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Nonlinear k? factorization for gluon-gluon dijets produced off nuclear targets
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The origin of the breaking of conventional linear k? factorization for hard processes in a nuclear
environment is by now well established. The realization of the nonlinear nuclear k? factorization which
emerges instead was found to change from one jet observable to another. A basic ingredient of the master
formula for the dijet spectrum is the S matrix for color-singlet multiparton states, and here we report on an
important technical progress, the evaluation of the four-gluon color-dipole cross section operator. It
describes the coupled seven-channel non-Abelian intranuclear evolution of the four-gluon color-singlet
states. An exact diagonalization of this seven-channel problem is possible for large number of colors Nc
and allows a formulation of nonlinear k? factorization for production of gluon-gluon dijets. The
momentum spectra for dijets in all possible color representations are reported in the form of explicit
quadratures in terms of the collective nuclear unintegrated glue. Our results fully corroborate the concept
of universality classes.
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I. INTRODUCTION

The key point behind conventional perturbative quantum
chromo dynamics (pQCD) factorization theorems is that
parton densities are low and a single parton from the beam
and a single parton from the target participate in a hard
reaction. As a result, hard cross sections are linear func-
tionals (convolutions) of the appropriate parton densities in
the projectile and target [1]. For instance, once the unin-
tegrated gluon density of the target proton is determined
from the deep inelastic scattering (DIS) structure function,
it would allow a consistent description of all other small x,
i.e., high-energy, processes of hard production off free
nucleons. In contrast to that, in hard production off nuclei
the contributions of multigluon exchanges with the nucleus
are enhanced by a large size of the target. The principal
consequence is a dramatic breaking of the conventional
linear k? factorization for hard processes in a nuclear
environment which, according to the recent extensive stud-
ies [2–6], must be replaced by a nonlinear k? factoriza-
tion. Namely, one can take diffractive dijet production [7,8]
as a reference process for the definition of the collective
nuclear unintegrated gluon density. Then, it turns out that
the so-defined nuclear glue furnishes the familiar linear k?
factorization description of the nuclear structure function
F2A�x;Q

2� and of the forward single-quark spectrum in
DIS (although the linear k? factorization property of both
observables is rather an exception due to the Abelian
feature of the photon). Furthermore, the dijet spectra in
DIS and single-jet spectra in hadron-nucleus collisions
admit a description in terms of the same collective nuclear
gluon density, albeit in the form of highly nonlinear quad-
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ratures. The universality classes introduced in [5,6] allow
one to relate the nonlinearity properties of final states from
different partonic pQCD subprocesses to the pattern of
color flow from the incident parton to final-state dijet. A
full derivation of nonlinear k? factorization for all high-
energy single-jet spectra was published in [4]; the forward
quark-antiquark dijet production in DIS and pion-nucleus
collisions was studied in [2,3], respectively; the results for
the two-particle spectrum of open heavy flavor production
g! QQ in gluon-nucleus collisions—the dominant
source of charm in proton-nucleus collisions—were pre-
sented in [5,6]; quark-gluon dijets in quark-nucleus inter-
actions—the dominant source of forward dijets in the
proton fragmentation region of proton-nucleus colli-
sions—were treated in [6].

In this communication we report the derivation of non-
linear k? factorization for the last missing pQCD subpro-
cess—the production of hard gluon-gluon dijets in gluon-
nucleus collisions. As is well known, the density of soft
(with respect to the beam proton) gluons is dominated by
the splitting of gluons g! gg; furthermore, as was shown
in the classic works by Kuraev, Lipatov, and Fadin [9], in
high-energy pQCD the dominant contribution to produc-
tion processes comes from the so-called multiregge kine-
matics, i.e., the production of gluons or clusters of jets
separated by large rapidity and with (reggeized) gluon
exchange between clusters, beam, and target in the t chan-
nel. The corollary is that, in nucleon-nucleon collisions, the
cross section for production of the central cluster of jets is
k? factorizable in terms of the beam and target uninte-
grated gluon densities. The subject of this work is a change
of the pattern of k? factorization from the free nucleon to a
nuclear target at x & xA � 0:1 � A�1=3 (for the definition of
xA for a target nucleus of mass number A see below), when
the multiple gluon exchanges are coherently enhanced by
the large thickness of the nucleus. Arguably, the linear k?
-1 © 2005 The American Physical Society
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factorization on the beam proton side will be retained for
clusters of jets separated by a large rapidity from the beam
and target partons, and we focus on the underlying pQCD
subprocess gA! ggX. At the not so high energies of the
relativistic heavy ion collider (RHIC), the coherency con-
dition can be met only in the proton (deuteron) fragmenta-
tion region of pA �dA� collisions, where the contribution
from gluon-gluon dijets is marginal (see [10] and referen-
ces therein). This subprocess will be a principal building
block of the pQCD description of the midrapidity dijet
production in pA collisions at the Large Hadron Collider
(LHC), however. The incident gluon which enters the
considered subprocess gA! ggX is only a part of the
color-singlet projectile proton and carries a net color
charge. Nonetheless, all partial cross sections for the exci-
tation of the gluon-gluon dijets in all color representations
are infrared finite. Furthermore, the effect of intranuclear
interactions of beam spectator partons cancels out upon
integration over the whole transverse phase space of spec-
tator partons [11]. An explicit demonstration of such a
cancellation for incident gluons carrying a small fraction
of the energy of the projectile quark is found in Sec. II of
Ref. [4].

The non-Abelian intranuclear evolution of gluon-gluon
states is quite involved—at arbitrary number of colors Nc
two gluons couple to seven irreducible representations.
Based on the reduction of the dijet production problem to
the interaction of color-singlet multiparton states with the
nuclear target [2,6,11–13], we report an explicit form of
evolution matrices for arbitrary Nc. We demonstrate how
the forbidding case of seven-channel non-Abelian evolu-
tion equations can be diagonalized in an explicit form in
the large-Nc approximation—this is reminiscent of our
finding of the reduction of the three-channel non-Abelian
evolution for quark-gluon dijets to a two-channel problem
[6].

The close rapidity jets are of an obvious experimental
interest, and we do not impose restrictions on the rapidity
separation of jets in the dijet. The production of gluon-
gluon dijets on nuclear targets in the limit of strong order-
ing of the rapidities of the produced gluons has been
discussed earlier by several authors [14,15]. The starting
points are similar, and in the limit of large rapidity sepa-
ration of jets, our color-dipole representation for the fully
inclusive digluon spectrum coincides with its counterpart
for the contribution from the subprocess gA! ggX to the
reaction qA! qggX studied in [14,15]. The difference is
that Refs. [14,15] stop with a color-dipole representation
for the dijet spectrum of the form which is equivalent to
that obtained upon the application of our Sylvester expan-
sion [2,6] for the four-parton S matrix and blocks further
analytic derivations, so that Baier et al. resort to the brute
force multidimensional numerical Fourier transform [15].
In contrast to that, our technique enables a derivation of the
spectra of gluon-gluon dijets in all color representations in
114018
the form of explicit quadratures in terms of the collective
nuclear unintegrated glue. As we commented in [6], our
analytical results anticipated the trends of the nuclear
decorrelation of dijets observed in the numerical studies
of Ref. [15]. Our quadratures for the dijet spectra fully
confirm our concept of universality classes [5,6]. For in-
stance, the nonlinear k? factorization properties of excita-
tion of digluons in higher color representations are the
same as those in excitation of color-octet quark-antiquark
dijets in DIS and quark-gluon dijets in higher color repre-
sentations in qA collisions. We corroborate the point that
the distinct properties of the initial and final-state interac-
tions inherent to this universality class call upon the col-
lective nuclear glue defined for slices of a nucleus. The
only change from one pQCD subprocess to another is that
they pick up different components of the color-density
matrix for the nuclear glue. The processes of excitation
of dijets in the same color multiplet as the incident parton,
g! fggg8; g! fq �qg8; q! fqgg3, share the representation
in the form of the hard fragmentation of the scattered
incident parton with the in-nucleus modified fragmentation
function. The diffractive excitation of digluons in the anti-
symmetric octet is similar to diffractive excitation of color-
triplet qg dijets in qA collisions and color-octet quark-
antiquark dijets in gA collisions. In both g! gg and q!
qg processes coherent diffractive excitation of incident
partons with net color charge is suppressed by a nuclear
absorption factor which can be identified with Bjorken’s
gap survival probability [16] (see, however, a special case
of diffractive excitation g! fq �qg8, which vanishes to the
leading order of large-Nc perturbation theory [5]).

The further presentation is organized as follows: We
start with the discussion of the reaction kinematics and
the master formula for the dijet cross section in Sec. II. The
interaction properties of the two-gluon and three-gluon
states are presented in Sec. III. The technically rather
involved derivation of the nuclear S matrix for the four-
gluon state is the subject of Sec. IV. In Sec. V we report the
linear k? factorization formula for the gluon-gluon dijet
cross section for the free-nucleon target. The principal new
results of our study—nonlinear k? factorization formulas
for gluon-gluon dijets in different color representations,
their classification in universality classes, and a compari-
son to other dijet processes—are reported in Sec. VI. In
Sec. VII section we summarize our main results.

The technicalities of the construction of the irreducible
representations for the two-gluon states at an arbitrary
number of colors Nc are reported in Appendices A and
B. The exact integration of non-Abelian evolution equa-
tions for the four-gluon system and the derivation of ex-
plicit quadratures for the dijet spectrum is possible only for
large Nc, although our results pave a way to a systematic
calculation of higher order terms of 1=Nc perturbation
theory [2]. On the other hand, the single-jet problem can
be solved exactly at arbitrary Nc [4], and in Appendix C we
-2
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show how the coupled seven-channel equations can be
exactly diagonalized in the t-channel basis appropriate
for the single-jet problem. In Appendix D we give a
summary of different components of the color-density
matrix for nuclear glue which enter the description of
different pQCD subprocesses.
A

...

...

...

log(1/x   )
A

FIG. 1 (color online). The rapidity structure of the radiation of
gluons by gluons g! gg in the nuclear coherency region of pA
collisions.
II. THE MASTER FORMULA FOR GLUON-GLUON
DIJET PRODUCTION OFF FREE NUCLEONS AND

NUCLEI

A. Kinematics and nuclear coherency

Our exposition of the master formula for dijet produc-
tion follows closely our recent work on quark-gluon dijets
[6].

To the lowest order in pQCD the underlying subprocess
for gluon-gluon dijet production in the proton fragmenta-
tion region of proton-nucleus collisions is a collision of a
gluon g� from the proton with a gluon gN from the target,

g�gN ! gg:

It is a pQCD Bremsstrahlung off a gluon tagged by the
scattered gluon. We do not restrict ourselves to the emis-
sion of slow, z� 1 gluons. In the case of a nuclear target
one has to deal with multiple gluon exchanges which are
enhanced by a large thickness of the target nucleus.

From the laboratory, i.e., the nucleus rest frame, stand-
point it can be viewed as an excitation of the perturbative
jggi Fock state of the physical projectile jg�i by one-gluon
exchange with the target nucleon or multiple gluon ex-
changes with the target nucleus. Here the collective nuclear
effects develop, and the frozen impact parameter approxi-
mation holds, if the coherency over the thickness of the
nucleus holds for the gg Fock states, i.e., if the coherence
length lc is larger than the diameter of the nucleus 2RA,

lc �
2Eg�

�Q��2 	M2
?

