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Influence of the Gribov copies on the gluon and ghost propagators in Euclidean Yang-Mills theory
in the maximal Abelian gauge
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The effects of the Gribov copies on the gluon and ghost propagators are investigated in SU(2) Euclidean
Yang-Mills theory quantized in the maximal Abelian gauge. The diagonal component of the gluon pro-
pagator displays the characteristic Gribov-type behavior. The off-diagonal component of the gluon propa-
gator is found to be of the Yukawa type, with a dynamical mass originating from the dimension two con-
densate (A%,A¢%), which is also taken into account. Finally, the off-diagonal ghost propagator exhibits

infrared enhancement.
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I. INTRODUCTION

Among the class of covariant gauges, the maximal
Abelian gauge [1-3] displays several interesting features.
This gauge is suitable for the study of the dual super-
conductivity mechanism for color confinement [4], accord-
ing to which Yang-Mills theories in the low energy region
should be described by an effective Abelian theory [5—8]
in the presence of monopoles. A dual Meissner effect aris-
ing as a consequence of the condensation of these magnetic
charges might give rise to quark confinement. Here, the
Abelian configurations are identified with the diagonal
components Al i=1,...,N—1, of the gauge field corre-
sponding to the (N — 1) generators of the Cartan subgroup
of SU(N). Moreover, the remaining off-diagonal compo-
nents A%, a=1,..., N> — N, corresponding to the (N> — N)
off-diagonal generators of SU(N), are expected to acquire a
mass through a dynamical mechanism, thus decoupling at
low energies.

The maximal Abelian gauge can be formulated on the
lattice [2,3], a feature which has made it possible to investi-
gate the gluon propagator by numerical simulations which,
in the case of SU(2), have reported an effective off-
diagonal gluon mass of approximately 1.2 GeV [9,10].
Another relevant feature of the maximal Abelian gauge is
its multiplicative renormalizability to all orders of pertur-
bation theory [11-14]. This property has allowed for a
study of the dynamical mass generation for off-diagonal
gluons, through the condensation of the operator' ALAY
[15]. An effective potential for this operator has been
evaluated in analytic form in [13], providing evidence for
a nonvanishing dimension two condensate (A A{,).

It is worth mentioning that, although the operator A% has
been proven to be multiplicatively renormalizable to all
orders in the Landau, linear covariant, Curci-Ferrari, and
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maximal Abelian gauges [17-19], a satisfactory under-
standing of the aspects related to the gauge invariance of
the dimension two condensate (A?) is still lacking. We refer
to [20—25] for an updated analysis of this important issue.
As other gauges, the maximal Abelian gauge is affected by
the Gribov copies [26], whose existence stems from a
general result [27] on the lack of a globally well-defined
gauge fixing procedure. A detailed construction of an
explicit example of a zero mode of the Faddeev-Popov
operator in the maximal Abelian gauge can be found in
[28]. Nevertheless, a study of the influence of the Gribov
copies on the Green’s functions of the theory in this gauge
is still lacking. The aim of the present paper is that of
providing a first analysis of the influence of the Gribov
copies in the maximal Abelian gauge. The need for such an
investigation is motivated by the great relevance that the
Gribov copies have on the infrared behavior of Yang-Mills
theories, as one learns from the large amount of results
obtained in the Landau and Coulomb gauges [29-41].
Therefore, it might be useful to improve as much as
possible our understanding on the role of the Gribov copies
in different gauges, as recently discussed in the case of the
linear covariant gauges [42].

In the following, we shall focus on the study of the gluon
and ghost propagators in the maximal Abelian gauge, with
SU(2) as gauge group. This allows us to make a compari-
son with the results available from lattice numerical simu-
lations. The analysis of the Gribov copies will be done by
following Gribov’s original work [26]. It turns out in fact

"We remind here that, due to the nonlinearity character of the
maximal Abelian gauge, a slightly more general operator,
(%A,ZA‘L + ac?c?), has to be considered for renormalization
purposes. The fields ¢¢, ¢* denote the off-diagonal Faddeev-
Popov ghosts, while « stands for a gauge parameter. The oper-
ator (%AiAZ + a¢?c?), introduced in [15], is multiplicatively
renormalizable to all orders [13,14,16]. The maximal Abelian
gauge is recovered in the limit &« — 0, which has to be taken
after the removal of the ultraviolet divergences. Whenever nec-
essary, we shall refer to [13] for the details of the renormaliza-
tion aspects of the maximal Abelian gauge as well as of the
operator (1A% A% + acc?).
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that the construction outlined by Gribov in the case of the
Landau and Coulomb gauges can be essentially repeated
and adapted to the case of the maximal Abelian gauge. We
shall begin with a discussion of the gauge fixing condition
and of the related Faddeev-Popov operator. Further, we
shall generalize to the maximal Abelian gauge Gribov’s
result stating that for any field close to a horizon there is a
gauge copy, close to the same horizon, located on the other
side of the horizon? [26]. We shall proceed thus by restrict-
ing the domain of integration in the Feynman path integral
to the so-called Gribov region, i.e. to the region in field
space whose boundary is the first Gribov horizon, where
the first vanishing eigenvalue of the Faddeev-Popov opera-
tor appears. The restriction to the Gribov region will be
implemented by means of a no-pole condition on the ghost
two-point function, as done in [26]. This will lead to the
introduction of the Gribov parameter y and of the related
gap equation, enabling us to work out the infrared behavior
of the gluon and ghost propagators.

A few remarks are now in order. Considering the case of
the Landau gauge, it turns out that the restriction to the
Gribov region does not eliminate all possible copies. It has
been proven in fact that Gribov copies still exist inside the
Gribov region [33,34,36]. To avoid the presence of these
additional copies, a further restriction to a smaller region,
known as the fundamental modular region, should be
implemented.3 Several properties of the Gribov region as
well as of the fundamental modular region have been
established in recent years [33,34,36]. This has been pos-
sible due to the availability of an auxiliary functional,*
FlA] = [d*x A4A4, A=1,...,N?> — 1, whose minimi-
zation along the gauge orbit of A% provides a character-
ization of both Gribov and fundamental modular region. It
turns out that the Gribov region can be defined as the set of
all relative minima in field space of this auxiliary func-
tional, while the fundamental modular region is identified
with the set of all absolute minima of F[A]. Although the
restriction to the Gribov region does not eliminate all
possible copies, its implementation in the Feynman path
integral can be effectively worked out [31,35], allowing
one to obtain a certain amount of information on the
infrared behavior of the gluon and ghost propagators.
Such a task appears to be considerably difficult in the
case of the modular region and, to our knowledge, it has
not yet been accomplished. Here, a finite volume
Hamiltonian approach proves to be more adequate [43—
45] (see [46] for a review).

