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Viewing lepton mixing through the Cabibbo haze
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I explore the hypothesis that the Cabibbo angle is an expansion parameter for lepton as well as quark
mixing. Cabibbo effects are deviations from zero mixing for the quarks but are deviations from unknown
mixings for the leptons, such that lepton mixing is veiled by a Cabibbo haze. I present a systematic
classification of parametrizations and catalog the leading order effects. This phenomenological approach
has practical merit both as a method for organizing top-down flavor models and as a guideline for planning

future experiments.
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I. INTRODUCTION

The observation of neutrino oscillations provides con-
crete evidence that neutrinos are massive and lepton mix-
ings are observable. Current observations do not allow for
an unambiguous extraction of the neutrino mass pattern.
However, the Maki-Nakagawa-Sakata-Pontecorvo
(MNSP) lepton mixing matrix [1,2] has now been mea-
sured [3-9], revealing fundamental differences between
the lepton and quark mixings. The quark mixing angles of
the Cabibbo-Kobayashi-Maskawa (CKM) matrix are all
small, with the largest angle given by the Cabibbo angle
0. = 13°. In contrast, two of the lepton mixing angles are
large (the atmospheric and solar angles) and one is small
(the CHOQOZ angle, which is not yet measured but bounded
to be =< 6. [8]). The challenge to understand this discrep-
ancy provides an intriguing framework in which to explore
the flavor puzzles of the standard model (SM), particularly
within the context of quark-lepton grand unification [10],
for which all available data can be synthesized in the
search for a credible theory of flavor.

As a step toward this goal, recently a phenomenological
approach was advocated in which parametrizations of the
lepton mixing matrix were developed as an expansion in
A =sinf, =~ 0.22 [11] in analogy with Wolfenstein’s pa-
rametrization of the CKM [12]. In addition to its practical
advantages for phenomenology, the Wolfenstein parame-
trization hints at a guiding principle for flavor theory by
providing a framework for examining quark mixing in the
A — 0 limit. Extending this hypothesis to the lepton sector,
one finds that the lepton mixings are unknown in the A — 0
limit (unlike the quark mixings, which vanish). Hence, if
the limit of zero Cabibbo angle is meaningful for theory,
there is a Cabibbo haze [11] in lepton mixing, in which the
initial or “bare” values of the mixings are screened by
Cabibbo-sized effects.

In this approach, Cabibbo effects can be deviations from
zero mixing (as in the quark sector) or deviations of the
mixing angles from presumably large initial values.
Parametrizations of the MNSP matrix are categorized ac-
cording to the bare mixings and the structure of the allowed
perturbations. Perturbations which are linear in A yield
shifts of =< 6. = 13° (or larger if multiple contributions
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shift the same parameter), while O(A?) shifts are ~3°.
CP-violating phases can enter the O(A) shifts but may
only occur at subleading order, in which case the effective
MNSP phase is suppressed. Cabibbo haze was previously
explored for the theoretically motivated class of models
with a vanishing initial CHOOZ angle [11]. The purpose of
this paper is to generalize this approach to additional
models and to provide a complete catalog of the dominant
O()) effects.

Cabibbo haze allows for many Wolfenstein-like parame-
trizations of the MNSP matrix which are consistent with
current data, although regularities should emerge upon
more precise measurements. Despite these ambiguities,
this classification scheme is worthwhile even at this stage
of experimental observations. Ultimately, it serves as an
organizing principle for categorizing the many top-down
flavor models based on a A expansion. Using the Cabibbo
angle as an expansion parameter for lepton mixing also
provides a guideline for planning future experiments. Of
particular interest is the program to measure the CHOOZ
angle, for which future facilities are expected to reach the
O(A?) range [13]. Within this general theoretical frame-
work, probing the CHOOZ angle at this level will provide
important insight into the nature of lepton mixing in the
A — 0 limit.

This paper is structured as follows. In Sec. II, after a
brief discussion of the current status of the data, I review
the lessons from grand unification which form the basis of
this approach. I discuss the systematics of our theoretical
framework in Sec. III, and turn to a discussion of the
leptonic Cabibbo shifts in the mixing angles and the
CP-violating phases in Sec. IV. Finally, I present the con-
clusions and outlook.

II. PRELIMINARIES

I provide here a brief review of the data as well as the
basic philosophy and motivation for our phenomenological
approach. We begin with the lepton data." In the standard

In this paper, I do not include constraints from the LSND
reactor experiment [14], which necessitate either additional
neutrino families and/or CPT violation.
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parametrization ([15] and references therein):

Unnsp = R1(06)R (613, Synsp) R3(06)P

1 0 0
=0 cosfg sinfg
0 —sinfg cosfg
cosf 3 0 sinf ;& Tomse
X 0 1 0
—sinf;ET0mse cosf 3
cosf, sinf, O
X | —sinfy cosf, 0 |P, (1)
0 0 1

in which R;(6) denote rotations by 6 about the ith axis,
and Synsp and the diagonal matrix P are CP-violating
phases (2 is physical only if neutrinos are Majorana
fermions [16]). Combined data from solar (SNO-salt
[3,4] and Super-Kamiokande [5]), atmospheric [6], reactor
[7,8], and accelerator [9] experiments yield at 3o [17]:

0o =45°T100 05=33.9°,,.+2.4°; 6,3<13°. (2)
The rather precise constraints on the solar angle are in-
dicated by the recent SNO data [4] when combined with
KamLAND results [7]. The atmospheric angle is consistent
with maximal mixing, while maximal solar mixing is ruled
out. Presently there are no experimental constraints on the
CP-violating phases. Note that the limiting value of the
CHOOZ angle 6,5 is approximately equal to 6..