�
1

xmN
> 2RA; (1)

where

M2
? �

p2
1

z1
	
p2

2

z2
(2)

is the transverse mass squared of the gg state, p1;2 and z1;2

are the transverse momenta and fractions of the incident
gluon’s momentum carried by the outgoing gluon one and
gluon two, respectively, (z1 	 z2 � 1), and Eg� is the
energy of the beam gluon g� in the target rest frame. The
virtuality of the incident gluon g� equals �Q��2 � �p��2,
where p� is the transverse momentum of g� in the incident
proton (Fig. 1). In the antilaboratory (Breit) frame, partons
with a momentum xpN have a longitudinal localization of
the order of their Compton wavelength � � 1=xpN , where
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pN is the momentum per nucleon. The coherency over the
thickness of the nucleus in the target rest frame is equiva-
lent to the spatial overlap of parton fields of different
nucleons at the same impact parameter in the Lorentz-
contracted ultrarelativistic nucleus. In the overlap regime
one would think of the fusion of partons form different
nucleons and collective nuclear parton densities [17]. The
overlap takes place if � exceeds the Lorentz-contracted
thickness of the ultrarelativistic nucleus,

� �
1

xpN
> 2RA �

mN

pN
; (3)

which is identical to the condition (1).
Qualitatively, both descriptions of collective nuclear

effects are equivalent to each other. Quantitatively, the
laboratory frame approach takes advantage of the well-
developed multiple-scattering theory of interactions of
color dipoles with nuclei [2,18–20]. From the practical
point of view, the coherency condition x < xA restricts
collective effects in hard processes at RHIC to the proton
fragmentation region of pA; dA collisions, but at LHC our
treatment will hold down to the midrapidity region of pA
collisions. The target frame rapidity structure of the con-
sidered g� ! gg excitation is shown in Fig. 1. The (pseu-
do)rapidities of the final-state partons must satisfy
�1;2 >�A � log1=xA. The rapidity separation of the two
hard gluon jets,

��gg � log
z2

z1
; (4)

is considered to be finite. Both jets are supposed to be
separated by a large rapidity from other jets in the beam
hemisphere or in the target nucleus hemisphere; the gaps
between all jets, beam spectators, and target debris are
filled by soft hadrons from an underlying event. As was
explained in the introduction, our results will be a building
-3
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block of the pQCD description of midrapidity to proton-
hemisphere dijets in pA collisions at LHC.

B. Master formula for excitation of gluon-gluon dijets

In the nucleus rest frame, relativistic partons g�; g1 and
g2 propagate along straightline, fixed-impact parameter
trajectories. To the lowest order in pQCD the Fock state
expansion for the physical state jg�iphys reads

jg�iphys � jg�i0 	��z1; r�jggi0; (5)

where ��z1; r� is the probability amplitude to find the gg
system with the separation r in the two-dimensional impact
parameter space, the subscript 0 refers to bare partons. The
perturbative coupling of the g� ! gg transition is reab-
sorbed into the light cone wave function ��z1; r�. We also
omitted a wave function renormalization factor, which is of
no relevance for the inelastic excitation to the perturbative
order discussed here. The explicit expression for ��z1; r�
in terms of the gluon-splitting function and the gluon
virtuality �Q��2 will be presented below. For the sake of
simplicity we take the collision axis along the momentum
of the incident quark g�; the transformation between the
transverse momenta in the g�-target and p-target reference
frames is trivial [4].

If b is the impact parameter of the projectile g�, then

b 1 � b� z2r; b2 � b	 z1r: (6)

By the conservation of impact parameters, the action of the
S matrix on jg�iphys takes a simple form

Sjg�iphys � Sg�b�jg�i0 	 Sg�b1�Sg�b2���z1; r�jggi0

� Sg�b�jg�iphys 	 
Sg�b1�Sg�b2� � Sg�b��

���z1; r�jggi0: (7)

Here we explicitly decomposed the final state into the
(quasi)elastically scattered jg�iphys and the excited state
jggi0. The two terms in the latter describe a scattering on
the target of the gg system formed way in front of the target
and the transition g� ! gg after the interaction of the state
jg�i0 with the target, as illustrated in Fig. 2. The contribu-
tion from transitions g� ! gg inside the target nucleus
vanishes in the high-energy limit of x & xA.1 We recall
that the s-channel helicity of all gluons is conserved.

The probability amplitude for the two-jet spectrum is
given by the Fourier transformZ

d2b1d
2b2 exp
�i�p1b1 	 p2b2��

� 
Sg�b1�Sg�b2� � Sg�b����z1; r�: (8)

The differential cross section is proportional to the modu-
1In terms of the light cone approach to the QCD Landau-
Pomeranchuk-Migdal effect, this corresponds to the thin-target
limit [13].
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lus squared of (8),Z
d2b01d

2b02 exp
i�p1b
0
1 	 p2b

0
2��
S

y
g �b01�S

y
g �b02� � Syg �b0��

����z1; r
0�
Z
d2b1d

2b2 exp
�i�p1b1 	 p2b2��

� 
Sg�b1�Sg�b2� � Sg�b����z1; r�: (9)

The crucial point is that the Hermitian conjugate Sy can be
viewed as the S matrix for an antiparton [2,11,12].
Consequently, the four terms in the product


Sg�b01�Sg�b
0
2� � Sg�b0��y
Sg�b1�Sg�b2� � Sg�b��

admit a simple interpretation:

S �2�g�0g� �b
0; b� � Syg �b0�Sg�b� (10)

can be viewed as a S matrix for elastic scattering on a
target of the g�0g� state in which the (anti)gluon g�0 prop-
agates at the impact parameter b0. The averaging over the
color states of the beam parton g� amounts to the dipole
g�g� being in the color-singlet state. Similarly,

S�3�g�0g1g2
�b0; b1; b2� � Syg �b0�Sg�b1�Sg�b2�;

S�3�g01g02g�
�b; b01; b

0
2� � Syg �b01�S

y
g �b02�Sg�b�;

S�4�g01g02g1g2
�b01; b

0
2; b1; b2� � Syg �b01�S

y
g �b02�Sg�b1�Sg�b2�:

(11)

describe elastic scattering on a target of the overall color-
singlet three- and four-gluon states, respectively. This is
shown schematically in Fig. 3. Here we suppressed the
matrix elements of S�n� over the target nucleon; full details
of the derivation based on the Glauber-Gribov multiple-
scattering theory for nuclear targets [21,22] and the closure
relation are found in [2]. Specifically, in the calculation of
the inclusive cross sections one averages over the color
states of the beam gluon g, sums over color states X of
final-state gluons g1; g2, takes the matrix products of Sy

and S with respect to the relevant color indices entering
S�n� and sums over all nuclear final states applying the
closure relation. The technicalities of the derivation of S�n�

will be presented below; here we cite the master formula
for the dijet cross section, which is the Fourier transform of
the two-body density matrix:

d��g� ! g1g2�

dzd2p1d2p2

�
1

�2��4
Z
d2b1d2b2d2b01d

2b02

� exp
�ip2�b2 � b
0
2� � ip1�b1 � b

0
1��

���z1; b1 � b2��
��z1; b01 � b

0
2� (12)

X
X

hXjfS�4�g01g02g1g2
�b01;b

0
2; b1; b2� 	 S�2�g�0g� �b

0;b�

� S�3�g01g02g�
�b; b01; b

0
2� � S�3�g�0g1g2

�b0; b1; b2�gjini:
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FIG. 3 (color online). The S-matrix structure of the two-body density matrix for excitation g! g1g2.
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FIG. 2 (color online). Typical contribution to the excitation amplitude for gA! g1g2X, with multiple color excitations of the
nucleus. The amplitude receives contributions from processes that involve interactions with the nucleus after and before the virtual
decay which interfere destructively.
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Hereafter, we describe the final-state dijet in terms of the
jet momentum p 
 p1, z 
 z1, and the decorrelation (aco-
planarity) momentum � � p1 	 p2. We also introduce

s � b2 � b
0
2; (13)

in terms of which b1 � b
0
1 � s	 r� r

0 and

exp
�ip2�b2 � b
0
2� � ip1�b1 � b

0
1��

� exp
�i�s� ipr	 ipr0�; (14)

so that the dipole parameter s is conjugate to the acopla-
narity momentum �.
III. CALCULATION OF THE 2-PARTON AND
3-PARTON S MATRICES

A. The gluon-nucleon S matrix and the k? factorization
representations for the color-dipole cross section

In order to set up the formalism, we start with the
S-matrix representation for the cross section of interaction
of the gg color dipole with the free-nucleon target. To the
two-gluon-exchange approximation, the S matrix of the
gluon-nucleon interaction equals
114018
S N�b� � 1	 iTaVa��b� �
1
2T

aTa�2�b�; (15)
where Ta is the SU�Nc� generator in the adjoint represen-
tation, hgbjTajgci � �ifabc, and TaVa��b� is the gluon-
nucleon eikonal for single gluon exchange. The vertex Va
for excitation of the nucleon gaN ! N�a into a color-octet
state is so normalized that after application of closure over
the final-state excitations N� the vertex gagbNN equals
hNjVya VbjNi � �ab. The second order term in (15) already
uses this normalization. The S matrix of the gg-nucleon
interaction equals
S �2�gg�b1; b2� �
hNjTr
SN�b1�S

y
N�b2��jNi

hNjTr1jNi
: (16)
The corresponding profile function is �2�b1; b2� �

1� S�2�gg�b1; b2�. The dipole cross section for interaction
of the color-singlet gg dipole r � b1 � b2 with the free
nucleon is obtained upon the integration over the overall
impact parameter
-5
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��r� � 2
Z
d2b1�2�b1; b1 � r�

� CA
Z
d2b1
��b1� � ��b1 � r��

2; (17)

where CA � TaTa � Nc is the gluon Casimir operator.
Equation (17) sums up the contributions from the four
Feynman diagrams of Fig. 4 and is related to the gluon
density in the target by the k? factorization formula
[20,23]

��x; r� �
CA
CF

Z
d2�f�x;��
1� exp�i�r��; (18)

where CF � �N2
c � 1�=2Nc is the quark Casimir. Recall

that the unintegrated gluon density

F �x; �2� �
@G�x; �2�

@ log�2 (19)

was defined with respect to the q �q color-dipole probe and
is related to f�x;�� through

f�x;�� �
4��S�r�
Nc

�
1

�4 �F �x; �
2�: (20)

Hereafter, we suppress the variable x in the gluon densities
and dipole cross sections. The energy dependence of
the dipole cross section is governed by the color-dipole
leading log1

x evolution [20,24], the related evolution for the
unintegrated gluon density is described by the familiar
momentum-space BFKL (Balitsky-Fadin-Kuraev-
Lipatov) equation [9,25].

The S matrix for coherent interaction of the color dipole
with the nuclear target is given by the Glauber-Gribov
formula [21,22]

S 
b; ��r�� � exp
�1
2��r�T�b��; (21)

where

T�b� �
Z 1
�1

drznA�b; rz� (22)

is the optical thickness of the nucleus. The nuclear density
nA�b; rz� is normalized according to

R
d3 ~rnA�b; rz� �R

d2bT�b� � A, where A is the nuclear mass number.
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In the specific case of S�2�g�g� �b
0; b� the color dipole equals

r gg � b� b
0 � s	 zr� zr0; (23)

and S�2�g�g� �b
0; b� entering Eq. (12) will be given by the

Glauber-Gribov formula

S �2�g�g� �b
0; b� � S
b; ��s	 zr� zr0��: (24)

B. The S matrix for the color-singlet ggg system

Here, there are two possibilities to couple three gluons to
a color singlet, but only the f coupling is relevant to our
problem; see also Appendices A, B, and C.

For the generic three-gluon state shown in Fig. 5 the
color-dipole cross section equals

��3��b1; b2; b3� �
1
2
��r12� 	 ��r23� 	 ��r31��; (25)

where rik � bk � bi. The configuration of color dipoles for
the case of our interest is shown in Fig. 5 (see the related
derivation in [11]). For the g0g1g2 state the relevant dipole
sizes in (25) equal

rg1g�0 � b1 � b
0 � s� zr; rg1g2

� b2 � b1 � r;

rg�0g2
� b0 � b2 � s	 r� zr0; (26)

so that

�g�0g1g2
� 1

2
��r� 	 ��s	 r� zr
0� 	 ��s� zr0��;

�g�g01g02 �
1
2
���r

0� 	 ��s� r0 	 zr� 	 ��s	 zr��:
(27)

The overall color-singlet three-gluon state has a unique
color structure and its elastic scattering on a nucleus is a
-6
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single-channel problem. Consequently, the nuclear S ma-
trix is given by the single-channel Glauber-Gribov formula

S �3�g�0g1g2
�b; b0q; b

0
g� � S
b; �g�0g1g2

�;

S�3�g�0g01g02
�b0; bq; bg� � S
b; �g�g01g02�:

(28)

IV. DIPOLE CROSS SECTION OPERATOR FOR
FOUR-GLUON STATES

We now come to the major technical novelty of this
paper, the dipole cross section matrix for the four-gluon
114018
system. Here, as in the previous applications for qq �q �q and
q �qgg systems, the large Nc limit offers a particularly
useful expansion. We thus discuss the general case in
which the gluon is transforming in the adjoint representa-
tion of SU�Nc�. In order to construct the relevant four-
gluon states, our first task is to decompose the product
states of the adjoint� adjoint system into irreducible rep-
resentations. The adjoint (or regular) representation of
SU�Nc� has N2

c � 1 states, and the Clebsch-Gordan series
for the product of two adjoints reads
�N2
c � 1� � �N2

c � 1� � 1	 �N2
c � 1�A 	 �N2

c � 1�S 	
�N2

c � 4��N2
c � 1�

4
	

�
�N2

c � 4��N2
c � 1�

4

�
�

	
N2
c�Nc 	 3��Nc � 1�

4
	
N2
c�Nc � 3��Nc 	 1�

4

� 1	 8A 	 8S 	 10	 10	 27	 R7: (29)
In the last line, we named the representations by their
SU�3� dimensions, except for one of the symmetric repre-
sentations that vanishes for Nc � 3 and will be referred to
as R7.

