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We work out the one-loop U�1�A anomaly for noncommutative SU�N� gauge theories up to second
order in the noncommutative parameter ���. We set �0i � 0 and conclude that there is no breaking of the
classical U�1�A symmetry of the theory coming from the contributions that are either linear or quadratic in
���. Of course, the ordinary anomalous contributions will be still with us. We also show that the one-loop
conservation of the nonsinglet currents holds at least up to second order in ���. We adapt our results to
noncommutative gauge theories with SO�N� and U�1� gauge groups.
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I. INTRODUCTION

Some of the peculiar and beautiful properties of QCD in
the low-energy regime can be explained with the help of
the famous U�1�A anomaly equation. A conspicuous in-
stance of this state of affairs is the occurrence of the
interaction through instantons between left-handed quarks
and right-handed antiquarks; a phenomenon which is her-
alded by the existence of the U�1�A anomaly. That inter-
action process provided the solution given in Ref. [1] to the
so-called U�1�A problem. Other instances that show the
importance of theU�1�A anomaly in particle physics can be
found in Ref. [2].

Many are the pitfalls that one meets when constructing
noncommutative gauge theories [3–7]. In particular, it is
not easy to build noncommutative field theories for SU�N�
gauge groups. Alas. The Moyal product of two local in-
finitesimal SU�N� transformations is not a local infinitesi-
mal SU�N� transformation [8]. Further, charges different
from �1; 0;�1 do not fit in the standard noncommutative
setup as developed for U�N� groups [9–11]. These prob-
lems were addressed and given a solution in Refs. [12,13],
where the appropriate framework was developed: the
framework is based on the concept of Seiberg-Witten
map. Both the noncommutative standard model [14] and
the noncommutative generalizations [15,16] of the ordi-
nary SU�5� and SO�10� grand unified theories have been
constructed within this framework. These noncommutative
generalizations of ordinary theories are not renormalizable
[17,18], so that they must be formulated as effective quan-
tum field theories. A nice feature of these theories is that
their chiral matter content make them free from gauge
anomalies [19,20]. The study of the phenomenological
consequences of the noncommutative standard model has
just begun: see Refs. [21–23]. The reader is further referred
to Refs. [24,25] for other noncommutative models that
generalize the ordinary standard model and are formulated
within the standard noncommutative framework for
U�N�—not SU�N�—groups. Now a point of terminology:
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by noncommutative SU�N� gauge theories we shall mean
field theories constructed, for SU�N� groups, within the
framework in Refs. [12,13]. Noncommutativity is defined
by the relationships �x�; x��? � ih���, with ��� constant
and where h is an auxiliary parameter introduced to keep
track of the perturbative expansions.

The U�1�A anomaly and its consequences have been
intensively studied for nocommutative U�N� theories
within the standard noncommutative setup, i.e., the
Seiberg-Witten map is not used to define the noncommu-
tative fields. The reader is referred to Refs. [26–35] for
further information. However, no such study has been
carried out for noncommutative SU�N� gauge theories as
yet. The purpose of this paper is to remedy this situation
and work out the anomaly equation for theU�1�A canonical
Noether current up to second order in the noncommutative
parameter h—i.e., second order in ���—and at the one-
loop level. This is a highly nontrivial issue since already at
first order in h there are candidates to the U�1�A anomaly
whose Wick rotated space-time volume integral does not
vanish for a general field configuration with nonvanishing
Pontriagin index. An instance of such candidates reads

�����1�2�3�4 Tr�f��1
f�2�3

f��4
�:

At second order in h the situation worsens.
We shall also discuss the relationship, both at classical

and quantum levels, between this canonical Noether cur-
rent and other U�1�A currents that are the analogs of the
U�1�A canonical Noether currents—see Refs. [26–30]—
that occur in noncommutative U�N� gauge theories with
fermions in the fundamental representation. These analogs,
unlike the canonical Noether current of the noncommuta-
tive SU�N� theory, are local ?-polynomials of the non-
commutative fermion fields only. Barring a concrete
instance, we shall not be able to give expressions for the
U�1�A anomaly equation valid at any order in h since the
type of Feynman integrals to be computed depends on the
order in h. This was not the case for chiral gauge anoma-
lies—see Ref. [20]—since there the gauge current is of the
planar kind and, thus, the one-loop Feynman integrals to be
worked out are of the same type at any order in h. We shall
-1 © 2005 The American Physical Society
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show besides that the nonsinglet chiral currents are con-
served at the one-loop level and, this time, at any order in h.

