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We consider the capability of the e�e� linear collider (which has recently been called the International
Linear Collider, or ILC) for studying the properties of the heavy Higgs bosons in the supersymmetric
standard model. We pay special attention to the large tan� region which is motivated, in particular, by
explaining the dark-matter density of the universe (i.e., so-called ‘‘rapid-annihilation funnels’’). We
perform a systematic analysis to estimate expected uncertainties in the masses and widths of the heavy
Higgs bosons assuming an energy and integrated luminosity of

���
s
p
� 1 TeV and L � 1 ab�1. We also

discuss its implication to the reconstruction of the dark-matter density of the universe.
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I. INTRODUCTION

An e�e� linear collider, the International Linear Collier
(ILC), has been discussed as a new experimental tool to
study the physics at the electroweak scale and beyond [1–
4]. The primary purpose of the ILC is to clarify the physics
of the electroweak symmetry breaking and physics beyond
the standard model; in order to solve the naturalness prob-
lem in the standard model, it is expected that some new
physics will show up at the energy scale of 100 GeV–
1 TeV. Discovery and, in particular, precise studies of such
new physics should become very important once the ILC
will be built. Thus, at the current stage, we should study the
potential of the ILC for such purposes.

Among various possibilities, supersymmetry (SUSY) is
one of the prominent candidates of the new physics beyond
the standard model. Accordingly, superpartners of the
standard-model particles are regarded as significant targets
of the ILC. As well as the superparticles, however, we
should also study another class of new particles which
show up in the supersymmetric models, that is, the heavy
Higgs bosons. Since the minimal supersymmetric standard
model (MSSM) contains two Higgs doublets, i.e., up- and
down-type Higgs bosons, CP even and odd neutral Higgs
bosons (H and A) as well as the charged Higgses H� exist
in the physical spectrum as well as the standard-model-like
Higgs h. Detailed study of the heavy Higgses provides
information about some of the parameters in the MSSM
like, for example, tan� [5–10]. Thus, the study of the
heavy Higgses will be important for the study of the
Higgs potential and electroweak symmetry breaking.

The study of the heavey Higgses is important both from
the point of view of understanding electroweak symmetry
breaking as well as for its deep impacts on cosmology. It
has long been recognized that the dark matter in the uni-
verse, whose origin cannot be explained in the framework
of the minimal standard model, may be explained in the
MSSM. With the R-parity conservation, the lightest super-
particle (LSP) is stable and hence, if its interaction is weak
enough, LSP can be a viable candidate for the cold dark
matter. Importantly, in a large fraction of the parameter
05=72(11)=115012(14)$23.00 115012
space, the lightest neutralino becomes the LSP which can
be the cold dark matter in this case. In the past, the relic
density of the lightest neutralino has been intensively
studied [11–19].

It should be noticed that, in order to realize the LSP dark
matter, there is one caveat; in many cases, the thermal relic
density of the LSP becomes larger than the currently
measured dark-matter density. In particular, the density
parameter of the dark matter is now well constrained by
the Wilkinson microwave anisotropy probe (WMAP)
[20,21]

��WMAP�
c h2 � 0:113�0:008

�0:009; (1.1)

and it is not automatic to realize such a density parameter
with the LSP. It is often the case that some mechanism is
needed to enhance the annihilation of the LSP to realize the
LSP dark matter. Detailed study shows that the relic den-
sity of the LSP can become consistent with the WMAP
value with some particular annihilation processes. In the
so-called mSUGRA models, the parameter regions where
the density parameter of the LSP becomes consistent with
the WMAP value are classified as ‘‘bulk region,’’ ‘‘coan-
nihilation region,’’ ‘‘focus-point region,’’ and ‘‘rapid-
annihilation funnels,’’ although the annihilation mecha-
nisms used in those regions work in a more general
framework.

Once the supersymmetry is discovered, one of the chal-
lenges will be to determine the thermal relic density of the
LSP and to see if the LSP dark matter is plausible [22–29].
If successful, it will give us deeper understandings of our
universe up to the temperature of O�10 GeV�. For this
purpose, it is necessary to measure various parameters in
the MSSM for the calculation of the thermal relic density
of the LSP. Such studies have been also performed for the
case of the LHC [16,30–34]. Most of those studies have,
however, assumed a very simple model of supersymmetry
breaking, like the mSUGRA model, in estimating the ex-
pected uncertainties in the reconstructed value of the ther-
mal relic density of the LSP. We believe that, once the
superparticles are found, it is necessary to calculate the
-1 © 2005 The American Physical Society
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1Strictly speaking, mixing in the CP-even neutral Higgs sector
differs from those of other Higgses, and conventionally the
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relic density in a model-independent way. Only with the
LHC, such a study seems difficult in many cases.

With the ILC, on the contrary, precise determination of
the MSSM parameters will be possible without assuming
any particular model of SUSY breaking. Thus, in this case,
the ILC will be able to help reconstructing the relic density
of the LSP in many cases. For example, in the focus-point
case, in [26], it was shown that the ILC can provide useful
and significant information for the calculation of the ther-
mal relic density of the LSP.

Here, we pay particular attention to another case, the
rapid-annihilation funnels. In this case, pair annihilation of
the LSP is dominated by the diagram with the s-channel
exchange of the CP-odd neutral Higgs boson. In particular,
in order to enhance the pair annihilation of the lightest
neutralino, the tan� parameter becomes large in this case.
If the LSP dark matter is realized in the rapid-annihilation
funnels, detailed study of the heavy Higgs sector in the
large tan� case is necessary to calculate the annihilation
cross section of the LSP.

Strongly motivated by the dark-matter physics in the
rapid-annihilation funnels (as well as the study of the
Higgs potential), in this paper, we consider the strategy
for studying the properties of the heavy Higgs bosons at the
ILC assuming an energy and integrated luminosity of���
s
p
� 1 TeV and L � 1 ab�1. We concentrate on the

case where the tan� parameter is large and see how well
we can constrain the properties of the heavy Higgs bosons.
As we will discuss in the following sections, interactions of
the heavy Higgses are well parameterized by five parame-
ters. Using pair production processes of the neutral and
charged Higgs bosons, these parameters can be con-
strained. If information from the neutral and charged
Higgs production processes is combined, it will help in
improving the determination of properties of the heavy
Higgses. In this paper, we particularly consider how to
combine information from various processes and how
well the resultant constraint can be, using systematic con-
sideration of the production and decay processes. Then, we
also study how the results can be used to reconstruct the
thermal relic density of the LSP.

The organization of this paper is as follows. In Sec. II,
we briefly review the properties of the heavy Higgs bosons.
In Sec. III, we discuss how and how well we can study the
properties of the heavy Higgses at the ILC. In particular,
we estimate the expected errors in the observed values of
masses and widths of the heavy Higgses. Then, in Sec. IV,
we discuss the implication of the ILC study of the heavy
Higgses to the reconstruction of the dark-matter density.
Section V is devoted to the conclusions and discussion.
mixing in the CP-even neutral Higgses are parameterized by
the parameter � [35]. When the heavy Higgses are much heavier
than the lightest Higgs (i.e., in the so-called ‘‘decoupling limit’’),
however, it is expected that sin��� �� ! 1 and Eq. (2.2) holds
with good accuracy. In this paper, we only consider such a case.