A. Projection operators onto irreducible
representations

The derivation of projectors onto the representations
(29) is a lengthy, though standard, exercise [26]. While in
our earlier solution of the analogous problem for the qgg �q
system it had proven convenient to represent gluons in a
double line notation as pointlike quark-antiquark systems,
here we find it expedient to stick to purely adjoint-index
tensors. We present here a sketch of the construction of
irreducible representations (29); the details are given in
Appendices A and B.

If ta; a � 1 . . .N2
c � 1 are SU�Nc� generators in the

fundamental representation, the familiar f and d tensors
are defined through

tatb �
1

2Nc
�ab1	

1

2
�dabc 	 ifabc�t

c; (30)

and Tabc � �ifabc are the SU�Nc� generators in the adjoint
representation.

First we decompose the product representation space
into its symmetric and antisymmetric parts, respectively:

1 ab
cd 
 �ac�bd � Sabcd 	Aab

cd; (31)

where

Sabcd 

1
2��ac�bd 	 �ad�bc�;

Aab
cd 


1
2��ac�bd � �ad�bc�:

(32)

The complex
iYabcd 

i
2
�dadkfkbc 	 fadkdkbc� (33)

as well as


Dt�
ab
cd 
 dackdkbd; 
Du�

ab
cd 
 dadkdkbc;


Ds�
ab
cd 
 dabkdkcd

(34)

also prove helpful. All the above defined tensors S, A, iY,
Ds, Dt, Du are Hermitian.

The SU�Nc� projectors into the three lowest dimensional
multiplets have manifestly the same form as their well-
known Nc � 3 counterparts:

P
1�abcd �
1

N2
c � 1

�ab�cd; (35)

P
8A�abcd �
1

Nc
fabkfkcd �

1

Nc
ifabkifkdc; (36)

P
8S�
ab
cd �

Nc
N2
c � 4

dabkdkcd �
Nc

N2
c � 4


Ds�
ab
cd: (37)

For the construction of higher multiplets a useful quantity
is Qcd

ab � 4 � Tr
tatdtbtc�; which, with indices suppressed,
equals

Q �
1

Nc
�2S � �N2

c � 1�P
1�� 	
1

2
�Dt 	Du �Ds� 	 iY:

(38)

Then, the crucial observation is [26] that

1 �Q2 �
N2
c � 1

Nc
P
1� 	

N2
c � 4

Nc
P
8S� � P
8A�: (39)

Apparently in the subspaces that are projected onto by
-7
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S ? � S � P
1� � P
8S�; A? �A� P
8A�;

(40)

the operator 1�Q2 � �1	Q��1�Q� vanishes and Q
has eigenvalues �1. We can thus write down projection
operators that decompose S?;A? further, as

P�A? �
1
2�1�Q�A?; P�S? �

1
2�1�Q�S?: (41)

Checking how many states are contained in P�A? , P�S? , one

may identify that P	A? � P
10�, P�A? � P
10�, P	S? �
P
27�, and P�A? � P
R7�. In convenient form, with all
indices shown again, they read:

P
10�abcd �
1
2�A

ab
cd � P
8A�

ab
cd 	 iY

ab
cd �;

P
10�abcd �
1
2�A

ab
cd � P
8A�

ab
cd � iY

ab
cd �:

(42)

P
27�abcd �
1

2Nc

�
�Nc 	 2�Sabcd � �Nc 	 2��Nc � 1�P
1�abcd

�
1

2
�Nc � 2��Nc 	 4�P
8S�abcd

	
Nc
2
�
Dt�

ab
cd 	 
Du�

ab
cd�

�
; (43)

P
R7�
ab
cd �

1

2Nc

�
�Nc � 2�Sabcd 	 �Nc � 2��Nc 	 1�P
1�abcd

	
1

2
�Nc 	 2��Nc � 4�P
8S�abcd

�
Nc
2
�
Dt�

ab
cd 	 
Du�

ab
cd�

�
: (44)

It is now a simple matter to obtain the quadratic
Casimirs (i.e. color charge squared) of the individual mul-
tiplets, which can be found in Table I.

B. Multigluon states

The above given projectors can be used to construct the
color-space wave function of the multigluon states relevant
for us. The four gluons have to be in a total color singlet,
and all possible states are exhausted by coupling a chosen
pair of gluons to all possible multiplets and the remaining

N. N. NIKOLAEV, W. SCHAFER, AND B. G. ZAKHAROV
TABLE I. Properti

symmetric

Name of rep. 1 8S 27

Dimension 1 N2
c � 1 N2

c �Nc	3��Nc�1�
4

N

Casimir C2
R� 0 Nc 2�Nc 	 1�

�R � 1� C2
R�
2CA

1 1
2 � 1

Nc
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two to an antimultiplet. The choice of pairs is of course
arbitrary. Because averaging over colors of the incoming
gluon amounts to the initial state

jini �
1���������������

N2
c � 1

p j8A8Ai; (45)

a convenient choice is the s-channel pairing

jRRi
 jf
ga�b1��g
b�b2��R�
g

c�b01��g
d�b02��Rg1i

�
1���������������

dim
R�
p P
R�abcd jg

a�b1��gb�b2��gc�b01��g
d�b02�i:

(46)

The basis of color-singlet four-gluon states which contrib-
ute to the non-Abelian evolution of gluon-gluon dijets
in our problem consists of j11i, j8A8Ai, j8S8Si, j1010i,
j1010i, j2727i, jR7R7i. The mixed-symmetry color-singlet
states like j8A8Si are possible but decouple from the above
states.

We note in passing that the single-jet spectrum derives
from the dijet spectrum by integration over all �, which
entails s � 0. For studying the transition from the dijet to
single-jet problem an alternative, t-channel, pairing of
gluons, �g1g01� and �g2g02�, proves to be a more convenient
one. Evidently, the multiparton S matrices for different
choices are related by a trivial permutation of the gluon
impact parameters. For the reference purposes, in
Appendix C we demonstrate how the coupled seven-
channel problem is exactly diagonalized for the color-
dipole configuration appropriate to the single-jet problem.

C. Multiparton S matrix and the four-body color-dipole
cross section operator for the free-nucleon target

The frozen impact parameter approximation leads to a
four-gluon S matrix of the form

S �4�N �b1; b2; b01;b
0
2� � SN�b1� � SN�b2� � SN�b01�

� SN�b02�: (47)

Then, upon using Eq. (15), on a color-singlet four-particle
state, the S matrix S�4�N takes the form
es of multiplets.

antisymmetric

R7 8A 10 10
2
c �Nc�3��Nc	1�

4 N2
c � 1 �N2

c�4��N2
c�1�

4
�N2

c�4��N2
c�1�

4

2�Nc � 1� Nc 2Nc 2Nc
1
Nc

1
2 0 0

-8
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S �4�N �b1; b2; b
0
1; b

0
2� � 1� 1

2
T
a
1��b1� 	 T

a
2��b2� 	 T

a
10��b

0
1� 	 T

a
20��b

0
2��

2

� 1� 1
2CA
�

2�b1� 	 �
2�b2� 	 �

2�b01� 	 �
2�b02�� � T

a
1T

a
2��b1���b2� � T

a
10T

a
20��b

0
1���b

0
2�

� Ta2T
a
10��b2���b01� � T

a
1T

a
20��b1���b02� � T

a
1T

a
10��b1���b01� � T

a
2T

a
20��b2���b02�: (48)
Here products like Ta1T
a
20 are shorthands for Ta � 1 � 1 �

Ta, what acts in the space spanned by gluon states ga1 �
gb2 � g

c
10 � g

d
20 .

In the following we shall heavily exploit the color-
singlet condition for the four-gluon system, which reads

�Ta1 	 T
a
2 	 T

a
10 	 T

a
20 �jRRi � 0: (49)

As we work with states in which the dipole 1 2 and the
conjugate dipole 1020 are in definite color representations,
we have

�Ta1 	 T
a
2 �

2jRRi � �Ta10 	 T
a
20 �

2jRRi � C2
R�jRRi; (50)

which we can use to simplify the cross product terms, e.g.

Ta1T
a
2 � Ta10T

a
20 �

1
2�C2
R� � 2CA�; (51)

where we used that Taj T
a
j � CA for all j.2 Now notice that

for the operators

TaD 
 Ta1 	 T
a
2 � Ta � 1 � 1 � 1	 1 � Ta � 1 � 1;

TaD0 
 Ta10 	 T
a
20 � 1 � 1 � Ta � 1	 1 � 1 � 1 � Ta;

�a
D 
 Ta1 � T

a
2 � Ta � 1 � 1 � 1� 1 � Ta � 1 � 1;

�a
D0 
 Ta10 � T

a
20 � 1 � 1 � Ta � 1� 1 � 1 � 1 � Ta

(52)
2Here a sum over a, but not j, is implied
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we have

TaD�a
D � �T

a
1 �

2 � �Ta2 �
2 � 0 � TaD0�

a
D0 ; (53)

and, because of the color-singlet condition TaD � �T
a
D0 ,

also

TaD0�
a
D � TaD�a

D0 � 0; (54)

and, effectively

TaDT
a
D0 � �T

a
DT

a
D � �C2
R�: (55)

Now insert

Ta1 �
1
2�T

a
D 	 �a

D�; Ta2 �
1
2�T

a
D ��a

D�;

Ta10 �
1
2�T

a
D0 	 �a

D0 �; Ta20 �
1
2�T

a
D0 � �a

D0 �
(56)

into (48), and use relations (51) and (53)–(55) to obtain
1� S�4�N �b1; b2; b
0
1;b

0
2� �

1
2CA��

2�b1� 	 �
2�b2� 	 �

2�b01� 	 �
2�b02�� 	

1
2�C2
R� � 2CA����b1���b2� 	 ��b

0
1���b

0
2��

� 1
4C2
R����b

0
1���b2� 	 ��b1���b

0
2� 	 ��b1���b

0
1� 	 ��b2���b

0
2��

	 1
4�

a
D�a

D0 ���b1���b
0
1� 	 ��b2���b

0
2� � ��b

0
1���b2� � ��b1���b

0
2��: (57)
We can now go ahead and complete the squares,

1� S�4�N �b1; b2; b
0
1;b

0
2� �

1
4�2CA � C2
R��
���b1� � ��b2��

2 	 ���b01� � ��b
0
2��

2� 	 1
8C2
R�
���b1� � ��b

0
1��

2

	 ���b2� � ��b02��
2 	 ���b01� � ��b2��

2 	 ���b1� � ��b02��
2� 	 1

8�
a
D�a

D0 
���b
0
1� � ��b2��

2

	 ���b1� � ��b02��
2 � ���b1� � ��b01��

2 � ���b2� � ��b02��
2�: (58)
Finally, using (17) we obtain the following form for the dipole cross section operator for the four-gluon system
-9
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hR0R0j�̂�4��b1; b2;b01; b
0
2�jRRi � �R�R0;R � 
��b1 � b2� 	 ��b01 � b

0
2��

	
�1� �R�

2
�R0;R � 
��b1 � b

0
1� 	 ��b2 � b

0
2� 	 ��b

0
1 � b2� 	 ��b1 � b

0
2��

�
hR0R0j�a

D�a
D0 jRRi

4CA
���b1; b2; b01;b

0
2�: (59)
Here the parameter

�R � 1�
C2
R�
2CA

; (60)

enters the diagonal part of the cross section and can be
found for individual multiplets in Table I. In the off-
diagonal piece we introduced the combination

��b1; b2; b
0
1; b

0
2� 
 ��b01 � b2� 	 ��b1 � b

0
1�

� ��b1 � b
0
1� � ��b2 � b

0
2�

� ��s	 r� 	 ��s� r0� � ��s�

� ��s	 r� r0�; (61)

the same structure of dipole cross sections made already an
appearance in our previous solutions of the q �qq �q and qg �qg
dipole cross section matrices [2,6]. Equation (59) is the
central result of this subsection. We now turn to the evalu-
ation of the matrix elements hR0R0j�a

D�a
D0 jRRi.