Our noncommutative SU�N� theory will be massless and
will have Nf fermion flavors, all fermions carrying the
same, but arbitrary, representation of SU�N�. The general-
ization of our expressions to more general situations is
achieved by summing over all representations carried by
the fermions in the theory. The layout of this paper is as
follows: The first section is devoted to the study, at the
classical level, of the chiral symmetries of the theory and
the corresponding conservation equations. In this section,
we introduce as well several currents that are either con-
served or covariantly conserved as a consequence of the
rigid U�1�A symmetry of the action. In Sec. II, we compute
the would-be anomalous contributions to the classical con-
servation equations of these currents. In Sec. III, we dis-
cuss the conservation of the nonsinglet currents at the one-
loop level. Then comes the section which contains a sum-
mary of the results obtained in this paper and where our
conclusions are stated. In this last section we also adapt our
results to SO�10� and U�1� noncommutative gauge theo-
ries. Finally, we include several appendices that the reader
may find useful in reproducing the calculations presented
in the sequel.
II. CLASSICAL CHIRAL SYMMETRIES AND
CURRENTS

The classical action of the noncommutative SU�N�
gauge theory of a noncommutative gauge field A� mini-
mally coupled to a noncommutative Dirac fermion �f,
which we take to come in Nf flavors, is given by

S �
Z
d4x�

1

4g2 TrF�� ? F�� �
XNf
f�1

��f ? i 6D?�f:

(2.1)

F�� denotes the field strength, F�� � @�A� � @�A� �
i�A�; A��?, and 6D? stands for the noncommutative Dirac
operator, 6D? � ���@� � iA�?�. The symbol ? denotes
the Weyl-Moyal product of functions:

f ? g�x� � exp
�
i
2
h���

@
x�

@
y�

�
f�x�g�y�

��������y!x
; (2.2)

and �A�; A��? � A� ? A� � A� ? A�. We shall assume
that time is commutative—i.e., that �0i � 0, i � 1; 2; 3,
in some reference system—so that the concept of evolu-
tion is the ordinary one. Further, for this choice of ��� the
action can be chosen to be at most quadratic in the first
temporal derivative of the dynamical variables at any order
in the expansion in h—see the paragraph after the next—
and, thus, there is one conjugate momenta per ordinary
field. This makes it possible to use simple Lagrangian and
Hamiltonian methods to define the classical field theory
and quantize it afterwards by using elementary and stan-
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dard recipes. If time were not commutative the number of
conjugate momenta grows with the order of the expansion
in h and then the Hamiltonian formalism has to be gener-
alized in some way or another [36,37]. This generalization
may affect the quantization process in some nontrivial way
and deserves to be analyzed separately, perhaps along the
lines laid out in Ref. [36].

The noncommutative fields A� and �f are defined by
the ordinary fields (i.e., fields on Minkowski space-time)
a�, the gauge field, and  f, the Dirac fermion—via the
Seiberg-Witten map. We shall understand this map as a
formal series expansion in h:

A��x� � a��x� �
X1
n�1

hnA�n�� ����; @�; a���x�;

�f�x� �  f�x� �
X1
n�1

hn�M�n����; ���; a�; @�� f��x�;

��f�x� � � f�x� �
X1
n�1

hn� �M�n����; ���; a�; @�� � f��x�;

(2.3)

where �M�n����; ���; a�; @�� � f is obtained from
M�n����; ���; a�; @�� f by means of Dirac conjugation.
Although the ordinary gauge field takes values on the Lie
algebra, su�N�, of the group SU�N�, the noncommutative
gauge field defined in Eq. (2.3) takes values on the envel-
oping algebra of su�N�. Both �f�x� and  f�x� belong to
the same vector space. Note that we made a restrictive,
although natural, choice for the general structure of the
Seiberg-Witten maps above: the map for the gauge fields
does not depend on the matter fields and the map for the
fermion fields is linear in the ordinary fermion. Also note
that A�n�� ����; @�; a���x�, M�n����; ���; @�; a��, and
�M�n����; ���; @�; a�� contain n powers of ���. On the other

hand, M�n����; ���; @�; a�� and �M�n����; ���; @�; a�� are
differential operators of finite order:

M�n����;���;a�;@���M�n����;���;a��0�
X2n
s�1

�M�n����;���;a���1			�s
@�1 			@�s ;

�M�n����;���;a�;@���M�n�
���;���;a��0�
X2n
s�1

�M�n�
���;���;a���1			�s
@�1 			@�s :

(2.4)

The symbol 
 in the previous equation stands for complex
conjugation.