Concerning now the maximal Abelian gauge, it is worth
noting that a suitable auxiliary functional can be intro-
duced also here, namely R[A]= [d*xA%A%, a=

wps

*We have found it useful to collect the detailed proof of this
statement in Appendix A.

>The same conclusion holds for the Coulomb gauge.

“The color %ndex A runs now over all the generators of SU(N),
A=1...,N"— 1
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I,...,N>— N (see [1,28]). The gauge fixing condition
for the off-diagonal components A§, can be obtained by
requiring that the functional R[A] is stationary under
gauge transformations. Moreover, a residual local
U(1)V~ ! invariance, corresponding to the Cartan subgroup
of SU(N), is still present [1,28]. This local invariance has
to be fixed by imposing an additional condition on the
diagonal components AL of the gauge field, which will
be chosen to be of the Landau type, i.e. GMAL = 0.
Analogously to the Landau and Coulomb gauges, a com-
plete gauge fixing would require the implementation of the
restriction of the domain of integration in the path integral
to the fundamental modular region for the maximal
Abelian gauge, a task which is beyond our present capa-
bilities. As already underlined, we shall limit ourselves to
the restriction to the Gribov region, which turns out to
correspond to field configurations which are relative min-
ima of R[A].

The output of our results can be summarized as follows.
The diagonal component of the gluon propagator is found
to display the characteristic Gribov-type behavior,

k> k. k,

AuOA) = 5 (B0 = ") D)

where vy is the Gribov parameter and A, stands for the

diagonal component of the gauge field in the case of SU(2),

ie. A, = A?L. The off-diagonal propagator turns out to be
of the Yukawa type, being given by

k. k
- @

(A% (DAL~ = 5 St

1
ab=1,2, 3)

where m denotes the off-diagonal dynamical mass origi-
nating from the dimension two condensate <A‘;LAfL> One
observes that both propagators are suppressed in the infra-
red. In the case of the ghost propagator, we find that the off-
diagonal component exhibits infrared enhancement,
namely

2
GWho = G0 = WAL @

where (¢4, ¢?) stand for the off-diagonal Faddeev-Popov
ghosts (see Appendix B). Finally, the diagonal component
of the ghost propagator turns out to be not affected by the
restriction to the first horizon.

II. THE GAUGE FIXING CONDITION FOR THE
MAXIMAL ABELIAN GAUGE

In order to discuss the gauge fixing condition, let us first
remind the reader of some basic properties of the maximal
Abelian gauge in the case of SU(2). The gauge field is
decomposed into off-diagonal and diagonal components,
according to
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— 3
A, =A%T+ AT, (5)

where 7%, a = 1, 2, denote the off-diagonal generators of
SU(2), while T* stands for the diagonal generator,

[T% Tb] = ie®T3, [T3, T] = ie®T?, (6)
where
gab = gab3, gacgad — ged 7)
Similarly, for the field strength one has
F p» = Fo,T°+F,, T3 ®)

with the off-diagonal and diagonal parts given, respec-
tively, by
Fi, = DAL — DiPAL, o
Fo,=0,A,—0d,A, + gs”bAfLA,lZ,

where the covariant derivative fo’ is defined with respect
to the diagonal component A ,:
ab — ab _ ab
Dy =9,6 ge"A,. (10)
Thus, for the Yang-Mills (YM) action in Euclidean space,
one obtains

1
Sym = 1 fd“x(Ff“,Ffw + FuF ) (11)

As it is easily checked, the classical action (11) is left
invariant by the gauge transformations
— _pab, b _ b Ab
SAfL = -Dyw geA, o,

A, = —4d

w — ga“bA“ w? (12)
“ u®

The maximal Abelian gauge is obtained by demanding that
the off-diagonal components A¢, of the gauge field obey the
nonlinear condition

DAL =0, (13)

which follows by requiring that the auxiliary functional,

(14)

RI[A] = ] d*xA% A2,
is stationary with respect to the gauge transformations (12).
Moreover, as it is apparent from the presence of the co-
variant derivative D‘}f’ , Eq. (13) allows for a residual local
U(1) invariance corresponding to the diagonal subgroup of
SU(2) [28]. This additional invariance has to be fixed by
means of a suitable gauge condition on the diagonal com-
ponent A ,, which will be chosen to be of the Landau type,
also adopted in lattice simulations, namely

9,A, =0. (15)

Let us work out the condition for the existence of Gribov
copies in the maximal Abelian gauge. In the case of small
gauge transformations, this is easily obtained by requiring

PHYSICAL REVIEW D 72, 085021 (2005)

that the transformed fields, Eqgs. (12), fulfill the same gauge
conditions obeyed by (A,, A}), i.e. Eqs. (13) and (15).
Thus, to the first order in the gauge parameters (w, @%),
one gets

_pabpbe ¢ _ o abepyab b Ab
DY’D)f 0 — ge"* D (A, w) + ge®" A} 0, @

+ gzs”bSCdAZAfLwd =0, (16)
—0%w — ge9 (A% w?) =0, 17
which, due to Egs. (13) and (15), read
M gb =0, (18)
—9%w — gs“bGM(AZa)b) =0, (19)
with M4 given by
M = —DiDS) — g*e*gPAL AL (20)

The operator M@ is recognized to be the Faddeev-Popov
operator [47] for the off-diagonal ghost sector (see
Appendix B). It enjoys the property of being Hermitian
and, as pointed out in [28], is the difference of two positive
semidefinite operators given, respectively, by —Dj‘fDiLb
and g2e*“s"?ASA%. Also, one should remark that the
diagonal parameter w appears only in Eq. (19), in a form
which allows us to express it in terms of the solution of the
first equation (18). More precisely, once Eq. (18) has been
solved for A, AY, w?, for the diagonal parameter w one
can write

