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Observational constraints on low redshift evolution of dark energy:
How consistent are different observations?
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The dark energy component of the Universe is often interpreted either in terms of a cosmological
constant or as a scalar field. A generic feature of the scalar field models is that the equation of state
parameter w � P=� for the dark energy need not satisfy w � �1 and, in general, it can be a function of
time. Using the Markov chain Monte Carlo method we perform a critical analysis of the cosmological
parameter space, allowing for a varying w. We use constraints on w�z� from the observations of high
redshift supernovae (SN), the Wilkinson Microwave Anisotropy Probe (WMAP) observations of cosmic
microwave background (CMB) anisotropies, and abundance of rich clusters of galaxies. For models with a
constant w, the �CDM(cold dark matter) model is allowed with a probability of about 6% by the SN
observations while it is allowed with a probability of 98.9% by WMAP observations. The �CDM model is
allowed even within the context of models with variable w: WMAP observations allow it with a
probability of 99.1% whereas SN data allows it with 23% probability. The SN data, on its own, favors
phantom-like equation of state (w<�1) and high values for �NR. It does not distinguish between
constant w (with w<�1) models and those with varying w�z� in a statistically significant manner. The
SN data allows a very wide range for variation of dark energy density, e.g., a variation by factor ten in the
dark energy density between z � 0 and z � 1 is allowed at 95% confidence level. WMAP observations
provide a better constraint and the corresponding allowed variation is less than a factor of 3. Allowing for
variation in w has an impact on the values for other cosmological parameters in that the allowed range
often becomes larger. There is significant tension between SN and WMAP observations; the best fit model
for one is often ruled out by the other at a very high confidence limit. Hence results based on only one of
these can lead to unreliable conclusions. Given the divergence in models favored by individual
observations, and the fact that the best fit models are ruled out in the combined analysis, there is a
distinct possibility of the existence of systematic errors which are not understood.
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INTRODUCTION

Observational evidence for accelerated expansion in the
Universe has been growing in the last two decades [1].
Observations of high redshift supernovae [2,3] provided an
independent confirmation. Using these along with obser-
vations of cosmic microwave background radiation (CMB)
[4,5] and large scale structure [6,7], we can construct a
‘‘concordance’’ model for cosmology and study variations
around it (e.g., see [5,8,9]; for an overview of our current
understanding, see [10]).

Observations indicate that dark energy should have an
equation of state parameter w � P=�<�1=3 for the
Universe to undergo accelerated expansion. Indeed, obser-
vations show that dark energy is the dominant component
of our Universe. The cosmological constant is the simplest
explanation for accelerated expansion [11,12] and it is
known to be consistent with observations. In order to avoid
theoretical problems related to cosmological constant [11],
other scenarios have been investigated. In these models one
can have w � �1 and in general w varies with redshift.
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These models include quintessence [13], k-essence [14],
tachyons [15,16], phantom fields [17], branes [18], etc.
There is the Chaplygin gas model and its generalizations
[19]. There are also some phenomenological models [20],
field theoretical, and renormalization group based models
(see e.g. [21]), models that unify dark matter and dark
energy [22], and many others like those based on horizon
thermodynamics (e.g. see [23]). Even though these models
have been proposed to overcome the fine tuning problem
for cosmological constant, most of these require similar
fine tuning of parameter(s) to be consistent with observa-
tions. Nevertheless, they raise the possibility ofw�z� evolv-
ing with time (or being different from �1), which—in
principle—can be tested by observations.

Given thatw<�1=3 for dark energy for the Universe to
undergo accelerated expansion, the energy density of this
component changes at a much slower rate than that of
matter and radiation. Indeed, w � �1 for cosmological
constant and in this case the energy density is a constant.
Unless w is a rapidly varying function of redshift and
becomes w� 0 at (z � 1), the energy density of the dark
energy component should be negligible at high redshifts
(z� 1) as compared to that of nonrelativistic matter. If
dark energy evolves in a manner such that its energy
density is comparable to, or greater than the matter density
-1 © 2005 The American Physical Society
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in the Universe at high redshifts then the basic structure of
the cosmological model needs to be modified. We do not
consider such models here. We confine our attention to
models with dark energy density being an insignificant
component of the Universe at z� 1 and choose observa-
tions which are sensitive to evolution of w�z� at redshifts
z & 1.

To put the present work in context, we recall that com-
bining supernova observations with the WMAP data pro-
vides strong constraints on the variation of dark energy
density [24]. (A review of relevant observations for con-
straining dark energy models along with a summary of
the previous work in this area is given in Sec. II B.)
Reproducing the location of acoustic features requires the
angular diameter distance to the last scattering surface to
be in the correct range. This analysis showed that while the
data from SN observations allows for a large range in
parameters of dark energy, combining with WMAP data
limits this range significantly. However, in that work, we
did not explore the cosmological parameter space widely
and had fixed nearly all parameters other than those used to
describe evolution of dark energy. In the present work, we
allow many cosmological parameters to vary and include
constraints from cluster abundance in addition to the su-
pernova and WMAP constraints.

In addition to obtaining quantitative bounds on parame-
ters in different contexts, we address the following key
issues in this paper:
(i) D
oes allowing cosmological parameters to vary
weaken the constraints on variation of dark energy?
(ii) C
onversely, how does the allowed range for differ-
ent cosmological parameters change when we al-
low for an epoch dependent w�z�?
(iii) D
o the observational constraints agree with each
other? In particular, what kind of cosmological
models are preferred by SN and WMAP observa-
tions individually?
The last point is important and requires elaboration.
Different observational sets are combined together pre-
cisely because these observations are sensitive to different
combinations of cosmological parameters and facilitate in
breaking degeneracies between parameters. If we consider
�CDM models then the SN observations, for example,
broadly depend on the combination �0:85�NR � 0:53�V�
[25] while WMAP is sensitive to ��NR 	�V� [5], a fea-
ture which was originally highlighted in the literature as
‘‘cosmic complementarity.’’ Therefore, we cannot expect
constraints from different observations to agree over the
entire parameter space. At the same time, we do not expect
models favored by one observation to be ruled out by
another when such a divergence is not expected. This
divergence may point to some shortcomings in the model,
or to systematic errors in observations, or even to an
incorrect choice of priors. If all observational sets are
consistent then we should be able to derive similar con-
straints using subsets of observations, even though the final
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constraints may not be as tight as with the full set of
observations.

In order to address the questions listed above in a
systematic manner, we proceed in three steps. We choose
a ‘‘base’’ reference model with cold dark matter and cos-
mological constant, with neutrinos contributing a negli-
gible amount to the energy density of the Universe. We
assume that the Universe is flat and restrict ourselves to an
unbroken power law for the primordial power spectrum of
density fluctuations, and we assume that the perturbations
are adiabatic. Another assumption is that the perturbations
in tensor mode are negligible and we take r � 0 [26]. We
choose this to be our standard model as this can be
described by a compact set of parameters.

Next, we generalize from �CDM models (w � �1) to
study a wider class of dark energy models with a constant
w and address the issues listed above. In this case, we also
study the effect of perturbations in dark energy. Finally, we
generalize to models in which w is allowed to vary with z
in a parameterized form. This approach allows us to delin-
eate changes that come about from choosing a constant
w � �1 from those allowed by a varying dark energy. We
do not impose theoretically motivated constraints on mod-
els, e.g. we do not require w 
 �1 as the present work is
focused on understanding the nature of models favored by
observations.

The paper is organized as follows: In Sec. II we discuss
the background cosmological equations followed by a brief
review on the various observations used to constrain dark
energy equation of state and the observations we concen-
trate on. The Markov Chain Monte Carlo method is dis-
cussed in Sec. III and detailed results are presented in
Sec. IV. We conclude with a discussion of the results and
future prospects for constraining dark energy models in
Sec. V.
II. THEORETICAL BACKGROUND

A. Cosmological equations

If we assume that each of the constituents of the homo-
geneous and isotropic universe can be considered to be an
ideal fluid, and that the space is flat, the Friedman equa-
tions become

�
_a
a

�
2
�

8�G
3

�; (1)

�a
a
� �

4�G
3
��	 3P�; (2)

where P is the pressure and � � �NR 	 �� 	 �DE with the
respective terms denoting energy densities for nonrelativ-
istic matter, for radiation/relativistic matter and for dark
energy. Pressure is zero for the nonrelativistic component,
whereas radiation and relativistic matter have P� � ��=3.
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If the cosmological constant is the source of acceleration
then �DE � constant and PDE � ��DE.