D. Evaluation of the off–diagonal matrix elements

For R � R0, we have

hR0R0j�̂�4��b1; b2;b
0
1;b

0
2�jRRi � �

hR0R0j�a
D�a

D0 jRRi

4CA
���b1;b2; b

0
1; b

0
2�: (62)

We recall that

�a
D�a

D0 � �T
a � 1� 1 � Ta� � �Ta � 1� 1 � Ta�

� Ta � 1 � Ta � 1� 1 � Ta � Ta � 1

� Ta � 1 � 1 � Ta 	 1 � Ta � 1 � Ta: (63)
a

a

...

...

R Rij

m n mn ’’

k l ’l k’

FIG. 6. The matrix element hRjRjjÔjRiRii.
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One can easily convince oneself that this is really a tran-
sition operator, i.e., it has only matrix elements between
different multiplets, and even more they must be of differ-
ent permutation symmetry, i.e. the transitions are between
symmetric and antisymmetric multiplets. One can then use
permutation symmetry, to obtain, effectively,

�a
D�a

D0 � 4 � �1 � Ta � 1 � Ta�

� �4 � �1 � Ta � 1 � �Ta�t� 
 4 � Ô; (64)

which means

hR0R0j�̂�4��b1; b2; b01; b
0
2�jRRi � �

1

Nc
� hR0R0jÔjRRi

���b1;b2;b
0
1; b

0
2�: (65)

Between four-gluon states with color wave functions
Amnjk ; B

mn
jk the matrix element of the operator Ô is evaluated

explicitly as

hAjÔjBi � Amnkl ifnan0ifall0�mm0�kk0B
k0l0
m0n0 : (66)

See also Fig. 6.
In Table II we collect the contractions of the operator Ô

between a convenient choice of tensors, from which the
matrix elements of the relevant four-gluon states (46) can
be reconstructed. The tensor iY decouples completely—all
its off-diagonal elements vanish.

E. The dipole cross section operator for the four-gluon
system

We now come to the final result for the four-body dipole
cross section operator in the s-channel basis described in
Sec. IV B above, in which the two gluons from the ampli-
tude and from the complex conjugate amplitude, respec-
tively, are in definite color multiplets.

1. Diagonal elements

The diagonal elements for the four-gluon system are
even simpler than for the quark-antiquark–gluon-gluon
system studied in [6] and are expressed in terms of two
combinations of color-dipole cross sections:
-10



TABLE II. Matrix elements of the operator Ô.

S P
1� P
8S� Du Dt

A 1
4Nc�N

2
c � 1�2 Nc

3
4Nc�N

2
c � 1� 1

2 �N
2
c � 1��N2

c � 4� � 1
4 �N

2
c � 1��N2

c � 4�

P
8A�
3
4Nc�N

2
c � 1� Nc

1
4Nc�N

2
c � 1� 0 1

4 �N
2
c � 1��N2

c � 4�
iY 0 0 0 0 0
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�1 
 ��b1 � b2� 	 ��b
0
1 � b

0
2� � ��r� 	 ���r0�;

	 
 ��b1 � b
0
1� 	 ��b2 � b

0
2� 	 ��b

0
1 � b2�

	 ��b1 � b
0
2�

� ��s	 r� 	 ��s� r0� 	 ��s� 	 ��s	 r� r0�: (67)
Making use of Table I, we find
h11j�̂�4�j11i � �1;

h8A8Aj�̂�4�j8A8Ai � h8S8Sj�̂�4�j8S8Si �
1

4
		

1

2
�1;

h1010j�̂�4�j1010i � h1010j�̂�4�j1010i �
1

2
	

�
C2
10�

CA
�

1

4
	;

h2727j�̂�4�j2727i �
2�Nc 	 1�

Nc
�

1

4
	�

1

2Nc
�1

�
C2
27�

CA
�

1

4
	�

1

2Nc
�1;

hR7R7j�̂
�4�jR7R7i �

2�Nc � 1�

Nc
�

1

4
		

1

2Nc
�1

�
C2
R7�

CA
�

1

4
		

1

2Nc
�1: (68)
We recall that in the limit of r � r0 � 0 the gluon pairs
collapse into pointlike partons in the color-representation
Ri. In this limit �1 � 0, and the diagonal matrix elements
are simply proportional to the Casimir operators as it must
be [6]:
hRiRij�̂�4�jRiRii �
C2
Ri�
CA

��s�: (69)
Notice that the matrix elements h2727j�̂�4�j2727i and
hR7R7j�̂�4�jR7R7i are related by the transformation Nc !
�Nc; for the discussion of a similar symmetry in the quark-
gluon dijet production see Ref. [6].
114018
2. Off-diagonal elements

Making use of Tables I and II we have

h11j�̂�4�j8A8Ai � �
1���������������

N2
c � 1

p ���b1; b2; b01; b
0
2�;

h8S8Sj�̂�4�j8A8Ai � �
1

4
���b1; b2; b01; b

0
2�;

h2727j�̂�4�j8A8Ai � �
1

2Nc

���������������
Nc 	 3

Nc 	 1

s
���b1; b2; b01; b

0
2�;

hR7R7j�̂�4�j8A8Ai � �
1

2Nc

���������������
Nc � 3

Nc � 1

s
���b1; b2; b01; b

0
2�;

h8S8Sj�̂�4�j1010i � �
1

2
���������������
N2
c � 4

p ���b1; b2; b01; b
0
2�

� h8S8Sj�̂�4�j1010i;

h2727j�̂�4�j1010i � �
1

4Nc

������������������������������������������������������
�Nc 	 1��Nc � 2��Nc 	 3�

Nc 	 2

s

���b1;b2; b01; b
0
2�

� h2727j�̂�4�j1010i;

hR7R7j�̂�4�j1010i � �
1

4Nc

������������������������������������������������������
�Nc � 1��Nc 	 2��Nc � 3�

Nc � 2

s

���b1;b2; b01; b
0
2�

� hR7R7j�̂�4�j1010i: (70)

We again observe the curious symmetry [6]: the
matrix elements h2727j�̂�4�j8A8Ai and hR7R7j�̂�4�j8A8Ai
are related by the transformation Nc ! �Nc; the same is
true of the matrix elements h2727j�̂�4�j1010i and
hR7R7j�̂�4�j1010i.

F. Large-Nc properties of the dipole cross section
matrix

In conjunction with the Glauber-Gribov form for the
nuclear S matrix, the dipole cross section operator �̂�4�

solves the problem of non-Abelian intranuclear evolution
of the four-gluon system. Being a symmetric matrix, the
dipole cross section operator could readily be brought in
diagonal form, and the Fourier transform could finally be
performed numerically. In practice, however one would
encounter a number of obstacles when proceeding along
these lines. First, for the case of the two-particle inclusive
-11
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spectrum, the eigenvalues of the dipole cross section op-
erator will be nonanalytic functionals of the free-nucleon
cross section operator, and second the dipole cross section
itself has a nonanalytic dependence on dipole size, which
would ultimately determine the asymptotics of the relevant
Fourier transforms. It is therefore convenient that the
large-Nc expansion offers a path to analytic formulas,
which can be interpreted in a transparent way.

We start from the observation that at large-Nc the cross
section operator �̂�4� assumes a block diagonal form.
Apparently, transitions between representations which
have dimensions that grow with the same power of Nc
are parametrically of order N0

c , whereas transitions to the
next-larger/smaller block are suppressed by N�1

c .
In the space of four-parton states we introduce the

projectors

P 1 � j11ih11j;

P 2 � j8A8Aih8A8Aj 	 j8S8Sih8S8Sj;

P 3 � j1010ih1010j 	 j1010ih1010j

	 j2727ih2727j 	 jR7R7ihR7R7j; (71)

which allow us to isolate the blocks P i�̂�4�P i, the first one
being a one-by-one matrix:

P 1�̂
�4�P 1 � �1: (72)

The vector je1i � j11i can be viewed as an eigenvector of
block 1 with eigen cross section �1.

The second block is written, in the two-dimensional
subspace of octets, as

P 2�̂
�4�P 2 �

1
4
		 2�1� �1

4�
�1

4�
1
4
		 2�1�

 !
: (73)

Its eigenvectors are

je2i �
1���
2
p �j8A8Ai 	 j8S8Si�;

je3i �
1���
2
p �j8A8Ai � j8S8Si�;

(74)

and belong to the eigen cross sections

�2 �
1
2�1 	

1
4
	���

� 1
2��1 	 ��b1 � b

0
1� 	 ��b2 � b

0
2��

� 1
2
��r� 	 ���r

0� 	 ��s� 	 ��s	 r� r0��;

�3 �
1
2�1 	

1
4
		��

� 1
2
�1 	 ��b

0
1 � b2� 	 ��b1 � b

0
2��

� 1
2
��r� 	 ���r

0� 	 ��s	 r� 	 ��s� r0��:

(75)

Finally, the third block accounts for the multiplets that
have O�N4

c� states. Here we notice that at large Nc all
higher multiplets interact as two color-uncorrelated gluons.
114018
For instance, the Casimir operators for these multiplets
approach C2�Ri� � 2CA and the diagonal cross sections
become identical. In matrix form, where the rows refer to
states j1010i, j1010i, j2727i, jR7R7i we write

P 3�̂�4�P 3 �

1
2	 0 �1

4� �1
4�

0 1
2	 �1

4� �1
4�

�1
4� �1

4�
1
2	 0

�1
4� �1

4� 0 1
2	

0BBB@
1CCCA: (76)

Its eigenvectors are seen easily to be

je4i �
1
2�j1010i 	 j1010i 	 j2727i 	 jR7R7i�;

je5i �
1
2�j1010i 	 j1010i � j2727i � jR7R7i�;

je6i �
1���
2
p �j1010i � j1010i�;

je7i �
1���
2
p �j2727i � jR7R7i�;

(77)

with eigenvalues

�4 �
1
2�	��� � ��b1 � b

0
1� 	 ��b2 � b

0
2�

� ��s� 	 ��s	 r� r0�;

�5 �
1
2�		�� � ��b01 � b2� 	 ��b1 � b

0
2�

� ��s	 r� 	 ��s� r0�;

�6 � �7 �
1
2	 �

1
2��4 	 �5�:

(78)

We finally observe that the eigenstate je6i decouples
exactly from our problem, which is seen readily from the
summary of the off-diagonal elements (70). Couplings
between the above diagonalized matrix blocks are of
O�N�1

c �. In the basis of eigenstates je1i; . . . ; je7i we can
collect the Nc-suppressed off-diagonal elements as

!̂�s; r; r0� � �
1���
2
p
Nc

��s; r; r0�fje1ihe2j 	 je1ihe3j

	 je4ihe2j � je5ihe3j 	 H:c:g: (79)

It is easy to check that the off-diagonal elements containing
the state je7i are O�N�2

c � and this state decouples at
O�N�1

c �. At O�N�1
c � there are also corrections to the

diagonal matrix elements, in the sector of large symmetric
representations 27; R7. They are however not relevant for
our problem; theN�1

c perturbation theory treatment of such
corrections is found in [2]. The crucial observation is that
in the inclusive dijet spectrum, with summation over all
colors of final-state gluons, the final-state projection sim-
plifies toX

X

hXj �
X
R

���������������
dim
R�

p
hRRj

� he1j|{z}
1

	 Nc
���
2
p
he2j|�����{z�����}

8A	8S

	 N2
che4j|��{z��}

10	10	27	R7

: (80)
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If we remember that averaging over incoming colors shall
introduce another factor 1=Nc,

jini �
1��������������

dim
8�
p j8A8Ai �

1���
2
p
Nc
�je2i 	 je3i�; (81)

we see that the large number of states in higher multiplets
can overcome the suppression of their excitation. The
excitation of singlet states is large-Nc suppressed and
will be dealt with separately.