2Notice that the Yukawa coupling constants yb, yt, and y� are
different from those in the superpotential.
II. HIGGS SECTOR

We start by discussing the Higgs bosons in the MSSM
and by summarizing the relevant parameters for our analy-
sis. As we mentioned, the MSSM contains two Higgs
115012
bosons Hu �1; 2; 1
2� and Hd �1; 2�;� 1

2�, where we have
shown their quantum numbers of SU�3�C�
SU�2�L � U�1�Y gauge group in the parenthesis. Both of
these Higgs bosons acquire vacuum expectation values,
which are parameterized by

hH0
ui � v sin�; hH0

di � v cos�; (2.1)

where v ’ 174 GeV, and the angle � is a free parameter.
After the electroweak symmetry breaking, it is usually the
case that one linear combination ofHu andHd becomes the
standard-model-like Higgs �SM while the other combina-
tion � contains physical heavy Higgs, which are given by1

�SM

�

� �
�

cos� sin�
� sin� cos�

� �
Hd

H�u

� �
: (2.2)

Using the mass eigenstates H, A, and H�, the heavy Higgs
doublet � � ��0;��� is expressed as

�0 �
1���
2
p �H � iA�; �� � H�: (2.3)

In general two Higgs models, masses of H, A, and H� are
unconstrained. In the MSSM, however, their masses, mH,
mA, and mH� , are quite degenerate within a few GeVor so.
For the neutral Higgs sector, this fact makes the study
difficult. In our following study, we do not adopt the
theoretical relation among these masses but we consider
how well we can determine these three masses (in particu-
lar, mH and mA) at the ILC.

The productions of the heavy Higgses at the ILC are
dominated by the gauge-boson exchange diagrams. In
Fig. 1, we show the cross section for the processes e�e� !
AH and e�e� ! H�H� for several cases. (We will give
the formula for the cross section in the following section;
see Eqs. (3.5) and (3.19).) Here and hereafter, in our
numerical study, we assume unpolarized electron beam.

Decay processes of the heavy Higgses have more model-
dependence. In the rapid-annihilation funnels, heavy
Higgses mostly decay into the third-generation quarks
and leptons. We write the relevant interaction as2

LYukawa � yb�Q3b
c
R � yt�

�i�2Q3t
c
R � y��L3�

c
R

� h:c:; (2.4)

whereQ3 �3; 2; 1
6�, b

c
R �3

�; 1; 1
3�, t

c
R �3

�; 1;� 2
3�, L3 �1; 2;� 1

2�,
and �cR �1; 1; 1� are third-generation quarks and leptons. In
the parameter region we are interested in, the (fundamen-
-2
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FIG. 1. Total cross sections for the heavy Higgs production
processes as functions of the center of mass energy ECM �

���
s
p

.
The solid lines are for the process e�e� ! AH with mA �
mH � 300 GeV, 350 GeV, 400 GeV, and 450 GeV from above,
while the dotted lines are for e�e� ! H�H� with mH� �
300 GeV, 350 GeV, 400 GeV, and 450 GeV from above.

3H may also decay into the gauge boson or Higgs boson pair,
but those processes are extremely suppressed in the large tan�
region that we are interested in.
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tal) Yukawa coupling constants in the superpotential are
fairly large. So, we expect that the radiative corrections do
not significantly affect the relations between those with
Yukawa coupling constants of the heavy Higgses. If we try
to extract the information about these Yukawa coupling
constants from the observed fermion masses, however,
radiative correction may become important. At the tree
level, the Yukawa coupling constants are related to the
masses of the bottom quark, top quark and � as

y�tree�
b �

mb tan�
v

; y�tree�
t �

mt cot�
v

;

y�tree�
� �

m� tan�
v

:

(2.5)

Thus, once the ‘‘bottom-quark mass’’ mb is well deter-
mined by the study of, for example, the lightest Higgs
boson h, then the Yukawa coupling constant for � can be
also well determined at the tree level. It has been pointed
out, however, that yb receives sizable radiative correction
from supersymmetric loop diagrams, in particular, at the
large tan� region [36,37]. Thus, in determining the inter-
action of the heavy Higgses, it is dangerous to adopt the
tree level relations.

In our analysis, we assume that several qualitative fea-
tures of the large tan� region hold;, in particular, we
consider the case where the heavy Higgses decay into
third-generation quarks and leptons because of large yb
and y�. We do not, however, rely on the tree level relations
115012
among these Yukawa coupling constants but regard all the
Yukawa couplings (in particular, yb and y�) to be free
parameters which should be experimentally determined.

In the large tan� region, yt is extremely suppressed and,
hereafter, we neglect its effects. Then, the neutral Higgses
A and H decay mostly into the b �b or � �� final states.3 The
decay rates of the heavy Higgses are given by

�A!b �b �
Nc

16�
y2
bmA�1���QCD�

bb �; (2.6)

�A!� �� �
1

16�
y2
�mA; (2.7)

�H!b �b �
Nc

16�
y2
bmH�1� ��QCD�

bb �; (2.8)

�H!� �� �
1

16�
y2
�mH; (2.9)

�H�!bt �
Nc

16�
y2
bmH�

�
1�

m2
t

m2
H�

�
2
�1� ��QCD�

bt �; (2.10)

�H�!��� �
1

16�
y2
�mH� ; (2.11)

where Nc � 3 is the color factor and we neglect the masses
of the fermions other than the top quark. Here, we denote
the QCD corrections to the individual decay processes as
��QCD�
bb and ��QCD�

bt . Importantly, the QCD corrections are
calculable once the Higgs masses are determined [38,39].
Thus, if we can measure the decay widths and branching
ratios of the heavy Higgses, we can constrain the Yukawa
coupling constants. In addition, the total decay width of the
heavy Higgses is given by

�A � �A!b �b � �A!� ��; (2.12)

�H � �H!b �b � �H!� ��; (2.13)

�H� � �H�!bt � �H�!��� : (2.14)

As we will see below, in the rapid-annihilation funnels,
decay widths of heavy Higgses are relatively large. Thus,
from the invariant-mass distribution of the decay products,
the decay widths may be measured at the ILC.

In summary, for the study of the heavy Higgs sector in
the large tan� region, there are five relevant parameters so
far: three masses mA, mH, mH� , and two Yukawa coupling
constants yb and y�. As we will see, the relic density of the
LSP can be also well calculated in the rapid-annihilation
funnels once these parameters are fixed. In the following,
we will discuss how well these parameters are experimen-
tally determined.
-3



TABLE I. Underlying parameters to be used in our study.

