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In this paper we consider a simple generalization of the method of Lunin and Maldacena for generating
new string backgrounds based on TsT transformations. We study multishift 7's - - - sT transformations
applied to backgrounds with at least two U(1) isometries. We prove that the string currents in any two
backgrounds related by T's - - - sT transformations are equal. Applying this procedure to the AdSs X S5,
we find a new background and study some properties of the semiclassical strings.
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L. INTRODUCTION

In this paper we present a simple generalization of the
method for obtaining deformed string backgrounds pro-
posed by Lunin and Maldacena [1] and developed in detail
by Frolov [2]. The method in the above papers is based on
T-duality on one of the U(1) variables, shift of another U(1)
variable, and T-duality back on the first U(1) variable
(called TsT transformation).! Our method consists in mul-
tishifts at the second step which allows one to obtain new
string backgrounds (we call this Ts; - - -s,T transforma-
tion). We prove also that the U(1) string currents in any two
backgrounds related by T's; ---s,T transformations are
equal. We present also an application of our method to
string theory in AdSs X S background.

In the past few years, the main efforts in string theory
were directed towards establishing string/gauge theory
correspondence. The vast majority of papers were on
qualitative and quantitative descriptions of /N = 4 super-
symmetric Yang-Mills (SYM) theory with a SU(N) gauge
group by making use of the string sigma model on AdS5 X
S5 [3-5]. The AdS/CFT correspondence implies that the
energy of closed string states is equal to the anomalous
dimensions of certain local SYM operators [6,7]. At su-
pergravity level this correspondence has been checked in a
number of cases (for review, see for instance [8]) but the
match between the string energy and the anomalous di-
mensions beyond that approximation still remains a
challenge.

The first important step in establishing AdS/CFT corre-
spondence is to obtain the spectrum of the anomalous
dimensions of the primary operators made up of local
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gauge fields. On the string theory side, it requires one not
only to solve the theory at the classical level but also
include its quantization.

The main challenge in quantizing string theory is that it
is highly nonlinear and thus difficult to manage. The only
option available so far is to look at the semiclassical region
of large quantum numbers where the results are reliable.
On the gauge theory side, the derivation of the anomalous
dimensions is also a difficult task. A breakthrough in this
direction has been the observation of Minahan and
Zarembo that a one loop dilatation operator restricted to
the bosonic sector of N = 4 SYM theory can be interpreted
as the Hamiltonian of the integrable spin chain [9]. This
observation raised the question about the dilatation opera-
tor in N =4 SYM theory and integrability (for a recent
review, see for instance [10] and references therein).

On the other hand, the question of reduction of the string
sigma model to particular integrable systems and the ques-
tion of integrability of string theory at the classical and the
quantum level was considered in a number of papers [11-
14]. The intensive study of “‘nearly’” Bogomol’nyi-Prasad-
Sommerfield saturated (BPS), or Berenstein-Maldacena-
Nastase (BMN) type, quantum strings and non-BPS ones
gives a remarkable match with the results from the gauge
theory side at least at the first few loops [9,10,12—20]. This
match however is not a coincidence. In the above papers it
was suggested that certain spin chains should describe
particular string sectors and thus should allow the com-
parison to the gauge theory computations. Subsequently, it
has been found that the match between string theory and
SYM theory in the examples discussed above lies in the
Yangian symmetries responsible to a large extent for the
integrability on both sides [21,22]. Since in this paper we
will consider the string theory side, we refer the reader to
the above papers for details on this connection.
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From the picture emerging from the above studies, one
can conclude that the integrable structures play an impor-
tant role in establishing the AdS/CFT correspondence at
the classical and hopefully at the quantum level as well.

Although we already have some understanding of string/
gauge theory correspondence in the case of AdSs X S§°
background and N =4 SYM, much less is known in
the case of theories with less than maximal supersymmetry.
There have been some studies of AdS/CFT correspondence
for less supersymmetric string backgrounds [23—44].
However, it is not quite clear how exactly to implement
the correspondence. The main obstacles lie in knowing if
and how Kaluza-Klein modes naturally present in such
backgrounds contribute to the string energy, which corner
in the space of gauge operators is described by these
strings, and if these subsectors are closed under the renor-
malization group flow.

An important step towards a deeper understanding of
AdS/CFT correspondence in its less supersymmetric sector
was recently given by Lunin and Maldacena [1]. From the
gauge theory point of view, the possible deformations of
N = 4 SYM gauge theory that break the supersymmetry
were studied by Leigh and Strassler [45]. It should be
mentioned that the deformations of N = 4 SYM theory
and integrable spin chains have been considered in some
detail in [46]. In [1] Lunin and Maldacena found the
gravity dual to the B-deformations of N" = 4 SYM theory
studied in [45]. They demonstrated that a certain deforma-
tion of the AdSs X S° background corresponds to a gauge
theory with less supersymmetry classified in [45]. This
deformation of the string background can be obtained
applying two T-dualities accompanied by certain shift
parametrized by B (TsT transformation). For real values
of 3, Frolov obtained the Lax operator for the deformed
background which proves the integrability at classical level
[2]. String theory in this background was studied in [47,48]
and its pp-wave limit was investigated in [49,50]. The
B-deformations of more complicated (non)supersymmet-
ric backgrounds was considered also in [51,52].