The CKM quark mixing matrix in the standard parame-
trization is

U cxm = Ri(OFMRH(OTM, Scxm) R3(05KM),  (3)

which has three small mixing angles and one O(1)
CP-violating phase [15]:

OSIM = 13.0° £ 0.1° = 0,; OTKM = 2.4° +0.1°;
KM = 0.2° = 0.1°; Scxm = 60° * 14°, 4)

The CKM matrix is therefore approximately the identity
matrix up to effects of order A, as encoded by the
Wolfenstein parametrization [12]:

1-& A AX(p—in)
Uckm = —A -4 A2
AN —p—in) —AX 1
+ O, (5)

in which A and A are well known (A = 0.22, A = 0.85), but
p and 7 are less precisely determined, reflecting the un-
certainty in Ocgy [15]. Although dcky is large (the only
large angle in the quark sector), the rephasing invariant
measure of CP violation (JDGW invariant) [18,19], which
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is given by
T cp = Im(U,,; Up; Up, Uy, ), (6)
is suppressed by small mixing angles:
J(CCPKM) = sin26{M §in265KM sin26$KM sind ey
~ A2X09 ~ O(1079). (7)

From the perspective of quark-lepton unification, the
discrepancy between the quark and lepton mixings pro-
vides an interesting challenge for theories of flavor. A
standard approach to flavor model building (see e.g. [20]
for a review) within this rather general framework is to
build top-down models of the fermion mass matrices based
on flavor symmetries which are typically broken at high
scales, with the order parameter of the symmetry breaking
set by A. These models may or may not be restricted to a
particular grand unified theory (GUT). The suppression of
the neutrino masses can be linked with such high scales via
the seesaw mechanism [21].

While perhaps surprising, the qualitative differences
between the quark and lepton mixings are not inconsistent
with grand unification. The seesaw mechanism introduces
a new unitary matrix into the MNSP matrix that has no
analogue in the CKM, which can provide a source for the
discrepancy. To see this more clearly, recall that the mixing
matrices are the product of left-handed rotations for fer-
mions of charge g as follows:

Uckm = ru;r/3,u—1/3ruMNSP = Uilﬂo- (8)

The quark and charged lepton rotation matrices U, are
obtained from diagonalizing their associated Dirac mass
matrices. The form of the neutrino rotation matrix depends
on whether neutrinos are Dirac or Majorana particles. For
Dirac neutrinos, ’ilo = U,, while for the theoretically
well-motivated case of the neutrino seesaw, ’UO =UyF

[22,23]. Hence, for seesaw models the MNSP matrix takes
the form

UMNSP = rquuo.T» 9

which highlights the difference between the quark and
lepton mixing matrices. Models of the MNSP matrix can
then be classified both by the structure of the lepton Dirac
mass matrices and the number of large angles in ‘F as given
by the structure of the neutrino seesaw.

Within grand unification, possible connections can exist
between the MNSP and CKM matrices. In one illustrative
class of examples, the fermion Dirac mass matrices M@
obey SU(5) and SO(10) GUT relations based on the sim-
plest Higgs structures and the down quark mass matrix is
further assumed to be symmetric, such that M(1/3) =
MET — MED and M2/ ~ MO n this case, the
MNSP and CKM matrices are simply related [23]:
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U nnsp = UJ:KM.'F- (10)

F must then contain two large mixing angles 77, and 7¢.
Equation (10) implies that 85 ~ 1o = Acosng and 63 ~
Asinng due to the O(X) mixing between the first and
second families in Ucgp.

Another class of examples is motivated by the empirical
fact that the measured values of the atmospheric and solar
angles differ by ~6,, a relation known as quark-lepton
complementarity [24-39]. Uynsp then initially can be
bimaximal (9o, = e = 45°), with the solar angle shifted
by a full-strength Cabibbo shift: 8, ~ ng — .. 613 can
also be a Cabibbo effect (see e.g. [37]).

While these examples can be motivated by flavor theo-
ries, one should keep in mind that the experimental mea-
surements are not yet precise enough to select particular
scenarios and since the values of the lepton mixing angles
are cloaked from us by the Cabibbo haze (if indeed the
A — 0 limit is meaningful for theory,?) many possibilities
exist beyond these prototype examples (see e.g. [39]). A
taxonomy of parametrizations of the MNSP matrix for
models in which the bare CHOOZ angle vanishes was
carried out in [11]. We now develop and extend this
formalism to additional models based on the physics of
lepton mixing in the A — 0 limit.

III. THEORETICAL FRAMEWORK

The Wolfenstein parametrization is based on the idea
that the hierarchical quark mixing angles can be under-
stood as a A expansion, with

In the lepton sector, a similar parametrization for the
MNSP matrix requires a A expansion of the form

Uynsp = W+ O(). (12)

The starting matrix W, which is dictated by the (unknown)
underlying flavor theory, is then perturbed multiplicatively
by a unitary matrix V(A), which in turn is assumed to have
a A expansion:

V(L) =1+ O). (13)

For the quarks, the starting matrix is the identity matrix and
the perturbation matrix is given by Eq. (5). For the leptons,
the structure of the allowed perturbations depend on the
details of “W. Because of Cabibbo haze, W can take
different forms which are characterized by the number of
large angles. Neglecting Dirac CP-violating phases (they
will be discussed later), the possibilities are:

2An alternative expansion based on rational hierarchy and
S$3 — S2 symmetry with an expansion parameter similar in spirit
(though not in magnitude) to the Cabibbo angle can be found in
[40].
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Three large angles.—In this scenario, W is given
by

W = Ri(me)R1(113)R3(ne) P

1 0 0
=0 cosng Sinmg
0 —sinng cOSTg
cosm;; 0 sinmys
X 0 1 0
—sinn;3 0 cos?mys
cosme sinmgy O
X | —sinnpy cosme O |P, (14)
0 0 1

in which the angles 7¢, 173, and n¢ correspond to
the bare values of the atmospheric, CHOOZ, and
solar angles, respectively. P is a diagonal phase
matrix of the form

el 0 0
P = < 0 el 0 ), (15)
0 0 e

which encodes the two physical Majorana
CP-violating phases aj, = a; — @y and a3 =
a, — a3. Since the CHOOZ angle is =< 6., the
Cabibbo-sized perturbations must downshift 73
into the allowed range.

Two large angles.—In this case, W contains two
large angles 14, 1o and a zero CHOOZ angle:

W= Ri(me)R3(n0e)

1 0 0
=0 cosng Sinmg
0 —sinnpg cOSTMg
cosne sinypg O
X | —sinnpy cosme O |P,  (16)
0 0 1

which of course follows from Eq. (14) with 73 =
0. In this scenario, which was studied in detail in
[11], both the CHOOZ angle and the JDGW invari-
ant are generated from Cabibbo shifts.
One large angle.— W takes the form

1 0 0
W =R (ne)P = (0 CoSTe  SiN7g )’P.
0 —sinmg cOSTMg
A7)

The solar and CHOOZ angles (and the JDGW
invariant) arise from Cabibbo effects. Given the
typical size of Cabibbo shifts, shifting the solar
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angle into the allowed range requires a large effect
(e.g. a sum of several shifts). Note that only one
Majorana phase a3 is observable in the absence of
the perturbations.