Point 1 Point 2

m0 465.0 GeV 418.0 GeV
m1=2 362.0 GeV 279.0 GeV
A0 60.0 GeV �12:0 GeV
tan� 50 48
�H 444.5 GeV 357.7 GeV
mA 400.0 GeV 350.0 GeV
mH 401.4 GeV 351.0 GeV
mH� 412.9 GeV 363.6 GeV
�A 20.7 GeV 17.1 GeV
�H� 19.7 GeV 14.9 GeV
BA!b �b 0.896 0.885
m�0

1
144.4 GeV 109.6 GeV

m�0
2

277.3 GeV 208.3 GeV
m�0

3
450.4 GeV 364.8 GeV

m�0
4

467.0 GeV 383.0 GeV
m��1

277.8 GeV 208.7 GeV
m��2

467.2 GeV 383.3 GeV
�LSPh

2 0.113 0.113
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Although our method can be applied to various cases,
the whole parameter space is too large to be studied. Thus,
we choose several parameter points and see how well we
can experimentally measure parameters at the ILC in those
cases. For simplicity, we generate the mass spectrum of the
MSSM particles by adopting the mSUGRA boundary con-
dition which is parameterized by the following parameters:
universal scalar mass m0, unified gaugino mass m1=2, tri-
linear coupling coefficient A0, tan�, and the sign of the
SUSY invariant Higgs mass sign��H�. Although we adopt
the mSUGRA model as the underlying theory to fix the
mass spectrum and mixing parameters, we consider a
procedure to experimentally measure the parameters with-
out assuming the mSUGRA. Since we are interested in the
implication of such analysis for the study of the dark-
matter physics, we adopt underlying parameters in the
rapid-annihilation funnels. In Table I, we list the under-
lying parameters which we use. (We also show the density
parameter of the LSP �LSP with those underlying
parameters.)
4For the process we consider (i.e., e�e� ! f1
�f01f2

�f02), there
are in fact several diagrams where some of the fermions are not
emitted from the virtual Higgs bosons (like e�e� ! f�1 �f01,
followed by f�1 ! f1 � ’

� and ’� ! f2
�f02). In the parameter

region where s1=2
f1

�f01
and s1=2

f2
�f02

are both close to the Higgs mass(es),
however, we have checked that the cross section is dominated by
the process e�e� ! ’�1’

�
2 ! f1

�f01f2
�f02. Thus, we use Eq. (3.1)

for simplicity.
III. HEAVY HIGGSES AT THE ILC

A. Outline

Now we discuss the study of the properties of the heavy
Higgs bosons at the ILC. In particular, we are primarily
interested in how and how well we can constrain the five
parameters listed in the previous section by combining the
information from the neutral and charged Higgs production
processes. For this purpose, we adopt several reasonable
approximations to simplify our analysis as we explain
below, instead of studying the details of individual produc-
tion and decay processes.
115012
As we mentioned in the previous section, decay rates of
the heavy Higgses are sensitive to the Yukawa coupling
constants. Thus our strategy is to study branching ratios
and the energy distribution of the final-state fermions
produced by the decay of the heavy Higgses. Since the
(total) decay rates are much smaller than the masses of the
heavy Higgses, we can also measure the masses of the
heavy Higgses from the energy distributions of the decay
products.

Since we will try to determine the decay rates from the
energy distribution of the final-state particles, we do not
use the narrow width approximation for the heavy Higgs
production cross section. In our analysis, the following
type of the processes play a significant role: e�e� !
’�1’

�
2 ! f1

�f01f2
�f02 where, in our case, �’1; ’2� is �A;H�

or �H�; H�� and f’s are quarks and leptons. Let us denote
the invariant-mass squared of the fi �f0i system as sfi �f0i

.
Then, for the processes we are interested in, the differential
cross sections are well approximated by the following
formula4

d��s�
dsf1

�f01
dsf2

�f02

�
�̂�s; sf1

�f01
; sf2

�f02
�

�2

s1=2
f1

�f01
�̂’1!f1

�f01
�s1=2
f1

�f01
�

�sf1
�f01
�m2

’1
�2 � �2

’1
m2
’1

�
s1=2
f2

�f02
�̂’2!f2

�f02
�s1=2
f2

�f02
�

�sf2
�f02
�m2

’2
�2 � �2

’2
m2
’2

� �’1 $ ’2�;

(3.1)

where the second term should be omitted if f1 and f2 are
identical. Here, �̂�s; sf1

�f01
; sf2

�f02
� is the cross section for the

process e�e� ! ’�1’
�
2 with the masses of ’�1 and ’�2 being

set equal to s1=2
f1

�f01
and s1=2

f2
�f02

, respectively. In addition,

�̂’i!fi �f0i
�s1=2
fi �f0i
� denotes the decay rate of ’�i whose mass

is identified as s1=2
fi �f0i

; �̂’i!fi �f0i
�s1=2
fi �f0i
� can be obtained from

Eqs. (2.6), (2.7), (2.8), (2.9), (2.10), and (2.11) by replacing
the physical mass of the Higgs by s1=2

fi �f0i
. Explicit formulae

of �̂will be given in the following subsections. Notice that,
when �’i 	 m’i , the total cross section becomesZ
dsf1

�f01
dsf2

�f02

d�
dsf1

�f01
dsf2

�f02

’ �B’1!f1
�f01
B’2!f2

�f02

� B’2!f1
�f01
B’1!f2

�f02
�

� �e�e�!’1’2
; (3.2)
-4
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antiparticle when there is no confusion.
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where

�e�e�!’1’2
�s� � �̂�s;m2

’1
; m2

’2
�: (3.3)

As suggested by Eq. (3.1), the distributions of the in-
variant masses of the final-state fermions have peaks
around s1=2

fi �f0i

m’i . In addition, the distributions become

broader as the decay rate �’i becomes larger. Thus, in the
heavy Higgs production processes, the invariant-mass dis-
tributions of the final-state fermions have important infor-
mation about the masses and the decay widths of the heavy
Higgses.

It should be, however noted that the observed invariant-
mass distributions are deformed by several effects. One
reason is the energy loss by the neutrino emission. With the
leptonic decays, some fraction of the initial energy of the
bottom quark may be carried away by energetic neutrinos
and the energy of the b-jet becomes underestimated.
Another important effect is from the resolution of the
calorimeters (in particular, the hadronic calorimeter). In
order to simulate these effects, we perform a Monte Carlo
(MC) analysis. Here, we first generate parton-level events
for a given value of the collider energy

���
s
p

, which we take
to be 1 TeV throughout this paper unless otherwise men-
tioned. In each event, in general, momenta of bottom
quarks p�0�bi , other lighter quarks p�0�qi , and leptons p�0�li are
generated. If the final-state partons contain the top quark,
its decay (as well as the subsequent decay of W�) is also
taken into account at this state. Here and hereafter, the
superscript (0) is for momenta of the primary partons
before the hadronization and cascade decay. In order to
consider the energy loss of the bottom quark in the leptonic
decay events, we used ISAJET package [40] to follow the
hadronization and decay chain of the bottom quark. For
individual primary bottom quark with (initial) momentum
p�0�bi , we calculate the fraction of the visible energy fbi after
its hadronization and decay. Then, the b-jet (after the
hadronization and the decay) is treated as the jet with the
momentum fbip

�0�
bi

. In addition, because of the detector
resolution, distribution of the observed energy of the jet
is smeared. In order to determine the observed momentum
of the individual jets, we adopt the energy resolution of the
hadronic calorimeter to be �E=E � 40%=

����
E
p

(with E
being the energy of the jet) [1,41]. As a result, with the
generated momenta of the quarks p�0�bi and p�0�qi , we deter-
mine the observed energy pbi and pqi . (We also denote
corresponding observed energy as Ebi and Eqi .)