The aim of this paper is to consider a simple extension of
the transformations considered in [1,2] and to prove that,
under TsT transformations applied to any background
possessing U(1) symmetries, the corresponding currents
before and after the transformation are equal.

The paper is organized as follows. In the next section we
give a brief review of the B-deformations of the N = 4
gauge theory and its gravity dual. In Sec. III we consider a
general background with at least two U(1) isometries. We
show that the U(1) currents are equal after Ts;s, - - s,T
transformations where s - - - s, means multishifts along
the remaining U(1) variables. In the next section, as an
example for multishift procedure, we consider AdSs X S°
and find a new background parametrized by two real
parameters. We show that the new background reduces to
those found in [1,2] when one of the parameters vanishes.
We also consider the limit of pointlike string which corre-
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sponds actually to the BMN limit. In the concluding sec-
tion, we comment on the results found in the paper.

I1. LUNIN-MALDACENA BACKGROUND

In this section we give a very brief review of the proce-
dure of Lunin and Maldacena for obtaining the gravity dual
of the B-deformed SYM theory considered in [45].

Let us consider the N = 4 SYM gauge theory in terms
of N = 1 supersymmetry. The theory contains a vector
multiplet V and three chiral multiplets ®'. The superpo-
tential is given by the expression

W = g/ Tr{[®', P2]D3]. @2.1)

The action then can be written as

S = Tr{fd4xd406gvfi)iegv(l)i

1 !
+ | [ a*xaowew, +ce. |5
2g 3!

% [ f & d0e,, DD, DF] + c.c.}}. 2.2)

We note that the N = 4 theory is conformal at any value
of the complex coupling
0 Ami
r=—t - 2.3)
27T gym
and the deformations that change this value are exactly
marginal.
In [45] Leigh and Strassler considered deformations of
the superpotential of the form
W= hTr[Eiﬂ-‘Bq)lq)zq):g - eiiwﬁq)lq):;q)z]
+ W' Tr[®] + @3 + D3], (2.4)

Let us focus on the A’ = 0 case. The symmetries are: one
U(1) R-symmetry group and two global U(1) X U(1)
groups acting as follows:

U (1)1: ((Dl’ q>2¢3) - ((Dl’ eiqDI(DZr e—igpl (1)3) (2 5)

U(l)y: (Dy, Dy @3) — (e72Dy, /2D, D). .

Since the theory is periodic in 8, one can think of B as
living on a torus with complex structure 7, and the SL(2, Z)
duality group acts on it and 3 as follows:

ary +b B

T, — ; B—)

’ cty +d cty +d (2.6)
B~B+1~pB+rT,

As a result of all of this, we end up with a N' = 1 super-
symmetric conformal field theory.

The gravity dual for real 8 can be obtained in three steps
[2]. Consider the S part of the AdSs X S background. In
the first step, we perform a T-duality with respect to one of
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the U(1) isometries parametrized by the angle ¢,.> The
second step consists in performing a shift ¢, — ¢, + Y@,
where ¢, parametrizes another U(1) isometry of the back-
ground and vy is a real parameter. In the last step we
T-dualize back on ¢;. The resulting geometry is described
by

ds?, = R2|:dsidss + > (dr} + Grid¢?)

2
+ izr%r%%(Z dd)i) j|, (2.7)
where
Gl=1+ y2(r%r% + r%r% + r%r% ; ¥ = R*y.
(2.8)
The other fields are correspondingly”
e2? = ¢2hG, 2.9)
BNS = ~2R2G(r%r%d(f)1d(i)2 + r%r%dqﬁzd(ﬁg
+ riride;dé,), (2.10)
C, = —3vy(16aN)w,dy, (2.11)
F5 = (167TN)(WAdS5 + GWSS). (213)

Using the fact that the currents J, before the TsT trans-
formations are equal to the currents J, after the trans-
formations, Frolov obtained the Lax operator for the
deformed geometry, thus proving the integrability at the
classical level. The properties of string theory in this
background were further studied in [47,48]. The Penrose
limit of the Lunin-Maldacena background was investigated
in [49,50].

II1. U(1) CURRENTS AND TST TRANSFORMATION

As mentioned in the previous section, based on the
observation that the string U(1) currents before and after
TsT transformation are equal, Frolov was able to obtain the
Lax operator of the theory in the deformed background. He
also conjectured that the equality of the currents holds for
any two backgrounds related by TsT transformation.
Below we prove the following.

Proposition.—The U(1) currents of strings in any two
backgrounds related by TsT transformation are equal.

“See the appendix for general U(1) T-duality.
3See [1,2] for details.
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We start with the general action
\/;\_ do a v
S = _T[dTﬁ['y ﬁéax"‘aﬁx G/“,

— €*P9,X"95X"B,,]. (3.1

We will assume that G, and B, do not depend on X 'and
X? allowing to perform TsT transformation.

In what follows we use the notations uw = 1,...,d, i =
2,...,d, a=3,...,d. We will prove the statement in
several steps.

Step 1: T-duality on X'.