An obvious generalization is to consider models with a
constant equation of state parameter w � P=� � constant.
One can, in fact, further generalize to models with a vary-
ing equation of state parameter w�z�. Since a function is
equivalent to an infinite set of numbers (defined e.g. by
Taylor-Laurent series coefficients), it is clearly not possible
to constrain the form of an arbitrary function w�z� using a
finite number of observations. One possible way of circum-
venting this issue is to parameterize the function w�z� by a
finite number of parameters and try to constrain these
parameters by observations. There have been many at-
tempts to describe varying dark energy with different
parameterizations [24,27–31] where the functional form
of w�z� is fixed and the variation is described with a small
number of parameters. Observational constraints depend
on the specific parameterization chosen, but it should be
possible to glean some parameterization independent re-
sults from the analysis.

To model varying dark energy we use two parameter-
izations

w�z� � w0 	 w0�z � 0�
z

�1	 z�p
; p � 1; 2: (3)

These are chosen so that, among other things, the high
redshift behavior is completely different in these two pa-
rameterizations [24]. If p � 1 [32], the asymptotic value
w�1� � w0 	 w0�z � 0� and for p � 2, w�1� � w0. For
both p � 1; 2, the present value is w�0� � w0. Clearly, we
must have w�z� 1� � �1=3 for the standard cosmologi-
cal models with a hot big bang to be valid. This restriction
is imposed over and above the priors used in our study.

Integrating d��a3� � �w�z��da3, the energy density
can be expressed as

�DE

�DE0

� �1	 z�3�1	w0	w00� exp
�
�
�3w00�z
1	 z

�
(4)

for p � 1 [in Eq. (3)] and

�DE

�DE0

� �1	 z�3�1	w0� exp
�

3w00
2

�
z

1	 z

�
2
�

(5)

for p � 2. The allowed range of parameters w0 and w00 �
w0�z � 0� is likely to be different for different p. However,
the allowed variation at low redshifts in �DE should be
similar in both models as observations actually probe the
variation of dark energy density. Indeed, in an earlier study
[24] where we had studied a restricted class of models, we
found this to be the case. For example, �DE can vary by at
most a factor 2 up to z � 2 when both the WMAP and SN
data are taken into account [24]. This reaffirms the expec-
tation that the results are parameterization independent at
some level.
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B. Observational constraints

In this subsection, we briefly review potential observa-
tional constraints on dark energy and we also summarize
previous work in this area.

Constraints on dark energy models essentially arise as
follows: To begin with, dark energy affects the rate of
expansion of the Universe and thus the luminosity distance
and also the angular diameter distance. Constraints from
observations of high redshift supernovae [2,25,33–36] and
the location of peaks in the angular power spectrum of
CMB anisotropies mainly use this feature [37]. Gamma-
ray bursts can be seen to much higher redshifts and if a
subclass of these can be shown to be standard candle then
we can probe distances and hence the evolution of dark
energy over a wider range of redshifts [38]. The signature
of acoustic peaks in correlation function of galaxies also
provides a similar geometric constraint [39]. There is also
an effect on gravitational lensing through changes in
distance-redshift relation [40]. This change of distances
has an effect on weak lensing statistics [41–45] and hence
these also can be used as a probe of dark energy.

Second, the rate of expansion influences the growth of
perturbations in the Universe and this leads to another set
of probes of dark energy [46]. Abundance of rich clusters
of galaxies, their evolution and the integrated Sachs-Wolfe
(ISW) effect belong to this category of constraints, along
with constraints from redshift space distortions [47–52].
All these constraints are sensitive to different aspects of
dark energy and a combination of all of these can put tight
limits on models. The redshift space distortions are a local
effect as these are sensitive to the rate of growth of density
perturbations at a given epoch. The abundance of rich
clusters of galaxies, the ISW effect and distances are
integrated effects in that the effect of dark energy is aver-
aged over a range of redshifts in some sense.

Observations of high redshift supernovae of type Ia
provide the most unambiguous evidence for accelerated
expansion [2,25,33–35]. Assuming these sources to be
standard candles, observations spanning a range of red-
shifts can be used to study the change in rate of expansion
and this imposes direct constraints on the variation of dark
energy density. Supernovae have been observed up to a
redshift of zmax ’ 1:8 and hence can be used to constrain
models of dark energy up to this redshift. Constraints from
SN observations alone however, permit a large variation in
the dark energy parameters [35] and, in particular, favor
models with w<�1 at the present epoch [3,25,34].

Baryon oscillations in the matter-radiation fluid prior to
decoupling provide a standard scale and the angle at which
the acoustic peaks occur in the angular power spectrum of
temperature anisotropies in the CMB fixes the distance to
the surface of last scattering. This provides a useful con-
straint on models of dark energy [37] as long as dark
energy does not affect the dynamics of universe at the
time of decoupling of matter and radiation. Unlike super-
-3
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novae that are observed over a range of redshifts where
dark energy is dominant, the surface of last scattering is at
z ’ 1100. However, the exquisite quality of CMB anisot-
ropy measurements makes this a very useful constraint and
these observations offer a constraint that is different from
SN observations [24]. Indeed, as we shall see, WMAP and
SN observations often favor models that are mutually
unacceptable.

Recent detection of the baryon acoustic peak in galaxy
correlation function using the luminous red galaxy sample
of the Sloan Digital Sky Survey (SDSS) survey has
provided an additional handle to constrain cosmological
parameters [39]. The geometric constraint from these ob-
servations can, in principle, constrain models of dark en-
ergy. A measurement of the angular scale corresponding to
the peak at different redshifts can indeed be a powerful
constraint.

If we consider a given cosmological model that is con-
sistent with observations of CMB anisotropy then the
amplitude of fluctuations at the time of decoupling is fixed,
and its linearly extrapolated value today can be computed
using linear perturbation theory. The abundance of rich
clusters of galaxies is related to the amplitude of perturba-
tions in dark matter at a scale of about 8 h�1 Mpc. If we
study different models for dark energy while other parame-
ters are not changed, the abundance of rich clusters con-
strains the net growth of structures between the epoch of
decoupling and the present epoch [53].

Redshift space distortions due to kinematics and the
Alcock-Paczynski effect are also potential probes of dark
energy [51,54]. Ongoing surveys like the SDSS and future
surveys will be able to distinguish between different dark
energy models through these effects [55]. However, this
method does not provide useful constraints at present.

Dependence of the distance-redshift relation and a dif-
ferent rate of growth for perturbations, as well as changes
in the matter power spectrum, are also reflected in weak
lensing statistics. Several studies have been carried out on
the potential constraints that can be put on dark energy
models from weak lensing observations and their degener-
acy with other parameters. These studies indicate that
future surveys will be able to put strong constraints on
dark energy models [42,44].

Growth of perturbations also leaves a signature in the
CMB anisotropy spectrum at large angular scales. The
ISW effect leads to an enhancement in the angular power
spectrum at these scales. The detailed form of this
enhancement depends on the equation of state parameter
w and its variation. This effect can be detected by cross
correlation of temperature anisotropies with the fore-
ground distribution of matter [56]. It is difficult to distin-
guish the ISW effect from the effect of a small but nonzero
optical depth � due to reionization by using only the
temperature anisotropies in the CMB; cross correlation
with the matter distribution or polarization anisotropies
in the CMB must be used.
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Redshift surveys of galaxy clustering do not constrain
properties of dark energy directly; however, the shape of
the power spectrum constrains the combination � � �NRh
[57]. This provides an indirect constraint on dark energy
through the well-known degeneracy between �NR and w0

(e.g. see [24]).
The large number of different observations that can

be used to constrain dark energy models is encouraging.
Indeed, many attempts have been made to use some of
these observations to put constraints on models
[9,24,27,53,58].
C. A choice of three observations

In this work, we concentrate on SN, WMAP and cluster
abundance observations. We briefly explain the reason for
this choice and the kind of constraints one can expect.

The left panel in Fig. 1 shows the degeneracy in �NR and
w0 [for models with constant w; i.e., with w00 � 0 in
Eq. (3)]. The figure shows contours of constant luminosity
distance H0dl�z� at z � 0:17 (solid curves) and z � 1:17
(dashed curves). The second panel displays the constant
luminosity distance contours in the w0�z � 0� � w0 plane
for p � 2 if �NR � 0:3. Given that SN observations con-
strain luminosity distance as a function of redshifts, these
figures illustrate the shape of the allowed region that we are
likely to get and also demonstrate the degeneracies be-
tween different parameters. The third panel shows how the
redshift at which the expansion of the Universe begins to
accelerate depends on the parameters w0 and w0�z � 0� for
p � 2. This epoch is constrained by SN observations and
hence the allowed region in parameter space should lie
between contours of this nature. Clearly, regions with a late
onset of acceleration (upper right corner) as well as a very
early onset of acceleration (lower right corner) will be
ruled out by observations of supernovae.