To develop the large-Nc perturbation theory, we decom-
pose the free-nucleon cross section operator as

�̂ �4� � �̂�0� 	 !̂; (82)

where
114018
�̂ �0� � P 1�̂
�4�P 1 	 P 2�̂

�4�P 2 	 P 3�̂
�4�P 3

�
X7

j�1

�jjejihejj (83)

is the block matrix that is diagonalized by the basis
je1i . . . je7i. Now, the nuclear S matrix is obtained from
the free-nucleon dipole cross section by means of the
Glauber-Gribov exponentiation

S 
b; �̂�4��s; r; r0�� � exp
�1
2�̂
�4��s; r; r0�T�b��: (84)

To the first order in the off-diagonal perturbation !̂ we can
establish easily
S 
b; �̂�0� 	 !̂� � S
b; �̂�0�� � �
1

2
T�b�

Z 1

0
d
S
b; �1� 
��̂�0��!̂S
b; 
�̂�0�� 	O�N�2

c �: (85)

V. LINEAR k? FACTORIZATION FOR DIJETS FROM THE FREE-NUCLEON TARGET

At this point we are in a position to give our result for the process g�gN ! g1g2 on the free-nucleon target. After
integrating over the overall impact parameter, our master formula assumes the form

d�N�g
� ! g1g2�

dzd2p1d
2p2

�
1

2�2��4
Z
d2sd2rd2r0 exp
�i�s� ip1�r� r

0����z; r����z; r0�
X
X

hXj�̂�s; r; r0�jini: (86)

We evaluate the cross section for an incoming gluon, which entails an average over its incoming colors and the initial
state jini of Eq. (45). Likewise in the final state we sum over all color states. Then, the calculation of the inclusive cross
section involves the evaluation of the following matrix elements of the four-parton cross section operator

X
R�8A

���������������
dim
R�
dim
8�

s
hRRj�̂�s; r; r0�j8A8Ai � �

X
R�8A

���������������
dim
R�

N2
c � 1

s
hRRj�̂�4��s; r; r0�j8A8Ai

� ��s; r; r0�

0BB@ 1

4|{z}
8S

	
1

N2
c � 1|���{z���}

1

	

������������������������������������������
N2
c�Nc 	 3��Nc � 1�

4�N2
c � 1�

s
1

2Nc

���������������
Nc 	 3

Nc 	 1

s
|��������������������������������{z��������������������������������}

27

	

������������������������������������������
N2
c�Nc � 3��Nc 	 1�

4�N2
c � 1�

s
1

2Nc

���������������
Nc � 3

Nc � 1

s
|��������������������������������{z��������������������������������}

R7

1CCA

�
1

4
��s; r; r0�

0BB@ 1|{z}
8S

	
4

N2
c � 1|���{z���}

1

	
Nc 	 3

Nc 	 1|���{z���}
27

	
Nc � 3

Nc � 1|���{z���}
R7

1CCA

�
1

4
��s; r; r0�� 1|{z}

8S

	 2|{z}
1	27	R7

�: (87)

Here we indicated the contributions from excitation of individual multiplets different from the antisymmetric octet
representation of the incident gluon. ��s; r; r0� is the same as in Eq. (61); now in the relevant coordinates, explicitly
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��s; r; r0� �
Z
d2�f��� exp
i�s��1� exp
i�r���1� exp
�i�r0��: (88)

The diagonal contribution from final-state gluons in the antisymmetric octet is constructed easily from the results of
Sec. IV:

h8A8Aj�̂�s; r; r
0�j8A8Ai � ��3��b1; b2; b

0� 	 ��3��b01;b
0
2;b� � ��s	 z�r� r

0�� � h8A8Aj�̂
�4��s; r; r0�j8A8Ai

�
1

2

��s� zr0 	 r� 	 ��s� r0 	 zr� � ��s	 z�r� r0�� � ��s	 r� r0� 	 ��s� zr0�

	 ��s	 zr� � ��s	 z�r� r0�� � ��s�� �
1

4

��s� r0� 	 ��s	 r� � ��s	 r� r0� � ��s��

�
Z
d2�f��� exp
i�s�

�
1

2
�exp
i�r� � exp
iz�r���exp
�i�r0� � exp
�iz�r0��

	
1

2
�1� exp
iz�r���1� exp
�iz�r0�� �

1

4
�1� exp
i�r���1� exp
�i�r0��

�
: (89)
The dijet cross section for production of gluons in the
antisymmetric octet reads therefore

d�N�g�!fg1g2g8A�

dzd2�d2p
�

1

2�2��2
f���

�

�
j��z;p������z;p�z��j2

	j��z;p����z;p�z��j2

�
1

2
j��z;p����z;p���j2

�
; (90)

The wave function of the gluon-gluon Fock state of the
physical gluon enters our analysis as the recurrent quantity

j��z;p����z;p���j2�2�SPgg�z�

�

�
p

p2	"2�
p��

�p���2	"2

�
2
;

(91)

where Pgg�z� is the familiar gluon-splitting function,

Pgg�z� � 2CA

�
1� z
z
	

z
1� z

	 z�1� z�
�
;

"2 � z�1� z��Q��2:
(92)

Now notice that the last contribution in (90) would be
canceled exactly, in the fully inclusive sum, by the excita-
tion of symmetric octets. Summing over all possible final
states we end up with

d�N�g� ! g1g2�

dzd2�d2p
�

1

2�2��2
f���

� fj��z;p��� ���z;p� z��j2

	 j��z;p� ���z;p� z��j2

	 j��z;p� ���z;p���j2g; (93)

where now the last term sums up the contribution from
excitation of 1; 27; R7, whereas the first two terms repre-
114018
sent the sum of octet 8A; 8S final states. No large Nc
approximation has been invoked here; what would change
withNc is only the composition of the final state, where the
excitation of color-singlet states is O�N�2

c �. The absence of
decuplet excitation is a consequence of the excitation
mechanism being single-gluon exchange. Our result
Eq. (93) is of course nothing but the differential version
of Eq. (82) of Ref. [4], further elucidating the color-
composition of the final state. By itself it would find
interesting phenomenological applications to dijet produc-
tion in a regime where saturation/absorption effects are not
strong, e.g. central dijets at HERA or semihard dijets at
Tevatron.
VI. NONLINEAR k? FACTORIZATION FOR
DIJETS FROM NUCLEAR TARGETS

A. Dijets in color-octet final states

In order to evaluate our master formula for the case of
octet-final states we have to collect the various multiparton
S matrices. The three- and two-body S matrices are single-
channel problems and can be written in terms of the
Glauber-Gribov exponential as

S�3�g01g02g�
� S
b; �g01g02g� �

� S
b; 1
2��r��S
b;

1
2��s� zr

0 	 r��

� S
b; 1
2��s� zr

0��;

S�3�g1g2g0�
� S
b; �g1g2g0� �

� S
b; 1
2��r

0��S
b; 1
2��s� r

0 	 zr��

� S
b; 1
2��s	 zr��;

S�2�g�g0� � S
b; �g�g0� � � S
b; ��s	 z�r� r0���

� S2
b; 1
2��s	 z�r� r

0���: (94)

Notice that the factorization of S matrices is an exact
consequence of the form of the dipole cross section for
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the three-gluon state and of the Glauber-Gribov exponen-
tiation valid for a large nucleus; it is not related to the
large-Nc limit. We need to invoke the large-Nc approxi-
mation only for the contribution from the four-body S
matrix

he2jS
b; �̂
�0�
�je2i � S
b;�2�

� S
b; 1
2��r��S
b;

1
2��r

0��S
b; 1
2��s��

� S
b; 1
2��s	 r� r

0��: (95)

Our aim is to find a momentum-space representation in
terms of the nuclear unintegrated glue. The latter is given
by the pertinent function �g defined through [4]

1� S
b; 1
2��r�� 


Z
d2��g�b;���1� exp
i�r��: (96)

Notice a subtlety:

S
�
b;

1

2
��r�

�
� exp

�
�

1

4
��r�T�b�

�

� exp
�
�
CA

4CF
�q �q�r�T�b�

�
; (97)

where we used the relationship between the dipole cross
section ��r� defined for a gluon-gluon system and the
quark-antiquark system,

��r� �
CA
CF

�q �q�r�: (98)

Consequently, the collective unintegrated nuclear glue
�g�b;�� is different form the nuclear unintegrated glue
��b;�� that enters deep inelastic scattering as well as
diffractive quark-antiquark jet production and has been
introduced in [2,8]. It should not be mixed up with yet
another quantity, the unintegrated glue defined through the
color-singlet gluon-gluon probe, �gg�b;��, which is de-
fined through (for more discussion see Appendix D)

1� S
b; ��r�� 

Z
d2��gg�b;���1� exp
i�r��: (99)
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If we denote by

�0 

CA
CF

Z
d2�f��� (100)

the dipole cross section for a large gluon-gluon dipole, then
�gg;�g are related by the momentum-space convolution,

�gg�b;�� � 2S
b; 1
2�0��g�b;�� 	 ��g ��g��b;��;

��g ��g��b;�� �
Z
d2q�g�b;�� q��g�b; q�: (101)

Another useful quantity is

�g�b;�� � S
b; 1
2�0��

�2���� 	�g�b;��; (102)

in terms of which,

S 
b; 1
2��r�� �

Z
d2��g�b;�� exp
i�r�: (103)

For later applications we shall also use the collective
glue for a slice 0<
< 1 of a nucleus

S 
b; 1
2
��r�� �

Z
d2��g�
; b;�� exp
i�r�: (104)

It has the convolution property ��g�
1� ��g�
2���

�b;�� � �g�
1 	 
2; b;�� and we note that Eq. (101)
amounts to �gg�b;�� � �g�2;b;��.

Intranuclear attenuation of dipoles becomes manifest in
the distorted wave functions, defined in dipole and mo-
mentum space, respectively, as

��
; z; r� 
 S
b; 1
2
��r����z; r�;

��
; z;p� �
Z
d2r exp
�ipr���
; z; r�

�
Z
d2��g�b;����z;p� ��:

(105)

Now, using our master formula, the inclusive dijet cross
section for gluons in the octet final state unfolds as
d��g� ! fg1g2g8A	8S�

d2bdzd2pd2 �
1

�2��4
Z
d2sd2rd2r0 exp
�i�s� exp
�ip�r� r0��

�
��1; z; r����1; z; r0�S

�
b;

1

2
��s	 r� r0�

�

� S
�
b;

1

2
��s�

�
	��z; r����z; r�S2

�
b;

1

2
��s	 z�r� r0��

�

���1; z; r����z; r0�S
�
b;

1

2
��s� zr0 	 r�

�
S
�
b;

1

2
��s� zr0�

�

���z; r����1; z; r�S
�
b;

1

2
��s� r0 	 zr�

�
S
�
b;

1

2
��s	 zr�

��

�
1

2�2��2
Z
d2�1

Z
d2�2��2���� �1 � �2��g�b;�2��g�b;�1�fj��1; z;p� �1�

���z;p� z�1 � z�2�j
2 	 j��1; z;p� �2� ���z;p� z�1 � z�2�j

2g: (106)
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Here we presented the result in a manifestly �1 $ �2

symmetric form. It is a nonlinear—fourth order—func-
tional of the collective nuclear unintegrated glue. The
origin of nonlinearity is crystal clear from Eqs. (94),
(95), and (103): (i) the dipole cross section for multiparton
states is a (matrix) superposition of cross sections for
elementary dipoles, (ii) the corresponding nuclear S ma-
trices are (matrix) products of S matrices for elementary
dipoles, (iii) by virtue of (103) the nuclear distortion of the
corresponding matrix element of the two-body density
matrix is a multiple convolution of the collective nuclear
glue. All the above is an indispensable feature of pQCD
processes in a nuclear environment; any application of the
linear k? factorization to the evaluation of nuclear effects
in the dijet production is entirely unwarranted. The same
comment applies to dijets in all other color representations.

Equation (106) shows very clearly how the quadratic-
and cubic-nonlinear contributions from the two-body and
three-body dipole states and the quartic-nonlinear contri-
bution from the four-body state conspire to produce a
difference of the intranuclear coherently distorted and the
in-vacuum wave functions of the gg Fock state. It is useful
to look also at the transition to the impulse approximation
(IA), in which (see Appendix D)

�g�b;�2��g�b;�1� � ��2���2���2���1� 	
1
2T�b�

� 
��2���2�f��1� 	 ��2���1�f��2��:

(107)
The contribution from the term ��2���2��
�2���1� to the

nuclear cross section (106) vanishes, while the terms linear
in T�b� recover precisely the octet component of free-
nucleon cross section (93) times T�b�.