For completeness we write again the T-duality rules and
relations”

Gn:GlH, Gij:Gij_G”Gle_llB”Blj,
G = gill B;j=B; - —GUBUG_“BUGU, (3.2)
€PogX! = yPagXMGy — €PagXMByy,  (3.3)
9. X" = ¥40€779, X G}, — 9,X"B,, (3.4)
90X' = V40 €7P0,X G, — 3,X"B,, (3.5)
Xi=Xx. (3.6)

The T-dual action has the same form but with transformed
background fields:

5 Ny do . - e
S = _7 de%[’y BaaX'“(')ﬁX GMV

— €9, XX B, (3.7)
Step 2 consists in shift of X?
X2 =3+ 9z X' =z, X*=3x (3.8

Note that the background remains independent of X' and
X2

The shift described above produces the following trans-
formations of the metric

g1 =Gy +29G, + 926y,

8= G, +9Gy, 8ij = G,'j, (3.9)
and for the B wr WE get
51‘/ = Bij’ Eu — By + 9By, (3.10)

The relations (3.3), (3.4), and (3.5) are also changed; for

“See also the appendix.
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instance, (3.5) becomes

I0X' = V4, €7P 0,54 G,,, — 0,5*B,,

T Yo €7P0, %G1y — 99,8 Bpy. (3.11)
Note that it is crucial that the background is independent of
X! and X?, otherwise we cannot perform a T-duality back
on X;.

In the new variables the action is given by

z d
S=- \/_f U[y“ﬁa XX 8
— €9, 505D, ] (3.12)
In step 3 we T-dualize back on ¥'.
The action again has the standard form
z \/X do a v
S = —5 /dT%[y ﬁaaxﬂaﬁx Suv
— e“ﬁaax“aﬂx”bw], (3.13)

where g, and b,, are obtained from g,, and b uv DY
making use of the standard rule equations (3.2), (3.3), (3.4),
and (3.5).

Now we will prove that the currents Jj; and ji; obtained
from (3.1) and (3.13) respectively are equal, i.e.,

Je = je, (3.14)
where
i = Iy i+ AePagh,, (19
Jo = —\/X’)/“'BE)BXVGNV + \/XeaﬁaﬂXVB,w (3.16)

We will prove the statement directly, but in two steps.
(a) First we will prove the equality (3.14) for J{ and j{
and then for J§* and j§

i

= y*Bogx'g + y*Pagxig); — €*Pogx'by

5

= y*Pagx'gy + y*Pogiig — €*Pagiiby;
apB

_7
gn

(V5o €7P 0,581, — dp%Hby,)
+ 'y“ﬁa Xt i— 60‘36 ' g”
g gn

=fya18»yﬁ €P9 xﬂgﬂ—eaﬁa ¥ gll

gn gn

= e*Pogx!. 3.17)

Now we use (3.3) and find
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J1 — ~af apf — Jla
= 03 X*Gy,, — €*PIgX*B,, = .
— Y "Tog u B w = T
(3.18)

(b) We turn now to the case of J¢ and j& (i =2, ..., d).
In this case there are more transformations to be
performed but all of them are based on (3.2), (3.3),
(3.4), and (3.5)

i: alga x:“* . —Eaﬁa x:ub.
_\/X Y B glp, B m
= y*Pagxlgy + y*Pagiig, — €Pagx'by;
- GQBaBiij
= 'y“ﬁaﬂfclg“ + 'y“ﬁaﬁi’gll + GQﬁa'gilEli
— €Pagiib;;. (3.19)

Now we go to the X* variables by making the

inverse shift

Ji & i
e y*PogX*G;, — €*PogX*B;,. (3.20)
Since X! = X', we separate X' and X’ dependent

parts and find

],0( a 1 a vl p
_\l/x =Y BGBXIGH — € B(:)BXIB“

+ yPagXIG, — €PagX/By;  (3.21)

= 'y”‘ﬁaBXlG“ - EO"BBBXIB” + y“BaBXJG”

— €*PypXIB;;. (3.22)
Therefore
jia — ,yaBaBX,uGi _ EaﬁaBXMBi _ Jta ,
—Jx “ Sy
(3.23)

which proves the statement (3.14).

IV. T'sy - - - 5,7 TRANSFORMATIONS

In this section we make a simple generalization of the
TsT transformation. We proceed as follows. First we make
a T-duality on X! after which the original action

= */—fd —[yaﬁa Xt95X"G,,

- e“ﬁaaXf‘aﬁX”BW] “4.1)
becomes
JA do . - )
— €*P9,X"95X"B,,] 4.2)
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where the tilde variables are defined in (3.2), with the
relations (3.4) and (3.6) satisfied.

The second step consists in applying multishifts along
the U(1) isometries unaffected by the T-duality in the
previous step. This slightly generalizes the Maldacena-
Lunin procedure described in the previous section,

Xi=x+y%, X=X (4.3)
or X = AX where
. 1 0 --- 0
~ X ’)/2
X = P A= ) . 44
N : .
’yN 0O --- 0

Under these multishifts the background fields take the form

o

Tk

=Gy +2'in~li+'yi'ijijr g =Gy, +¥/G,

g =Gy, by, =By + v/'By; b =By

4.5)

The last step consists in T-dualization back on %¥'. The
resulting action is

\/X do a v
S = _TJdT%[’y Béaxf‘aﬁx gl“’

— €P9,x"px"b,, ] (4.6)

As in the case of TsT transformation, for the general-
ization described above we prove below.

Proposition.—The U(1) currents of strings in any two
backgrounds related by Ts;---S,T transformation are
equal.