B. Neutral Higgs production

Let us first consider the neutral Higgs production
e�e� ! AH. In the large tan� region, A and H both
dominantly decay into b �b and � ��. Thus, there are three
115012
types of final states:5

e�e� ! A�H� !

8><>:
bbbb
bb��
����

: (3.4)

The cross section for the process e�e�L;R ! A�H� is given
by

�̂ e�e�L;R!A
�H� �s;m

2
A� ;m

2
H� ��

sv3
AH

192�

f2
L;Rg

2
z

�s�m2
Z�

2 sin2�����;

(3.5)

where gZ �
�����������������
g2

1 � g
2
2

q
with g1 and g2 being gauge cou-

pling constants for the U�1�Y and SU�2�L gauge groups,
respectively,mZ is the Z-boson mass, � is the mixing angle
in the CP-even Higgs sector,

v2
AH �

1

s
��s�m2

A� �m
2
H� �

2 � 4m2
A�m

2
H� 
; (3.6)

and, for the left- and right-polarized electron beam,

fL �
g2

2 � g
2
1

gz
; fR � �

g2
1

gz
: (3.7)

We take sin2��� �� � 1 since we are interested in the
limit where the heavy Higgses are much heavier than the
lightest Higgs.

In our analysis, we use the first two types of events:
bbbb (4b) final state and bb�� final state. We do not
consider ���� final state because the branching ratios of
the heavy neutral Higgses into the �� final state are fairly
small (
 0:1) so the number of 4� events is suppressed.

The branching ratios BA!b �b and BH!b �b are 
0:9 so
sizable number of 4b event is expected. At the ILC, such
an event will be identified by the following features:
(a) 4
-5
b-tagged jets.

(b) S
mall missing energy.

(c) N
o isolated leptons.

Once observed, the distribution of the invariant mass of

two b-jets provides important information about the prop-
erties of the heavy Higgs bosons. Energy and invariant-
mass distributions of the primary partons are relatively
easily calculated. As we mentioned in the previous sub-
section, however, observed distributions are different from
the primary ones because of the leptonic decay of the
bottom quark and also because of the resolution of the
calorimeters. We are particularly interested in the distribu-
tion of the invariant mass of two b-jets which originate
from (virtual) neutral Higgs bosons. In order to pair the
b-jets, we use the fact that the masses of the two (heavy)
neutral Higgses are expected to be quite degenerate.
Consequently, the total energy of b �b system from the
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FIG. 2 (color online). Number of 4b events in each bin (with
the width of 5 GeV) with L � 1 ab�1. The histogram shows the
result for the point 1: �mAH � 400:7 GeV, �mAH � �0:7 GeV,
�A � 20:7 GeV, and BA!b �b � 0:896. The short horizontal lines
with ‘‘�’’ are those with one of the four parameters being
changed: (a) �mAH � 395 GeV, (b) �mAH � 10 GeV, (c) �H �
15 GeV, and (d) BA!b �b � 0:85.
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virtual A becomes very close to that from the virtual H.
Thus, for the event e�e� ! b1b

0
1b2b

0
2 (where the b-jets are

ordered so that the observed energy be Eb1
<Eb2

<Eb02 <
Eb01), we define the following two invariant masses:

m2
bb;1 � �pb1

� pb01�
2; m2

bb;2 � �pb2
� pb02�

2: (3.8)

In general, we can perform statistical analysis based on the
distributions of these two invariant masses. For simplicity,
however, we use ‘‘averaged’’ distribution

dN4b

dmbb
�

1

2

Z
dmbb;1

�
dN4b

dmbb;1dmbb;2

�
mbb;2�mbb

�
1

2

Z
dmbb;2

�
dN4b

dmbb;1dmbb;2

�
mbb;1�mbb

; (3.9)

where N4b is the number of 4b events. As we will see, even
from this averaged distribution, we obtain significant con-
straints on the masses and decay rates of the neutral
Higgses.

In order to determine the distribution given in Eq. (3.9),
we calculate the ‘‘transfer functions’’ for the 4b events
T4b�mbb; sb1

�b1
; sb2

�b2
�; T4b is the distribution of the observ-

able mbb for the event with sb1
�b1

and sb2
�b2

being fixed. In
calculating the transfer function, several kinematical con-
straints are taken into account to eliminate standard-model
backgrounds. In the 4b events, all the beam energy is
carried away by the bottom quarks. In addition, for the
process e�e� ! A�H� followed by A� ! b1

�b1 and H� !
b2

�b2, Eb1
� E �b1

becomes close to Eb2
� E �b2

in most of the
cases. The kinematical cuts based on these can be used to
eliminate some of the backgrounds; here, for the event
e�e� ! b1b01b2b02 with Eb1

<Eb2
<Eb02 <Eb01 , we adopt
(a) 9
60 GeV � Eb1
� Eb01 � Eb2

� Eb02 � 1040 GeV.

(b) 4
70 GeV � Eb1

� Eb01 � 530 GeV and
470 GeV � Eb2

� Eb02 � 530 GeV.

(c) T
here is no leptonic activity (with energy greater

than 25 GeV), in particular, in the b-jets.

(d) I
nvariant masses of any two of the jets are larger

than 130 GeV.
6Invariant-mass distribution of the 4b event has been also
studied in [22], where it is also shown that the background for
the 4b event is well below the signal.
With the excellent b-tagging capability of the ILC, we
expect that significant fraction of the b-jets can be identi-
fied. Tagging of all four bottom quarks will help eliminat-
ing standard-model backgrounds. Using the transfer
function, we obtain

dN4b

dmbb
� 	4

bL
Z
dsb1

�b1
dsb2

�b2
T4b�mbb; sb1

�b1
; sb2

�b2
�

�
d�e�e�!A�H�!b �bb �b

dsb1
�b1
dsb2

�b2

; (3.10)

with L being the luminosity. Here, 	b is the tagging effi-
ciency of single bottom quark; we approximate that the
b-tagging efficiency is independent of the number of b-jets
and take 	b � 0:7 in our numerical calculations [1–3].
Then, in the statistical analysis, we calculate the number
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of 4b events integrated over some intervals of the invariant
mass:

N�i�4b �
Z m�i�1�

bb

m�i�bb

dmbb
dN4b

dmbb
; (3.11)

where m�i�bb and m�i�1�
bb are lower and upper bounds of the

i-th bin.
Although we imposed several kinematical cuts, there

may still remain backgrounds. Since we required that the
total energy of the final-state jets is close to

���
s
p

as well as
that 4b-tagged jets exist, we suppose that the dominant
background is from the events of the type e�e� ! b �bb �b.
We use COMPHEP package [42] to generate such events
and, using the kinematical cuts we discussed before, we
estimate the number of backgrounds. We found that, how-
ever, the number of background from the process e�e� !
b �bb �b is negligibly small (
 0:01 event=5 GeV=1 ab�1).
There may also exist another class of backgrounds which
arise from the misidentification of the b-jet. Study of such
background requires detailed study of the detector effects
and we leave such a study for a future work.6

In Fig. 2, we show the number of events and back-
grounds in each bin. Since A and H are quite degenerate,
-6
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it is convenient to define the ‘‘averaged mass’’ and the
‘‘mass difference’’ as follows:

�mAH �
1

2
�mA �mH�; �mAH �

1

2
�mA �mH�:

(3.12)

(We will see that error in �mAH is much smaller than that in
�mAH.) As one can see, the distribution ofmbb is peaked at
around mbb 
 �mAH. In addition, width and height of the
distribution depend on the mass and decay parameters.
Thus, from the observed distribution of mbb, mass and
decay width of the neutral Higgses will be determined.

Some fraction of the neutral Higgses also decay into � ��
pair, so we can also use the events with b �b� �� final state.
Here we only use the hadronic decay mode of � to identify
the � jets; when the � lepton decays hadronically, we obtain
a jet with low multiplicity. Using this fact, we assume that
the hadrons from � can be well identified and distinguished
from the jets from the direct production of quarks. Then,
the bb�� event is specified by the following features:
(a) 2
b-tagged jets (b and b0) with the total energy of the
system being close to 1

2

���
s
p

.

(b) 2
 energetic isolated jets with low multiplicity.
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Since, in the signal event, two b-jets originate from
single (virtual) neutral Higgs, we use the distribution of
the invariant mass of two b-jets to determine the masses
and widths of the neutral Higgses:

m2
bb � �pb � pb0 �

2: (3.13)

For the bb�� event, we also calculate the transfer function
Tbb�� with MC simulation. Then, we obtain

dNbb��
dmbb

� 	2
bLB

2
�!had

Z
dsb �bds� ��Tbb���mbb; sb1

�b1
; sb2

�b2
�

�
d�e�e�!A�H�!b �b� ��

dsb �bds� ��
; (3.14)

where B�!had ’ 0:65 [21] is the hadronic branching ratio
of �. In calculating Tbb��, we take account of the following
kinematical cuts:
N
u
(a) 4
70 GeV � Eb � Eb0 � 530 GeV.
0

V
(b) I
 G
e (c) (d)
n the b-jets, there is no leptonic activity with energy
higher than 25 GeV.
 / 
5
(c) A
nt
s

ngle between two jets from � leptons is larger than
1
2�.
0

5

440420360 380 400 420 440 380 400
m      (GeV)bb

N
um
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r 

of
 E

ve

m      (GeV )bb

FIG. 3 (color online). Same as Fig. 2, but for the bb�� events.
The background from the t�t production process is also shown in
the darkly shaded histogram.
For the bb�� event, the t�t production process provides
irreducible background; e�e� ! t�t followed by the
�-leptonic decay of both the W�-bosons produced by the
top decays. For this process, we generate the events and
estimate the number of background of this type. We found
that the number of events from this type of background is
�0:1� 1� event=5 GeV=1 ab�1, which is below the num-
ber of signal event. As well as from the t�t production
process, we may also have backgrounds from the four-
body production process e�e� ! b �b� ��, which is also
possible in the standard model. To see how large it is, we
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generate such event with COMPHEP package and estimated
the number of background. We found that the number of
such background events is very small after imposing the
kinematical cuts, 
0:01 events per each bin (with L �
1 ab�1) which is well below the number of signal event.

Invariant-mass distribution of the bb�� event is shown
in Fig. 3. As in the case of 4b event, the distribution is
peaked at around the heavy neutral Higgs masses. The
number of bb�� event is, however, proportional to
BA!b �b�1� BA!b �b� and hence is suppressed compared to
that of the 4b event. As a result, 4b event is statistically
more important than bb�� event.

Using the above results, we can estimate the expected
errors in the measured values of the physical quantities. For
this purpose, we first determine the underlying values of
the fundamental parameters. For the neutral Higgs produc-
tion processes, there are four free parameters; here we use
mA, mH (or �mAH, �mAH), �A, and BH!b �b as parameters to
specify the point in the parameter space. We use the
parameter sets given in Table I as underlying parameters
unless otherwise stated. With the underlying parameters,
we calculate the expected number of 4b and bb�� events in
each bin, which we denote �N�i�4b and �N�i�bb��. Then, in order to
see how well the underlying values can be determined, we
calculate the number of events in each bin, N�i�4b and N�i�bb��,
for postulated values of mA, mH, �A, and BH!b �b, and see if
�N�i�4b and �N�i�bb�� are statistically consistent with N�i�4b and
N�i�bb��. Here, we define the 
�2 variable for the neutral
Higgs production as
-7
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�2
N �

X
i

� �N�i�4b � N
�i�
4b�

2

N�i�4b � N
�i�
4b;BG

�
X
i

� �N�i�bb�� � N
�i�
bb���

2

N�i�bb�� � N
�i�
bb��;BG

; (3.15)
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FIG. 5 (color online). Contours of constant 
�2
N on �mAH vs

�A planes; 
�2
N � 1, 2, and 4 (with L � 1 ab�1) from inside.

We fix �mAH and BA!b �b to be (a) �mAH � 400:7 GeV and
BA!b �b � 0:896 (the underlying values), and (b) �mAH �
400:7 GeV and BA!b �b � 0:88. For the upper contours, the
underlying values are given by the point 1. For the lower
contours, the underlying value of �A is taken to be 10 GeV.
(In (b), there is no contour for 
�2

N � 1 for the case of �A �
10 GeV.)
where N�i�4b;BG andN�i�bb��;BG are numbers of backgrounds for
the 4b and bb�� events, respectively.