J
w = —ge? L (A% wb). (21)

62
This feature means essentially that the diagonal parameter
w has no special role in the characterization of the Gribov
copies, whose properties are encoded in Eq. (18). Also,
from Eq. (21) it follows that the new variable @

(22)

obeys

2@ = 0. (23)
As shown in Appendix B, the change of variable (22) can
be performed in the partition function expressing the
Faddeev-Popov quantization of Yang-Mills theories in
the maximal Abelian gauge. As the corresponding
Jacobian turns out to be independent from the fields, trans-
formation (22) has the effect of decoupling the diagonal
ghost fields from the theory. As a consequence, the corre-
sponding two-point function is not affected by the restric-
tion to the Gribov region.
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ITII. RESTRICTION OF THE DOMAIN OF
INTEGRATION TO THE GRIBOV REGION

Let us face now the implementation in the Feynman path
integral of the restriction of the domain of integration to the
Gribov region C, defined as the set of fields fulfilling the
gauge conditions (13) and (15) and for which the Faddeev-
Popov operator M“ is positive definite, namely

Co=1{A,, A%, 3,A, =0,DPAL =0,

24
Mab — _Dachb _ g28acsbdAc Ad > 0} ( )
M mE :

The boundary, /,, of the region C, where the first vanish-
ing eigenvalue of M® appears, is called the first Gribov
horizon. The restriction of the domain of integration to this
region is supported by the possibility of generalizing to the
maximal Abelian gauge Gribov’s original result [26] stat-
ing that for any field located near a horizon there is a gauge
copy, close to the same horizon, located on the other side of
the horizon. We have found it useful to devote the whole
Appendix A to the details of the proof of this statement.

Thus, for the partition function of Yang-Mills theory in
the maximal Abelian gauge, we write

z- f DA%DA,, det(Me*(A)

X 8(D¥AL)6(9,A,)e SV (Cy), (25)

where the factor V(C,) implements the restriction to the
region C,. Following [26], the factor V(C,) can be ac-
commodated for by means of a no-pole condition on the
off-diagonal ghost two-point function, given by the inverse
of the Faddeev-Popov operator M “?. More precisely, de-
noting by G(k, A) the Fourier transform of (M%)~!, i.e.

Gk A) = 3 S I UM R, Q6
ab

we shall require that G(k, A) has no poles for a given
nonvanishing value of the momentum k, except for a
singularity at k = 0, corresponding to the boundary of
Cy, i.e. to the first Gribov horizon [; [26]. This no-pole
condition can be easily understood by observing that,
within the region C,, the Faddeev-Popov operator M@
is positive definite. This implies that its inverse, (M)~1,
and thus the Green function G of Eq. (26), can become
large only when approaching the horizon /;, where the
operator 2M“ has a zero mode.

The Green function G can be evaluated order by order.
Repeating the same procedure of [26] in the case of the
maximal Abelian gauge, we find that, up to the second
order,
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1 kuk, 1 <AL (@A, (—q)
R N D =y

k2 4
k4 VZA (@A (=)

+5 k4 ZA“ (9)AL(—q), 27

where V is the Euclidean volume. We observe that the last
two terms of expression (27), i.e. ZqA#(Q)Au(_Q) and
> AL(@)AL(—g), do not depend on the external momen-
tum k. Therefore, after subtraction of the corresponding
ultraviolet perturbative parts,” these terms might yield a
nonperturbative contribution to the Green function G, cor-
responding to the singularity at k = 0, as is apparent from
the presence of the factor 1/k* in Eq. (27). We shall see in
fact that these terms will give rise to a nonperturbative
contribution which is proportional to the Gribov parameter
Y.
Thus, for G(k, A) we shall write [26]

1
G(kA) = k2 m + & (28)
where
g% kuk, < Au(@A,(—q)

(k—q)? (29)
g g’
B =5 Y Au@A(—a) + T DAL)AL (= q),
q q

which, in the thermodynamic limit, V — oo, become

Qk,u,kv d46] AM(Q)AV(_Q)

kA= [ amt kg
B=g [ (j LA @, (-0) (30)
d4
7 | Gy (AL (—q).

The expression for o(k, A) in Eq. (30) can be simplified by
recalling that, due to the Landau gauge condition, the
Abelian component A, (g) is transverse, namely

quAu(q) = 0. €1V

3 q,m)
72 < )

W) = 3 4@ (~9)

Setting

AL (@A (—q) = w(A)(a
(32)

SAt the perturbative level, these terms give rise to tadpole
contributions. As such, they vanish in dimensional regulariza-
tion, which will be implicitly employed throughout.
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for o(k, A), one obtains

k k 4 —
ok A) = g2~ 1 [ d*q Ay(g)Ax( (])<5W

23 2nt (k—q)7

_q9u4 V>
7

(33)
Note that expression (33) is, in practice, the same as that
obtained by Gribov [26] in the case of the Landau gauge.
This is not surprising since o (k, A) depends only on the
diagonal component A,(g), which is in fact transverse.
Finally, following [26], the no-pole condition at finite non-
vanishing k for the Green function G(k, A) can be stated as

a(0,A4) <1, (34)
with
dq Ay(@)Ar(—q)
0,A) = , 35
704 L o
where use has been made of
d'q ANDANCQD) (s _dudy
Qm)* q* g
3 d*qg A,(¢)A,(—
q A(@AN(—q) (36)

T 40w m)* q* ’

which follows from Lorentz covariance. Condition (34)
ensures that the Green function G(k, A) in Eq. (28) has
no poles at finite nonvanishing k. The only allowed singu-
larity is that at k = 0, corresponding to approaching the
first Gribov horizon /;.

A. The gluon propagator

We are now ready to discuss the behavior of the gluon
propagator when the domain of integration in the Feynman
path integral is restricted to the region C,, Eq. (25).
According to [26], the factor V(C,) implementing the
restriction to Cy is given by

V(Cy) = 6[1 — (0, A)], (37)

where 6(x) stands for the step function.® Moreover, making
use of the integral representation

0(1 — (0, A)) = f’““ e

{(1=0(0,A) 38
—icote 27Ti§e ’ (38)

for the partition function Z we get

a¢

= [ DALDA, 5~ et a)

X eXP(§ = Sym — —(D“bAb )?