(iv) No large angles.—In this case, all three mixing
angles are generated by Cabibbo shifts. Given the
typical size of Cabibbo effects, it is unlikely that
they are the dominant source of the atmospheric
angle, for which the best-fit value is consistent with
maximal mixing (as we will see, even shifting the
solar angle in this way requires a stretching of
parameters). Therefore, we will not consider this
case further in this paper.

Let us pause here to comment on Dirac phases, which in
general may be present in ‘W. If the freedom in the SM to
rephase the charged leptons is taken into account, these
Dirac phases can be rotated away if one or more of the bare
mixing angles is zero since the JDGW invariant identically
vanishes. If ‘W has three large angles, there is one physical
combination of phases y which enters in the standard
parametrization through R,(1,3) — R,(n;3, x), in direct
analogy with dynsp in Eq. (1). However, when determin-
ing Upynsp at higher orders in A it is too preliminary to do
this rephasing at the A = 0 level, as the bare Dirac phases
can enter physical observables at higher orders in A. For
simplicity, we assume in this paper that these phases are
absent, as otherwise the number of bare parameters pro-
liferates. In doing so, we assume that Dirac CP violation is
necessarily linked to Cabibbo shifts. This encompasses the
main physics of models for which one or more of the bare
mixing angles vanish. However, it is an extra assumption
for models with three large initial mixing angles, placing
constraints on the as yet unspecified underlying theory
(which must then predict y — 0).

A novel feature of these parametrizations of lepton
mixing is that generically the perturbations do not com-
mute with the starting matrix

[W, V(A)] #0, (18)

leading to several possible implementations of the Cabibbo
shifts:

(1) Right Cabibbo Shifts.—The perturbations can be

introduced as a multiplication of "V(A) on the right:

UMNSP = W’V()\)' (19)

(i1) Left Cabibbo Shifts.—The perturbations can be
implemented as a multiplication of V() on the
left:

UMNSP = V()\)W. (20)

(iii)) Middle Cabibbo Shifts.—The perturbations can be
sandwiched between the rotation matrices of W:

PHYSICAL REVIEW D 73, 013011 (2006)
UMNSP = Rly(/\)Rz’Rﬂj (21)

or

Uynse = R1R, VIOR,P. (22)

If "W has two large angles (17,3 — 0), Egs. (21) and (22)
are equivalent. For one large angle in W (73, o — 0),
the middle and right Cabibbo shifts are redundant. 'V can
also be sandwiched between R; and P; aside from the
effects of the Majorana phases (discussed later), this case is
equivalent to right shifts for P = 1.

At this stage, we pause to comment on the meaning of
this classification of models into right, left, or middle
Cabibbo shift scenarios. Since this classification depends
on the initial parametrization of ‘W, it is perhaps not clear
whether it encompasses all possibilities. To see that there is
no loss of generality, recall that the assumption of Cabibbo
haze is that the MNSP matrix has a A expansion

U pnsp(A) = Z AW, (23)
n=0

in which W, = W. There is a choice in how to parame-
trize the Cabibbo haze; for example, it can be expressed as
a right Cabibbo shift as follows:

Unnsp(V) = W Z MWIw,) = WV, (24)
n=0

identifying V = >0 AN'(W~'W,). However, recalling
that ‘W is given by a product of rotation matrices R,
(neglecting P at the moment for simplicity, though it is

straightforward to include it), this can also be expressed as
a middle Cabibbo shift:

UMNSP(A) = R17{27{317()0
=R R, (R; VIVR;HR;
= RIRZ‘V/(/\)R:;. (25)

The generalization to other middle shifts and to left shifts is
straightforward. Note that since V by assumption repre-
sents perturbations about the identity matrix

YV)=1+ Z AV, (26)
i=1
V' can also be written in an analogous form:
V') =R; VR =1+ Y 2R3V, RN (27)
i=1

Therefore, the decomposition into right, left, or middle
shifts is meaningful for any specific choice of 'V (which
may be illuminating in the context of the underlying flavor
theory). For the purposes of our classification scheme, we
will assume 'V takes a simple form. More precisely, we
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write V = eA, with
0
A =| - Zaf)li
_li‘: C?/\i
=

PHYSICAL REVIEW D 73, 013011 (2006)

Zai)li ch‘/\i
i=1 i=1

0 iglbi)\i ’ (28)

N 27 U
i=1

1

in which a;, b;, and ¢; are O(1) coefficients.> V/(A) is written as an expansion in A, such that e.g. through O(A2),

_ a P+ 2
1 laPpal 2

— bic
Vo= -ajr—(a; -7

This expression for 'V encodes the Wolfenstein form of the
CKM, which can be obtained by choosing a; = 1, b, = A,
c; =A(p —3—in), and by = c;, =0, but also allows
for more general perturbations.

The shifts in the mixing angles induced by V(A) are
clearly dominated by perturbations linear in A, which lead
to shifts of at most ~6, =~ 13°. The O(A?) perturbations,
which lead to shifts of ~3° or so, play a subdominant role
but can be important in certain models. Therefore, it is
useful to categorize models further according to the num-
ber of O(A) perturbations [11]:

(1) Single shifts.—These models have one O(A) per-
turbation, i.e. either (i) a; # 0 and b; = ¢; =0,
(i) by #0 and a; = c¢; =0, or (iii) ¢; # 0 and
ap = bl = 0.

(ii) Double shifts.—These models contain two O(A)

perturbations, again with three possibilities:
(l) ag, b] # 0 and cp = 0, (11) b], Cq # 0 and a, =
0, or (iii) a;, ¢; # 0 and b; = 0.
(iii) Triple shifts.—In these models, a;, b, and ¢, are
all nonvanishing.
Double and triple shifts can also be implemented in more
complicated ways. One possibility is to assume sequential
perturbations of the form V = V,V,, in which V| is
given by Eq. (29), and 'V, is given by the same expression
after taking {a;, b;, ¢;} — {a}, b}, ¢!}. In this case, double
shift models can also be achieved when V| and V, are
both given by single shifts (and a similar argument holds
for triple shifts). Additional middle (or “mixed’”) Cabibbo

3We point out a change in notation here from [11], which used
(a,a’, a") to denote coefficients of @(A) terms, (b, b', b") for
(f)g/\z) terms, and (c, ¢/, ¢) for O(A3) terms.