The result (106) fully conforms with the concept of
universality classes introduced in Refs. [5,6] and must be
compared to the dijet spectra of other reactions in which
the dijets are produced in the same color representation as
the incident parton: excitation of color-octet quark-
antiquark dijet or of open heavy flavor from gluons, g!
fQ �Qg8, and excitation of color-triplet quark-gluon dijets
from quarks, q! fqgg3. The incoherent distortion factor
�g�b;�1��g�b;�2� in the integrand is the same as in
another gluon induced reaction g! Q �Q. It must be com-
pared to the distortion factor �g�b;�� in the case of q!
fqgg3. Following [5,6] we note that (i) to the considered
large-Nc approximation the above �g�b;�� equals the
nuclear collective glue ��b;�� defined via the quark-
antiquark dipoles, (ii) the incident gluon behaves as a
pair of color-uncorrelated quark and antiquark propagating
at the same impact parameter, and (iii) �g�b;�2��g�b;�1�

can be considered as a product of distortion factors of this
uncorrelated quark-antiquark pair. As in the case of q!
fqgg3, we can treat
114018
1
2 fj��1; z;p� �1� ���z;p� z��j2 	 j��1; z;p� �2�

���z;p� z��j2g;

which contains the collinear singularity of the g! gg
splitting, as an intranuclear-distorted hard fragmentation
function of the quasielastically scattered gluon. In close
similarity to the excitation q! fqgg3, one of the wave
functions which enters the fragmentation function is co-
herently distorted over the whole thickness of the nucleus.
The only difference is that with the incident gluon, the
argument of the coherently distorted wave function is
p� �i versus p�� in the case of the incident quark in
q! fqgg3.

B. Coherent diffractive dijets and the rapidity gap
survival

The coherent diffractive back-to-back dijets form a uni-
versality class of their own [5,6]. They can readily be
isolated from the generic octet-final states upon the appli-
cation of the expansion (102):

d�D�g� ! fg1g2g8A�

d2bdzd2pd2�
�

1

�2��2
S
b; �0���2����

� j��1; z;p� ���z;p�j2: (108)

The incident gluon has a net color charge, and in close
similarity to diffractive excitation of color-triplet quark-
gluon dijets from quarks, q! fqgg3, the coherent diffrac-
tive cross section is suppressed by a nuclear attenuation
factor. For the color-octet incident gluon the attenuation
is stronger than the one for the color-triplet quark,
S
b; ��q �q�

0 �qg; the two attenuation factors are related by

S 
b; ��gg�0 �gg � �S
b; �
�q �q�
0 �qg�

CA=CF : (109)

Here we notice that the nuclear attenuation of coherent
diffraction can be identified with Bjorken’s rapidity gap
survival probability [16]. To this end, the relationship
(109), in conjunction with an absence of similar nuclear
attenuation for coherent quark-antiquark dijets in DIS,
implies a strong breaking of diffractive factorization: the
pattern of nuclear suppression of diffraction depends
strongly on the hard subprocess and one can not treat
diffractive production off nuclei as a hard interaction
with partons of a universal nuclear pomeron. A more de-
tailed discussion of this issue and possible implications for
diffractive processes at proton-(anti)proton colliders will
be reported elsewhere.

C. Excitation of gluon-gluon dijets in symmetric octet
states

It is interesting to evaluate the contribution of symmetric
octets alone. Here the relevant excitation operator is
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1���
2
p �he2j � he3j�S
b; �̂

�0�
��je2i 	 je3i�

1���
2
p �

1

2
�S
b;�2� � S
b;�3��

�
1

2
S
�
b;

1

2
�1

��
S
�
b;

1

2
��s�

�
S
�
b;

1

2
��s	 r� r0�

�

� S
�
b;

1

2
��s	 r�

�
S
�
b;

1

2
��s� r0�

��
; (110)

which results in the cross section

d��g� ! fg1g2g8S�

d2bdzd2pd2�
�

1

4�2��2
Z
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Of course, the coherent diffractive excitation of the symmetric octet state is not allowed—the term / ��2���� is missing in
here.

D. Excitation of dijets in higher multiplets: decuplets, 27-plet, R7

In order to isolate excitation of higher multiplets we have to evaluate the matrix element
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Let us concentrate on the nuclear distortion factor

DA�b; s; r; r
0� �

Z 1

0
d
S
b; �1� 
��4�S
b; 
�2�:

(113)

It is of precisely the same form as excitation of color-octet
quark-antiquark dipoles in DIS or excitation of sextet and
15-plet quark-gluon dipoles in quark-nucleus collisions.
Here �2 describes the initial state interactions (ISI) in the
slice 
0; 
� of the nucleus, whereas �4 describes the final-
state interactions (FSI) in the slice 

; 1�.
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Now use that fact that �2 �
1
2 ��1 	�4� and

S
b; 
�2� � S
b; 1
2
�4�S
b; 1

2
�1� and identify
S
b; 1

2
�1� � S
b; 
 1
2��r��S
b; 


1
2��r

0�� with the co-
herent distortions of the gluon-gluon dipole wave function
in the slice 
0; 
�, whereas S
b; 1

2
�4�will give incoherent
ISI effects in the slice 
0; 
�. Upon the separation of
coherent distortions, both the remaining ISI and FSI cross
section operators are proportional to one and the same �4,
so that ISI and FSI can be lumped together,
S 
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Of course, in the considered large-Nc approximation we have C2
27� � C2
10� � C2
R7� � 2CA; hereafter we keep
C2
27� on purpose as a reminder that collective nuclear glue is a density matrix in the color space, for which reason the 

dependence of the nontrivial effective slice C2
27�

CA
�1� 
� 	 
 is controlled by the color properties of the initial and final-

state partons. For a related discussion see Ref. [6]. The same comment is relevant to the case of decuplet dijets to be
considered in the next section. This gives the Fourier representation
-17
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The second form emphasizes the distinction between the ISI interactions (the transverse momenta �1;2) and FSI (the
transverse momenta �3;4) which is obscured in the first, convoluted, form of the distortion factor.

That resulting dijet cross section equals
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Again, we have a full agreement with the concept of the universality classes introduced in [5,6]: the pattern of coherent
distortions of the wave function and of the incoherent ISI and FSI distortions repeats that of other processes with excitation
of dijets in color representations with the dimension higher by the factor / N2

c than the dimension of the color
representation of the incident parton.

A brief comment on the transition to the IA is in order. Taking �g�
C2
27�
CA
�1� 
� 	 
; b;�1��g�

C2
27�
CA
�1� 
� 	


; b;�2� � ��2���1���2���2� one recovers the free-nucleon cross section times T�b�.

E. Excitation of decuplet dijets

The case of the decuplet dijets is exceptional because they are not excited off free nucleons via lowest order one-gluon
exchange. A new feature is that intranuclear rescattering makes the production of gluon dijets in the decuplets possible and
it is interesting to look at their contributions separately. Using j1010i 	 j1010i � je4i 	 je5i, the production of decuplets
is induced by the excitation operator
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with the nuclear distortion factor
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The distinction between the ISI in the slice 
0; 
� and FSI in the slice 

; 1� is obvious. Repeating the analysis in the
preceding section, we readily find
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Here
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 (120)

and for the sake of brevity we made an explicit use of C2
10� � 2CA. The resulting contribution of the decuplet final states
to the cross section can be cast two ways
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3In the string model for Nc � 3 a baryon is usually described
by the Y configuration of three triplet strings connected in the so-
called string junction, which plays the role of a carrier of the
baryon number [33]. The baryonium state is a system of
junction-antijunction connected by three triplet color strings.
Notice how the IA contribution from the term S2
b;
1
2 �2� 
��0��

�2���1��
�2���2� in the product �g�2�


; b;�1��g�2� 
;b;�2� vanishes in accordance to the
absence of the decuplet excitation off the free-nucleon
target.

The production of the decuplet digluon states should
lead to some interesting physical consequences in the sense
of the final hadron state. In Ref. [27] (see also [28,29]) it
was pointed out that the process g! fggg10 should lead to
the production of baryonium states and baryon number
flow over a large rapidity gap. This observation is based
on the fact that in terms of the triplet color spinor indices
the decuplet state is described by the color wave function
with three indices �ijk. For this reason the color neutral-
ization of the decuplet state during the hadronization stage
requires picking up from the vacuum three antiquarks (if
one neglects purely gluon color neutralization which
should be strongly suppressed as compared to the light
quark mechanism due to a large effective gluon mass in the
QCD vacuum meff

g � R�1
c , where Rc � 0:27 fm is the

gluon correlation radius in the vacuum [30]). In the string
model [31] the hadronization proceeds through the break-
ing of the triplet color strings (three strings for the decuplet
state) due to Schwinger production of q �q pairs in the color-
114018
electric field of the triplet strings [32].3 For the decuplet
digluon state the baryon number NB � �1 will be com-
pensated by production of an additional baryon in the
nucleus fragmentation region. In the case of the antidecu-
plet state we have NB � 1 in the digluon rapidity region,
which can be viewed as a flow of valence baryon number
from the nucleus region to the digluon region. This effect
may be important for the baryon stopping in pA and AA
collisions. The corresponding numerical estimates will be
given elsewhere. In Ref. [34] it was pointed out that a
similar mechanism with gluon splitting into color-decup-
let/antidecuplet digluon states in the quark-gluon plasma
produced in the initial stage of AA collisions should in-
crease the high-pT baryon production in ultrarelativistic
heavy ion collisions. Numerical calculations [35] show that
this mechanism (and the processes q! fqgg�6 and �q!
f �qgg6, discussed in [6], which also lead to baryon produc-
tion) may really play an important role in the anomalously
-19
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large baryon/meson ratio observed experimentally at RHIC (for the recent review see [36]).

F. Excitation of color-singlet dijets

Excitation of the color-singlet gluon-gluon dijets is a Nc-suppressed process. Still it is an interesting example of a
reaction in which the incident parton in the higher multiplet excites a dijet in a lower color multiplet. The relevant matrix
element of the off-diagonal transition operator (84) equals
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We immediately recognize the coherent distortion factors S
b; 
�1� 
� 	 1
2
���r�� and S
b; 
�1� 
� 	 1

2
���r
0��—

interestingly, the coherent distortion is picked up over the whole nucleus, with different strength from the ISI and FSI. The
corresponding dijet spectrum reads
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G. Mini summary and comparison with other works on
gluon-gluon dijets

A brief summary of technical aspects of our approach
and a comparison with the related recent works by Jalilian-
Marian and Kovchegov [14] and Baier et al. [15] is in
order. Our work starts with the extension of the Glauber-
Gribov multiple-scattering theory to hard interactions of
color dipoles with nuclei. The application of closure to the
dijet cross sections inclusive over all final states of the
target (nucleon, nucleus) gives rise to our master formula
(11) in terms of the S matrices for multiparton states. The
works of Refs. [14,15] use the Wilson-line representation
for S matrices in the large-Nc limit. After the application
of nuclear closure, they calculate nuclear expectation val-
ues of products of Wilson lines under certain assumptions
on the gluon field correlators. At this point one can estab-
lish an one-to-one correspondence between our nuclear S
matrices for multiparton states and nuclear averages of
products of Wilson lines; the marginal difference is in
114018
the heavy use of a specific parameterization for the dipole
cross section in Refs. [14,15].