Using the results in Ref. [38], it is not difficult to show
that if �0i � 0, i � 1; 2; 3, the Seiberg-Witten map in
Eqs. (2.3) and (2.4) can be appropriately chosen so that
only the first temporal derivative, @0ai, i � 1; 2; 3, of the
ordinary fields ai occurs in the map and that, besides, only
-2
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A�n�0 ��
��; @�; a�� depends on @0ai; this dependence being

linear. For this choice –or rather choices, see next para-
graph—of the Seiberg-Witten map the action in Eq. (2.1)
has a quadratic dependence on @0ai and a linear depen-
dence on @0 at any order in h. Hence, standard
Hamiltonian and path integral methods can be used to
quantize the theory. This is not so if time were
noncommutative.

The Seiberg-Witten map is not uniquely defined. There
is an ambiguity to it [13–15,39–44]. At order h, we shall
choose the form of the map that leads to the noncommu-
tative Yang-Mills models, the noncommutative standard
model, and the noncommutative grand unified theories
models of Refs. [13–15], respectively. Thus we shall take
A�1�� and M�1� in Eq. (2.3) as given by
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A�1�� � �
1

4
�	
fa	; @
a� � f
�g;

M�1� � �
1

2
�	
a	@
 �

i
4
�	
a	a
;

(2.5)
where f���x� � @�a� � @�a� � i�a�; a�� is the commu-
tative field strength.

Several expressions—reflecting the ambiguity issue—
for the Seiberg-Witten map at order h2 have been worked
out in several places [13,39,40,45], but only in Ref. [45]
has the action been computed at second order in h. Here we
shall partially follow Ref. [45] and choose the following
forms for A�2�� and M�2� in Eq. (2.3):
A�2�� �
1

32
�	
����ffa�; @�a	g � ff�	; a�g; @
a�g � 2i�@�a	; @�@
a� � @�f
�� � fa	; f@
f��; a�g � ff��; @
a�g

� f@
a�; @�a�g � fa�; @��@
a� � f
�� �D�f
�gg � 2fa	; ff
�; f��gg � ff	�; fa�; @�a
g � ff�
; a�gg�;

M�2� � �
i
8
�	
�����@�a	 � ia�a	�@
@� � i��@�a	a
 � f�	a
 � a
@�a	 � 2a
f�	 � 2ia	a�a
 � ia	a
a��@��

�
1

32
�	
����2�@�a	 � ia	a��@�a
 � 2i@�a	a�a
 � i��@�a	; a
�; a�� � 4ia
f�	a� � a�a�a	a


� 2a�a	a
a�� �
1

64
�	
����f	
f�� � 4f�	f�
�: (2.6)
Substituting Eqs. (2.5) and (2.6) in Eq. (2.1), one obtains
[45] the following expression for the fermionic part of the
action at second order in h:

SFermi �
XNf
f�1

Z
d4x � f�i 6D� iR6 � iS6 � f; (2.7)

where

6D � ���@� � iA��;

R6 � h�	

�
�

1

4
f	
 6D�

1

2
��f�	D


�
;

S6 � h2���	
���
�

1

16
fD�f�	; f�
g �

1

64
fD�f	
; f��g

�
1

8
f	�f��D
 �

1

4
f	�f
�D� �

1

8
f	
f��D�

�
i
8

D	f
�D�D� �
i
8

D	f��D
D�

�
:

The symbol D� will stand for @� � i�a�; � throughout this
paper.

The action in Eq. (2.7) is invariant under the group
SU�Nf�V � SU�Nf�A �U�1�V �U�1�A of the following
rigid transformations:
 0f0 � �e
�i	aTa

�f0f f;  0f0 � �e
�i	aTa�5�f0f f;

 0f � e�i	 f;  0f � e�i	�5 f:
(2.8)

fTaga are the Hermitian generators of SU�Nf� in the fun-
damental representation and �5 � i�0�1�2�3. According
to the Noether theorem there exist currents which are
classically conserved as a consequence of the symmetry.
That the currents associated to the vectorlike transforma-
tions, SU�Nf�V �U�1�V , are conserved at the quantum
level can be seen by using, for instance, dimensional
regularization. The nonsinglet axial current which comes
with SU�Nf�A is also conserved—at least at the one-loop
level—see Sec. IV. As for the singlet axial current attached
to the U�1�A group, we shall show in the next section that it
is not conserved at the quantum level.