The fourth panel of this figure shows the redshift at
which matter and dark energy contribute equally in terms
of the energy density of the Universe. Structure formation
constraints are likely to follow these contours as the rate of
growth for density perturbations is significant only in the
matter dominated era. Too little structure formation (upper
right corner) as well as too much structure formation
(lower left corner) are likely to restrict the allowed models
along a diagonal (upper left to lower right) in this plane.

Lastly, the location of acoustic peaks in the angular
power spectrum of temperature anisotropies in the CMB
is the most significant constraint provided by CMB obser-
vations. This essentially constrains the distance to the
surface of last scattering and hence a suitably defined
[see Eq. (8)] mean value (weff) for w. The right panel
shows contours of weff , which run almost diagonal in this
plane. Thus a band of allowed models is the likely outcome
of comparison with observations. The contours of weff are
the same as contours of equal distance to the surface of last
-4



FIG. 1 (color online). The left figure in this panel shows contours of constant luminosity distance H0DL�z�=c in �NR � w plane. The
solid contours are for luminosity distance at redshift z � 0:17 and the dashed ones are for luminosity distance at redshift z � 1:17. The
solid contours from top right to bottom left correspond to values between H0DL�z � 0:17�=c � 0:19� 0:21 and the dashed lines are
for H0DL�z � 1:17�=c � 1:52� 2:45. The other plots show contours in the w0 � w

0�z � 0� plane. The second figure shows contours
of constant H0DL�z � 0:17�=c and H0DL�z � 1:17�=c. Starting from upper right the contours are for H0DL�z � 0:17�=c � 0:18�
0:2 and H0DL�z � 1:17�=c � 1:63� 2:1. The third panel shows contours of redshift at which the expansion of the Universe starts to
accelerate. Starting from the upper right corner in a counterclockwise direction, the contours are for z � 0, 0.2, 0.4, 0.6, and 0.8. The
constraint from SN observations essentially constrains this redshift and hence the allowed region can be expected to follow these
contours. The next panel shows redshift at which the energy density in matter and dark energy are equal. The curves, starting from the
left are for z � 0:2, 0.4, 0.6, 0.8, and 1.0. Structure formation constraints are likely to follow these contours as the rate of growth for
density perturbations is significant only in the matter dominated era. The right panel shows contours of weff at the surface of last
scattering [see Eq. (8)]. From top right towards bottom left the values are weff � �0:5, �1:0, �1:5, and �2:0 If the location of
acoustic peaks provides the main constraint then the region allowed by CMB observations should follow these contours. We have used
�NR � 0:3 for these plots.
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scattering, or the l corresponding to the first peak in the
angular power spectrum of CMB temperature fluctuations.

SN data provides geometric constraints for dark energy
evolution. These constraints are obtained by comparing the
predicted luminosity distance to the SN with the observed
one. The theoretical model and observations are compared
for luminosity measured in magnitudes:

mB�z� �M	 5log10�DL�; (6)

where M � M� 5log10�H0� and DL � H0dL; M being
the absolute magnitude of the object and dL is the lumi-
nosity distance

dL � �1	 z�a�t0�r�z�; r�z� � c
Z dz
�1	 z�H�z�

; (7)

where z is the redshift. This depends on evolution of dark
energy throughH�z�. For our analysis we use the combined
gold and silver SN data set in [3]. This data is a collection
of supernova observations from [2,33] and many other
sources with 16 supernovae discovered with Hubble space
telescope [3]. The parameter space for comparison of
models with SN observations is small and we do a dense
sampling of the parameter space.

CMB anisotropies constrain dark energy in two ways—
through the distance to the last scattering surface and
through the ISW effect. Given that the physics of recom-
bination and evolution of perturbations does not change if
w�z� remains within some safe limits, any change in the
location of peaks will be due to dark energy [37]. The
angular size � of the Hubble radius at the time of decou-
pling can be written as
103503
��1 �
H�z�=H0Rz

0 dy=�H�y�=H0�

’

���������������������������
�NR�1	 z�3

p
Rz

0 dy=
���������������������������������������������������������
�NR�1	 z�

3 	 %DE�z�=%DE
0

q

�

���������������������������
�NR�1	 z�3

p
Rz

0 dy=
������������������������������������������������������������������������
�NR�1	 z�

3 	�DE�1	 z�
3�1	weff �

q : (8)

The second line is obtained as decoupling happens at a
redshift where dark energy is not important, and if we
ignore the contribution of radiation and relativistic matter;
the last equation defines weff . Clearly, the value of the
integral will be different if we change w0, w0�z � 0� and
there also will be some dependence on the parameterized
form. Location of peaks in the angular power spectrum of
the CMB provide a constraint, but this can only constrain
weff and not all of w0, w0�z � 0� and p. Therefore if the
present value w0 <weff then it is essential that w0�z �
0�> 0, and similarly if w0 >weff then w0�z � 0�< 0 is
needed to ensure that the integrals match. Specifically, the
combination of w0, w0�z � 0� and p should give us a weff

within the allowed range.
In our analysis, we use the angular power spectrum of

the CMB temperature anisotropies [59,60] as observed by
WMAP, and these are compared to theoretical predictions
using the likelihood program provided by the WMAP team
[61]. We vary the amplitude of the spectrum till we get the
best fit with WMAP observations. Note that this is different
from the commonly used approach of normalizing the
-5
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angular power spectrum at l � 10. As we use the entire
angular power spectrum for comparison with observations,
the impact of ISW effect on the likelihood is relatively
small.

It has been pointed out that constraints from structure
formation restrict the allowed variation of dark energy in a
significant manner [53]. We use observed abundance of
rich clusters [47–49] to apply this constraint. Since the
mass of a typical rich cluster corresponds to the scale of
8 h�1 Mpc, cluster abundance observations therefore con-
strain �8, the rms fluctuations in density contrast at
8 h�1 Mpc. The number density of clusters depends
strongly on �8 and �NR. We use the �8 constraints given
in [47] from ROSAT deep cluster survey and are given by
�8 � �0:58� 0:1� ���0:47	0:16�NR

NR at 99% confidence
level. The cosmological model should predict �8 in the
allowed range in order to be consistent with observations.

Recent detection of the baryon acoustic peak using
luminous red galaxy sample of the SDSS survey has pro-
vided an additional handle to constrain the cosmological
parameters [39]. We also used distance scaleDV at redshift
z � 0:35 introduced in the above reference to further con-
strain the cosmological models. Here DV�0:35�3 �
DM�z�2cz=H�z� and the observational constraint is
DV�0:35� � 1370� 64 Mpc at the 1� level. This fourth
observation does not add significantly to other constraints
listed here and we will not describe quantitative results
from this constraint here.

Priors used in the present study are listed in Table I.
Apart from the limits on the models studied here, we also
assumed that neutrinos are massless and the ratio r of
tensor to scalar mode is zero. These assumptions are con-
sistent with the known upper bounds, and in any case these
do not make any difference to the observations used here as
constraints [26].
TABLE I. This table lists the priors used in the present work.
Apart from the range of parameters listed in the table, we
assumed that the Universe is flat. We assumed that the primordial
power spectrum had a constant index. Further, we ignored the
effect of tensor perturbations. The range of values for w0 and
w0�z � 0� is as given below, but with the constraint that w�z �
1000� � �1=3. Any combination of w0 and w0�z � 0� that did
not satisfy this constraint was not considered.

Parameter Lower limit Upper limit

�B 0.03 0.06
�NR 0.1 0.5
h 0.6 0.8
� 0.0 0.4
n 0.86 1.10
w0 �2:0 �0:4
w0�z � 0� �5:0 5.0
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III. MARKOV CHAIN MONTE CARLO METHOD

We compute �2 using the routines provided by the
WMAP team [61]. The CMBFAST package [62] is used for
computing the theoretical angular power spectrum for a
given set of cosmological parameters. We have combined
the likelihood program with the CMBFAST code, and this
required a few minor changes in the CMBFAST driver rou-
tine. Given the large number of parameters, the task of
finding the minimum �2 and mapping its behavior in the
entire range of values for parameters is computationally
intensive.