With 
�2
N, we estimate how well we can determine the

physical quantities. Since 
�2
N depends on four indepen-

dent parameters, we fix two of them and show the behav-
iors of 
�2

N on several two-dimensional hyperplanes. First,
we consider the constraints on the masses of the neutral
Higgses. For this purpose, we consider the hyperplane with
�A and BA!b �b being fixed and show the contours of con-
stant 
�2

N on �mAH vs �mAH plane. In Fig. 4, we show the
results. In particular, in Fig. 4(a), we show the behavior of

�2

N on the hyperplane with �A and BA!b �b being equal to
their underlying values. As one can see, if we consider the
contour of 
�2

N � 1, error of �mAH is
1 GeV while that of
�mAH is 
6 GeV. We also show the contours of constant

�2

N on other plane. We can see that the contours for

�2

N � 2 and 4 are almost unchanged while the region
with 
�2

N < 1 is reduced. From the fact that the error in
�mAH is significantly smaller than that in �mAH, we expect

that the error in the determination of the masses of heavy
neutral Higgses is dominantly from that of �mAH.
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FIG. 4. Contours of constant 
�2
N on �mAH vs �mAH planes;


�2
N � 1, 2, and 4 (with L � 1 ab�1) from inside and the ‘‘star’’

on the figure indicates the underlying point. As the underlying
point, we take the point 1 in Table I. For the calculation of N�i�4b

and N�i�bt��� in Eq. (3.15), we take �A and BA!b �b to be (a) �A �

20:7 GeV and BA!b �b � 0:896 (underlying values), (b) �A �
19:7 GeV and BA!b �b � 0:896, (c) �A � 20:7 GeV, and
BA!b �b � 0:88, (d) �A � 19:7 GeV, and BA!b �b � 0:88.
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Next, let us consider the uncertainties in other quantities.
In Fig. 5, we show the contours of constant 
�2

N on the
hyperplane of �mAH and BA!b �b being fixed. From this
figure, we can see that the uncertainty in �A is 2–3 GeV
when the underlying value is �A ’ 20 GeV. In fact, the
uncertainties are sensitive to the underlying value of �A. To
see this, we also show the results for the case where the
underlying value of �A is 10 GeV (with other underlying
parameters being unchanged). In this case, we can see that
the errors in �mAH and �A are reduced.

Using the 
�2
N variable, we can also constrain the

branching ratios. In Fig. 6, we plot the contours of constant

�2

N on �mN vs BA!b �b plane. We can see that BA!b �b can
be constrained at the level of 
5% and hence we can
conclude that BA!b �b can be well determined.
0.8

0.9

1

-10 -5 0 105 -5 0 105
m      (GeV)AH∆ m      (GeV)AH∆

B A
   

  b
b

(a) (b)

_

FIG. 6. Contours of constant 
�2
N for the point 1 on �mAH vs

BA!b �b planes; 
�2
N � 1, 2, and 4 (with L � 1 ab�1) from inside.

Here, �mAH and �A are fixed to be (a) �mAH � 0:7 GeV, and �A �
20:7 GeV (the underlying values), and (b) �mAH � 0:7 GeV and
�A � 19:7 GeV.
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C. Charged Higgs production

Next, we consider the charged Higgs events. The useful
decay modes in the large tan� case are H� ! bt and ���.
Thus, in the charged Higgs events, relevant final states are

e�e� ! H��H�� !

8><>:
btbt
bt���
������

: (3.16)

We expect significant amount of irreducible backgrounds
for the ������ event, in particular, from the W�W� pro-
duction. Thus, we do not consider this mode.

First, we consider the bt��� final state. After the decay
of the top quark, we obtain W�-boson and b. In order to
determine the mass of the charged Higgs, we only use the
hadronic decay of the W�-boson. In addition, for �, we
again use only the hadronic decay mode to identify the
�-lepton events. Then, the relevant bt��� event has the
following features:
(a) 2
b-tagged jets (b1 and b2).

(b) 2
 non-b-like jets (q1 and q2).

(c) 1
 energetic isolated jet with low multiplicity.
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To eliminate backgrounds, we also impose several kine-
matical constraints. Since the event is dominated by the
back-to-back production of the charged Higgs bosons
(which are almost on-shell), total energy of the bt system
is close to 1

2

���
s
p

in most of the signal events. In addition, if
we consider the system consisting of q1, q2 and one of the
b-jet, its invariant mass becomes close to mt. (We may be
able to use the fact that the invariant mass of the system
consisting of q1 and q2 system is close to mW although, in
our numerical analysis, we do not take into account such
constraint.)

In the bt��� event, all the hadronic activities except the
isolated hadrons from � are from one of the charged Higgs,
so the invariant mass of such system contain information
about the mass and decay width of H�. Thus, we define

m2
bt � �pb1

� pb2
� pq1

� pq2
�2; (3.17)

and calculate the distribution of mbt by MC analysis. In
deriving the distribution of this invariant mass, we impose
the following cuts:
f E
v
(a) 4
70 GeV � Eb1

� Eb2
� Eq1

� Eq2
� 530 GeV.
10

er
 o
(b) 1
5

N
um

b

50 GeV � mb1q1q2
� 200 GeV or 150 GeV �

mb2q1q2
� 200 GeV, where m2

biq1q2
� �pbi � pq1

�

pq2
�2.
0
(c) N

440420360 380 400 420 440 380 400
o leptonic activity (with energy larger than
25 GeV) in the b-jets.
m      (GeV)bt m      (GeV)bt

FIG. 7 (color online). Number of bt��� events in each bin. The
shaded histogram shows the result for the point 1: mH� �
412:9 GeV, �H� � 19:7 GeV, and BH�!bt � 0:885. The short
horizontal lines with ‘‘�’’ are those with one of the parameters
being changed: (a) mH� � 405 GeV, and (b) �H� � 15 GeV.
The background from the t�t production process is also shown in
the darkly shaded histogram.
Then, we calculate the transfer function Tbt��� to estimate
dNbt���
dmbt

� 	2
bLB�!hadBW�!q �q

�
Z
dsbtds���Tbt����mbt; sbt; s����

�
d�e�e�!H��H��!bt���

dsbtds���
; (3.18)
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where BW�!q �q ’ 0:676 [21] is the branching ratio of the
hadronic decay of W�-boson. Here, the cross section for
e�e� ! H��H�� is given by

�̂ e�e�L;R!H
��H���s;m

2
H�� ; m

2
H���

�
sv3

H�

48�

�
e2

s
� fL;R

g2
2 � g

2
1

gz

1

s�m2
Z

�
2
; (3.19)

where e is the electric charge, and vH� is obtained from
Eq. (3.6) by replacing mA� ! mH�� and mH� ! mH�� .

In Fig. 7, we plot the distribution of the invariant mass
mbt for several cases. First of all, as one can see, the
distribution function is peaked at around 
mH� . In addi-
tion, the distribution becomes broader as the decay width
�H� becomes larger. Notice that the number of bt��� event
is approximately proportional to BH�!bt�1� BH�!bt�.

For the bt��� process, there exists irreducible back-
ground from the t�t pair production process, if one of the
W� boson decays hadronically while the other decays into
� and ��. We have estimated the number of the background
from t�t pair production, generating such events. The result
is also shown in Fig. 7; the number of background is well
below the number of signal event. We also calculated the
background from the standard-model process of e�e� !
bt��� with the COMPHEP package with eliminating the
contribution from the process e�e� ! t�t; we found that
the number of background event of this type is extremely
small.