For the further comparison we depart from our integral
representation (85) and apply to S
b; �̂�4��s; r; r0�� the
Sylvester expansion [2,4]. Truncated to terms which con-
tribute to transitions from the initial state (81) to the final
state (80), to the leading order of large-Nc perturbation
theory, it reads
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: (124)

The matrix element of (124) between the initial and final
-20
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states, in conjunction with the contribution from two-
parton and three-parton S matrices, gives the same result
for the color-dipole representation for the digluon spec-
trum in g! gg as the one which enters the discussion of
qA! qggX reaction in Refs. [14,15]. In contrast to our
integral representation (85), which enabled us to cast all
the dijet spectra in an analytic form as quadratures of the
collective nuclear glue, the denominator ��2 � �4� in the
Sylvester expansion (124) blocks further analytic calcula-
tions. Here one has to rely upon the brute force numerical
Fourier transform. Our explicit separation of cross sections
for dijets in different color representation sheds further
light on the diversity of production mechanisms, for in-
stance, the identification of final states described by the in-
nucleus modified fragmentation functions [4–6]. Finally,
our integral representation (85) makes obvious the funda-
mental difference between the coherent and incoherent
initial- and final-state interactions. It clarifies also the
origin of the nonlinearity of nuclear S matrices in terms
of S matrices for elementary dipoles, by which nonlinear
k? factorization becomes an indispensable feature of the
pQCD description of hard processes in a nuclear
environment.
VII. CONCLUSIONS

We derived the nonlinear k? factorization for the last
missing pQCD subprocess—production of hard gluon-
gluon dijets in gluon-nucleus collisions when the nuclear
coherency condition x & xA � 0:1 � A�1=3 holds. Al-
though of limited importance at the not so high energies
of RHIC, this subprocess will be a dominant source of
midrapidity and proton-hemisphere dijets in pA collisions
at LHC. The principal technical novelty is a solution of the
rather involved seven-channel non-Abelian evolution
equations for intranuclear propagation of four-gluon states.
Our results for the gluon-gluon dijets in all color represen-
tations are presented in the form of explicit quadratures.
The concept of universality classes [5,6] is fully corrobo-
rated. The nonlinear k? factorization properties of excita-
tion of digluons in higher color representations are
identical to those in excitation of color-octet quark-
antiquark dijets in DIS and quark-gluon dijets in higher
color representations in qA collisions. The manifest dis-
tinction between the initial state and final-state interaction
effects, inherent to this universality class, requires a de-
scription in terms of collective nuclear glue defined for
slices of a nucleus—nonlinear k? factorization cannot be
described by the classical gluon field of the whole nucleus.
Similar nonlinear k? factorization properties are exhibited
by excitation of dijets in the same color representation as
the incident parton: g! fggg8, g! fq �qg8, q! fqgg3 —
this universality class admits an interpretation of the hard
fragmentation of scattered partons with the in-nucleus
modified fragmentation function. In both g! gg and q!
qg processes coherent diffractive excitation of incident
114018
partons with net color charge is suppressed by a nuclear
absorption factor which can be identified with Bjorken’s
gap survival probability. The gap survival probabilities in
the two cases are different. Furthermore, the related ab-
sorption is absent in diffractive �� ! q �q, which is indica-
tive of a strong breaking of diffractive factorization. We
mentioned midrapidity to proton-hemisphere gluon-gluon
dijets in pA collisions at LHC as a future application of the
derived formalism. Still another potential application of
our results for color-decuplet digluon production is a
baryon number flow from the nucleus to large rapidity
region. But, first and foremost, this work completes a
derivation of nonlinear k? factorization for all pQCD
processes in a nuclear medium and opens a way to system-
atic comparative studies of high-p? jet-jet and hadron-
hadron correlations in different parts of the phase space
of DIS off nuclei and hadron-nucleus collisions.

The diagonalization properties of the single-jet problem
are somewhat beyond the major theme of this communi-
cation. Still, in view of the discussion in Sec. VI E the
isolation of contributions from different final states is of
certain interest. Correspondingly, we included Appendix C
on the manifest diagonalization of the initially seven-
coupled channel problem in the t-channel basis. This prop-
erty is, apparently, of more general interest and may find
further applications in other problems.
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APPENDIX A: USEFUL SU�Nc� RELATIONS

In this appendix we collect a number of identities that
are helpful in the evaluation of the matrix elements of the
dipole cross section operator. In the derivation of the
projectors we follow closely, though in slightly different
notation and normalization, Ref. [26]. Many useful SU�Nc�
identities can be found in Refs. [37,38].

If ta; a � 1 . . .N2
c � 1 are SU�Nc� generators in the

fundamental representation, the familiar f and d tensors
are defined through

tatb �
1

2Nc
�ab1	

1

2
�dabc 	 ifabc�tc; (A1)

or,

ifabc � 2 Tr�
ta; tb�tc�; dabc � 2 Tr�fta; tbgtc�: (A2)

The SU�Nc� generators in the adjoint representation are

�Ta�bc � ifbac (A3)

so that their defining property 
Ta; Tb� � ifabcTc, and the
SU�Nc� transformation properties of d symbols give rise to
the Jacobi identities
-21
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ifkamifmbl � ifkbmifmal � ifabmifkml; (A4)

fkamdmbl � dkbmfmal � fabmdkml: (A5)

To evaluate contractions of multiple f and d symbols
one makes use of the Fierz identity for the fundamental
generators,

�ta�ij�t
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2
�il�

k
j �

1

2Nc
�ij�

k
l : (A6)
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They entail that
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In conjunction with Eq. (A2) one can then obtain
faijfbij � Nc�ab; daijdbij �
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c � 4
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It is helpful to analyze the box and twisted-box traces of
four fundamental generators,
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From Eq. (A1), we obtain immediately
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�dabkdkdc 	 ifabkifkdc�

	
i
2
�dabkfkdc 	 fabkdkdc�; (A12)

on the other hand,

Rabcd 
 4 Tr�tatbtdtc� � 4 Tr�tctatbtd�; (A13)

so that also

Rabcd �
1

Nc
�ac�bd 	

1

2
�dcakdkbd 	 ifcakifkbd�

	
i
2
�dcakfkbd 	 fcakdkbd�: (A14)

We can equate the real and imaginary parts of R from
Eqs. (A12) and (A14) separately, and thus obtain the
identities
dabkfkdc 	 fabkdkdc � dcakfkbd 	 fcakdkbd; (A15)
2

Nc
��ac�bd � �ab�cd� 	 dcakdkbd � dabkdkdc

� ifabkifkdc � ifcakifkbd � ifadkifkbc: (A16)

For the tensor Q we have

Qab
cd �

1

Nc
�ad�bc 	

1

2
�dadkdkbc 	 ifadkifkbc�

	
i
2
�dadkfkbc 	 fadkdkbc�

�
1

Nc
��ad�bc 	 �ac�bd � �ab�cd�

	
1

2
�dadkdkbc 	 dcakdkbd � dabkdkdc� 	 iY

ab
cd ;

(A17)

where we introduced a shorthand notation
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iYabcd �
i
2
�dadkfkbc 	 fadkdkbc�

�
i
2
�fcakdkdb 	 dcakfkdb�; (A18)

and made use of Eqs. (A15) and (A16).

APPENDIX B: DERIVATION OF THE
PROJECTORS ONTO IRREDUCIBLE

REPRESENTATIONS

Our task is now to find the irreducible representations
(29) for the product of two adjoints and to construct the
relevant projection operators. The auxiliary tensors

S ab
cd 


1

2
��ac�bd 	 �ad�bc�;

Aab
cd 


1

2
��ac�bd � �ad�bc�

(B1)

decompose the product representation space into its sym-
metric and antisymmetric parts, respectively:

1 ab
cd 
 �ac�bd � Sabcd 	Aab

cd: (B2)

In addition, also


Dt�
ab
cd 
 dackdkbd; 
Du�

ab
cd 
 dadkdkbc;


Ds�
ab
cd 
 dabkdkcd

(B3)

will prove helpful. All the above defined tensors S, A,Ds,
Dt, Du, as well as iY of Eq. (A18) are Hermitian, i.e.
�Oy�abcd � �O

cd
ab�
� � Oab

cd . The SU�Nc� projectors onto the
singlet as well as the two adjoint multiplets have up to the
normalization factors manifestly the same form as their
well-known Nc � 3 counterparts.

P
1�abcd �
1

N2
c � 1

�ab�cd; (B4)

P
8S�
ab
cd �

Nc
N2
c � 4

dabkdkcd �
Nc

N2
c � 4


Ds�
ab
cd (B5)

project onto the symmetric singlet and octet, respectively,
while

P
8A�abcd �
1

Nc
fabkfkcd �

1

Nc
ifabkifkdc (B6)

projects onto the antisymmetric octet. It is easily checked
that they are indeed Hermitian and satisfy the requirement

�P
Ri�2�abcd � P
Ri�abkl P
Ri�
kl
cd � P
Ri�abcd: (B7)

Using the identities (A9) and (A10), one finds the number
of states they propagate:
114018
TrP
Ri� 
 P
Ri�
ab
ab � dim
Ri�; (B8)

explicitly,

TrP
1� � 1; TrP
8A� � TrP
8S� � N2
c � 1: (B9)

The symmetric and antisymmetric parts of our space con-
tain, respectively,

TrS � 1
2N

2
c�N2

c � 1�; TrA � 1
2�N

2
c � 1��N2

c � 2�

(B10)

states, so that now the problem arises to find the decom-
position into irreducible representations of the subspaces
that belong to the projectors

S ? � S � P
1� � P
8S�; A? �A� P
8A�:

(B11)

This is done most straightforwardly, following [26], by
investigating the above defined tensor Q (A17), which
takes the form

Q �
2

Nc
S �

N2
c � 1

Nc
P
1� �

N2
c � 4

2Nc
P
8S�

	
1

2
�Du 	Dt� 	 iY: (B12)

First notice that its symmetric (antisymmetric) part is
purely real (imaginary),

SQS � <eQ; AQA � i=mQ; (B13)

and furthermore

SQS � SQ � QS; AQA �AQ � QA:

(B14)

Now evaluate its square, Q2 —best by starting from its
definition as a trace of fundamental generators—

�Q2�abcd � 16 Tr�tatltbtk�Tr�tktdtltc�

� 4 Tr�tatc�Tr�tbtd� 	
4

N2
c

Tr�tctd�Tr�tatb�

�
4

Nc
�Tr�tatbtdtc� 	 Tr�tctdtbta��

� �ac�bd 	
1

N2
c
�cd�ab �

2

Nc
<eRcdab; (B15)

so that

Q2 � 1�
N2
c � 1

N2
c

P
1� �
N2
c � 4

N2
c

P
8S� � P
8A�: (B16)

From here we can conclude that on the subspaces under
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investigation, Q2 acts as the unit matrix:

S ?Q2 � Q2S? � S?; A?Q2 � Q2A? �A?;

(B17)

therefore both subspaces decompose into orthogonal
eigen-spaces belonging to eigenvalues �1 of the operator
Q. We can then write down the projection operators

P�A? �
1
2�1�Q�A? �

1
2�1� i=mQ�A?; (B18)

P�S? �
1
2�1�Q�S? �

1
2�1�<eQ�S?: (B19)

To evaluate the dimensions of the associated represen-
tations, we first derive more explicit forms of the projec-
tors. We start with the symmetric case. From the relations
(A9) and (A10), we obtain

�Du 	Dt�P
1� �
2�N2

c � 4�

Nc
P
1�;

�Du 	Dt�P
8S� �
N2
c � 12

Nc
P
8S�;

(B20)

and, trivially,

�Du 	Dt�S � Du 	Dt; (B21)

so that

P�S? �
1

2

��
1�

2

Nc

�
S? �

1

2
�Du 	Dt� �

N2
c � 4

Nc
P
1�

�
N2
c � 12

2Nc
P
8S�

�

�
1

2

�
�1�

2

Nc
�S �

�Nc � 2��Nc � 1�

Nc
P
1�

�
�Nc � 2��Nc � 4�

2Nc
P
8S� �

1

2
�Du 	Dt�

�
:

(B22)

Now,

TrDt � 0; TrDu �
�N2

c � 4��N2
c � 1�

Nc
; (B23)

so that we can easily establish that

TrP	S? �
N2
c�Nc � 1��Nc 	 3�

4
;

TrP�S? �
N2
c�Nc 	 1��Nc � 3�

4
:

(B24)

For N � 3, we have

TrP	S?jNc�3 � 27; TrP�S?jNc�3 � 0; (B25)

so that from now on we shall denote P	S? 
 P
27�, whereas
for the other symmetric representation, which vanishes for
114018
Nc � 3 we shall use the notation P�S? 
 P
R7�. It is inter-
esting to note that the vanishing of R7 for three colors can
be related to a well-known accidental cancellation, namely,

P
R7�
ab
cd jNc�3 �

1
4f

1
3��ac�bd 	 �ad�bc 	 �ab�cd�

� �dackdkbd 	 dadkdkbc 	 dabkdkcd�g;

(B26)

is identically zero for SU�3� [37].
This completes the reduction of the symmetric part,

where we have

S � P
1� 	 P
8S� 	 P
27� 	 P
R7�: (B27)

We now turn to the antisymmetric part of the product
representation space, where we deal with two complex
conjugate multiplets. Here we see that

QP
8A� � i=mQP
8A� � iYP
8A� � 0; (B28)

and hence

P�A? �
1
2�1�Q�A? �

1
2�1� i=mQ�A?