We adapt the Metropolis algorithm [63] (also known in
the context of parameter estimation as the Markov Chain
Monte Carlo method [61,64]) for efficiently mapping re-
gions with low values of �2. The algorithm used is as
follows:
(1) S
-6
tart from a random point ri in parameter space and
compute Cl and �2�ri�.
(2) C
onsider a small random displacement ri	1 � ri 	
dr and compute �2�ri	1�.
(3) I
f �2�ri	1� � �2�ri� then i! i	 1. Go to the first
step.
(4) E
lse:
(a) Compute ��2 � �2�ri	1� � �2�ri� and

exp
����2�.
(b) Compare this with a random number 0 �

	 � 1.
(c) If 	 � exp
����2� then i! i	 1. Go to

the first step.

The size of the small displacement dr and the parameter

� are chosen to optimally map the regions of low �2. We
wish the chain to converge towards the minimum, starting
from an arbitrary point, and we also want the Markov chain
to map the region in parameter with low �2 exhaustively
without getting bogged down near the minima. These two
conflicting requirements are reconciled by choosing a
small but nonzero value of �. Maximum displacement
allowed in one step is small compared with the range of
parameters, but not small enough for the chain to get
trapped in a small region around the minimum. The opti-
mum values of maximum displacement and � are related
to each other. We ran several chains with a varying number
of points; a typical chain has about 104 points. For each set,
we have at least 105 points. [We have done calculations for
five sets: cosmological constant, constant w with and with-
out perturbations in dark energy, time varyingw�z� for p �
1 and p � 2. Results presented here required an aggregate
CPU time of nearly 10 000 h on 2.4 GHz Xeon CPUs]. The
convergence criteria for such chains is satisfied for all the
sets and for all the parameters in each set [65].

We use the Markov Chain Monte Carlo approach only
for comparison of models with the CMB data. Obser-
vations of cluster abundance are compared with models
from the Markov chain run for CMB, after the chain has
been run. Comparison of models with observations of high
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redshift supernovae is done separately. This approach is
more conducive to one of the questions that we wish to
address, namely, are the observational constraints consis-
tent with each other?
IV. RESULTS

We present results in the form of likelihood functions for
various parameters in sets of increasing complexity, start-
ing with the standard �CDM model. Before we proceed
with a discussion of results in this form, we discuss a few
specific models sampling a few interesting regions of the
parameter space in order to develop an intuitive feel for
different observational constraints. We call these fiducial
or reference models. Along with the fiducial models, we
also discuss the best fit models in each set. We find the best
fit model for individual observations as well as for the
combination of all the observations.

A. Fiducial models

1. The �CDM model

The �CDM model is our ‘‘standard’’ model and we
begin our discussion with this class of models. Several
studies have been carried out to constrain parameters for
the �CDM model [5,9]. Our results for the �CDM model
bring out—among other things—the differences from
previous work which arises due to a different method we
use here for normalizing power spectra. (See Sec. II C for
details.) Differences introduced by priors are also apparent.
Our results are as follows:
(i) F
or the �CDM model, if we consider SN observa-
tions alone, we get a best fit at �NR � 0:28 with a
�2
S � 233:1. (We will use subscript S for �2 from

SN analysis and W for analysis with WMAP obser-
vations.) This model with �NR � 0:28 is allowed
by WMAP observations and has a best fit �2

W �
974:3 for �B � 0:045, h � 0:69, n � 0:95, and
� � 0:008. SN observations do not fix these pa-
rameters so we varied the other parameters to get
the best fit WMAP model for �NR � 0:28.
(ii) T
he model which best fits the WMAP observations
has �B � 0:05, �NR � 0:34, h � 0:66, n � 0:96,
and � � 0:002 with a �2

W � 972:5. The �2 value
corresponding to SN fit is �2

S � 239:9. In the con-
text of cosmological constant models alone, this
model is away from the SN best fit by ��2

S � 6:8
and is allowed with probability 0.009. In other
words, the model most favored by WMAP observa-
tions is allowed by the SN observations only with
less than 1% probability. (We define probability P
of a given model to be 1� C=100, where C% is the
confidence limit at which the model is allowed. By
using this definition we avoid dilution due to a large
parameter space. While the statement about �2 is
accurate and directly obtainable from the analysis,
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the conversion of confidence intervals to probabil-
ities has well-known statistical caveats while deal-
ing with multiparameter fits. This should be kept in
mind while interpreting our statements about proba-
bility with which a model is allowed). In contrast,
the model most favored by SN observations is al-
lowed by WMAP observations with a probability of
P � 0:945.
We now restrict some of the parameters to values fa-
vored by other observations e.g. [66]. We fix the baryon
density parameter �B � 0:05, present day Hubble parame-
ter h � 0:7, and the spectral index n � 1 for these models.
Allowing �NR and � to vary the best fit �CDM model in
this restricted class of models is with �NR � 0:31 and � �
0:14 and �2

W � 974:8. This is fairly close to the best fit
model found by the WMAP team using a large set of
observations [5]. This model is allowed by the rich cluster
abundance observations, and also by SN observations
(�2

S � 234:8, the corresponding probability being P �
0:2).

Thus convergence between the WMAP and SN obser-
vations happens only in a narrow window for flat �CDM
models, with the SN constraint being the tighter of the two.
It is worth mentioning that in a wider class of models,
(obtained by relaxing the prior �tot � 1) SN data favors a
closed universe with �tot � 1:44� 0:28 and—more im-
portantly—allows the �tot � 1 models with P � 0:12
[25].

2. Models with a constant w

We now allow the dark energy equation of state parame-
ter to have values different from w � �1 but do not allow
variation with time. We then find that
(i) S
N observations favor a model with w � �1:99
and �NR � 0:47 and with �2

S � 227:5. This is the
root cause of the phantom menace. This model is,
however, ruled out at a very high probability by
WMAP data (with a ��2

W � 13:6) and is allowed
only with P � 0:022.
(ii) W
MAP observations favor higher values for w
(nonphantom models) and the best fit model has
w � �0:72. The other cosmological parameters
corresponding to this best fit are �B � 0:06,
�NR � 0:34, h � 0:64, n � 0:99, and � � 0:19
with �2

W � 971:6. SN observations, on the other
hand, rule out this model at a very high significance
level (��2

S ’ 53). This is the case when we do not
take perturbations in dark energy into account for
computing theoretical predictions.
(iii) I
f we include dark energy perturbations [67] the
model which fits best with WMAP observations is
the same as the best fit for the �CDM models. This
model is allowed by SN observations with �2 �
239:3 which is allowed with probability 0.003.
Clearly, the discrepancy between the WMAP and
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SN observations is reduced when we take pertur-
bations in dark energy into account, but SN obser-
vations allow the WMAP best fit model only
marginally even in this case.
(iv) H
ow well does the �CDM fare when we allow a
range of w? The cosmological constant is allowed
with P � 0:063 by SN observations in the set of
models with constant w. WMAP observations al-
low the �CDM models with a very high probabil-
ity, indeed the best fit model continues to be a
�CDM model if perturbations in dark energy are
taken into account.
To illustrate these aspects, we consider two fiducial
models with w � �1:5 and w � �0:9 allowing �NR and
� to vary. Other parameters are fixed as for the �CDM
model (see subsection IVA 1 above). We do not take
perturbations in dark energy into account here. The best
fit values using WMAP observations for w � �1:5 are
�NR � 0:38 and � � 0:04. Generically, models with lower
w require higher values of �NR, which is clear from the
form of the curves in Fig. 1(a). This model is allowed by
WMAP observations with �2

W � 978:8 as well as by SN
observations (�2

S � 229:9). But this model is not allowed
by observations of cluster abundance. The value of �8 �
1:1 for this model is higher than the upper limit �8 � 1:02
allowed with 99% confidence level for this value of �NR.

With w � �0:9, WMAP favors a model with �NR �
0:28 and � � 0:18 (�2

W � 974:5). This model is allowed by
cluster abundance observations. The model becomes mar-
ginal when SN observations are taken into account with
�2
S � 237:9, as compared to a minimum of �2

S � 227:5 for
models with constant w.

Once again, we find that WMAP observations and SN
observations favor different regions in the parameter space.
Generalizing to the class of models with a constant w from
w � �1, we find that SN data has a distinct preference for
w<�1 and the �CDM model is allowed only marginally.
WMAP data also shows a mild preference for models with
w � �1, though it continues to allow the �CDM model. If
perturbations in dark energy are taken into account then the
�CDM model continues to be the most favored model for
WMAP observations.