As a charged Higgs production event, b�t �b t final-state
event is also available. In this case, we expect four
b-tagged jets and other hadronic and/or leptonic activities
in the final state (from the decay of the W� bosons). In the
btbt events, however, the reconstruction of the invariant
mass of the bt system of one side seems challenging
because of the combination error or overlap of the jets
(although it may be possible with some careful analysis).
-9
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FIG. 9. Contours of constant 
�2
C on mH� vs BH�!bt planes;


�2
C � 1, 2, and 4 (with L � 1 ab�1) from inside. Here, we take

�H� � 19:7 GeV for (a) and (c), and �H� � 17:0 GeV for (b)
and (d). Upper two figures are with tbtb mode while the lower
ones are without tbtb mode.
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Thus, in this paper, we only use the total number of the btbt
event to constrain the branching ratio, using the fact that
the number of the btbt event is approximately proportional
to B2

H�!bt. Here, we estimate the number of btbt event as

Nbtbt � 	4
bB

2
H�!btL�e�e�!H�H� : (3.20)

As in the case of the neutral Higgs, we calculate the 
�2

variable; for the bt��� event, we calculate the number of
events falling into each bin, which is classified by mbt. The
number of event in the i-th bin N�i�bt��� is calculated as a
function of independent parameters (in the charged Higgs
case, mH� , �H� , and BH�!bt). For the btbt event, we use
only the total number of events Nbtbt. Then, we define


�2
C �

X
i

� �N�i�bt��� � N
�i�
bt���
�2

N�i�bt��� � N
�i�
bt���;BG

�
� �Nbtbt � Nbtbt�

2

Nbtbt � Nbtbt;BG
; (3.21)

where the second terms in the denominators are the num-
bers of background events.

In Fig. 8, we show the contours of constant 
�2
C on mH�

vs �H� planes. We can see that, from the contour of 
�2
C �

1, the uncertainty in mH� is 1–2 GeV while that in �H� is

3 GeV. We can also see that the inclusion of the tbtb
mode can help reducing the allowed region on the mH� vs
�H� plane. In Fig. 9, we also show the contours of constant

�2

C on mH� vs BH�!bt planes. We can see that the
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FIG. 8. Contours of constant 
�2
C on mH� vs �H� planes;


�2
C � 1, 2, and 4 (with L � 1 ab�1) from inside. The branch-

ing ratio is fixed to be BH�!bt � 0:885 for (a) and (c), and
BH�!bt � 0:87 for (b) and (d). Upper two figures ((a) and (b))
are with tbtbmode while the lower ones ((c) and (d)) are without
tbtb mode.
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branching ratio BH�!bt is also well constrained by the
study of the charged Higgs production processes.

D. Combined results

Now, we combine the results obtained in the previous
subsections. For this purpose, we define the total 
�2

variable as


�2
tot � 
�2

N � 
�
2
C: (3.22)

This quantity depends on five parameters (as well as on the
underlying parameters); we use mA, mH, mH� , �A, and
BA!b �b as free parameters. Once these parameters are fixed,
all the Yukawa coupling constants (as well as the QCD
correction factors) are determined in the large tan� region
and the number of the neutral and charged Higgs produc-
tion events can be calculated. As we saw in the previous
subsections, averaged mass of the neutral Higgses �mAH, the
charged Higgs mass mH� and the branching ratios are
relatively well determined. Thus, in this subsection, we
concentrate on the uncertainties in the remaining two
parameters which are most important for the calculation
of the relic density of the LSP, i.e., �mAH and �A.

In Fig. 10, we plot the contours of constant 
�2
tot for

point 1 on �mAH vs �A plane, on which �mAH, mH� , and
BA!b �b are fixed to be the underlying values. As one can
see, constraint on the �mAH vs �A plane becomes more
stringent as we add the information from the charged Higgs
production events. Compared with Fig. 5, we can see that
-10
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the errors in �mAH and �A are reduced by including the
information from the charged Higgs productions. We also
performed the same study for the point 2, and the result is
given in Fig. 11.

Before closing this section, let us comment on the
determination of the tan� parameter. Since the decay
widths of the heavy Higgses are sensitive to tan�, we
can obtain information about tan� from the decay widths
of the heavy Higgses [9]. In order to derive the value of
5
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FIG. 11. Same as Fig. 10, but for the point 2.
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tan�, however, we need to relate the Yukawa coupling
constants to the observed masses of the (third-generation)
fermions. For the bottom quark, this is difficult since the
radiative correction from the supersymmetric diagrams
may significantly affect the bottom-quark mass.
Expecting that the radiative correction to the mass of � is
small enough, however, we can use the relation

tan� �
y�v
m�

: (3.23)

Then, using the decay rate of the CP-odd Higgs boson, for
example, we obtain

tan� �

����������������������������������������
16��A�1� BA!b �b�

mA

s
v
m�

; (3.24)

and hence


 tan�
tan�

’
1

2

��

�A
�A

�
2
�

�

mA

mA

�
2
�

�

BA!b �b

1� BA!b �b

�
2
�

1=2
:

(3.25)

As we have seen in the previous subsections, uncertainties
in �A and BA!� �� � 1� BA!b �b are both 10–20% level,
while that in mA is smaller (
 1%). Thus, in this case,
the tan� parameter can be determined with the accuracy of
10% or so.
IV. RECONSTRUCTION OF DARK-MATTER
DENSITY

Now, we are at the position to consider the possibility of
reconstructing the dark-matter density in the rapid-
annihilation funnels. In the parameter region we are inter-
ested in, pair annihilation of the lightest neutralino (which
is the LSP) is dominated by the process with the s-channel
exchange of the pseudoscalar Higgs boson A. The cross
section for this process is calculated as7

��0
1�

0
1!allvrel ’

2y2
A�0

1�
0
1

�A

mA

s�0
1�

0
1

�s�0
1�

0
1
�m2

A�
2 � �2

Am
2
A

; (4.1)

where s�0
1�

0
1

is the invariant mass of two LSPs in the initial
state, and yA�0

1�
0
1

is the coupling between A and the lightest
neutralino, which is given by

yA�0
1�

0
1
�

1

2
�g1�U�0
11 � g2�U�0
12��sin��U�0
13

� cos��U�0
14�: (4.2)

Here, U�0 is the unitary matrix which diagonalizes the
neutralino mass matrix which is given by
7Strictly speaking, in Eq. (4.1), we have to take account of the
QCD correction to the decay rate �A when s1=2

�0
1�

0
1

differs from mA.
Such a QCD correction is calculable and, in this paper, we
neglect such a correction.
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M 0�

�mG1 0 �g1vcos� g1vsin�
0 �mG2 g2vcos� �g2vsin�

�g1vcos� g2vcos� 0 �H

g1vsin� �g2vsin� �H 0

0
BBB@

1
CCCA;

(4.3)

with mG1, mG2, and �H being the gaugino masses for
U�1�Y and SU�2�L gauge groups and SUSY invariant
Higgs mass, respectively. Thus, in the rapid-annihilation
funnels, dominant contribution to the pair annihilation
cross section of the lightest neutralino is calculated once
mA and �A as well as yA�0

1�
0
1

are determined. In the previous
section, we have seen that, by the study of the heavy
Higgses, mA and �A are constrained fairly well.