Note that Eq. (28) does not lead to the most general unitary
matrix, because A can have diagonal entries which are purely
imaginary, which yields additional phases in than what
appears in Eq. (29). These phases can be removed by global
rephasings;, for example, this is what is done for the CKM,
which has only one observable phase. Although there is no a
priori reason why such additional phase degrees of freedom
should not be present in "V, for the sake of simplicity we will not
include them in this paper.

dl)\ + (02 - @))\2
: 4()/\2 1 - |111|2;|17||2 )\f
—CIA = (¢ — T2~ — (b + SN2

Cll\ + (C2 + tl]Tbl)/\Z

byd + (by — 4122 | + O(X). (29)
16112 +]ey 1
| — et )2

[
shift scenarios can then be constructed by sandwiching 'V,

and "V, among the rotation matrices of W. Such methods
of incorporating double and triple shifts were mentioned in
[11], but they add little to the qualitative conclusions for
models in which the required shifts in the lepton mixing
angles are of a natural size ( ~ 6.). However, given that we
consider scenarios which require larger shifts, we will keep
such sequential perturbations in mind in this paper because
they allow for larger effects if 'V, are both given by
double or triple shifts (though of course, at leading order
in A sequential perturbations are equivalent to a ‘“‘stan-
dard” perturbation with unnaturally large coefficients).

For all models, an O(X) entry in V(A) gives rise to an
O(A) Cabibbo shift in the corresponding mixing angle. For
example, a nonvanishing a; shifts the solar angle by a
Cabibbo-sized effect (which may be sized by factors which
depend on the bare MNSP parameters). Shifts can also be
incurred from the O(A) perturbations in other entries of
V()); these shifts depend on the structure of W and the
ways in which the Cabibbo shifts are introduced. For
example, for the case of two large initial angles [11], single
shift models with nonvanishing b; shift both the atmso-
pheric and CHOOZ angles for right shifts, but shift the
atmospheric angle only for left and middle shifts. One of
the purposes of this paper is to analyze the structure of the
Cabibbo shifts for the scenarios with other choices of W,
an issue to which we now turn.

IV. PARAMETRIZATIONS

In this section, we discuss the leptonic Cabibbo shifts for
the Wolfenstein-like parametrizations of the MNSP matrix.
We first discuss the O(A) shifts in the MNSP mixing
angles, assuming V/(A) is given by Eq. (29) (unless other-
wise specified). The discussion of CP violation is deferred
to the next subsection. We assume bare Dirac phases are
absent, but include bare Majorana phases and phases in
V.

Before discussing specific models, it is important to
keep in mind that there is a wide range of possible parame-
trizations that can be constructed by specifying the details
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of W and V(A). While the leading order perturbations
dictate the dominant Cabibbo shifts, subleading terms can
also play an important role (particularly for the
CP-violating effects, as discussed later). There is also a
further range of possibilities for each of the given scenarios
due to the experimental uncertainties in the MNSP parame-
ters. This is particularly at play for the atmospheric and
CHOOQOZ angles, which have experimental uncertainties
which are roughly of @()). The solar angle is measured
more precisely, with error bars of O(A?).

Given the wide range of scenarios consistent with cur-
rent data, we choose not to analyze specific numerical
examples at this stage. Particular parametrizations may
emerge as compelling from the standpoint of flavor theory,
warranting further analysis. Improved data will be invalu-
able in narrowing the range of possible parametrizations.
Although improvement in the atmospheric angle is not
expected in the foreseeable future [41], the planned reactor
neutrino experiments, superbeams and/or neutrino facto-
ries are expected to probe the CHOOZ angle from its
current @(A) range down to the O(A?) ~ 3° level [13]. It
is therefore useful to classify scenarios according to
whether they predict a CHOOZ angle of O(A) or further
suppressed. Hence, the purpose of this paper is to provide a
complete catalog of the O(A) leptonic Cabibbo shifts for
each scenario of interest.

A. Cabibbo-shifted lepton mixing angles
1. Two large angles

We begin by reviewing and summarizing the results for
two large initial mixing angles. Given the patterns of the
data as well as the philosophy of treating the Cabibbo angle
as a small expansion parameter, this scenario is arguably
the most plausible starting point, and has been the primary
focus for most flavor model building attempts. For this
reason, this class of models was first discussed as a proto-
type example of Cabibbo haze in [11], to which we refer
the reader for more details. In the Appendix, we note for
reference the following general results for the O(A) shifts
in the mixing angles (including phases).

The results (Egs. (A1)—(A9)) demonstrate that the shifts
depend on the Majorana phases «,, a3 only in the right
Cabibbo shift scenario. This result is easy to understand.
The presence of Majorana phases in Uyngp is due to the
lack of freedom to rephase Majorana fermions, a feature
which is encoded (in the standard parametrization) as a
diagonal phase matrix multiplied on the far right. Since
right shifts introduce the perturbations V(A) in that posi-
tion and generically

[P, V(M)] # 0, (30)
the right shifts can be rewritten as follows:
UMNSP = WTV = W(TVT_I)P B WVMT
(€29)
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Equation (31) implies that 'V 4, can be obtained from V
through the replacements a; — a;e'®?, b; — b;e'®3, and
¢; — c;el®27n) 3 result which is manifest in Egs. (Al)-
(A3).

Before moving on, we stress once again that for a
specific form of 'V, different shift scenarios can lead to
very different results for the mixing angles. For example, if
V has the same hierarchical structure at leading order as
the CKM (i.e., by = ¢; = 0, a; # 0), models with a bi-
maximal starting matrix W (as motivated e.g. by quark-
lepton complementarity) can in principle be consistent
with the data for right shifts and middle shifts; note that
in both cases the CHOOZ angle is predicted to be sublead-
ing in A. However, the left shift scenario does not fit the
data, as the shift in the solar angle is sized by factors
dependent on the bare angles (amounting here to a sup-
pression). Of course, within our approach there are other
ways to make this starting matrix consistent with the data,
as there is no reason a priori to focus only on perturbations
which resemble the CKM. For example, left shifts can also
work if in addition to O(A) mixing between the first and
second generations, there is O(X) mixing between the first
and third families (see Eqs. (A4)—(A0)).