3. Models with varying w�z�

Next, we allow the dark energy equation of state pa-
rameter to vary. As it is not possible to take the effect of
nonadiabatic perturbations into account for these models
and as we do not wish to add another parameter, we work
with models without any perturbations in dark energy [68].
It is clear that this will introduce a slight bias towards
models with w>�1 but will not change anything else.
For the discussion of fiducial models, we choose the pa-
rameterization with p � 2 in Eq. (3).
(i) P
arameter values for the best fit model with SN data
are w0 � �1:95, w0�z � 0� � �4:5, and �NR �
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0:498 with a �2
S � 227:4. As with the constant w

models, SN data favors large negative values of the
equation of state parameter. SN observations do not
favor models with varying w�z� over models with
w � �1, since the change in best fit �2 is only 0.1
when the additional parameters are added. WMAP
observations allow this model with P � 0:035
(�2

W � 987:6) if we have �B � 0:056, h � 0:662,
n � 1:04, and � � 0:002. However, this model is
ruled out by cluster abundance observations as
�8 � 1:25 for this model is higher than the allowed
range at 99% confidence level.
(ii) T
he best fit model for WMAP data hasw0 � �1:48,
w0�z � 0� � 3:86, �B � 0:05, �NR � 0:24, h �
0:73, n � 1:1, and � � 0:35 with �2

W � 970:9.
This model is allowed by SN observations with P �
0:33 (��2 � 4:63).
The tension between the WMAP and SN observations is
less serious for models with varying w than for models
with a constant w. Part of the reason is that with a larger
number of parameters, the same ��2

S gives us a larger
probability for a given model.

As in the previous cases, let us choose fiducial models by
restricting some of the parameters. We consider a model
with dark energy parameter values w0 � �1:5 and w0�z �
0� � 1:0. The WMAP best fit with these parameters is with
�NR � 0:37 and � � 0:0005 with �2

W � 976:5 . The
change in acceptance level of this model is due to our
restricting the values of the spectral index and the
Hubble parameter. This model has �2

S � 229:3 and is
allowed by all the three observations used here.

If we move closer to the model most favored by SN
observations, w0 � �1:5 and w0�z � 0� � �5:0, then we
find that WMAP data favors �NR � 0:42 and � � 0:0.
Even this model is outside the range allowed by WMAP
observations at 68% confidence limit and is allowed at
P � 0:12. The model fares similarly with SN observa-
tions, i.e., it is allowed with P � 0:12.

We wrap up with a discussion of a model with w0 >�1.
We consider w0 � �0:9 and w0�z � 0� � �3:0. WMAP
observations allow this model with �2

W � 977:4 for
�NR � 0:365 and � � 0:0013. SN observations allow
this model within the 95% confidence limit with a proba-
bility P � 0:15. This model is also allowed by observa-
tions of cluster abundance.

Within the context of models with a variable w�z�, the
�CDM model is allowed by WMAP observations (��2

W �
1:6) as well as by supernova observations (��2

S � 5:73).
SN observations clearly favor models other than the
�CDM model in context of �tot � 1, while no such pref-
erence is seen for WMAP observations. However, models
favored by SN observations require �NR to be much larger
than the values favored by observations of rich clusters [1].

In summary, there is significant tension between the sets
of observations we are studying and this tension does not



TABLE II. This table lists best fit parameter values and �2 for different models and some of the selected fiducial models. The
abbreviation b.f. denotes the best fit model for the particular data set. The corresponding probabilities are given in brackets.

�B h n � �NR w w0 �2
W�P� �2

S�P �

�CDM WMAP(b.f.) 0.05 0.663 0.96 0.002 0.34 �1 972.5 239.9 (0.009)
SN(b.f.) 0.045 0.697 0.95 0.008 0.28 �1 973.7 (0.94) 233.1
model 1 0.05 0.70 1.0 0.14 0.31 �1 971.8 (0.8) 234.8 (0.21)

w � constant WMAP(b.f.) 0.06 0.635 0.99 0.19 0.34 �0:72 971.6 280.0 �<0:001�
SN(b.f.) 0.055 0.666 1.0 0.05 0.47 �1:99 985.2 (0.022) 227.46
model 1 0.05 0.70 1.0 0.04 0.38 �1:5 978.8 (0.314) 229.9 (0.299)
model 2 0.05 0.70 1.0 0.18 0.28 �0:9 974.5 (0.82) 237.9 (0.005)

w � constant WMAP(b.f.) 0.05 0.664 0.95 0.0 0.32 �0:96 972.8 239.3 (0.003)
with perturbations SN(b.f.) 0.055 0.666 1.0 0.05 0.47 �1:99 985.2 (0.022) 227.46

model 1 0.05 0.70 1.0 0.06 0.38 �1:5 979.2 (0.395) 229.9 (0.299)
model 2 0.05 0.70 1.0 0.16 0.28 �0:9 976.1 (0.77) 237.9 (0.005)

p � 2 WMAP(b.f.) 0.05 0.73 1.1 0.35 0.24 �1:48 3.86 970.9 232.1 (0.33)
SN(b.f.) 0.056 0.662 1.04 0.002 0.498 �1:95 �4:5 987.6 (0.035) 227.37
model 1 0.05 0.70 1.0 0.0005 0.37 �1:5 1.0 976.5 (0.692) 229.3 (0.75)
model 2 0.05 0.70 1.0 0.0 0.42 �1:5 �5:0 983.8 (0.123) 234.9 (0.116)
model 3 0.05 0.70 1.0 0.0013 0.365 �0:9 �3:0 977.4 (0.56) 234.4 (0.147)
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reduce when the parameter space is enlarged. We see that
best fit model for one set of observation is often ruled out
by another set with a high level of significance. There is an
overlap of region allowed with 95% confidence limit in all
cases and within 68% confidence limit in some cases; but
this does not take away the significance of the differences
which the above analysis has given. The results presented
here are summarized in Table II.

B. Results in detail

In this section we outline the detailed results of our
analysis. We marginalize the results in the multidimen-
sional parameter space to derive likelihood function for
each parameter of interest. The likelihood function is
sensitive to the bin size used for the given parameter and
tends to be somewhat noisy. It is customary to smooth the
likelihood function with a Gaussian filter in order to re-
move noise but the results are sensitive to the width of the
filter used. Therefore we choose to plot the cumulative
likelihood as this is insensitive to binning and smoothing
is not required. We define the cumulative likelihood as
follows:

I�x� �

R
x
xmin L�y�dyR
xmax
xmin

L�y�dy
; (9)

where x is the parameter we are interested in and it has a
range xmin � x � xmax; L�x� is the likelihood obtained by
marginalizing over other parameters. The central value for
the given variable is thus xc, with I�xc� � 0:5. This can be,
and in general it is different from the value of the parameter
for maximum likelihood. I�x� is like the cumulative proba-
bility function for the parameter x. Parameter values for
103503
which I�x� � 0:025 and I�x� � 0:975 define the range
allowed at 95% confidence limit, i.e. the probability that
the variable lies within this range is 0.95. We mark this
limit by two vertical lines in all the likelihood plots.

C. The �CDM model

Figure 2 shows marginalized cumulative likelihood I�x�
for the �CDM model, different frames correspond to the
different parameters we have considered here. Curves are
shown for �NR, the shape parameter � � �NRh, Hubble
parameter h � H0=100 kms�1 Mpc�1, �bh

2, spectral in-
dex n, and optical depth to the redshift of reionization �.
The dotted-dashed curves show constraints from WMAP
observations of CMB temperature anisotropies; the dotted
curve shows constraints from WMAP observations and
abundance of rich clusters; the solid curve shows con-
straints from a combined analysis of WMAP observations,
cluster abundance, and high redshift supernovae. The
dashed curve shows the constraints from SN observations
alone; this has been plotted only for �NR as SN data does
not constrain other parameters directly. Combined analysis
for other parameters does have an input from supernova
observations as many models allowed by WMAP and
cluster abundance observations are ruled out by SN obser-
vations. Vertical lines mark the 95% confidence limit when
all the observations are used together. CMB observations
allow considerable range for each of these parameters
whereas observations of high redshift supernovae provide
tight constraints. The reason why SN observations provide
a tight constraint is clear from the discussion in the pre-
vious section, namely, SN observations favor models with
�tot 
 1. Within the context of models with �tot � 1, SN
observations favor models with w��1. The �CDM
-9



FIG. 2 (color online). This figure shows plots of I [see Eq. (9)] for various parameters for the �CDM model. The dotted-dashed
curves show constraints from the WMAP observations of temperature anisotropies; the dotted curve shows constraints from WMAP
observations and abundance of rich clusters; the solid curve shows constraints from a combined analysis of WMAP observations,
cluster abundance, and high redshift supernovae. The dashed curve shows the constraints from SN observations alone; this has been
plotted only for the relevant parameters. Vertical lines mark the 95% confidence limit for each parameter.
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model is only marginally allowed by SN observations
within both the sets; flat �CDM models are allowed with
P � 0:12 [25] and within flat models the �CDM model is
allowed with P � 0:06.