B(a A~ £o(0, A)), (39)

59(x) = 1 for x > 0, and 6(x) = 0 for x < 0.
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where the gauge parameters « and 8 have to be set to zero
atend, i.e. a, B — 0, to recover the gauge conditions (13)
and (15). In order to study the gluon propagator, it is
sufficient to retain only the quadratic terms in expression
(39) which contribute to the two-point correlation func-
tions (A% (k)AL (—k)) and (A, (k)A,(—k)). Thus,

unadr N fDAa DA ;g e(g 10g§ Squddr 5”0(0 A))
Tl
(40)

where /N is a constant factor and Sg,q4 stands for the
quadratic part of the quantized Yang-Mills action, namely

S = 5 (45000 = (1= L Jawa Jpi-0)

+ %%(Aﬂ(q)@zaw - (1 - %)qﬂqyyy(—q)),
(41)

Therefore, recalling the expression for the factor a(0, A),
Eq. (35), it follows

dg
K i

%ZA,L(q)Q,W(Z, DA, (—q)

q

- %ZAz(qWW(q)Az(—q)) )
q

Zotr = N f DA% DA

X exp(§ —logl —

where the quantities @ ,,({, ¢) and P,,(g) are given by

5 (1~ D

1
Poq@) = q*6,, — (1 - ;)qﬂqw

9,4 q) = (
(43)

Note that only the factor @ ,,, corresponding to the op-
erator appearing in the quadratic part for the diagonal
component A,(¢) in Eq. (42), depends on {. Integrating
over the gauge fields and keeping only the terms which
depend on £, we find

Zouii= N f 5 (061Q,.,(2,9) (et P, . g)

=j\[fd§ f&) (44)

27

where
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f()={—logl — 5 IOgdet(Q,w(f q)),

Zi/gf)'

As done in [26], expression (44) can be now evaluated at
the saddle point, namely

(45)

— ¢ —logt — 23 log(?
Sy

unadr = ef({g)’ (46)

where {j is determined by the minimum condition

WO, @
a¢ =&
which yields
1 3g 1 _

Taking the thermodynamic limit, V — oo, and introducing
the Gribov parameter y [26],

2
R (49)
we get the gap equation
3 ) [d'q I _
O+t (50)
q v

where the term 1/, in Eq. (48) has been neglected in the
thermodynamic limit. To obtain the gauge propagator, we
can now go back to the expression for Zg,,q, Which, after
substituting the saddle point value { = {,, becomes

Zowa = N ] DA%DA,

=1/ Au@D (DA (-9 + Y AL (@) P, ()AL (—q))
X e q q (1))

with

4 1
Q,/u/(’yr Q) = <q2 + %)6;/,1/ - <1 - E)q,U,QV' (52)

Evaluating the inverse of © ,,(v, ¢) and of P,,(g), and
setting the gauge parameters «, 8 to zero, we get the gluon
propagator for the diagonal and off-diagonal components
of the gauge field, namely
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. q,Lqul)’ (53)

q2
gt + 7“( S

AL(@A,(—q) =

and

a a1 e
(AL(QAL(—)) = & "?(6,“, - ’;—2) (54)

One sees that the diagonal component, Eq. (53), is sup-
pressed in the infrared, exhibiting the characteristic
Gribov-type behavior. The off-diagonal components,
Eq. (54), remain unchanged. Moreover, as we shall see
later, its infrared behavior turns out to be modified once the
gluon condensate (A§,A{,) is taken into account.

B. The off-diagonal ghost propagator

The off-diagonal ghost propagator can be obtained from
Eq. (28) upon contraction of the gauge fields in expressions
(30), namely

1
G~ omi” (55)
with
L kuk, [ dq (AL(@AL(—q)
o(k) = g* 2 onf k=g (56)
and

4
B— g j (;’—‘;<A,L(q>A,L<—q>>

o8[S, oD

Let us consider first the factor o (k) of Eq. (56). From the
expression of the diagonal propagator in Eq. (53), we
obtain

k, k q2 qudv
k)= 8, — 7).
W= f(Zvr)“ (k—q)z(q4+7“)< g )
(58)
Making use of the gap equation (50), we can write
k, k d*q 1 9.9
2 futy _dwdvy g 5
) emtqt+ 74< g ) )
so that
k, k d*q k* — 2kq
1 —o(k) = g*-5~
oW =& / Q@m)* (k= g)*(q* + ")
quqv
X <5M— . ) (60)

Note that the integral in Eq. (60) is ultraviolet finite. Thus,
in the infrared, k = 0, one gets
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3g*k* [ d*q 1
1= o(k)lg=o =
(= o @l =73 | oy 2+ )
3022
. ©1)
1287y

It remains now to discuss the factor B of Eq. (57). Making
use of the dimensional regularization in the MS scheme,
one observes that, due to the form of the off-diagonal
propagator, Eq. (54), the second term of Eq. (57) vanishes.
Concerning now the first term, it is not difficult to see that it
gives a contribution proportional to the Gribov parameter
¥2. In fact

4 4 2
T4 A (@A (—q) =3 f 4 4

(2m) Qm* ¢* + y*
_ 3 d*q 1
Qm* ¢*(g* + v
3 2
=— 32%7 (62)

Finally, for the infrared behavior of the off-diagonal ghost
propagator we have

(1287 3g*\y?
G(k)kzm(ng %)F’ 63)

exhibiting infrared enhancement.

IV. INCLUSION OF THE DIMENSION TWO
CONDENSATE (A% A,

In this section we shall discuss the behavior of the
propagators when the dimension two condensate (A A¢,)
is taken into account. This condensate turns out to contrib-
ute to the gluon two-point function, as observed in [48],
within the operator product expansion. As such, it has to be
taken into account when discussing the gluon propagator.