2. Three large angles: Cabibbo-downshifted CHOOZ
angle.

We now turn to the scenario with three nonvanishing
angles in ‘W. This structure can be motivated e.g. by the
idea of neutrino “‘anarchy” first proposed in [42], which
predicts neutrino mass matrices with random (1) entries,
leading to three large mixing angles. Although the current
bound on the CHOOZ angle is small, it is not vanishingly
small, and hence the anarchy hypothesis can provide a
viable framework for flavor model building. If neutrino
anarchy can be consistently embedded within grand uni-
fication, Cabibbo-sized perturbations can act to reduce the
CHOOZ angle from its typically large starting value,
which could potentially open up new avenues for model
building.

The results for the shifts in the MNSP angles are pre-
sented in Egs. (A10)—(A21) of the Appendix. Since in this
scenario the primary issue is to downshift the CHOOZ
angle, it is instructive to compare the correlations between
the dominant shifts in 65 and the other angles. Right and
left shifts imply particular correlations between the shift in
6,3 and the shifts in , and 64 (with the right shifts
involving the Majorana phases as usual). In contrast, for
the two middle shift scenarios, the dominant shift in the
CHOOZ angle is uncorrelated with the dominant shifts in
the other two mixing angles.

There are several ways to construct viable scenarios
given a particular choice of the bare angles 7y, 14, and
7n13. Although we defer a detailed analysis of specific
scenarios for future study, consider as an illustrative ex-
ample a scenario in which all three bare mixing angles are
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close to their maximal values. Both a sizeable downshift in
the CHOOZ angle (of order = 26,. or so) and a downshift
in the solar angle of ~@,. are then required. Let us assume
that with a suitable choice of parameters the CHOOZ angle
can be shifted into the allowed range (we will return to this
issue shortly). The question is whether the solar angle can
be shifted into the rather precise range allowed by the
data.’

For right shifts, Eqs. (A10)—(A12) show that downshift-
ing 63 and 6 either implies particular shifts (e.g. in the
atmospheric angle) or dictates the sizes of other coeffi-
cients (see Eq. (A10)). In addition, since this scenario has a
tendency toward anticorrelation between the shifts of the
solar and CHOOZ angles, the parameters must be stretched
for the ratio of these two shifts to be consistent with the
data, independently of whether the large shift in the
CHOOZ angle can be achieved without fine-tuning. For
left shifts, an inspection of Eqgs. (A13)—(A15) shows that
the required ratio of the downshifts of the solar and
CHOOZ angles is not as difficult to achieve. For both
middle shift scenarios the size of the dominant shift in
the CHOOZ angle is unconnected with the shift in the solar
angle, so independent coefficients govern the ratio of their
shifts.

In this example, the bare CHOOZ angle is very different
from its experimental value, requiring a large Cabibbo shift
for consistency with the data. Such large shifts can be
difficult to achieve for perturbations of the form given in
Eq. (29) with O(1) coefficients. Obtaining large shifts can
of course be facilitated by assuming sequential perturba-
tions. Sequential perturbations also allow for many addi-
tional mixed Cabibbo shift scenarios, corresponding to the
many ways to introduce these two perturbation matrices in
the MNSP matrix. We do not enumerate all the possibilities
here, but rather comment that such scenarios may be of
theoretical interest because they can more easily make a
“trimaximal”’ starting matrix consistent with the data. We
will return to this idea when discussing models in which
the solar angle is sourced by Cabibbo effects.

Of course, trimaximal or other starting matrices which
require a large shift in the CHOOZ angle are not the only
option. For perturbations of the usual type (Eq. (29) with-
out unnaturally large coefficients), it is much easier to
accommodate scenarios in which the initial CHOOZ angle
is perhaps only ~@. away from the experimental bound.
For example, Cabibbo haze also allows for the possibility
of models in which the initial solar and CHOOZ angles are
similar, which may be an interesting avenue for model
building.

We also point out that the CHOOZ angle is expected to
be close to the experimental bound within this class of
models, since Cabibbo effects have a characteristic size.

>Note that O(A2) terms should also be included since large
shifts are required, although they are not displayed here.

PHYSICAL REVIEW D 73, 013011 (2006)

(Note that this is true for neutrino anarchy models in
general, though without additional effects such as
Cabibbo haze such models are somewhat disfavored even
with the current bound.) Future experiments, which will
either measure 5 or push the bound to the @(A?) region,
will be crucial in determining whether such models remain
viable options for flavor model building.

3. One large angle: Cabibbo-shifted solar angle.

In this class of models, W is assumed to contain only
the large initial atmospheric angle 7. This scenario has
attractive features from the perspective of flavor model
building, as it is relatively easy to obtain a structure of
this type in the context of three-family mixing (for ex-
ample, it occurs for mass matrices with a degenerate row or
column). In contrast, it is considerably more difficult to
generate a pattern of two large angles and one small angle
without fine-tuning in three-family models (see e.g. [22]
for discussions of this point).

However, the price to pay in this scenario is that the solar
angle must experience a large shift in order to be consistent
with the data. Given that this large shift is larger than the
characteristic size of the perturbations, this scenario re-
quires that the solar angle receives several Cabibbo shifts
which then sum to a large effect. The results for perturba-
tions of the form of Eq. (29) are given in Egs. (A22)—(A27)
of the Appendix, which show that it is difficult to obtain a
large enough solar angle shift with O(1) coefficients. This
scenario either requires large coefficients (contrary to the
philosophy of treating A as an expansion parameter) or
sequential perturbations such as V ~ V,V, (V, and
"V, are at least double shift models). The mixing angle
shifts for such sequential perturbations are presented in
Egs. (A28)—(A36) in the Appendix. Note that these middle
shifts are hybrid scenarios (a left shift of 'V, and a right
shift of V), which are different than the middle shifts
discussed previously for models with two or more large
initial angles and V = V.

In this class of models the primary issue is to shift the
solar angle into the experimentally measured range. It is of
interest to examine the correlations between this large shift
and the shifts in the other mixing angles. The prediction for
the CHOOZ angle is of particular interest, since it must
receive a smaller Cabibbo shift than the solar angle. For
right shifts, Eqs. (A28)—(A30) demonstrate that the shifts
in the mixing angles are uncorrelated at leading order. The
shifts of the solar and CHOOZ angles are correlated for
both left and middle shifts (though the atmospheric angle is
not), but with a tendency toward anticorrelation.

From the perspective of the data, this class of models is
arguably the least plausible Cabibbo haze scenario.
Shifting the solar angle to its relatively large experimental
value through effects of Cabibbo size places nontrivial
constraints on the nature and details of the allowed pertur-
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bations, although it may still be a worthwhile avenue of
exploration for flavor model building.