Promoting 	 in the U�1�A transformation in Eq. (2.8) to
an infinitesimal space-time dependent parameter and
working out the variation of SFermi under such local trans-
formation, one obtains

�SFermi �
Z
d4x@�	�x�j

�
5�cn��x�; (2.9)

where the Noether current j�cn��5 is given by
-3
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j�cn��5 �x� �
XNF
s�1

j�cn��5f �x�;

j�cn��5f � � f���5 f � h � f

�
�	


1

4
f	
�� �

1

2
�	���f�	

�
�5 f � h2����	
 � f���5

�
i
8

D	f
�D� �
i
8

D�f	�D


�
i
8

D	f��D
 �
1

8
f�	f
� �

1

4
f	�f
� �

1

8
f	
f��

�
 f � h

2 i
8
����	
�@�� � f�

��5D	f
� f�

� @
� � f�
��5D	f�� f�� � h

2 i
8
�	
��� � f�

��5D	f
�D� f: (2.10)
As usual, we introduce the chiral charge which is defined
by

Q�cn�5 �t� �
Z
d3 ~xj�cn�05 �t; ~x�: (2.11)

This is a classically conserved quantity, whose properties
upon quantization give us significant clues as to the dy-
namics of the quantum theory.

There is an ambiguity in the definition of the Noether
current. Indeed, the current

~j �5 �x� � j�cn��5 �x� �Y��x� (2.12)

would also be a gauge-invariant object that verifies
Eq. (2.9) and would also yield the same chiral charge as
j�cn��5 �x�, if Y��x� were a gauge-invariant quantity that
satisfies

�a�@�Y��x� � 0 and �b�
Z
d3 ~xY0�t; ~x� � 0: (2.13)

The current j�cn��5 �x� is usually called the canonical
Noether current since

j�cn��5 �x� �
X
f

�L
��@� f�

�5 �x�f;

with L being the Lagrangian. Following Refs. [46,47], one
may also relax a bit the constraints on Y� and assume that
@�Y��x� � 0 holds only along the classical trajectories,
while (b) in Eq. (2.13) holds for any field configuration, not
only for those that are solutions to the equations of motion.
Of course, this ~j�5 will not satisfy Eq. (2.9), but it will be a
conserved current such that its associated charge Q�cn�5
generates the action of the chiral transformations on the
fields:

fQ�cn�5 �t�;  �t; ~x�g � ��5 �t; ~x�:

f; g denotes the Poisson brackets. The latter current ~j�5 may
be also called a Noether current.

In connection with the rigid (also called global) chiral
symmetry U�1�A, two currents have been introduced in
noncommutative U�N� gauge theories when defined with-
out resorting to the Seiberg-Witten map. These currents are
��si ? ����5�st�ti and��si ? ��tj����5�ts, where �ti is a
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noncommutative Dirac fermion transforming under the
fundamental representation of U�N�. At the classical level,
these currents are conserved and covariantly conserved,
respectively, as a consequence of the rigid chiral invariance
U�1�A of the action. Further, unlike the current j�cn��5 �x�,
they are local objects in the sense of noncommutative
geometry, for they are ?-polynomials of the noncommuta-
tive fields. For the theory defined by the action in Eq. (2.1),
we have the following analogs of the previous currents

j�np��5 �
XNf
f�1

j�np��5f �x�; j�p��5ij �
XNf
f�1

j�p��5fij �x�;

j�np��5f � ��fsi ? ��
��5�st�fti;

�j�p��5f �ij � ��fsi ? ��ftj����5�ts:

(2.14)

Now, �fti denotes a noncommutative Dirac fermion of our
noncommutative SU�N� theory. The reader may wonder
why we should care about a non-gauge-invariant current
such as

P
i�j
�p��
5f �ii. We shall see in the next section that

computing the quantum corrections to the conservation
equation of the chiral charge associated to it can be done
easily at any order in h and that, as we shall see below, this
charge, even at the quantum level, is the same at any order
in h as the chiral charge of j�np��5f and is also equal to the

chiral charge of j�cn��5f �x�, at least at second order in h.
We shall show next that the currents in Eq. (2.14) are

conserved and covariantly conserved, respectively, at the
classical level and that this conservation comes from the
invariance of the action under some type of transforma-
tions. To do so, we shall need the equation of motion for the
ordinary fermion fields with action S in Eq. (2.1), where the
noncommutative fields are defined by the Eq. (2.3). Under
arbitrary infinitesimal variations of  f and � f, the action S
remains stationary if