For the determination of yA�0
1�

0
1
, we need the mixing

matrixU�0 (as well as tan�) which is calculated from the
neutralino mass matrix. Importantly, the neutralino mass
matrix depends on the gaugino masses and the SUSY
invariant Higgs mass which can be determined once the
chargino and neutralino masses are experimentally mea-
sured. At the ILC, measurements of these masses can be
performed if the charginos and neutralinos are kinemati-
cally accessible. In particular, by studying the production
processes at the threshold region (i.e., by the threshold
scan), some of the masses of the charginos and neutralinos
can be determined with the accuracy of 
50 MeV [3]. In
addition, from the kinematics of the decay products of the
chargino and neutralinos (as well as sfermions, if kinemati-
cally accessible), mass of the LSP (i.e., the lightest neu-
tralino) is also determined with 
m�0

1

 50 MeV [3]. Thus,

if all the charginos and neutralinos are seen at the ILC, it
will give us enough information to precisely determine
yA�0

1�
0
1
. If some of the charginos or the neutralinos are too

heavy to be experimentally produced, it becomes rather
difficult to determine the neutralino mixing parameters. In
such a case, we may have to perform some global fit using
all the masses of the superparticles. Of course, some infor-
mation from the LHC may be also used. Since our main
concern is to study the properties of the heavy Higgses, we
do not consider the detail of the parameters in the neutra-
lino sector. Instead, we assume that, at the ILC, all the
charginos and neutralinos can be produced and that their
masses can be precisely measured. If the masses of all the
charginos and neutralinos are measured with the accuracy
of 
50 MeV, the uncertainty of yA�0

1�
0
1

is expected to be
O�0:01%� so that the dominant uncertainty in the recon-
structed value of �LSP is from mA and �A.

To see how well we can reconstruct �LSP, in Figs. 12
and 13, we plot theoretically calculated value of �LSP on
mA vs �A plane. (In our numerical calculation, we use the
DARKSUSY package [43] to calculate �LSP.) Here, we fixed
yA�0

1�
0
1

and m�0
1

as their underlying values and calculated
�LSP as a function of mA and �A. In the same figure, we
also show the constraint on the mA vs �A plane expected
115012
from the ILC. Here, assuming that the dominant error of
mA is from �mAH, we neglected the uncertainty of �mAH.
From these figures, we can see that the uncertainty of �LSP

is 10–20%, which is comparable to the uncertainty of the
dark-matter density determined from the WMAP data.
-12



SUPERSYMMETRIC HEAVY HIGGS . . . PHYSICAL REVIEW D 72, 115012 (2005)
We have not discussed possible errors of �LSP originat-
ing from parameters other thanmA, �A, and yA�0

1�
0
1
. In order

to calculate the total pair annihilation cross section of the
LSP, we also have to take account of other processes like
the s-channel H0 exchange and t-channel sfermion ex-
change processes. In the rapid-annihilation funnels, how-
ever, effects of these processes are subdominant. (We have
checked that processes other than the CP-odd Higgs ex-
change change the value of �LSP at most a few % in
points 1 and 2.) In addition, more importantly, once the
properties of the heavy Higgses and the sfermions are
determined at the ILC, cross sections for these subdomi-
nant processes are also calculated. Thus, we expect that the
uncertainty in �LSP from the processes other than the
CP-odd Higgs exchange is less than a few % and that the
dominant errors are from mA and �A.
V. CONCLUSIONS AND DISCUSSION

We have considered the capability of the e�e� linear
collider for studying the properties of the heavy Higgs
bosons in the supersymmetric standard model at the ILC.
We concentrated on the large tan� region which is moti-
vated, in particular, by explaining the dark-matter density
of the universe (i.e., so-called ‘‘rapid-annihilation fun-
nels’’). We perform a systematic analysis to estimate ex-
pected uncertainties in the determination of the masses and
widths of the heavy Higgs bosons.

With the study of the invariant-mass distributions of the
jets in the final state, we have seen that the masses, widths,
and the branching ratios of the heavy Higgses are well
constrained. Compared to the averaged value �mAH �

1
2 �

�mA �mH�, mass difference of the neutral Higgses,
�mAH �

1
2 �mA �mH�, is more difficult to measure.

Consequently, if we try to experimentally determine the
masses of the neutral heavy Higgses, uncertainty in �mAH
becomes the significant source of the error.

In this paper, our primary purpose was to point out the
strategy for the systematic study of the heavy Higgs bosons
at the ILC and to estimate the expected uncertainties in the
measurements of their masses and widths. Thus, we as-
sumed that the b-tagging efficiency and the energy resolu-
tion of the detector is well understood and we did not
consider systematic errors from these. In addition, for the
background, we take account only of the dominant physics
background. When the study suggested in this paper will be
performed, these points should be studied in more detail; in
order to realize the detailed and precise study of the heavy
Higgs bosons, the following will be necessary:
115012
(a) G
-13
ood understanding and high efficiency of the
b-tagging.
(b) H
igh resolution of, in particular, hadron calorimeter.

(c) G
ood understanding of the backgrounds.

We have also discussed the implication of the study of

the heavy Higgses to the calculation of the relic density of
the LSP. In the rapid-annihilation funnels, the dominant
pair annihilation process of the LSP is through the
s-channel exchange of the CP-odd Higgs boson. In this
case, the mass and width of the CP-odd Higgs boson
should be determined for the precise calculation of the
relic density of the LSP. We have seen that, if the LSP
dark matter is realized in the rapid-annihilation funnels, the
the dark-matter density can be reconstructed with a very
good accuracy of 10� 20% (see Figs. 12 and 13). If the
uncertainty in the mass or the width of the CP-odd Higgs
can be reduced, we will have a better determination of
�LSP. In particular, the dominant source of the uncertainty
in mA is from the determination of the mass difference of
two neutral heavy Higgses. If the radiative correction to the
Higgs potential is well understood, then the mass differ-
ence �mAH may be theoretically calculated. In this case,
uncertainty in mA becomes smaller and a better determi-
nation of �LSP is expected. In addition, we have also
assumed that the radiative corrections to the pair annihila-
tion processes of the LSP will become well studied by the
time when the superparticles as well as the heavy Higgses
are produced at the ILC. Although most of the radiative
corrections are calculable, many of them have not been
calculated yet. In order for the precise theoretical calcu-
lation of �LSP, such a study will be very important.

In conclusion, we have seen that the ILC is very useful
not only for studying the properties of the new particles in
particle-physics models beyond the standard model (in this
case, the heavy Higgse in the sypersymmetric models) but
also to have deeper insights into the evolution of the
universe. In particular, the ILC may help answering one
of the most serious mysteries in cosmology, the origin of
the dark matter of the universe. If the reconstruction of the
dark-matter density will be successful, it will provide us a
better understanding of our universe up to the temperature
of O�10 GeV�.
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