The allowed range for all the parameters within 68%
confidence limit is given in Table III and range allowed in
95% confidence limit is given in Table IV. Table III clearly
illustrates the discrepancy between SN observations and
WMAP observations. The values are comparable with
those obtained in other analyses [5,9]. The range of values
for the shape parameter � � �NRh favored by these ob-
servations is consistent with values obtained from galaxy
surveys [7,9,69]. The allowed range of values for h are in
agreement with direct determination [66].

Constraints from abundance of rich clusters do not make
a significant impact on the likelihood function of individual
parameters even though these constraints reject a signifi-
cant fraction of models allowed by WMAP observations.
To illustrate this, we have plotted points in the Markov
chain for �CDM models that are allowed by WMAP
103503
observations in a few projections in the parameter space
(Fig. 3). Also shown in the same plots are points allowed
by abundance of rich clusters of galaxies. This clearly
shows that the region in parameter space allowed by cluster
abundance is distinctly smaller than that allowed by CMB
observations. Well-known degeneracies between parame-
ters are also highlighted by this figure, e.g., there is a clear
degeneracy between �NR and h. An important point to
note is that if the preferred range for �8 were to be towards
larger values than taken here [49,70] then the cluster
abundance constraint will favor models with larger �NR.
There is also a related shift towards w<�1.

D. Models with a constant w

We now consider models with a constant equation of
state parameter w. Introduction of this additional parame-
ter changes the relative effectiveness of different observa-
tions in constraining cosmological parameters. Obser-
vations of high redshift supernovae of type Ia constrain
-10



TABLE III. This table lists the range of relevant parameters allowed within 68% confidence limit from SN, WMAP, WMAP	
cluster abundance (CA) requirements and after combining all observations.

Parameter �CDM w � const w � const with perturbations p � 1 p � 2

�NR 0.256–0.3 0.37–0.47 0.37–0.47 0.19–0.47 0.18–0.47 SN
0.26–0.42 0.25–0.37 0.28–0.42 0.22–0.39 0.21–0.37 WMAP

0.265–0.424 0.26–0.38 0.29–0.43 0.24–0.42 0.24–0.4 WMAP	 CA
0.26–0.3 0.27–0.35 0.26–0.38 0.26–0.35 0.3–0.37 SN	WMAP	 CA

w0 �1:9–� 1:39 �1:9–� 1:39 �1:89–� 1:31 �1:9–� 1:33 SN
�1:0–� 0:67 �1:2–� 0:77 �1:19–� 0:56 �1:67–� 0:7 WMAP
�1:02–� 0:67 �1:13–� 0:78 �1:28–� 0:56 �1:71–� 0:75 WMAP	 CA
�1:41–� 1:02 �1:37–� 1:04 �1:3–� 1:05 �1:69–� 1:4 SN	WMAP	 CA

w0�z � 0� �3:2–3:46 �3:3–3:99 SN
�0:94–0:67 �0:74–4:15 WMAP
�1:0–0:75 �1:03–3:94 WMAP	 CA
0:21–1:06 2:74–4:58 SN	WMAP	 CA
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the key cosmological parameters much more strongly than
CMB observations for �CDM models. This is no longer
the case once we introduce w as a parameter. The main
reason for this is the degeneracy between w and �NR.
TABLE IV. This table lists the range of parameters allowed wit
abundance requirements and after combining all observations.

Parameter �CDM w � const w � const with pertu

�NR 0.23–0.33 0.27–0.49 0.27–0.495
0.20–0.45 0.16–0.43 0.20–0.47
0.22–0.44 0.21–0.42 0.22–0.46
0.23–0.33 0.22–0.4 0.22–0.4

w0 �1:97–� 1:1 �1:97–� 1:1
�1:39–� 0:58 �1:6–� 0:63
�1:34–� 0:63 �1:4–� 0:66
�1:47–� 0:91 �1:48–� 0:96

w0�z � 0�

weff (at LSS) �1:4–� 0:5

�bh
2 0.02–0.027 0.021–0.028 0.02–0.027

0.021–0.027 0.022–0.028 0.022–0.027
0.022–0.027 0.022–0.027 0.022–0.027

h 0.61–0.79 0.61–0.78 0.6–0.79
0.61–0.78 0.61–0.77 0.61–0.78
0.67–0.76 0.67–0.77 0.66–0.76

� 0.002–0.33 0.011–0.39 0.007–0.35
0.001–0.32 0.028–0.36 0.006–0.35
0.003–0.3 0.002–0.29 0.022–0.26

n 0.93–1.08 0.93–1.1 0.93–1.09
0.94–1.09 0.94–1.1 0.94–1.09
0.96–1.09 0.94–1.08 0.95–1.08
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In models with w � 1, it is necessary to take perturba-
tions in the dark energy component into account
[68,71,72]. Here, we study models with and without per-
turbations in dark energy in order to illustrate the role
hin 95% confidence limit from SN, WMAP, WMAP	 cluster

rbations p � 1 p � 2

0.11–0.49 0.11–0.49 SN
0.17–0.45 0.18–0.44 WMAP
0.21–0.46 0.2–0.44 WMAP	 CA

0.21–0.403 0.23–0.39 SN	WMAP	 CA

�1:97–� 1:03 �1:97–� 1:05 SN
�1:64–� 0:42 �1:93–� 0:43 WMAP
�1:73–� 0:42 �1:95–� 0:47 WMAP	 CA
�1:66–� 0:97 �1:89–� 1:17 SN	WMAP	 CA

�4:72–4:6 �4:73–4:85 SN
�3:09–1:32 �2:5–4:87 WMAP
�3–1:35 �2:7–4:8 WMAP	 CA
�0:38–1:54 1.15– 4.99 SN	WMAP	 CA

�1:48–� 0:59 �1:41–� 0:58

0.02–0.027 0.02–0.027 WMAP
0.021–0.027 0.022–0.028 WMAP	 CA
0.021–0.027 0.022–0.028 SN	WMAP	 CA

0.6–0.78 0.61–0.78 WMAP
0.61–0.78 0.6–0.78 WMAP	 CA
0.65–0.75 0.64–0.72 SN	WMAP	 CA

0.13–0.4 0.016–0.39 WMAP
0.001–0.37 0.015–0.387 WMAP	 CA
0.006–0.38 0.01–0.39 SN	WMAP	 CA

0.93–1.1 0.93–1.09 WMAP
0.94–1.09 0.94–1.09 WMAP	 CA
0.94–1.09 0.93–1.09 SN	WMAP	 CA
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FIG. 3 (color online). This figure shows points in the Markov chain for �CDM models that are allowed by WMAP observations of
temperature anisotropies in the CMB within 95% confidence limit in the full parameter space (light points). Models that are also
allowed within a 99% confidence limit by abundance of rich clusters of galaxies are shown as dark points. The points are shown in a
few projections to illustrate the fact that the requirement of cluster abundance rejects many models allowed by CMB observations.
While for some projections it is clear that the region in parameter space allowed by cluster abundance is distinctly smaller than that
allowed by CMB observations, in other projections these seem to have an almost complete overlap. This plot also highlights
degeneracies in the parameter space.
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played by these perturbations and to study how strongly
these influence determination of cosmological parameters.
Figure 4 shows the likelihood I for parameters �NR, w, h,
�bh

2, n, and � in models with and without perturbations in
the dark energy component. Models with a larger �NR and
smaller w are better fits to SN observations, whereas CMB
observations prefer models with smaller �NR and a larger
equation of state parameter w. The combination of these
observations and abundance of rich clusters constrains both
the parameters to a fairly narrow range, much narrower
than is allowed by SN observations alone. Models with
w>�1 fare badly with CMB observations when pertur-
bations in the dark energy component are taken into ac-
count. For models with a constant w, observations allow
higher values of �bh2 than for �CDM models. The al-
lowed range in � is smaller then the case with no dark
energy perturbations whereas the ranges for n are similar in
both.