� 1
2�A� P
8A� � iY�: (B29)

As TriY � 0, we have

TrP�A? �
�N2

c � 1��N2
c � 4�

4
; (B30)

for SU�3�

TrP�A?jNc�3 � 10; (B31)

so that from now on

P	A? 
 P
10�; P�A? 
 P
10�: (B32)

Of course in this context it is merely a convention which
multiplet we address as the decuplet and which as the
antidecuplet. This completes our reduction of the antisym-
metric part,

A � P
8A� 	 P
10� 	 P
10�: (B33)
APPENDIX C: EIGENSTATES FOR THE
SINGLE-PARTICLE PROBLEM AND THE

CROSSING MATRIX

In the general case, a classification of the independent
color states of the four-parton state ab �c �d amounts to the
determination of independent amplitudes in the scattering
process ab! cd. In Sec. IV we computed the dipole cross
section operator in the s-channel basis of states where
gluons 1; 2 and 10; 20, respectively, were in a definite
SU�Nc� multiplet. For the remainder of this section let us
denote these states by jRRis:
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jRRis
jf
g
a�b1��g

b�b2��R�
g
c�b01��g

d�b02��Rg1i

�
1���������������

dim
R�
p P
R�abcd jg

a�b1��g
b�b2��g

c�b01��g
d�b02�i:

(C1)

We mentioned that for purposes of the single-particle
spectrum and total cross section, the dipole cross section
operator is diagonalized in the t-channel basis where glu-
ons 1; 10 and 2; 20, respectively, are in definite color mul-
tiplets; we shall denote this basis by jRRit:

jRRit
jf
g
a�b1��g

c�b01��R�
g
b�b2��g

d�b02��Rg1i

�
1���������������

dim
R�
p P
R�acbdjg

a�b1��gb�b2��gc�b01��g
d�b02�i:

(C2)

The proof that the basis (C2) indeed diagonalizes the
dipole cross section operator of the single-particle spec-
trum proceeds as follows: First, the dipole cross section
matrix with respect to the basis (C2) is obtained from the
one with respect to (C1) by the swap of impact parameters

fb1; b2; b01; b
0
2g ! fb1; b01; b2; b02g: (C3)

That means, for the off-diagonal piece we obtain

thR0R0j�̂�4�jRRit / ��b1;b
0
1;b2; b

0
2�

� ��b01 � b2� 	 ��b1 � b
0
2�

� ��b1 � b2� � ��b
0
1 � b

0
2�: (C4)

Now, for the single-particle spectrum, one would integrate
out, say p2 in the master formula (13), and in effect put
b2 � b

0
2, but then,

��b1; b
0
1; b2; b2� 
 0: (C5)

Hence, for the purposes of the single-particle spectrum, the
off-diagonal elements of the dipole cross section vanish
identically in the basis of states jRRit, which is what we set
out to prove.

As the dipole cross section matrix in the basis (C2) is
obtained from the simple swap (C3), we can immediately
give its eigenvalues �i:

�1 � ��r� r0�;

�2 � �3 �
1

2

��r� 	 ��r0� 	 ��r� r0��:

�4 � �5 � ��r� 	 ��r0�;

�6 �
Nc 	 1

Nc

��r� 	 ��r0�� �

1

Nc
��r� r0�;

�7 �
Nc � 1

Nc

��r� 	 ��r0�� 	

1

Nc
��r� r0�;

(C6)

where, as throughout the main body of the text, r � b1 �
b2, r0 � b01 � b

0
2. The system of eigenvectors which be-
114018
long to the �i is

j�1i � j11it; j�2i � j8A8Ait; j�3i � j8S8Sit;

j�4i � j1010it; j�5i � j1010it; j�6i � j2727it;

j�7i � jR7R7it: (C7)

Clearly, once the spectrum of a matrix is known, the
Sylvester formula would allow one to calculate any func-
tion of the matrix without knowledge of the eigenstates. In
practice, however, explicit knowledge of the latter is help-
ful. To obtain the color wave functions of the states (C2),
we need to establish the Fierz-type identities:

Pt
Rj� �
X9

i�1

CjiPs
Ri�; (C8)

i.e.

P
Rj�acbd �
X9

i�1

CjiP
Ri�
ab
cd; (C9)

The t-channel projectors thus read, component wise,

Pt
R�
ab
cd 
 Ps
R�

ac
bd: (C10)

The crossing matrix Cji is now obtained as (for a dia-
grammatic representation, see Fig. 7)

Cji �
P
Rj�acbd � P
Ri�

cd
ab

P
Ri�
ab
cdP
Ri�

cd
ab

�
P
Rj�acbd � P
Ri�

cd
ab

dim
Ri�
: (C11)

Apart from the complex, but Hermitian structure iYs �
Ps
10� � Ps
10�, explicitly

i�Ys�abcd �
i
2
�fcakdkdb 	 dcakfkdb�; (C12)

which already appeared in the decuplet projectors, the full
set of color-singlet four-gluon states includes two more
complex, but Hermitian, tensor structures
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i�Z�	�s �abcd �
i
2
�fbakdkcd 	 dbakfkcd�;

i�Z���s �abcd �
i
2
�fbakdkcd � dbakfkcd�:

(C13)

These new tensors iZ���s correspond to mixed j8A8Si states.
We explicitly introduce the normalized states

j�8A8S�
	is �

�������������������������������������
2

�N2
c � 4��N2

c � 1�

s
i�Z�	�s �abcd

� jga�b1� � gb�b2� � gc�b01� � g
d�b02�i;

j�8A8S�
�is �

�������������������������������������
2

�N2
c � 4��N2

c � 1�

s
i�Z���s �abcd

� jga�b1� � gb�b2� � gc�b01� � g
d�b02�i:

(C14)

As mentioned in the main text, these states decouple in the
dipole cross section operator (like iY) from the states jRRis
relevant to our problem. It is straightforward to establish
their crossing properties, namely,
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iYt � iZ���s ; iZ���t � iYs; iZ�	�t � �iZ�	�s :

(C15)
Using the projectors derived in Appendix B we then
obtain for the crossing matrix, including the complex
tensors (C13), the result shown in Eq. (C16), and from
there also the basis of eigenstates jRRit displayed in
Eq. (C17). An SU�3� counterpart of the crossing matrix
(C16) can be found, e.g. in [39]. Apparently, our crossing
matrix could be used for an alternative derivation of the
four-gluon dipole cross section matrix. As still another
application we notice that, as far as the color algebra is
concerned, our calculation of the dipole cross section
matrix for the color-singlet four-parton state ab �c �d is iden-
tical to the calculation of the matrix of soft-gluon anoma-
lous dimensions for the scattering process ab! cd [40].
Here we only want to emphasize that the total number of
independent color-singlet states ab �c �d , and the total num-
ber of independent amplitudes in ab! cd scattering
thereof, in the s and t channels is the same and the crossing
matrix is always a square one.
Pt
1�

Pt
8A�

Pt
8S�

Pt
10�

Pt
10�

Pt
27�

Pt
R7�

iZ���t

iZ�	�t

0BBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCA

�

1
N2
c�1

1
N2
c�1

1
N2
c�1

1
N2
c�1

1
N2
c�1

1
N2
c�1

1
N2
c�1

0 0

1 1
2

1
2 0 0 � 1

Nc
1
Nc

0 0

1 1
2

1
2
N2
c�12
N2
c�4

� 2
N2
c�4

� 2
N2
c�4

1
Nc	2 � 1

Nc�2 0 0

N2
c�4
4 0 �1

2
1
4

1
4 �1

4
Nc�2
Nc

�1
4
Nc	2
Nc

1
2 0

N2
c�4
4 0 �1

2
1
4

1
4 �1

4
Nc�2
Nc

�1
4
Nc	2
Nc

�1
2 0

N2
c �Nc	3�

4�Nc	1� �
Nc
4
Nc	3
Nc	1

N2
c

4�Nc	2�
Nc	3
Nc	1 � Nc

4�Nc	2�
Nc	3
Nc	1 �

Nc
4�Nc	2�

Nc	3
Nc	1

N2
c	Nc	2

4�Nc	1��Nc	2�
1
4
Nc	3
Nc	1 0 0

N2
c �Nc�3�

4�Nc�1�
Nc
4
Nc�3
Nc�1 � N2

c
4�Nc�2�

Nc�3
Nc�1 �

Nc
4�Nc�2�

Nc�3
Nc�1 �

Nc
4�Nc�2�

Nc�3
Nc�1

1
4
Nc�3
Nc�1

N2
c�Nc	2

4�Nc�1��Nc�2� 0 0

0 0 0 1 �1 0 0 0 0

0 0 0 0 0 0 0 0 �1

0BBBBBBBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCCCCCCA

�

Ps
1�

Ps
8A�

Ps
8S�

Ps
10�

Ps
10�

Ps
27�

Ps
R7�

iZ���s

iZ�	�s

0BBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCA

; (C16)
-26



NONLINEAR k? FACTORIZATION FOR GLUON-GLUON . . . PHYSICAL REVIEW D 72, 114018 (2005)
APPENDIX D: THE MENAGERIE OF NUCLEAR
COLLECTIVE UNINTEGRATED GLUE

A pertinent quantity which emerges in the description of
hard processes in a nuclear environment is the collective
nuclear unintegrated glue per unit area in the impact pa-
rameter space. It is not a single function which can be
defined for the whole nucleus, for all hard processes of
practical interest the description of the initial and final
interactions inevitably calls upon a collective glue for
different slices of the nucleus. Furthermore, such a collec-
tive glue must be regarded as a density matrix in the space
of color representation, i.e., it changes from one reaction to
another depending on color properties of the relevant
pQCD subprocess [2,4]. One can trace the origin of these
variations to the color-representation dependence of the
color-dipole cross sections emerging in the description of
these reactions.

In the treatment of the nuclear structure function
F2A�x;Q

2� and of the quark-antiquark dijets in DIS off
nuclei it is advisable to use the collective glue ��b; x;��
defined in terms of the amplitude of coherent diffractive
quark-antiquark dijet production [2,8,41,42]
114018
1� exp
�
�

1

2
�q �q�x; r�T�b�

�


Z
d2���b; x;��

� 
1� exp�i�r��: (D1)

Here [20,23]

�q �q�x; r� �
Z
d2�f�x;��
1� exp�i�r��; (D2)

where

f�x;�� �
4��S�r�
Nc

�
1

�4 �F �x; �
2�; (D3)

and

F �x; �2� �
@G�x; �2�

@ log�2 (D4)

is the unintegrated gluon density in the target nucleon.
The so-defined collective nuclear glue admits a nice

probabilistic expansion

��b; x;�� �
X
j�1

wq �q;j�
A�b��
f�j����

�jq �q;0

: (D5)

Here
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wq �q;j�
A�b�� �
1

j!

�
1

2

A�b�

�
j

exp
�
�

1

2

A�b�

�
(D6)

is a probability to find j spatially overlapping nucleons in
the Lorentz-contracted ultrarelativistic nucleus, where


A�b� �
1
2�q �q;0T�b�; (D7)

is the thickness of the nucleus in terms of the number of
absorption lengths for large dipoles, and we introduced an
auxiliary infrared quantity—a dipole cross section for
large quark-antiquark dipoles:

�0;q �q �
Z
d2�f���: (D8)

The properly defined j-fold convolutions,
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f�j����

�jq �q;0

�
Z
d2�1

f�j�1���� �1�

�j�1
q �q;0

�
f��1�

�q �q;0
;

f�0���� � ��2����;
Z
d2�

f�j����

�jq �q;0

� 1;

(D9)

describe the collective unintegrated glue of j spatially
overlapping nucleons in a Lorentz-contracted nucleus.
They do not change from one reaction to another, the
variations from ��b;�� to �g�b;�� to �gg�b;�� are fully
described by the color-representation dependence of the
overlap probabilities:

wg;j�
A�b�� � wq �q;j

�
CA

2CF

A�b�

�
;

wgg;j�
A�b�� � wq �q;j

�
CA
CF


A�b�
�
:

(D10)
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