�S �
XNf
f�1

Z
d4x�� � f�1�My�i 6D?�f

� ��f 6D?�1�M�� f� � 0:

The symbol My stands for the formal adjoint of M, ob-
tained by Dirac conjugation supplemented with formal
-4
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operator Hermitian conjugation. Taking into account that
�1�M��1 � 1�

P
1
n�1��1�nMn and �1�My��1 � 1�P

1
n�1��1�n�My�n formally exist as expansions in h, one

easily shows that the previous equation is equivalent to

i 6D?�f� f� � 0; i 6D?�f� � f� � 0: (2.15)

These are the equations of motion for  f and � f, whose
left-hand sides are to be understood as formal power ex-
pansions in h. We use the notation 6D?�f �

@� ��f� � f��
� � i ��f� � f� ? A6 . Recall that the noncommu-

tative spinors �f and ��f depend on the ordinary spinors
 f and � f—see Eq. (2.3).

The equations of motion in Eq. (2.15) yield the follow-
ing conservation equations:

@�j
�np��
5 �x� � 0;

X
i

�D�j
�p��
5 �ii�x� � 0: (2.16)

Here D�ij � @��ij � i��A�; �?�ij. The currents in the pre-
vious equation are defined in Eq. (2.14). Note that the
current j�p��5ij is covariantly conserved since it transforms
covariantly under noncommutative gauge transformations.
On the other hand, the current j�np��5 is gauge invariant.

We shall show next that the conservation equations of
Eq. (2.16) are a consequence of the action in Eq. (2.1) being
chiral invariant under rigid transformations. Let us define
the following infinitesimal variations of ��f� f� and
�f� f�:

��f � �i�5�f� f� ? 	; � ��f � �i	 ? ��f� � f��5:

(2.17)

Here 	 is an infinitesimal arbitrary function of x. Note that
for arbitrary 	�x� neither ��f nor � ��f can be obtained by
applying the Seiberg-Witten map in Eq. (2.3) to infinitesi-
mal local variations of the corresponding ordinary fields,
but this has no influence on our analysis. See however that
if 	�x� � 	 � constant, then the variations in Eq. (2.17)
can be obtained by applying the Seiberg-Witten map of
Eq. (2.3) to the rigid chiral transformations of Eq. (2.8).
The variations of the previous equation induce the follow-
ing change of the action in Eq. (2.1).

�S �
Z
d4x

XNf
f�1

�	 ? ��f� � f��5 ? 6D?�f� f�

� ��f� � f� ? 6D?��5�f� f� ? 	��: (2.18)

Now, by partial integration one shows that

�S �
Z
d4x

XNf
f�1

�	 ? ��f� � f��5 ? 6D?�f� f�

� 6D?�f� f� ? �5�f� f� ? 	�:

Next, the right-hand side of equation Eq. (2.18) can be cast
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into the form

�S �
Z
d4x

XNf
f�1

�	 ? ��f� � f��5 ? 6D?�f� f�

� ��f� � f��5 ? � 6D?�f� f�� ? 	

� ��f� � f� ? ���5�f� f�@�	�: (2.19)

By setting 	�x� � 	 � constant in this equation, one
easily shows that S in Eq. (2.1) is invariant under the chiral
transformations of Eq. (2.8). Finally, by combining
Eqs. (2.18) and (2.19), and choosing  f and � f to be
solutions to the equation of motion—see Eq. (2.15)—
one concludes that

Z
d4x

XNf
f�1

� ��f� � f� ? ���5�f� f�@�	� � 0:

We have thus shown that the first identity in Eq. (2.16)
holds as a consequence of the invariance of the action
under rigid chiral transformations. A similar analysis can
be carried out for the transformations

��f � �i�5	 ?�f� f�; � ��f � �i ��f� � f� ? 	�5;

and explain the identityX
i

�D�j
�p��
5 �ii�x� � 0 (2.20)

as a by-product of the rigid chiral invariance of S in
Eq. (2.1). Of course, one can use the previous equation to
introduce a new current, which is conserved, not cova-
riantly conserved. Let ?t denote the Moyal product ob-
tained by changing t for h in Eq. (2.2). Starting from the
identityX

i

��A�; j
�p��
5 �?�ii �

X
i

Z h

0
dt
d
dt
��A�; j

�p��
5 �?t�ii;

one obtainsX
i

��A�;j
�p��
5 �?�ii�@�

�
i
2
��


X
i

Z h

0
dt�fA�;@
j

�p��
5 g?t�ii

�
;

from where it is easily derived that

X
i

�D�j
�p��
5 �ii�x� � @�

 X
i

j�p��5ii �
1

2
��


X
i

�
Z h

0
dt�fA�; @
j

�p��
5 g?u�ii

!
:

Then, one may introduce the current

j�new��5 �
X
i

j�p��5ii �
1

2
��


X
i

Z h

0
dt�fA�; @
j

�p��
5 g?t�ii;

(2.21)

which is conserved if Eq. (2.20) holds. Unfortunately,
-5
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j�new��
5 is not gauge invariant, not even along the classical

trajectories, so one would rather use the currents j�cn��5 and
j�np��5 in Eqs. (2.10) and (2.14) to analyze the properties of
the theory. That j�new��

5 is not gauge invariant can be seen as
follows: Let us express the right-hand side of Eq. (2.21) in
terms of the ordinary fields by using the Seiberg-Witten
map of Eq. (2.5) and let us impose next the equation of
motion of the fermion fields, then

j�new��
5 �

XNf
f�1

j�new��
5f ;

j�new��
5f � � f�

��5 f �
i
2
h�	
D	 f�

��5D
 f

� ih�	
@	 � f���5@
 f

� ih��
@
 � f�
��5@� f

� ih��
@� � f�
��5@
 f � o�h

2�:

(2.22)

The previous expression is not gauge invariant. It can be
seen that the current obtained from Eq. (2.21) by using the
most general Seiberg-Witten map differs from the current
in Eq. (2.22) in gauge-invariant contributions. So changing
the expression of the Seiberg-Witten map does not help in
getting a gauge-invariant j�new��

5 . And yet, for �0i � 0 and
for fields that go to zero fast enough as j ~x j! 1, one can
use

P
i�j
�p��
5 �ii�x� to define a conserved gauge-invariant

charge:

Q�p�5 �t� �
Z
d3 ~xj�p�05 �t; ~x�: (2.23)
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Indeed, in this case

Q�p�5 �t� � Q�np�5 �t�; (2.24)

with

Q�np�5 �t� �
Z
d3 ~xj�np�05 �t; ~x�: (2.25)

To obtain Eq. (2.24) we also have assumed that the fermion
fields are already Grassmann variables in the classical field
theory. We have followed Ref. [47] in making this assump-
tion for it positions us in the right place to start the
quantization of the field theory.

Let us now compute the difference j�cn��5 � j�np��5 with-
out imposing the equation of motion. Taking into account
that

j�np��5f � � f�
��5 f �

i
2
h�	
D	 f�

��5D
 f

�
1

8
h2�	
���D	D� f���5D
D� f

�
i
4
h2�	
���D	 f�

��5f
�D� f

�
1

32
h2�	
��� � f���5�f	
f�� � 4f	�f
�� f

� o�h3�;

one concludes that

j�np��5f � j�cn��5f �Y�
f ; (2.26)

where
Y�
f � �i

h
2
@	��	
 � f���5D
 f� � i

h
2
@	���
 � f�	�5D
 f� � i

h
2
�	��D� f���5D	 f � � f���5D	D� f�

� h2�	
���
�

1

8
@	@�� � f���5D
D� f� �

1

8
@�� � f���5D	fD
;D�g f� �

1

4
@	� � f���5D
D�D� f�

�
1

4
@	� � f���5D�D
D� f�

�
� h2�	
���

�
i
8
@�� � f���5D	f
� f� �

i
8
@
� � f���5D	f�� f�

�

� h2�	
��� � f���5

�
i
8

D	f
�D� �
i
8

D�f	�D
 �
i
8

D	f��D


�
 f

� h2�	
��� � f�
��5

�
�

1

8
f�	f
� �

1

4
f	�f
� �

1

8
f	
f��

�
 f � o�h

3�:

Let us show next that j�np��5 also can be interpreted as a Noether current, although not as the canonical current, if �0i � 0,
i � 1; 2; 3. First, one can prove by explicit computation that Y�

f is conserved along the classical trajectories, which is not
surprising since @�j

�np��
5f �0�@�j

�cn��
5f . Secondly, if �0i � 0, i � 1; 2; 3, then

Y0
f � @iR

i
f;