Proof.—One can first consider j{* and using the relations
between the variables write them in terms of the original
coordinates

T _ apy aBy i
= y*PdpgxVg1, — €*Fdpgx'by;
—/A
= y*Bogx'g + y*Pagiig — €*Pagkiby,
ap
y oo L
= i (Yo €7P0,5" 81, — dgxtby,,)
+ yaﬂaﬁfci@— exh i 11
811 811
= Yy p,e7rd on B gaby 5 S gapy g1
811 811
4.7
But
i = aB 14 aB M = 2By 5!
_\/;l-—'y BBX Gl,u_f ang Blp,_e 8Bx,

(4.8)
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and therefore
JjE=Js 4.9)

Let us show that this equality is satisfied for the other
currents. One can easily show that

jE=Je (4.10)

Let us see how j¢ is related to J¢
Ji

B

= 'y“ﬁalgi“gm - Eaﬁalgi’ugiﬂ

= 'yaﬁaﬁil(éli + ’)’jéij) — y*B(9p% — Yjaﬂfl)éij
@.11)

+6“38B)?l(§1i + ’)/]B”) - Eaﬁ(a'g)?j - ’)/]alg.fél)él]

(4.12)

= y2B9 5t G, — €PIzitB,, = i 4.13
= y*Pdpgxt Gy, — €*7dgk T Ty (4.13)
Simple calculations now lead to J& = J¢&. This proves that
JE=Jg (4.14)

Although the proof is straightforward, it may have impor-
tant consequences. For instance, if the theory in the initial
background is integrable, one can study integrability of the
second theory by making use of the above relation. We will
comment on this issue in the next section.

The equality between the currents in the AdSs X §°
background and its deformation relate the boundary con-
ditions imposed on the fields in the initial and the trans-
formed backgrounds. It remains to examine how the
boundary conditions for x* and X* in our case are related.
First we notice that the time component of J¢, i.e. J?L, is
just the momentum conjugated to X*. The equality of j%
and JlOL means that the two momenta are equal and constant
(due to the isometry). Therefore this property, observed
first in [2], continues to hold in the general case of TsT and
multishift transformations. To examine the boundary con-
ditions, we will use the relation

VX' = Vap€lra, 348, — 0,5"b),. (4.15)

To simplify the calculation, we choose the conformal
gauge for the 2D metric y, = diag(—1,1) and €' = 1.
Let us compute the boundary conditions for x!. To do this
we need expressions for the metric components g, in
terms of the original metric G . Using the transformation
properties, we find

G
11 ==, 4.16
811 G, ( )
_ b ¥/( U1 1:U71; 1 1/) 4.17)

81i G, )
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and

5. = Gy; + ¥/(B;;Gy; — G;By; + By,Gy))
i = ,
G

(4.18)

where

G =1+2y'By; + ¥'¥/(G;;Gyy — G1,Gy; + By;By;)

(4.19)

(all others are not changed by the shifts and are given in the
appendix).

Substituting the above expressions for g,, and b, in

(4.15) and using the inverse transformations relating %
withX*, we find

E)lxl =8|X1 _')/i.ll(-), l:2,,N (420)

The boundary conditions for the other coordinates are
easily obtained from

d,x = 9,5 — vy, % (4.21)
Using the relation (3.11) and (4.3), we get
alxi = 61Xi + 'yi(an#GllL + alijlj) = Glxi + ,le(l)
4.22)

Therefore, the boundary conditions for the fields in the
deformed background are twisted as follows:

al)Cl = 81X1 - 'yi.]?, (423)
d1xt = 9, X" + . (4.24)
Integrating over o we find
x'2m) — x'(0) = 27(n, — v'J)), (4.25)
x'(2m) — x'(0) = 27 (n; + v'J)), (4.26)
where
X*(2m) — X*(0) = 27n,, 4.27)
and the current
do
J, = ] %Jﬁ. (4.28)

In the next section we will apply these results to the
AdSs X §° background and analyze the implications of
these transformations to string theory.

V. (93, 93)-DEFORMATION

A. Supergravity solution

We start with the S° part of string action as in [2] with
i=123:

PHYSICAL REVIEW D 72, 106008 (2005)

= __fd _[,yaﬁ ad raﬁr +gtjaa¢laﬁ¢j)

+ A7 — D] (5.1)

where the metric g;; and the antisymmetric 2-form field b;;
are

_ 2.2 _
8 =11 tnr, g3 =1

_ 2 _ 2 _ 2 _ .2
813 =13 — 13 8233 =13 — 17,

b; =0.

)

_ 2 2
g =r tr3

g =13 (5.2)

and A is a Lagrangian multiplier which ensures the con-
straint

(5.3)

ZV%= 1.