B. CP violation

In a three-family mixing scheme, it is well known that if
neutrinos are Majorana fermions, CP violation in the
lepton mixing matrix can occur not only from a Dirac
phase &ynsp, Which is in direct analogy with the quark
mixing phase Scky, but also from two Majorana phases.
The Majorana phases do not contribute to the JDGW
invariant defined in Eq. (6), but their effects can be encoded
through two additional rephasing invariants chosen from
the following set [43]:

S craij = Im('uai’uzjﬁ-fi), (32)

in which the &; are given by a generalized Majorana
condition

CﬂJT = §jfzvj. (33)
Majorana phases only contribute to lepton number violat-
ing processes such as neutrinoless double beta decay and
neutrino-antineutrino oscillations (see e.g. [44,45] for dis-
cussions). These processes are helicity suppressed and
difficult to observe. From the standpoint of our phenome-
nological approach, the dependence on the neutrino masses
m; (via the helicity suppression factors) adds a new facet to
the analysis, in that m; also may be governed by a A
expansion. Note that as our analysis has been independent
of the masses so far, we have not specified any details about
their properties in the A — O limit. For these reasons, we
defer such an analysis to a future study and focus instead in
this paper on Dirac CP violation.

For Dirac CP violation, the questions to be addressed in
our phenomenological approach include how the phase
Omnsp is generated in Uyngp and what are the resulting
predictions for the lepton sector JDGW invariant

jcp = Sin26’$ Sin200 Sil’l29]3 Sin(SMNsp. (34)

The answers hinge upon the nature of CP violation in the
A — 0 limit. As previously mentioned, the starting matrix
‘W may have a number of Dirac phases. These phases are
not physical in the A — O limit if any of the bare mixing
angles are zero (see Eq. (6)). If "W has three large angles,
one phase combination y is physical in the absence of the
perturbations, in which case dynsp ~ x at leading order.
However, even the phases which are unobservable in the
A — 0 limit may provide a source of CP violation once
Cabibbo effects are switched on and all three mixing
angles are nonvanishing.

For simplicity, and given that our phenomenological
approach does not address the origin of the physics of the
A — 0 limit, we will not elaborate further on scenarios in
which "W contains bare Dirac phases. We focus instead on
cases where these phases are absent, but allow for bare
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Majorana phases and phases in the Cabibbo-sized pertur-
bations. In this case, there are two possible ways to gen-
erate SyNsp:
(i) Generating Synsp from complex V(A).—In this
case, V(A) is the source of CP-violating phases.
We assume that these phases can naturally be O(1)
(as in the CKM). Models in this class can be cate-
gorized in terms of whether CP violation enters at
leading or higher order in A, and whether the effec-
tive MNSP phase is predicted to be O(1) or further
suppressed.
(ii) Generating Oynsp Jfrom Majorana phases.—
Majorana phases can also provide a source for
Dirac CP violation once the Cabibbo-sized pertur-
bations are switched on, in particular, scenarios. For
left and middle Cabibbo shifts, P does not contrib-
ute to the JDGW invariant (by inspection).
However, Majorana phases do contribute to the
JDGW invariant for right Cabibbo shifts, as such
shifts encode P through the modification V —
"V 5 as shown in Eq. (31).
Example: Revisiting Uynsp = ’UEKM F
To illustrate these points, we now present a representa-
tive example of theoretical interest, in which "W has two
large angles and the hierarchical structure of V/(A) is
similar to that of the CKM matrix.® Specifically, we focus
here on the model with Uynsp = ’U(JEKM F (see Eq. (10)
and surrounding discussion). This model was also dis-
cussed in [11], but we will do so in slightly more general
terms here. First recall that in this model, which is a left
shift scenario with V= U, and F=W=
R (ne)R1(m) P, the shifts in the angles are given by

0o = Mo — Acosng + O(A3) (35)
0o = Mo — \X(A + 1sin2ne) + O  (36)

013 = _)lSil’l’l']e + @()\3) (37)

As this model is a left shift scenario, the dominant shift in
0,3 is ~A due to the O(A) mixing between the first and
second families in the quark sector (in addition, the
Majorana phases do not enter the Cabibbo shifts).

Using the Wolfenstein form of Uk as given in Eq. (5),
the JDGW invariant for Uyngp is (see also [11]):

1
Tep= ZA/\377 COSTg SiN27g SIN27. (33)

Given that this model has one @(X) and two O(1) mixing
angles, Eq. (38) indicates that Synsp ~ O(A?), in contrast
to the O(1) CKM phase Scky. This suppression occurs
because the phases in 'V are only manifest in subdominant
contributions to the mixing angles.

®See also [39] for examples in which the MNSP phase enters
directly in the Cabibbo haze correction to the solar angle.
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Equation (38) was obtained using a very specific form of
Uckm, in which the freedom to rotate away phases which
are unphysical in the standard model has already been
taken into account and the remaining phase degree of
freedom was chosen to appear at a particular location in
the CKM matrix. For the quarks, this does not lead to any
loss of generality as the JDGW invariant is independent of
this choice by construction. However, it is too preliminary
to restrict the CKM to this form when computing the
JDGW invariant for the leptons within this class of models,
and indeed the location of the CP-violating phase(s) af-
fects the results. To see this more clearly, let us write the
CKM in the form given in Egs. (28) and (29), leaving the
coefficients a;, b,, and c3 general rather than specifying
the Wolfenstein values. While the JDGW invariant for
’U(JEKM is

t *
T MY — — 26 Im(a, byc), (39)

which shows the convention independence explicitly, the
JDGW invariant for Upynsp = ’U(JEKM Fis

AZ
Jcp = AIm(a,) sinng sin2ng sin2no<1 T |a1|2>

/\3
+ vy Im(c3) cosmg sin2mg sin27

)l3
+ glm(albz) sinng(1 — 3 cos2ng) sin2ng

3
- %Im(albﬁ) COSMg SiN27g sin27,,. (40)