A renormalizable effective potential for {A“ A”) in the
maximal Abelian gauge has been constructed and eval-
uated in analytic form in [13]. A nonvanishing condensate
(A AS) is favored since it lowers the vacuum energy. As a
consequence, a dynamical tree level mass for off-diagonal
gluons is generated. The inclusion of the condensate
(Ag,A%) in the present framework can be done along the
lines outlined in [49,50], where the effects of the Gribov
copies on the gluon and ghost propagators in the presence
of the dimension two gluon condensate have been worked
out in the Landau gauge. Let us begin by giving a brief
account of the dynamical mass generation in the maximal
Abelian gauge. Following [13], the dynamical mass gen-
eration is accounted for by adding to the gauge-fixed Yang-

Mills action the following term:
|

Zowar = N f DALDA, S -
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f d“( 2§ ZZAZAZ Slg(A“A“)Z) (64)

The field o is an auxiliary field which allows one to study
the condensation of the local operator A” A“ In fact, as
shown in [13], the following relation holds

(o) = — §<A;1A;;>. (65)

The dimensionless parameter  in expression (64) is
needed to account for the ultraviolet divergences present
in the vacuum correlation function (A%(x)A2(y)). For the
details of the renormalizability properties of the local
operator Aj A¢ in the maximal Abelian gauge, we refer
to [13,14,16,19]. The inclusion of the term §,, is the start-
ing point for evaluating the renormalizable effective po-
tential V(o) for the auxiliary field o, obeying the
renormalization group equations. The minimum of V(o)
occurs for a nonvanishing vacuum expectation value of the
auxiliary field, i.e. (o) # 0. In particular, the first order off-
diagonal dynamical gluon mass,

mt =) (66)
8¢
turns out to be [13]
1/4
m = <§e17/6> Ass =~ 2.25A 5. (67)

The inclusion of the action S, leads to a partition function
which is still plagued by the Gribov copies. It might be
useful to note in fact that S, is left invariant by the local
gauge transformations

EAZ = —fo’wb — gs“bAb w, (68)
0A, = —0,0 — gs“hAija)h oo = gAj, D”” ,
and
6S, =0. (69)

Therefore, implementing the restriction to the region C,
for the partition function, we obtain now

zZ= f DASDA, det(Ma(A))5(DAL)
X 8(0,A,)e” StV (Cp). (70)

To discuss the gluon propagator we proceed as before and
retain only the quadratic terms in expression (70) which
contribute to the two-point correlation functions.
Expanding around the nonvanishing vacuum expectation
value of the auxiliary field, (o) # 0, one easily gets

dg“ ({—log¢— <1/2>ZA (@ Qur(& A (—9) - (1/2)ZA"(q)7"" (A% (=)

, (71)

085021-7



CAPRI, LEMES, SOBREIRO, SORELLA, AND THIBES

where the factor @ ,, (£, ¢) is the same as given in Eq. (43),
while

1

T;:lll(q) = qza,u,v + mza;u» - <1 - Z)qM('IV (72)
One sees that the inclusion of the dynamical mass m, due to
the gluon condensate (A$, A% ), affects only the off-diagonal
sector. As a consequence, the gap equation defining the
Gribov parameter 7y, Eq. (50), and the diagonal gluon
propagator, Eq. (53), will be not affected by the dynamical
mass m, thus remaining the same. However, the mass m
enters now the expression for the off-diagonal gluon propa-
gator, which becomes of the Yukawa type, as given in
expression (2). Note that, when the gluon condensate is
taken into account, both diagonal and off-diagonal compo-
nents of the gluon propagator are suppressed in the low
momentum region. Finally, the infrared behavior of the
ghost propagator is easily seen to display infrared enhance-
ment

G (k)j~o = 1/k* (73)

V. COMPARISON WITH LATTICE NUMERICAL
SIMULATIONS

Having discussed the infrared behavior of the gluon and
ghost propagators, as expressed by Egs. (1) and (2) and by
Eq. (63), it is worth making a comparison with the results
available from numerical lattice simulations.

The first study of the gluon propagator on the lattice in
the maximal Abelian gauge was made in [9], in the case of
SU(2). The gluon propagator was analyzed in coordinate
space and the Landau gauge was employed in the diagonal
sector. The off-diagonal component of the gluon propaga-
tor was found to be short-ranged, exhibiting a Yukawa-type
behavior, i.e. displaying an exponentially suppression at
large distances by an effective mass my; = 1.2 GeV. The
diagonal component of the gluon propagator was found to
propagate over larger distances, see Figs. 1 and 2 of [9].
These results were interpreted as evidence for the infrared
Abelian dominance [5-8], supporting the dual supercon-
ductivity picture for color confinement.

More recently, a numerical investigation of the gluon
propagator in the maximal Abelian gauge has been worked
out in [10]. Also here, the gauge group is SU(2) and the
Landau gauge has been used for the diagonal sector.
Moreover, the gluon propagator has been investigated
now in momentum space, a feature which allows for a
more direct comparison with our findings. The results
obtained in [10] show that, at low momenta, the diagonal
component of the gluon propagator is much larger than the
off-diagonal one. Several possible fits were studied for the
components of the gluon propagator. In particular, among
the two parameter fits proposed in [10], a Gribov-like fit,
see Eq. (20) of [10], i.e.
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ngq2

Dyiaglq) = =54 74
dlag(q) q4+m§g ( )

turns out to be suitable for the diagonal component of the
gluon propagator. For off-diagonal gluons, a Yukawa-type
fit, see Eq. (18) of [10], i.e.

Zoft
Dot(q) = 5, (75)
’ q> + my

seems to be well succeeded. The scalar functions, D gj,, and
D, in Egs. (74) and (75) parametrize the diagonal and
off-diagonal transverse components of the gluon propaga-

tor in the low momentum region

(A (DA, (—q)) = Ddiagm)(aw - ﬂ)
(76)

(AL@AL-0) = 6" Dun(g) 8., ~ 2437)

The mass parameter m appearing in the Yukawa fit (75)
is 2 times bigger than the corresponding mass parameter
mg, of the Gribov fit (74) [10], namely

Mt = 2mdg) (77)

where m.; has approximately the same value as that
obtained in [9], my; = 1.2 GeV. Equation (77) implies
that the off-diagonal propagator is short ranged as com-
pared to the diagonal one.

Although the extrapolation of the lattice data in the
region g = 0 is a difficult task, which requires rather large
lattice volumes, our results on the transverse diagonal and
off-diagonal components of the gluon propagator can be
considered in qualitative agreement with the lattice results,
especially with the two parameter fits (74) and (75).
Concerning now the ghost propagator, to our knowledge,
no lattice data are available so far.