This action is related to the one used in [1] by the following
change of the variables:

é’ = %(Gb ér — 2@3),
$r =328, + & + &3), @3 =31+ &2+ &3),
5.4)

which leads to the following relations between the old and
new angular momenta:

‘71=JA2_13, (55)
}2=j2_j1, (56)
Ja=J, + 7, + ] (5.7)

We next make the T-duality transformation on the circle
parametrized by ¢;; the action becomes

\/_
= jdr—[’y B, ridgr; +g,jaa¢’za,890/)

Bbii0api0p®; + A2 — 1)] (5.8)
where
— 1 B _r1r2+r1r3+r2r3
81 T 3 a2 822 )
r5 +r3 r2 + r3
. rs+ - (r2 - r3)? N .
833 = — 24,2 ) gn=2813=0,
r; T3
N 2r3r3 — rir3 — rin3 - 3
23 = 2+ 2 b12=r2+r2’
2 3 2 3
2 2
~ rs — r ~
b3 =5—3, by; = 0. (5.9
ry +r3

The T-dual variables @; are related to &; as follows:
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V0®1 = Vap€P?9,81811 — 0,8:b1;

_ s (5.10)

Bu
[\

Il
sl
N
Bu

Next, we make the following shift of the angle variables &,
and @3 simultaneously:

~ ~ A~

@3 — @3 + V304, (5.11)

where ¥, and 5 are two arbitrary constants. The metric
transforms in the following way under the above shift:

g1 = &n T 9380 + ¥383 + 292812 + 293813
+ 292%382s,

=8t ¥28n t+ ¥38n

g3 813+ V2823 T V3833

512 - 512 - 373523,

bi3 — bys + 2bys,

(5.12)

and the variables @; transform into

0®1 = Vap€P? 3, 81811 — 0,8:D1; — $20,81b12

— 930,81b13,

s s 1
= &, = @3. (5-13)

Bu
[y}
Bu
(98]

Finally, we make the T-duality transformation on the circle
parametrized by &; again. After the TsT transformation,
the (%, 93)-deformed background becomes

= \/—fd —[’}’aﬁ(a ra,Br +Gljaa¢)laﬂ¢l)

— € ﬁBijaagDiaﬁgoi + A2 = 1)], (5.14)
where
G = Ggu
Gy = G(gxn +993r11313),
Gs3 = G(gz3 + 993r1r3r3),
Gy = G(g23 — 992 93r11373),
By = G[9,(r3r3 + r3r3 + r3r3)
+ 932315 — rird — i)l
B3 = G[$,(2r3r3 — rir — rir3)
303+ = (3 - AP
Byy = —G[9,(2rirs — rir; — r3r3) + $3(g13823 — €12)],
(5.15)

where

PHYSICAL REVIEW D 72, 106008 (2005)
Gl=1+ )/z(rlr2 + rlr3 + r2r3)
i3 + 3 — (3 — r3)?]

r%r% —r r%)

+ 2’92’5)3(27‘%7’3 (516)

and we have used the constraint (5.3).
The variables @; are related to the T-dual variables ¢; as
follows:

aP1 = Vap€’?9,8:G1; — 9,8:B1;
@2 = ¢y, @3 = @3.

Equations (5.10), (5.13), and (5.17) allow us to dete~rmine
the following relations between the angle variables @, and
the TsT-transformed variables ¢;:

5.17)

da®1 = [811G 1 + (92b15 + 93b13)By; — b0 0,
—[(92b12 + 93613)G1; + g11B1i1YapeP? 0, 0,
(5.18)
V0®2 = da@2 — 92B10,0; T 92G11Vap€P? 9,04
(5.19)
Va®3 = 0a@3 — V3B1000: T 93G1:Yap€P? 9,04
(5.20)
which gives the boundary conditions
oL =@ + 9JY + 930, &b = o) — 09,
1 1 2 3 2 2 5o

¢y = ¢y — ¥,
which are consistent with the boundary conditions (4.23)
and (4.24). It is easy to see that, when §3 = 0, the above
background reduces to the Lunin-Maldacena background
[1,2].
We can check that the Virasoro constraint,

ij(¢:®; + éﬁé’;) = Gj(¢ip; + @i¢"), (5.22)

is satisfied as expected.

B. The dual field theory

According to the AdS/CFT duality, string theory in the
background (5.15) is dual to a field theory on the boundary
of the AdS space. This field theory is a deformed theory
from N = 4 SYM theory by the deformation (¥, ¥3), so
we will call it (%,, 93)-deformed N =4 SYM theory.
Now the question is: what is this dual field theory? To
answer this question, let us look at the symmetries of the
deformed background (5.15).

We try first to find how many supersymmetries are
preserved in the dual field theory. To derive the background
(5.15), we wrote the S3 part of AdS X $° as (5.1). The
metric has manifestly a U(1) X U(1) X U(1) isometry, of
which a U(1) X U(1) preserves the Killing spinors. In the
case of the Lunin-Maldacena background, a very special
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torus was chosen to compactify the 10D string theory. The
TsT transformation only breaks the supersymmetry corre-
sponding to the Killing spinor associated to U(1) X U(1) so
that the deformed background preserves 1/4 supersymme-
tries. The left U(1) remains an R-symmetry in the dual
N =1 SYM theory. In our case, T'ssT transformation
breaks all U(1) X U(1) X U(1) isometry so that no
Killing spinor is preserved. Therefore the dual field theory
has no supersymmetry.