The lepton JDGW invariant is O(A?) if Im(a,) = 0 and
either Im(b,) # 0 or Im(c3) # 0 (note that Eq. (40) re-
duces to Eq. (38) for the Wolfenstein parameters Im(a;) =
0, Im(b,) = 0, Im(c3) = —An). However, if Im(a;) # 0,
the JDGW invariant is O(A) and the effective Synsp 1S
O(1), because in this case a CP-violating phase enters in
the dominant shift of the CHOOZ angle. Hence, whether
the JDGW invariant is O(A) or O(A3) in this model will
depend on the details of the associated model for Ucgy.
The lesson to be learned from this exercise (which was
also stressed in [11]) is that the location of the phases in Vv,
and whether they enter in the dominant or subdominant
shifts in the mixing angles, plays an important role in
determining the size of Dirac CP violation. We now dis-
cuss the leading order contributions to the JDGW invari-
ants for the different Cabibbo haze scenarios. The results
are presented in the Appendix. Within our range of as-
sumptions, the leading order terms typically correspond to
scenarios in which Synsp is O(1). The exception is the
class of models with three large bare mixing angles, in
which case the leading order effects correspond to
Sunsp ~ O(A) since we do not include bare Dirac phases.
(1) Two large angles.—The JDGW invariants are pre-
sented in Egs. (A37)—(A39). The leading order
contributions to the JDGW invariant are O(A),
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which is to be expected since the CHOOZ angle is
by construction a Cabibbo effect. As expected, the
right shifts depend on the Majorana phases, allow-
ing for O(A) CP violation even if the leading order
perturbations are real. The effective Syngp is O(1)
unless these leading order contributions vanish, in
which case dynsp is further suppressed. We refer
the reader to [11] for examples (in the absence of
bare Majorana phases) and additional discussion.

(i1) Three large angles.—The JDGW invariants are
presented in Eqs. (A40)—(A43). The leading order
contributions are of O@(A), since we do not include
bare Dirac CP-violating phases. Note that
Eqgs. (A40)—(A43) reduce to their appropriate
counterparts of Egs. (A37)—(A39) in the limit that
13 — 0.

(iii) One large angle.—The leading order JDGW invar-
iants, which are given in Eqs. (A44)—(A48), are in
this case at most of @(A?). This is as expected since
two of the three MNSP mixing angles are due to
Cabibbo effects, and therefore the results indicate
an effective Synsp of O(1). Note that for sequential
perturbations, the JDGW invariants for the middle
as well as right shifts depends on the bare Majorana
phases. This is easily understood because these
middle shift scenarios are a hybrid of right shifts
(which involve the Majorana phases) and left shifts
(which do not).

Our catalog focuses on the leading order contributions to
the JDGW invariants, which usually lead to an O(1) Synsp
(similar to &cky). However, such contributions can be
absent; this occurs e.g. for left and middle shifts (and right
shifts if bare Majorana phases vanish) if the dominant
shifts are real. In such cases Jyngp 1S suppressed, which
of course has important implications for the prospects for
observing leptonic CP violation.

V. CONCLUSIONS

The recent experimental progress in the lepton sector
has revealed new avenues for exploration in the search to
formulate a compelling theory of the masses and mixings
of the SM fermions. As a step toward this elusive goal, we
have advocated a phenomenological approach which pro-
poses that both lepton and quark mixings can be under-
stood as expansions in the Cabibbo angle A. This
hypothesis can be argued in the context of grand unifica-
tion, and more generally in theoretical frameworks in
which the flavor structures of the quarks and leptons are
controlled by the same order parameter. Within this ap-
proach, the lepton mixings are enveloped in a haze of
Cabibbo-sized effects, as (unlike the quark mixings) they
are unknown in the A — 0 limit.

To aid in viewing lepton mixing through the Cabibbo
haze, this paper provides a systematic classification of
possible parametrizations which includes a catalog of the
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O(A) effects on the mixing angles and the CP-violating
phases. Although present experimental constraints are not
sufficient to single out a particular parametrization, this
phenomenological approach has practical applications
both in categorizing top-down flavor models and in sug-
gesting a roadmap for future measurements of the MNSP
matrix. Should the limit of zero Cabibbo angle prove to be
meaningful for theory, with improved data we may be able
to discern the underlying flavor theory through the Cabibbo
haze.

ACKNOWLEDGMENTS

We thank D. Chung, L. Dufty, K. Matchev, P. Ramond,
and C. Thorn for helpful discussions. We also thank S.
Petcov for the suggestion to include Majorana phases, as
well as many other helpful comments. This work is sup-
ported by the U. S. Department of Energy under Grant
No. DE-FG02-97ER41209, and by L’Oréal for Women in
Science.

APPENDIX
1. Cabibbo-shifted mixing angles

Two large angles

Right shifts: Uynse = Ri(n6)R3(10) P V(A).

60 = Mo + /\|a1| COS(alz + ¢al) + @()12) (Al)

0o = Ne + Alcosnelby|cos(ay; + ¢,,)
— sinmelci|cos(ay, — ax + ¢.)) + O(A?)
(A2)
6,5 = Alb e sinng + c;el(@27 %) cosng|
+ O(1?).
Left shifts: Unnsp = V(DR (n6)R3(no)P.

(A3)

0o = Mo + Alcosmgla;| cosp,, — sinnglc|cosd, )

+ O(X?) (A4)

O = Mg + )l|b1|COSdeI + 0O()?) (AS)

015 = Al singga, + cosnge,| + O(A?). (A6)
Middle shifis: Unnsp = R1(ne) V(M) R3(10)P.

0o = Mo + Alaj|cose, + O(A?) (A7)

8o = Mo + Alby|cosep, + O(A?) (A8)

015 = Aleil + O(A?). (A9)

Three large angles.
Right shifts:  Uynnse = R1(1e)Ra(113)Ri3(ne) X
PYV(A).
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0o = Mo *+ Allay| cos(ay, + ¢,,)
— tanm,3(cosne|b| cos(aa; + @),)
+ sinnelei| cos(ay — ax + ¢.,)) + O(A?)

(A10)
O = Mo + P (cosmo|by|cos(ays + ¢)))
— sinmeleil cos(ay — ax + @) + O(N?)
(A1)

013 = M3 + A(sinne|by| cos(a; + @y,)
+ cosmoelci] cos(ary — ayy + @) + O(A?).
(A12)
Left shifts: Unnse = V(MR 1(16)Ra(113)R3(16) P.