We find that the range of w allowed at the 95% con-
fidence limit is smaller when perturbations in dark energy
are allowed. For other parameters, the allowed range is
similar. In other words, if we ignore perturbations in dark
energy we can still make a reasonable estimate of the range
of parameters allowed by observations. This fact is of
immense use when we work with models that have a
varying equation of state parameter w. In order to take
full effects of dark energy perturbations in these models it
is essential to know full details of the model [68,71]. We
cannot include the effect of nonadiabatic perturbations in a
model independent study of dark energy models with a
varying w. Given the fact that ignoring perturbations in
dark energy does not lead to an incorrect estimate of the
103503
range of parameters (except for w) that is allowed, we can
safely proceed with our analysis without taking perturba-
tions in dark energy into account. As regards the equation
of state parameter w, ignoring perturbations tends to allow
w>�1 models with a larger probability and we should
keep this in mind while interpreting results.

E. Models with varying w�z�

We now proceed to the case of varying w, we use two
parameterizations given in [24]. The first of these, corre-
sponding to p � 1, is a Taylor series expansion for w in
scale factor and this is a very commonly used parameteri-
zation. The variation of the equation of state parameter is
monotonic in this case and rapid increase of w at low
redshifts cannot be allowed as it will lead to w 
 �1=3
at high redshifts. The parameterization with p � 2 avoids
this problem to some extent as the value of w at very high
redshifts is the same as the present value, but there can be a
large deviation from this at low redshifts with the deviation
peaking at z � 1. Rapid variation at low redshifts has been
reported [35] on the basis of SN observations [2,3], and
even though these conclusions have been contested [73] it
is useful to check if the larger set of observations support a
rapid variation of w at low redshifts.

We have already seen in the discussion of fiducial mod-
els, supernova observations do not distinguish between
models with a constant w and models with a variable
equation of state parameter. Also, WMAP observations
do not differentiate between the three classes of models
being studied here in a statistically significant manner.

Figure 5 shows the allowed ranges of parameters w0 and
w0�z � 0� for p � 1 (left panels) and p � 2 (right panels).
-12



FIG. 4 (color online). This figure shows I for �NR, w, and h for cosmological models with a constant equation of state parameter w.
Panels in the first and third row are for models without perturbations in the dark energy component, whereas panels in the second and
fourth row are for models with perturbations in dark energy. Each panel shows I derived from observations of high redshift supernovae,
WMAP observations, WMAP observations combined with the constraints from abundance of rich clusters, and all three observations
in combination (with the same color coding as in Fig. 2). We have marked 95% confidence limits derived from using all the
observations in concert as two vertical lines. The relevant parameters are written in the x axis labels of the figures.
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In both the parameterizations, the preferred values for w0

with supernova observations are for phantom models
(w0 � �1) and a tendency for a larger w at intermediate
redshift, i.e.,w00 
 0 though supernova observations do not
provide a clear constraint on this parameter. This is perhaps
103503
related to the fact that there is a strong degeneracy in �NR

and w0. CMB observations and abundance of rich clusters
of galaxies allow models around the �CDM model, which
is fairly close to the center of the allowed region. A
combination of these three observations rejects models
-13



FIG. 5 (color online). This figure shows I for parameters that
describe the variation of the equation of state parameter: w0 and
w0�z � 0�. Left panels are for p � 1 and the right ones are for
p � 2. Coding used is the same as in Fig. 2.

FIG. 6 (color online). This figure shows I for weff at the
redshift of surface of last scattering for the models with constant
w (dashed curve), variable w with p � 1 (dotted-dashed curve),
and with p � 2 (dotted curve). Perturbations in dark energy are
not taken into account in these models. See text for a more
detailed description of this figure.
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with w0 ��1 due to CMB constraints and w0 >�1 due
to SN constraints. Even though all the observations allow
w00 � 0, the combination of these observations does not
favor such models. This implies that the overlap of allowed
regions for the three observations is stronger for models
with w00 � 0; it is clear from Table III that there is no
overlap between SN and WMAP at 68% confidence limit
for constant w. The �CDM model, i.e., w0 � �1 and
w00 � 0 is a marginally allowed model for both the
parameterizations.

To understand the nature of constraint from CMB ob-
servations [74], we computed the likelihood of weff [as
defined in Eq. (8)] for models by comparing these with
WMAP data. This is then compared with the likelihood for
w in models with a constant equation of state parameter.
We have plotted this in Fig. 6 for p � 1 as well as p � 2,
along with the curve for constant w (with no perturbations
in dark energy). All the three curves show very similar
behavior and the 95% confidence limit is identical for all
three (� 1:5 � weff � �0:6). This also shows that the
CMB observations primarily provide a constraint for
weff . Given that adding perturbations reduces the likeli-
hood for models with w>�1, it is likely that detailed
analysis of a model with perturbations in dark energy taken
into account will limit the range for weff in this region.

Lastly, we study the effect of varying dark energy on
other parameters. The specific question we wish to address
is, how the allowed ranges for these parameters change if
we allow variation of dark energy. Figure 7 shows like-
103503
lihood for the parameters studied here. We have plotted the
likelihood using all three observations for the �CDM
models, constant w models, as well as for p � 1 and p �
2. For most parameters, the effect of w � �1 and varying
dark energy is to increase the range of allowed values. This
increase in the allowed range is sometimes accompanied
by a shift, e.g. for h where varying dark energy models fit
observations better with smaller values as compared to the
�CDM model as well as models with constant w. This
shift is primarily due to models withw>�1 and this point
has been noted in other analyses as well [5]. If this is the
case then including perturbations in dark energy may well
remove this shift.

Similarly, larger values of spectral index n and optical
depth to the epoch of reionization � fit observations better.
As these parameters can be constrained using other obser-
vations, we may be able to restrict models with varying w
by constraining the values of these parameters. For ex-
ample, polarization anisotropies in the CMB can be used
to constrain � [59,75]. We find that the presently available
information from WMAP about polarization anisotropies
does not lead to a significantly improved constraint on the
parameter �.

F. Evolution of dark energy

We now summarize our results for the allowed variation
of dark energy, once all three observational constraints
-14



FIG. 7 (color online). Panels for �NR, h, � � �NRh, �bh
2, n, and �. Solid curve is for �CDM, dashed curve for models with

constant w, dotted-dashed for p � 1, and dotted curve for p � 2.
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have been taken into account. In the left panel of Fig. 8, we
have plotted the cumulative likelihood for the equation of
state parameter w at redshift z � 1. Here we have used
models which lie within the range�1:1<w0 <�0:9. The
upper and lower panels correspond to parameterizations
with p � 1 and p � 2, respectively. The allowed range of
variation in the equation of state by supernova observations
is much larger than that allowed by WMAP results. This,
again, is a reflection of the strong preference of supernova
observations for w��1 and of the large parameter space
allowed by SN data. (Our result that SN data prefers w�
�1 with large variation is consistent with previously pub-
lished analysis e.g., in [28].) The range of values in both
the parameterizations are similar for this subset of models.
In the middle panel we have shown the likelihood for
variation in the equation of state parameter from the
present to its value at redshift z � 1. The allowed ranges
of variation in dark energy equations of state are different
for these two parameterizations. In fact, the constant dark
energy equation of state is ruled out at 95% confidence
level for p � 2 (that is, the probability of occurrence is less
than 0.05) when all the constraints are taken into account
even though each observational constraint allows such
103503
models individually. Clearly, the models with constant w
allowed by each of these observations are ruled out by
other observations. The �CDM model is allowed for p �
2 at 77% C.L. (with probability of 23%) by SN observa-
tions and by 0.9% C.L. (P � 0:991) by WMAP
observations.

In the right panel, we have shown the ratio of dark
energy density at z � 1 and the present value. The varia-
tion allowed by SN observations is very large, whereas
WMAP limits the variation to within a factor 2.5 at 95%
confidence limits. This drives the joint analysis to restrict
variation even further. That WMAP observations provide a
much tighter constraint on the equation of state as com-
pared to SN observations as was shown earlier in [24].