Next we try to learn more about the dual field theory
from the gravity side. Let us recall the relation between the
TsT transformation of the supergravity background and
the star product of the dual field theory in the case of the
Lunin-Maldacena background [1]. SL(2, R) acts on the
parameter

T= B, +iJg (5.23)
as
N LRI 24
T T T+ 97 or e A Y. (5.24)
Schematically, 1/7 can be written as [53]
1 1 \ij , -
o~ = Gen + 09, 5.25
T <g + B) " 62

where Gghen is the open string metric and 6 is the non-
commutative parameter. Then the result of the SL(2, R)
transformation (5.24) is just to introduce a noncommuta-
tivity parameter #'> ~ y. This analogy can be seen more
precisely if we define a 2 X 2 matrix y as

yE<g’iB’>_<giB>

= (Ggpen - Gopen) + (9/ - 0) (5.26)
It is easy to get the matrix
(0 —v
y = <y 0 ) (5.27)

Thus the TsT transformation of the supergravity back-
ground is equivalent to a shift of the noncommutative
parameter by §'> = —v in the dual field theory.

Now let us look at the (§,, 93)-deformed background
which we found in the previous section. We can similarly
define a 3 X 3 matrix y as in (5.26). Straightforward
calculation leads to the following® y:

0 _712 _,yl3
y=[v2 o0 0 (5.28)
,yl3 0 0

Thus in our case the TsT transformation of the supergravity

SHere we define new symbols (y'2, y'3) which are related to
the symbols we used in the previous section as y'> = $2/R? and
y'3 = #3/R?, where R is the radius of S°.
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background is equivalent to a shift of the noncommutative
parameters by 0> = —y!? and #'3 = —y!3 in the dual
field theory. Since the modification only affects the direc-
tions (¢, ¢,, ¢3), the action of the dual field theory will
be the same as the one of the N' = 4 SYM theory except
the superpotential term, which can be obtained from the
undeformed one by replacing the usual product ¢;¢; by
the associative star product ¢; * ¢ ;. Obviously, we will not
be able to write down the action by using the N =1
superfields since all supersymmetries are broken in the
process.

C. Semiclassical analysis

A classical solution of the sigma model associated with
the background (5.15) is obtained as

t=r, p=0, ¢ = VT, P2 = VaT,
B _ ( Y2+ 25’3) _7
©3 = 13T, a = arccos|  [-———2), 0=—,
495 — 9 4
(5.29)
where
v =-2 v, =% vy =1 (5.30)

The angular momenta and the energy corresponding to this
state are

J, =0, (5.31)
34
L=-—2 ¢ (5.32)
Y2 — 4793
34
=2 ¢ (5.33)
V2 — 4793
and
E = V1J1 + V2J2 + V3J3 = 3C, (534)

where C( N) is a constant. From the relations of angular
momenta (5.5), (5.6), and (5.7), we can see that this solu-
tion is associated to the state with

X A A Vo + 29 Vo — Yy — ¥

(JI,J2,13)=<T2 LEToRR R £ Vo A & C>.
Yo =493 Yo =493 Vo — 4P

(5.35)

It is easy to see that the above state reduces to the (J, J, J)
state when 953 = 0 and to the (—J, 0, 0) state when %, = J5
with J = E/3.

Next, let us consider the fluctuations around the above
classical solution (5.29) with large 't Hooft coupling A =
gymN = R*/a”? as
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t=71+ W 1,
1

P:Wﬁ,

|
e = VITJ’_WQDI:

(5.36)

|
@y = V27+W€02»

I
Pz = Vﬂ"‘m@ay

Y, + 29 1
a = arccos( 72 7?) + X,
Y3~ V2 Al/4
1 Py — 49,
9 ="+ V2 Y3 g

4 AAN2(5, — 98
where we have defined

ry = cosa, ry = sina cos#, ry = sina siné.

|
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The difference between energy and angular momenta is

1 (27nd
E_(V]JI +V2J2+V3J3)=— 2—0-5-[
v

> (5.37)

where the energy and angular momenta are defined as

88
E=p == (5.38)
8 .
Ji=Py =5 i=123 (539)

and JH is the corresponding Hamiltonian. By using the
Virasoro constraints
To =G0, Xm0, X" =0, (5.40)

and keeping the terms up to quadratic order, the transverse
Hamiltonian can be obtained as

H = —0,00,f+n% + 0,m,0,m, + 4G, + 293)(Fy — §3)2@> + 0,80 ,& + 4G(9, + 293)(§, — $3)26* + 0,00,0

. N L 3Gy
+2G(93 = %2)0,$10,81 + Aiiz
(493 = ¥2)

G

GF37s + 93 = 99295 + 695 — 8%2%3 + 1693)0.$20, 62

+ m@?g + 6493 + 189393 + 1293%5 — 95 — 279395 — 48%293)0,830, @3 + 2G(¥3 — 72)9,$10.%2

4 2G
(493 — 92)

+26(55 = 7253 — 752 + 293)@(@) + 28}) + 2653 — $,)(32 + 293)

5159393 — 189,93 — 1693 + 279393 — 293 — 99393 — 249293)9.$20, 3

D55 — 92) ~
MW’Q — 4¢}). (5.41)
Y3 2

where we have made a change of coordinates (g, 3) = 1,, # = 1,2,3,4, and

G~ =93 = 92 = 39293 + 293 + 49, (5.42)
We diagonalize the Hamiltonian by making the following coordinate transformations:
oo ] o _ 159395 — 189,95 — 1693 + 279393 — 293 — 9933 — 249273
P1= ¢1 §¢2) P2 = ¢2’ ¢3 ~5 ~3 ~2 ~3 ~D A ~3 ~3 a2 N ¢2'
97> + 6473 + 18¥3%3 + 129373 — ¥3 — 27935 — 489273
Then

