ + T ";or(ii)in the J/¢ or Y decays: J/y(Y) —
K~ K°T ", The existence of this state is a generic feature
of the color-magnetic interaction model. The future experi-
mental exclusion of this state will cast doubt on the validity
of the application of the simple color-magnetic
Hamiltonian to the multiquark system.
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