We remark here that the authors [10] have also reported
a nonvanishing off-diagonal longitudinal component of the
gluon propagator which, in the low momentum region,
seems to behave in a way similar to the off-diagonal scalar
function of Eq. (75). Nevertheless, the analytical investi-
gation of this issue would require a formulation which goes
beyond the original Gribov’s quadratic approximation for
the form factor (0, A), which has been employed in the
present work, see Egs. (35) and (39). This approximation
enables us to work out a first study of the influence of the
Gribov copies on the infrared behavior of the gluon and
ghost propagators. Moreover, the analysis is by no means
exhaustive and further work is certainly needed. In par-
ticular, this approximation does not allow to take in due
account quantum corrections to the propagators in the
presence of the Gribov horizon. One should remark in
fact that the longitudinal off-diagonal propagator identi-
cally vanishes at the tree level, as it is easily checked from
the Feynman rules stemming from the gauge fixing condi-
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tion D4’ A% = 0. However, due to the nonlinearity of the
maximal Abelian gauge, one could argue that a nonvanish-
ing off-diagonal longitudinal propagator might arise due to
nonperturbative quantum effects. The transverse diagonal
and off-diagonal propagators, Egs. (1) and (2), represent a
kind of first order propagators incorporating the effects of
the Gribov horizon as well as of the dimension two con-
densate (A{A%). These propagators have to be used in
order to investigate higher order quantum corrections as,
for instance, the off-diagonal gluon vacuum polarization
which could give rise to a longitudinal component of the
off-diagonal propagator. Nevertheless, for a consistent
evaluation of these quantum effects, we should have at
our disposal a local and renormalizable action which takes
into account the restriction to the Gribov region C,
Eq. (24). The construction of such an action has been
achieved by Zwanziger [31,35] in the case of the Landau
gauge, where a suitable horizon function implementing the
restriction to the Gribov horizon has been identified.
Remarkably, the resulting action can be made local and
enjoys the property of being multiplicatively renormaliz-
able. It can be effectively used to evaluate quantum cor-
rections by taking into account the restriction to the first
Gribov horizon, see for instance the recent work [50].
Although being beyond the aim of the present work, we
mention that the study of the horizon function for the
maximal Abelian gauge is under investigation. Its identi-
fication would allow us to properly address the issue of the
existence of a nonperturbative off-diagonal longitudinal
gluon propagator by analytical methods.

VI. CONCLUSION

In this work the effects of the Gribov copies on the gluon
and ghost propagators in SU(2) Euclidean Yang-Mills
theory quantized in the maximal Abelian gauge have
been investigated.

The domain of integration in the path integral has been
restricted to the Gribov region C, defined as the set of field
configurations fulfilling the gauge conditions (13) and (15),
and for which the Faddeev-Popov operator M, Eq. (20),
is positive definite. Gribov’s original statement [26] about
closely related gauge copies located on opposite sides of a
Gribov horizon has been generalized to the maximal
Abelian gauge, see Appendix A, providing thus a support
for the restriction of the domain of integration to the region
Cy. The dimension two gluon condensate (A} A% ) has also
been taken into account.

The diagonal component of the gluon propagator dis-
plays a Gribov-type behavior in the infrared, Eq. (1). The
off-diagonal transverse component has been found to be of
the Yukawa type, with a dynamical gluon mass originating
from (A§,A%), Eq. (2). Moreover, the off-diagonal ghost
propagator exhibits infrared enhancement, Eq. (63), while
the diagonal ghost propagator remains unaltered.
Concerning the behavior of the transverse diagonal and
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off-diagonal components of the gluon propagator, our re-
sults can be considered in qualitative agreement with those
of lattice numerical simulations [9,10].

Finally, we hope that this work will stimulate further
investigation on the behavior of the propagators in the
maximal Abelian gauge from our colleagues of the lattice
community. A look at the off-diagonal ghost propagator
would be of a certain interest for a better understanding of
the role of the Gribov copies in this gauge.
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APPENDIX A: A GENERALIZATION OF GRIBOV’S
STATEMENT TO THE MAXIMAL ABELIAN
GAUGE

This appendix is devoted to the generalization to the
maximal Abelian gauge of Gribov’s statement [26] about
closely related copies located on opposite sides of a Gribov
horizon. Let us begin by reminding that, as pointed out in
[28], the Faddeev-Popov operator Mab,

ac obd pAc Ad
e A AL,

M(A) = =D (A)D(A) — g° (A1)
enjoys the property of being Hermitian, being the differ-
ence of two positive semidefinite operators given, respec-
tively, by —D% DS and g*e*s"?ASA%. Its eigenvalues
are thus real.

Following [26], we can divide the space of fields ful-
filling the gauge conditions (13) and (15) into regions with
a definite number of bound states, i.e. negative energy
solutions of the operator M“, see Fig. 1.

Let us look thus at the eigenvalues equation for the
Faddeev-Popov operator M4 i.e.

My = e(A)yp. (A2)
For small values of the gauge fields (A,, A), Eq. (A2) is
solvable for positive €(A) only. More precisely, denoting
by €,(A), €5(A), €3(A), ..., the eigenvalues corresponding
to a given field configuration (A w A‘,i), one has that, for
small (A,, Af,), all €;(A) are positive, €;,(A) >0, corre-
sponding to field configurations for which —foDf}’ >
g2e*sPAS A4 However, for a sufficiently large value of
the fields (A, A},), one of the eigenvalues, say €;(A), turns
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FIG. 1.