A .
0o = 1no + . (cosmela;|cosg,, — sinnglc|cosd, )
13

+0(\?) (A13)

0o = Mo + A(lby| cosd, — tanmz(cosnela;|cosd,,
— sinmelci|cosd,. ) + O(A?) (A14)

013 = n13 + Alsinnela;| cosg,, + cosnelci|cosd,,)
+ O(A\?). (A15)
Middle left shifts: Uynsp = R1(ne) V(DR (1;3) X
R3(1o)P.
A

CosM13

0o = Mo + lai| cosgp,, + O(A?) (A16)
0o = Mo *+ A(lb1| cosgp, — tannsla;| cose,, ) + O(A?)

(A17)

013 = m13 T Aleylcosp,, + O(A?). (A18)

Middle right shifts: Uynsp = R1(196)R2(113) V(A) X
R3(no)P.

0o = Mo + Alla;| cosg,, — tann3|by| cose, ) + O(A?)

(A19)
A 2

O = ng + Ibllcosgﬁb1 + 0O(A?) (A20)
COS8713

013 = mi3 + Aley|cos,, + 0O(A\?). (A21)
One large angle.

nght Shms.' UMNSP = Rl(‘r]e)’PV(/\)
0o = Ala,| + O(X?) (A22)
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0@ = Mg + /\lbll COS(Q23 + ¢bl) + @()\2) (A23)
013 = Aleyl + O(A?). (A24)
Left shifts: Unnse = V()R ((16)P.
0o = Ala, cosmg — c; sinng| + O(A?) (A25)
0o = Mo + Albi|cosgp, + O(A?) (A26)
015 = Ala, sinmg + ¢; cosng| + O(A?). (A27)
Right shifts: Uynse = R1(16) P V(1) V,(A).
0o = Ala; + all + O(A?) (A28)
0o = Mo + Allbi] cos(az; + ¢;))
+ |6 cos(ans + q’)b/l)) + O(A?)  (A29)
013 = AlCl + Clll + @(Az) (A30)

Left shifts: Unnse = V1(A) V2 (MR, (ne) P

0o = Al(a; + a}) cosme — (c; + ¢})sinngl + O(A?)
(A31)

0o = nMe + Allby] cosgy, + |bilcosgy) + O(A%)
(A32)

013 = Al(c; + ¢})cosng + (a; + a}) sinnel + O(A?)
(A33)

Middle Shl.ﬁ‘S: UMNSP = ’VI(A)RI(T]G))TVZ()‘)

0o = Alei®2al + a; cosme — ¢ sinnel + O(A?) (A34)

0o = Mo + Albi]cosgy,, + || cos(ar; + @)

+ O(1?) (A35)

013 = Ale@r™an)cl + ¢ cosne + a; sinnel + O(A?).
(A36)

2. JDGW Invariants

Two large angles.

Right shifts: Uynsp = R1(1e)R3(n0) PV (A).

Tcp = _i)\ sin2ng sin27e (sinne|by | sin(ay; + ¢b1)
+ cosmoelci|sin(ay, — ax + ¢.,)) + O(A?).

(A37)
Left Shifts.' UMNSP = V(/\)Rl(ne)R3(no)T
T cp = —3Asin2ng sin2ne(sinnela;|sing,,
+ cosnelcy|sing,. ) + O(A?). (A38)
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Middle shifts: Uynsp = R1(n6) V(A)R;(ne)P.

T cp = —iAsin2ng sin2nelc,|sing,., + O(A?). (A39)

Three large angles.
Right  shifts:  Uynsp = R1(me) Ro(1713)R;5(16) X

PVY).
J cp = 3Alla;| sin2mg sinn zcos?ny; sin(ay, + ¢,,)
+ by | sin(ay; + ¢,)
X €087 3 COSNe(siN27Mg(cos’ Nesin®n 3
— sinn3) + sinn3 sin2ng c0s27ng)
+ leylsin(ay, — ap + @)
X €087 3 Sin7e(sin27e (sin® nsin® ;5

— cosm3) — siny ;3 sin27ne cos2ne)] + O(A?).
(A40)

Left shifts: Uynsp = V(/\)R1(ﬂe)Rz(ﬂ13)R3(”lo)?

Tcp = —thcosns[la; | sing,, cosnys cosng sin2n,
— 1|b, | sing,, sin27,3 sin27,
— (la;| sing,, cosme — lcy|sing,, sinng)
X (c0s27mg sin2ng siny 5 + sin274(cosn3

— sinn}; sinn3))] + O(A?). (A41)

Middle left shifts: Unnsp =R 1(16) V()R (713) X
R3(no)P.

1 . . .
Ten = Acosmillay|sing,, sinyy(sin2no cos2ne
X sinm s + c0s2me sin2ng)
1 . . .
+ 3 (1, sing, sin2m¢ sin27;3 cos2ng
— leyl sing,, cosniy sin2ne cos2me)] + O(A?).
(A42)

Middle rlght shifts.' UMNSP = Rl(n$)R2(n13)V(A) X
Ri(1o)P.

Jcp = 3Acosns[ila;| sing,, sin2n;3 sin2ne cos2m,
+ |by| sing,,, sinn3(cos2ne sin2ng sinn,3
+ sin2ne(cosnz — sinn?i, sinn3))
— cosm?y sin2ng sinne(|by | sing,, sinn; sinne

+ leylsing,. cosne)] + O(A?). (A43)

One large angle.
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Right shifts: Uynsp = R1(1e) P V(A). Left shifts: Upnsp = R1(ne) PV 1(1) V,(A).
J cp=—3A*sin2ngla cq|sin(ar; — ¢, + ¢,) + O(A). Tep = A larcilsin(ba, = ¢e,) — larerl sin(be, — ;)
(Ad4) +lajcilsin(¢,, — o)
Left shifts: Unnse = VO)R (1) P. + lajclsin(ga — de)] + ON). (A47)

Jcp =3A sin(¢,, — ¢,,) + O(X7). A45
cp = A% lajcy|sin(é,, — ¢,) (A%) (A45) Tcp = 3% sin2ng[sinng(la af| sin(a, — ¢, + bu)

Right shifts: Uynse = R1(ne) P V(1) V1(A). +leiciIsin(ay — a3 — ¢, + du))
Tcp = =32 sin2ng[la ¢yl sin(ar — ¢y, + b)) + cosne(lciajlsin(ay — ¢, + da)
* laje lsin(an = ¢y + @) —laiciIsin(ay, — ay — ¢, + ¢u))
+laycilsin(ay; — ¢, + dor) + laycy|sin(¢,, — ¢.,)
+ldicilsin(ay = ¢ + P+ OX).  (A46) — lalciIsin(gy — b))+ ON), (A48)
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