Ri
f � �i

h
2
�ij � f�0�5Dj f � h2�ij�i

0j0
�
�

1

8
@i0 � f�0�5DjDj0 f �

1

8
� f�0�5Di0 fDj0 ; Djg f

�
1

4
� f�

0�5DjDi0Dj0 f �
1

4
� f�

0�5Di0DjDj0 f

�
:
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Hence, X
f

Z
d3 ~xY0

f �
X
f

Z
d3 ~x@iRi

f � 0;

if the fields go to zero fast enough at spatial infinity. We
thus conclude that, if time is commutative, j�cn��5 and j�np��5
define the same charge, at least up to order h2. Besides, for
commutative time, we saw above that j�p��5 and j�np��5 yield
the same chiral charge at any order in h. We thus come to
the conclusion that for commutative time, and at least up to
order h2, j�cn��5 , j�p��5 , and j�np��5 are such that

Q�cn�5 � Q�np�5 � Q�p�5 :

Q�cn�5 , Q�np�5 , and Q�p�5 have been defined in Eqs. (2.11),
(2.25), and (2.23), respectively. We shall take advantage of
the previous equation to make a conjecture on the form of
the anomalous equation satisfied by the quantum chiral
charge at any order in h—see Sec. V.

To close this section, we shall discuss the consequences
of Q�cn�5 �t� being a constant of motion when we analyze the
evolution of the fermionic degrees of freedom from t �
�1 to t � 1 in the background of a gauge field a��x�.
With an eye on the quantization of the theory, we shall
introduce the following boundary conditions for a��t; ~x� in
the temporal gauge a0�t; ~x� � 0:

ai�t � �1; ~x� � ig�� ~x�@ig
�1
� � ~x�;

jai�t; ~x�j �
c
j ~xj

as j ~xj ! 1; i � 1; 2; 3:
(2.27)

g�� ~x� is a element of SU�N� for every ~x and
g��j ~x j� 1� � e—e being the identity of SU�N�. These
boundary conditions arise naturally in the quantization of
ordinary gauge theories when topologically nontrivial con-
figurations are to be taken into account [48,49]. The bound-
ary condition g��j ~x j� 1� � e makes possible the
classification of the maps g�� ~x� in equivalence classes
which are elements of the homotopy group �3�SU�N��.
At t � �1 the ordinary gauge field yields pure gauge
fields a�i � ~x� with well-defined winding numbers, n�, given
by

n� �
i

24�2

Z
d3 ~x�ijk Tr�a�i a

�
j a
�
k �: (2.28)

The reader should note that by keeping the same boundary
conditions for the ordinary fields a� in the noncommuta-
tive theory as in the corresponding ordinary gauge theory,
we are assuming that the space of noncommutative fields is
obtained by applying the Seiberg-Witten map—under-
stood as an expansion in powers of h—to the space of
gauge fields of ordinary gauge theory. At least for U�N�
groups, this approach misses [50] some topologically non-
trivial noncommutatative gauge configurations [51], and it
is not known whether it is possible to modify the boundary
conditions for the ordinary fields so as to iron out this
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problem. Here, we shall be discussing the evolution of
the fermionic degrees of freedom given by the action in
Eq. (2.1) in any noncommutative gauge field background
which is obtained by applying the �-expanded Seiber-
Witten map to a given ordinary field belonging to the space
of gauge fields of ordinary gauge theory. For SU�N�
groups, this is interesting on its own, but, as with U�N�
groups, it might not be the end of the story.

From Eqs. (2.10), (2.11), and (2.27), we conclude that,
up to second order in h, we have

Q�cn�5 �t � �1� �
X
f

Z
d3 ~x yf �t � �1; ~x�

� �5 f�t � �1; ~x�:

Recall that Q�cn�5 �t� is a gauge-invariant object so that the
choice of gauge has no influence on its value. Here we have
chosen the gauge a0�x� � 0. In the quantum field theory,
the right-hand side of the previous equation yields the
difference between the fermion number n�R of asymptotic
right-handed fermions and the fermion number n�L of
asymptotic left-handed fermions. Hence, if Q�cn�5 �t� were
conserved upon second quantization, the following equa-
tion would hold in the quantum field theory:

0 � Q�cn�5 �t � 1� �Q�cn�5 �t � �1�

� �n�R � n
�
R � � �n

�
L � n

�
L �: (2.29)

We saw above—see discussion below Eq. (2.8)—that the
vector U�1�V symmetry of the classical theory survives
renormalization. So, in the quantum theory we have