The Gribov horizons.

out to vanish, becoming negative as the fields increase
further.” This means that the fields (A wA§) are large
enough to ensure the existence of negative energy solu-
tions, i.e. bound states. For a greater magnitude of
(A, A%), a second eigenvalue, say €,(A), will vanish,
becoming negative as the fields increase again. Following
Gribov [26], we may thus divide the functional space of the
fields into regions Cy, C;, C,, ..., C, over which the op-
erator M has 0,1,2,...,n negative eigenvalues. These
regions are separated by lines [y, [,, I3, ..., [, on which the
operator M“" has zero energy solutions. The meaning of
Fig. 1 is as follows. In the region Cj, all eigenvalues of the
operator M are positive, i.e. M > 0. At the boundary
[, of the region C, the first vanishing eigenvalue appears,
namely, on /; the operator M“® possesses a normalizable
zero mode. In the region C, the operator M has one
bound state, i.e. one negative energy solution. At the
boundary /,, a zero eigenvalue reappears. In the region
C, the operator M“" has two bound states, i.e. two nega-
tive energy solutions. On /3 a zero eigenvalue shows up
again, and so on. The boundaries /4, I,, I, ..., [,,, on which
the operator /M “ has zero eigenvalues are called Gribov
horizons. In particular, the boundary /; where the first
vanishing eigenvalue appears is called the first horizon.
See [28] for an explicit example of a horizon configuration.

It is useful to emphasize that, in the region C,, the
operator /M has only positive eigenvalues. Therefore,
this region can be defined as the set of all gauge fields
(A, A%,) fulfilling the gauge conditions Egs. (13) and (15),
for which the Faddeev-Popov operator M“ is positive
definite, see Eq. (24). Note also that field configurations
belonging to C, correspond to relative minima of the
auxiliary functional R[A]. This follows by observing that
the Faddeev-Popov operator M can be obtained by
taking the second variation of R[A] [28].

’See also the argument presented in Sec. 3 of [28].
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Let us proceed with the generalization to the maximal
Abelian gauge of Gribov’s result stating that, for any field
close to a horizon there is an equivalent field, i.e. a gauge
copy, located on the other side of the horizon, close to the
same horizon (see Fig. 2).

Let us start by considering a field configuration (C,,, C%,)
located on the first Gribov horizon /;, namely

M(C)pf = —(D4(C)DEP(C)
+ g28acgbdczci)€00 =0,
D (C,)Ch =0, 9,C, =0,

(A3)

where ¢f denotes a normalizable zero mode. In the follow-
ing it turns out to be useful to introduce the diagonal
component ¢ which, according to Eq. (21), is defined as

d

@y = —ge a—’;(CZsDS - (A4)
Let thus (A,, A%) be a field configuration located in the
Gribov region Cj, close to the horizon /;, Fig. 2. Following
[26] we write

A = C§ + ay, A,=C,+a, (AS5)
where (a,, afL) have to be considered as small perturba-
tions. The fields (A, A}) obey the gauge conditions (13)
and (15) which, neglecting higher order terms in the small
components (a,, af,), read

DZb(C)aZ - gs“bCZa# =0, d,a, =0.

The evaluation of the energy eigenvalue €(A) of the
Faddeev-Popov operator M%(A) corresponding to the
field configuration (A,, Aj) can be easily handled by
means of perturbation theory, yielding

FIG. 2. The equivalent fields.
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€A

Proceeding as in [26], we introduce the fields

AZ=C;’L+&Z, A#=C#+&w (A7)
where

aj, = ajy — DY (C)eg — g™ Cleo, AS)

dy =a, = 9,09~ gs“bC;‘Lgog

have to be considered as small as compared to (C w C Z) It
is not difficult to verify that, to fjrst ~0rder in the small
components (5, @, ), the fields (A,, Aj,) obey the same
gauge conditions of (A, A},), namely

D (A)AL, =0,  9,A,=0. (A9)

The fields (A w AZ) might thus be identified with a Gribov
copy of (A,, A%,), provided one is able to find a gauge
transformation S such that

A, =StA,S+ 519,58,
A, =ALT + AT

A, = AT+ A,T°,
(A10)
|

)= [d*xi(2ge*a,DSP(C)pf + g2e e (CSal, + Chal)pf)
[ d*xeie

(A6)

[
We shall look at S close to unit, in the form

2
M (A)a® + D‘;Lb(A)|:— gsbcac(aﬂa + gsdeA‘fLae) + gsl’canfl d 5 pb a2:|

2
— ppab d dy(pb b bab (8 .cd cpyde e 8 _
ge® (9, + ge“As a’)(Dyfaf + ge™Aja) + ge° AM<§ g“a’Difa® —A;aca> =0,

aﬂ[—(éﬂa + gs“bAj‘Lab) —3

In order to express («, a®) in terms of (¢g, ¢§), we follow [26], and set

a’ = @ + ¢4,

with (¢, ¢*) small with respect to (¢g, ¢§j). Condition (A13) gives thus

MP(C)gb = —geP D4 (C)(a, pf) — ge*a, DL (C)pf — g2 % (C5,al + Chas,)ph + D4 (C)

g g
X [58“908(%% +ge?Cl f) — Esbc eoDSH(C) el

2
g g
+8e%(9,, 00 + 88°1C5, @I DL (C) @ + 87 C4 00 ] — gsa”CZ[fc"’soéDie(C)% — 5 CLeieo }

Note that Eq. (A15) can be cast in the form

92 = P(C,a, ) + Q(C, ¢9)@",

where P¢ and Q“ are independent from @, i.e.

—PC,a, po) = —ge’ DU (C)a, ¢f) — ge*a, D (C)pf —

+ DZb(C)[gst

b b _oeabb| &
X[Dy(C) el + g™ Co o] — ge* C”[ZS

2
8
It (Cps — 5 Cueien |

—2
S=1 —a+%+ o@), @@= a'T*+ aT’,
(A11)
from which we obtain
Az =AY — (fo’ab + ge“bAZa) — gs"bab(é)ﬂa
+ ge®A¢ a?) + ga“‘ban“cv" - g—QA“ a?
88 Au 2 w 2 R (A1)
A# =A,—(0,a+ gs“bAfLab) - gs“ba“foa”
2
+ %AZa“a.
Furthermore, from Eq. (A9), it follows
2 2+
(A13)
2
g g
saba“foaC + iAfLaaa} = 0.
a =@yt ¢ (Al4)
2
8
+Ecp go%:|
(A15)
(Al16)

gzsacsdb(CfLafL + Cﬁa;)qo(b)

2
g g
©§(9 @0 + g% CY 0§) — EstsDoD;d(C)qog +-Cb, @%} + 880,00 + g8°1CS, @f)

2

(A17)
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and
Q “(C, ¢g) = 2geC,a, — g?e*e?C,C,
.2 bd d
g e’e C;CM. (A18)