In Fig. 9 we show the allowed range of variation of dark
energy as a function of redshift for w � constant models,
with and without perturbations at 68%, 95%, and 99%
confidence levels. The figure shows the disparity in al-
lowed range by SN observations and WMAP observations
at 68% confidence level. Allowing perturbations in dark
energy gives a similar range as compared to the case where
dark energy perturbations are absent. In Fig. 10 we plot this
range for varying dark energy models—top panel for
-15



FIG. 8 (color online). The top and bottom panels in the figure correspond to parameterizations with p � 1 and p � 2, respectively.
The figures on the left show likelihood for the equation of state parameter w at redshift z � 1 for models which have equation of state
lying within the range �1:1<w0 <�0:9. In the middle panel we plot the likelihood for variation in the equation of state parameter
from the present value at redshift z � 1. The third panel shows the allowed range of change in the dark energy density up to z � 1.
Coding is the same as in Fig. 2.

FIG. 9 (color online). In this figure we plot evolution of dark energy density as a function of redshift. The top panel is for models
without dark energy perturbations and the lower panel is with dark energy perturbations included. The left plot in both the rows shows
the variation in energy density allowed by supernova observations. The hatched region is excluded at 68% confidence level,
crosshatched at 95% confidence level, and solid at 99% confidence level. The white region is the allowed region in variation at
68% significance level. The plot which is second from left (in both the cases) displays the allowed range by WMAP data alone (scheme
being the same as in left figure). The next figure shows allowed range by WMAP and cluster abundance observations. The last column
shows contribution from combined analysis of the three observations.
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FIG. 10 (color online). Same as Fig. 9 but for varying dark energy models. The top panel is for p � 1 and the lower panel is for
p � 2. Starting from left, the figures show allowed dark energy density variation from SN observations, WMAP observations, WMAP
observations combined with cluster abundance requirements and by combined analysis. The region enclosed by solid lines (lower
panel, second frame from left) is obtained from the derived constraints on weff ; see text for details.
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models with p � 1 and lower panel for p � 2. As men-
tioned earlier (see also [24]), SN observations allow a
much wider range in change of dark energy density with
redshift. The variation allowed by WMAP is smaller in all
cases except constant w. The combination of the three
constraints allows very little variation, with maximum
allowed variation in dark energy density being by a factor
5 up to z � 2 at 68% confidence limit. The allowed varia-
tion in dark energy density is similar in both the cases,
indicating that the constraints on this quantity are parame-
terization independent to a large extent.

Finally, we would like to make some comments regard-
ing the fact that WMAP constrains the evolution of dark
energy more effectively than SN. This arises essentially
from the constraint on the angular diameter distance to the
last scattering surface, or—equivalently—the effective
equation of state parameter weff . (The integrated Sachs-
Wolfe effect and the contribution of other parameters turns
out to be less important.) To illustrate this point, we have
compared the constraints on dark energy density for p � 2
with those implied by constraints on weff . The second
figure in the lower panel in Fig. 10 shows the allowed
range in evolution of dark energy density allowed by
WMAP data alone for p � 2. We have also plotted the
allowed range for dark energy density as a function of
redshift if �1:6 � weff � �0:6, by thick solid lines. This
is derived by using all w0 and w00 that lead to weff in the
range given above, and computing the highest and lowest
dark energy density amongst this set of models at each
redshift. We allow w0 and w00 to vary in the range specified
in the priors. The region allowed by the range in weff and
103503
that directly obtained from all allowed models is similar,
with the latter allowing larger variation for phantom mod-
els. This reiterates our claim that the main constraint from
WMAP data on dark energy parameters is on the value of
weff at the last scattering surface. We believe that the larger
range allowed at 95% confidence limit is due mainly to the
ISW effect.

V. CONCLUSIONS

In this paper we presented a detailed analysis of con-
straints on cosmological parameters from different obser-
vations. In particular we focused on constraints on dark
energy equation of state, its present value, and the allowed
range of variation in it.

It is demonstrated that the allowed range for the equation
of state parameter w is smaller if dark energy is allowed to
cluster. Including perturbations mainly affects models with
w>�1.

We find that WMAP observations do not distinguish
between the �CDM model, models with a constant equa-
tions of state parameter w, and models with a variable w;
the change in �2

W for best fit models is less than 3 even as
the number of parameters is increased by 3. WMAP allows
only a modest variation in energy density of dark energy,
with maximum variation being less than a factor of 3 in
99% confidence limit up to z � 1. We infer that the main
constraint from WMAP observations is for the derived
quantity weff , essentially representing the distance to the
last scattering surface.

SN observations favor models with w<�1 and �NR >
0:4. A corollary is that if we restrict to models with
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w 
 �1 then the �CDM model is the most favored model.
Without this restriction the �CDM model is allowed only
marginally by the combination of observations used here;
this is driven mainly by SN observations.

Allowing variation in dark energy has an impact on other
cosmological parameters as the allowed range for many of
these parameters becomes larger. Conversely, better mea-
surements of these parameters will allow us to constrain
models of dark energy.

We find significant tension between different observa-
tions. Our key conclusions in this regard may be summa-
rized as follows:
(i) S
N observations favor models with large �NR and
w��1. Indeed, the best fit model is at the edge
of our priors.
(ii) E
nlarging priors to 0:1 � �NR � 0:6, �0:3 

w 
 �3:0 does not lead to a better fit model for
SN observations, indicating that our default priors
are sufficiently wide for joint estimation of pa-
rameters. This is because w��1 is rejected by
WMAP observations.
(iii) W
MAP observations favor models with w��1
with a marginal preference for w>�1. Including
perturbations in dark energy removes this mar-
ginal preference as well.
(iv) F
or constant w models and models with variable
w, the best fit model of each observation is ruled
out by the other observations at a high significance
level. As an example, the model that best fits the
WMAP observations is completely ruled out by
SN observations (��2

S � 53). The problem is
slightly less serious if perturbations in dark energy
are taken into account (��2

S � 12:5).

(v) T
here is overlap of allowed regions at 95% (or

better) by these observations, though there is little
overlap of allowed regions at 68% confidence
limit (see Table III). It can, of course, be argued
that situation is not alarming given that there is an
overlap of allowed regions in parameter space at
95%. But we find this offset noteworthy.
(vi) U
sing larger values for �8, as indicated by some
recent analyses [49,70] favors models with a
slightly larger �NR and slightly lower weff .
(vii) G
iven that the preference of individual observa-
tions for different types of models is not under-
stood, and the fact that the best fit model of one is
103503-18
ruled out by the other, it is necessary to use a
combination of observations for reliable con-
straints on models of dark energy. Use of either
one of the observations is likely to mislead.
(viii) O
ur conclusions are not sensitive to priors used
for parameters other than �NR. Limiting priors for
matter density to 0:1 � �NR � 0:3 enhances the
overlap between SN and WMAP observations and
removes the tension between SN and WMAP
observations for constant w models.
(ix) I
f we repeat the analysis of models with variable
w with this restricted priors then we find that SN
observations strongly favor a variable w as com-
pared to constant w. There is no significant ten-
sion between SN and WMAP models in this class
of models even for the wider priors, but this is
mainly due to a larger number of parameters.
(x) U
sing only the Gold data set for supernovae in-
stead of the Gold	 Silver used here reduces the
tension between the WMAP and supernova obser-
vations by a marginal amount.
Given the points noted here regarding tension between
different observations, it is important that some effort is
made to look for systematic effects in observations as well
as in analysis of observations. We have tested our analysis
for systematic effects by varying priors and our findings
appear to be independent of the chosen priors, the only
instance of change in results is mentioned above. Since the
SN data set which is used by most people (including in this
work) arises from different sources, one needs to be careful
regarding hidden systematics (see e.g., the discussion in
[76]). When larger, homogeneous SN datasets are available
in future (like, for example, from SuperNova Legacy
Survey), it is likely that the tension between the SN ob-
servations and WMAP results disappear. If it does not, and
the agreement continues to exist only at a 3-sigma level,
there is some cause for concern.
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Astrophys. J. Lett. 597, L89 (2003); R. Scranton, et al.,
astro-ph/0307335; N. Afshordi, Phys. Rev. D 70, 083536
(2004); N. Padmanabhan, C. M. Hirata, U. Seljak, D.
Schlegel, J. Brinkmann, and D. P. Schneider, Phys. Rev.
D 72, 043525 (2005); L. Pogosian, P. S. Corasaniti, C.
Stephan-Otto, R. Crittenden, and R. Nichol, astro-ph/
0506396.

[57] G. Efstathiou, J. R. Bond, and S. D. M. White, Mon. Not.
R. Astron. Soc. 258, 1 (1992).

[58] D. Huterer and A. Cooray, Phys. Rev. D 71, 023506
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