H = _aafaaf-’_ 77%;, + aanuaanu + 4G('5\/2 + 25’%)(’5\/2 - ’?3)2&2 +d,ad,a + 4G(5\/2 + 25/’5)(’3\’2 - ’5\’3)252 + aaéaaa~

+2G(¥3 — ¥2)9,010,¢1 +

9G* (93 — $2)(4%3 — 92)

993 + 6493 + 189343
N 2G
(493 — 72)

N aad)Zaad)Z

129395 — 93 — 279393 — 489,73

OF3 + 6493 + 189393 + 129395 — 73 — 279393 — 489293)04b39. 05

+4G(92 — $3)(92 — 45’3)\/2(772 — ¥3)(¥2 + 293)a@d] — 2G(9> — ¥3)(92 + 25’3)\/2(772 — 93)(¥2 — 493)

99,4935 — 92)

><0~<A _ — L ~ —
993 + 6493 + 189393 + 129395 — 93 — 279393 — 489,93

AA2¢§+4¢Q. (5.43)

106008-9



R.C. RASHKOV, K.S. VISWANATHAN, AND YI YANG

Since the coefficients are constants, the Hamiltonian
can be quantized to get the string spectrum as discussed
in [52,54]

VI. CONCLUSIONS

In this paper, we consider a deformation of the AdSs X
S> background of string theory. We propose a simple
generalization of the Lunin-Maldacena procedure for ob-
taining a so-called beta deformed theory which, from the
gauge theory side, corresponds to a deformation of Yang-
Mills theory studied by Leigh and Strassler. For real de-
formation parameter 8 = v, the Lunin-Maldacena back-
ground can be thought of as a T-duality on one of the angles
¢, corresponding to one of the three U(1) isometries of the
AdSs X S° background , a shift on another isometry
variable, followed by T-duality again of ¢;. It was proven
in the original paper by Lunin and Maldacena that this
procedure does not produce additional singularities except
for only those in the original background. Our general-
ization consists in additional shifts on the other U(1)
variables in the intermediate step. In this way, one can
obtain a new deformed background which depends on
more parameters y; - - - y,. Since this procedure consists
only in additional shifts, the resulting background again
contains only the singularities descended from the original
one.

In Sec. II, we reviewed the Lunin-Maldacena back-
ground and the TsT transformation procedure. In the next
section we have proved that the currents for any two back-
grounds related by TsT transformations are equal (which
was conjectured in [2]).

In the next section, we consider T's - - - sT transforma-
tions. We find that due to these transformations the bound-
ary conditions for the U(1) variables are twisted. We prove
also that the U(1) currents in any two backgrounds related
by Ts---sT transformations are equal. This property is
important since, as it is discussed in [2], it means that the
theory preserves the nice property of integrability. The
integrability can be proved along the lines of the paper
by Frolov [2].

In Sec. V, we apply the TssT transformation to AdSs5 X
S3 background. The obtained background is new and the
string theory on it is integrable. We argue that the super-
symmetry is broken and the background is less supersym-
metric than that of Lunin and Maldacena.

After short comments on the gauge theory side,
we perform a semiclassical analysis of string theory in
v2 — 3 deformed AdSs X S° background. We study the
theory in the BMN limit and obtain the corresponding
conserved quantities important for AdS/CFT correspon-
dence. It is important to note that for y; = 0 the back-
ground and therefore string theory reduce to that studied
by Lunin and Maldacena. In the appendix we give for
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completeness a detailed derivation of the T-duality
transformations.

There are several ways to develop the results obtained in
this paper. First of all, one can study multispin solutions in
our background along the lines of [47]. To clarify the AdS/
CFT correspondence, one must consider the gauge theory
side in more detail. It would be interesting to see what kind
of spin chain should describe the string and gauge theory
in this case. One can use then the powerful Bethe ansatz
technique to study the correspondence on both sides. We
leave these questions for further study.
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APPENDIX: T-DUALITY TRANSFORMATIONS

In this appendix we give a detailed derivation of the
T-duality transformation.
We start with the general string theory action:

A d i

S = £ dr? [y*P 3, X" 9 s XN G pn(X')
2 2T

— eaﬂaaXM(?BXNBMN(Xi)]y (A1)

where @) M,N=1,...,d—1,i=2,...,d — 1, and (b)
the background fields G,y and B,y do not depend on X!.

The equation of motion for X! tells us that there exists
conserved current J¢:

JA oL

0 J =0 J"= —— ———. A2
« 27 9(9,X"Y) (A2)

Let us define p“ as
pa = 'y“BGIBXNGlN - 6“38BXNBIN. (AS)

The action (5.3) can be rewritten in terms of p® as follows:
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do
§=—-JA f dr—
27

1 o .
+ —('y“ﬁ&aXlal;XfGij — eaﬁaaxtaﬁXJBij)}
_\/_qu-_

+ —(7“58QX’85X/GU -

—\/_de—_

eaﬁaaxfaﬁXfB[j)}

Let us consider the second term in the above expression:

LBy x19,X1G,, = 3,X'G rald
) @ B 11 @ 112Gll

M1
Ey“ﬁéaXl(')BXlGH + yaﬁaa

1 1 . . ) )
paaaxl _ 5,yaﬁaa)(laﬁ)(lGll + E(’yaﬁaaxla,BX]Gij _ eaﬁaaxlaBX/Bij)}
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Xl(?BXiGli - eaﬁaaXlaﬂXNBlN

1
I X' (y*PIpXNGy — €PIgX"B y) — Ey“ﬁaaX‘aBX‘G”

(A4)

3,X'G,,. (AS)

In order to perform T-duality, we have to eliminate X! which enters the action only through 9,X'G ;. From the definition

of p%,
pa = 'ya'BaBXIGll + 7aﬁaﬁXiG1i - EaﬁaﬁXiBli, (A6)
we find
y*P95X Gy = p* — y*P3pgX'Gy; + €*PagX'By;. (A7)
Substituting for 9,X'G,, in (AS5) we find
7aB
= y279,X'G Bry XlG
DA 112G Y 11
= (p* — y*79,X'Gy; + eaUaUXiBli);éi (pP — vPP0,X'G,; + €9 ,X'By;)
a B
P YapP Gy i 1 GGy
=——F"——p*9,X - ePry X + —y*Bo X9 X ——— J
2Gy, b < Gy Vap ? G11> 27 P 1
1 BB, ; ao B,;Gy;
+ —€e*” Bry, X' X/ LV PR Brg Xfa X — kY
2 Yap€ » 3 Yap?Y G
EBP . 'GliBl'
+77aﬁ7a”80X’8pX1—]
11
P“VapPP? Gy ; Bii 1 G1;Gyj — ByiBy;
= = pY 9. X~ — Bry, XT—=) + = y*P9,X'0 pX ! !
26, " < G, T Gn) 2<7 Gny
G;B,; — G|:By;
— By X9 px YTl 1). (A8)
11
Substitution of (A8) into (A4) gives
do Gy Bix\  YapP®PP 1 ; ; G1;Gyj — By;By;
—VA | dr——| p¥[ 9 XN =~ — Prg XN %) = 20— 4+ —yB9, X9 X( Gy — ! !
\/_f Tzﬂ[p < Gy Yap €0 Gn) 2Gy, [ Y G
1 GyBix — GinB
—EGQBGQXMGﬁXN<BMN— LM ING IN ]M>:| (Ag)
11
We will use now the conservation of p: pe = eaﬁaﬁjl’ (A1)

Iop* =0, (A10)

to write down the general solution to (A10) as

where X! is a scalar field which is the T-dual of X'.
If we substitute for p® from (A1ll) into its definition
(A3), we find the relation
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EO‘BBBXI = 'yaBGBXMGlM - GQBGBXMBIM. (A12)

Now we can derive the T-dual action by substituting for p
the expression (All).

Let us consider the different terms separately. »

Obviously (ij) components remain the same since X' =
X'

(a) The first term in (A9) becomes

PaaogileN = p%9, X! + ped X g::
= p9, X' — eaﬁaailaﬁ)ﬁ@,
(/1%113)
where we substitute p® in the second term with
€*BogX!.

We need also expression for d,X! in terms of XM.
From (A12) we have

Ga'BaBXl = yaBGBXIGn + ,ya,BaBXiGli

— €*PagX'By,, (A14)
and therefore
~, 1 ~. By;
9aX' = Vo, €PapX' ——+ y,,ePPaX 1
Gn 11
.. Gy
—9,X —*. Al5
X G (A15)
Substituting (A15) into (A13) we get
- |
9o X' = y7P0, X' 05X —
P 0y Y o B Gll
- _.. By;
+ P9, X 0pX 1 L
Gn
- .. Gy;
— €79, X9, X L. (A16)
Gu
(b) The second term in (A9) becomes
~. By; -. By;
— Bp i 2l _ac Bp i 2l
P¥Vap€”Po,X €“%y,p€P0,X
B e B Gy
X 9, X!
N
= y7P3,X 0,X" ——.
11
(A17)
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(c) The third term in (A9) can be written as

_lipayaﬁpﬂ = —lea"Meﬁpa X9 X

O |
Y7o, X'9,X —.
11

N =

(A18)

Summing up all the terms we derived above, we find

1043 S1. w1 L 510 o Ol
SyeBy R, X — 9. X9 % 21
2V et OB G T Ty Cat e e
1 . . By
+§yaﬁaaxlaﬁXl—l.
11

eB

(A19)

All the other terms in the action remain unchanged. The
final action has the same form as (Al) but with new
background fields

VA do . L~
S = _7 de%[yaﬁaaXMGBXNGMN
— €9, XM9 XN Byn ] (A20)

with the following transformation laws for the background
fields:

5 1 ~ G1,Gy; — BBy
G,,=—, G.=G, ——— "t
11 G” ij ij Gll
~ By; 5 G1iB\; — B1,Gy;
G, =1 B. =B, ———J " (A2l
1i Gll ij ij G11 ( )
By; = G
1
and the following relations between the variables:
Xi — Xi,
€BogX' = y*PagXMG y — €*P3gXMByy,  (A22)
or, equivalently,
L1 ~. By;
aaxl = Ya PP X — + YVa erBy Xi 1
P B Gll p B Gll
— 9% G
Gu
= 'yapEpBaBXMGIM - GQXMEIM. (A23)
This completes the derivation of the T-duality
transformations.
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