Equation (A16) can be solved recursively for $¢, namely

1 1 1
Sa — b b
This allows us to obtain a recursive expression for the
parameters (a, %) of Eq. (A14), and thus for the gauge
transformation S we are looking for, Eq. (A11). Moreover,

recalling that
M(C)ph =0, (A20)

one finds
|

PHYSICAL REVIEW D 72, 085021 (2005)

f txpd M (C)gP = 0, (A21)

so that

- g 8ac8db

0= '/‘d4xqu[_2g8aca”Dbe(C)
X (Chad, + Chas) b + g8 (9,,00) DL (C) g
5D (C)pf + g2 ChCS, 000
(A22)

— 2g SabSCdC’Z

Let us now check on which side of the horizon [; the
equivalent fields (A A“) are located. As done before,
we look at the energy elgenvalue €(A), given by

(A) _ fd4x¢8(2g8ac&MDLb(C)§Do + g28ac8db(cc ~d + Cd "‘L) 6}) A3
¢ - . (A23)
Jd*xoieg
Finally, from Egs. (A8) and (A22) it follows that s(Sym + Smac T Sdiag) = 0, (B4)
e(A) = —€(A). (A24)  where
Thus, if the configuration (A, A,), close to [, is located in 1 .
the region C, €(A) > 0, there is an equivalent field con- Sym =4 fd X(FyFiy + FuF o), (BS)

figuration (A w Az), Eqs. (A7) and (A8), close to /;, which
is located in C;, €(A) = —e(A) < 0. This derivation,
which can be repeated to fields close to any horizon /,,
generalizes Gribov’s statement to the case of the maximal
Abelian gauge.

APPENDIX B: FADDEEV-POPOV QUANTIZATION
OF YANG-MILLS THEORY IN THE MAXIMAL
ABELIAN GAUGE

We provide here a detailed summary of the Faddeev-
Popov quantization of Yang-Mills theory in the maximal
Abelian gauge. Following [13], let us start by giving the
BRST transformations of all fields, namely

sAY = —(D%ct + ge®PAb ¢),

sA, = —(3,c + ge®Adch), sc® = ge®cle,
sc = gsabc“cb, sct = b4, sc = b, ®D
sb? =0, sb =0,
with
2 =0, (B2)

where (¢4, ¢?) and (¢, ¢) are the off-diagonal and diagonal
Faddeev-Popov ghosts, while (b%, b) denote the Lagrange
multipliers. For the gauge-fixed Yang-Mills theory, one has

Sym T Smac Tt Sdiags (B3)

and SyiaG, Sqiag being the gauge fixing terms corresponding
to the off-diagonal and diagonal sectors, respectively. They
are given by

SMaG = s]d“x(?“(fo%Z + %b") — Egs c”cbc‘)
= [ d4x<ba<D7fA§1 + %b“) + etDu Dlece
+ geie(DirAS ) — age®bchc

— grebecdcicdAL AS — 4g g4 SCdc“cbcccd>

(B6)

and
Sdiag =S fd“x?BMAM
= fd“x(baﬂAM +720,(0,c + ge"A%c). (BT)

Note that, for renormalizability purposes, a gauge parame-
ter o has to be introduced in the off-diagonal part of the
gauge fixing, Eq. (B6). The maximal Abelian gauge con-
dition, D’ A% = 0, is recovered in the limit & — 0, which
has to be taken after the removal of the ultraviolet diver-
gences [13]. In fact, some of the terms proportional to «
would reappear due to radiative corrections, even if & = 0.
See, for example, [16]. Moreover, the action (B3) is multi-
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plicatively renormalizable to all orders of perturbation
theory [12,13].

Therefore, for the partition function expressing the
Faddeev-Popov quantization of Yang-Mills theory in the
maximal Abelian gauge we have

Z = f DA, DA% Db*DbDc? DD Dee™ Sv ™ Swac ™ S,

(B8)
Taking the limit @ — 0 and integrating over the Lagrange

multipliers (b9, b), one gets

Z= f DA, DA% Dc*DcDc*Ded(DSPAL)6(d,A,,)

-5 — | #Ar((zapab pb
X e ™5 exp( fd x((c* D Dy c¢

— g*eecdcicdAL AS) + 70, (0 ¢ + gs“”Ach”)))
(B9)

To deal with the diagonal ghosts (¢, ¢) we perform now the
change of variables

d
8# (e"PA%cP), "=t AL —AY,

C_>E=C+g—2
(B10)

all other fields remaining unchanged. It is easy to check

that
3,9, + ge®A4ct) — 9%¢, (B11)

and that the Jacobian J corresponding to (B10) is field
independent. In fact

J J
1 gsaca_;ztcc gscd_uAc

78u
J =det| 50195/“/ (S9 = const. (B12)
0 0 &b

One sees thus that the transformation (B10) allows us to
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decouple the diagonal ghosts from the theory, namely

Z= ] DA, DA% Dc*DéDc*Dcd(DPAL)6(d ,A,,)

X ¢S exp(— fd“x((E"DbefocC

— gre®ecdeiciAL AL + za%)), (B13)

so that they can be integrated out, yielding
Z= N[DAMDAfLDc“DE“6(D;‘LbAZ)6(aMAM)
X e S exp(— fd“x((f“D‘,ffD%cc

(B14)

_ g28abscd6achZA;‘L))>,

where N is an irrelevant constant factor. It is worth
remarking that the change of variables (B10) seems to be
a peculiar feature of the maximal Abelian gauge. One
could try in fact to perform such a kind of transformation
to decouple the Faddeev-Popov ghosts in other cases as, for
instance, the Landau gauge. However, it is straightforward
to check now that the Jacobian of the decoupling trans-
formation is no more field independent. It gives back
precisely the Faddeev-Popov determinant for the Landau
gauge, so that the Faddeev-Popov ghosts show up again.

Finally, integrating over the off-diagonal ghosts (¢4, ¢%),
it follows

Z=N f DA, DA% 5(DA)8(0,A,)

X (det(M))e =S, (B15)
where M is the off-diagonal Faddeev-Popov operator, as
given in Eq. (20). Expression (B15) will be taken as the
starting point for the implementation of the restriction to
the Gribov region C, for the maximal Abelian gauge.
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