0 � Q�cn��t � 1� �Q�cn��t � �1�

� �n�R � n
�
R � � �n

�
L � n

�
L �: (2.30)

The reader should notice that Q�cn��t� can be obtained from
Q�cn�5 �t� by stripping the latter of its �5 matrix. Now, by
combining Eqs. (2.29) and (2.30), we would reach the
conclusion that in the presence of a background field
satisfying the boundary conditions in Eq. (2.27), if we
prepare a scattering experiment where we have nR right-
handed fermions at t � �1, there will come out nR right-
handed fermions at t � �1. The same analysis could be
carried out independently for left-handed fermions, reach-
ing an analogous conclusion. The conclusions just dis-
cussed are a consequence of the fact that in the massless
classical action right-handed fermions are not coupled left-
handed fermions. However, as we shall see below, quantum
corrections, when computed properly, render Eq. (2.29)
false, if the difference of winding numbers n� � n� does
not vanish. Thus, quantum fluctuations introduce a cou-
pling between right-handed and left-handed fermions.
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C. P. MARTÍN AND C. TAMARIT PHYSICAL REVIEW D 72, 085008 (2005)
III. ANOMALOUS U�1�A CURRENTS

This section is devoted to the computation of the one-
loop anomalous contributions to the classical conservation
equationsX

i

�D�j
�p��
5 �ii�x� � 0; @�j

�np��
5 �x� � 0;

@�j
�cn��
5 �x� � 0:

(3.1)

The currents j�p��5 , j�np��5 , and j�cn��5 are given in Eqs. (2.14)
and (2.10). The anomalous contributions to the first con-
servation equation in Eq. (3.1) will be computed at any
order in h, whereas the anomalous contribution to the
remaining equalities in Eq. (3.1) will be worked out only
up to second order in h2. To carry out the computations we
shall use dimensional regularization and its minimal sub-
traction (MS) renormalization algorithm as defined in
Refs. [52,53]—see also Ref. [54] and references therein;
for a brief list of identities see Appendix B. Hence, our �5

in D dimensions will not anticommute with ��. The di-
mensionally regularized ��� will be defined as an intrinsi-
cally ‘‘four-dimensional’’ antisymmetric object:

��� � ����; ���ĝ�� � 0: (3.2)

Before we plunge into the actual computations, we need
some definitions and equalities that hold in dimensional
regularization. Let hO�a�;�f; ��f�i

�A� be the vacuum ex-
pectation value (v.e.v.) of the operator O�a�;�f; ��f� in
the noncommutative background A� as defined by

hO�a�;�f; ��f�i
�A� �

1

Z�A�

Z Y
f

d fd � fO�a�;  f; � f�

� eiS��f; ��f;A�DR
Fermi : (3.3)

The partition function Z�A� reads

Z�A� �
Z Y

f

d fd � fe
iS��f; ��f;A�DR

Fermi : (3.4)

In the two previous equations, S��f; ��f; A�
DR
Fermi denotes

the fermionic part of the action in Eq. (2.1) in the
‘‘D-dimensional’’ space-time of dimensional regulariza-
tion, i.e.,

S��f; ��f; A�DR
Fermi �

XNf
f�1

Z
dDx ��f ? i 6D?�f: (3.5)

The noncommutative fields A�, �f, and ��f are given by
the Seiberg-Witten map of Eq. (2.3) with objects defined in
the D-dimensional space-time of dimensional regulariza-
tion. Next, by changing variables from � f; � f� to
��f; ��f� in the path integrals in Eqs. (3.3) and (3.4), we
conclude that the following string of equalities hold in
dimensional regularization:
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hO�a�;�f; ��f�i
�A� �

1

Z�A�

Z Y
f

d�fd ��f det�1�M�

� det�1� �M�O�a�;�f; ��f�

� eiS��f; ��f;A�DR
Fermi

�
1

Z�A�

Z Y
f

d�fd ��fO�a�;�f; ��f�

� eiS��f; ��f;A�DR
Fermi : (3.6)

The operators M and �M are equal, respectively, to the
formal power expansions in h,

P
nh

nM�n����;���;a�;@��,
and

P
nh

n �M�n����;���;a�;@��, which are given in
Eq. (2.3), but with objects defined as D-dimensional
Lorentz covariants. Note that the last equality in Eq. (3.6)
is a consequence of the fact that in dimensional regulari-
zation we have

det�1�M� � det�1� �M� � 1:

Of course, in dimensional regularization, we also have

Z�A� �
Z Y

f

d�fd ��fe
iS��f; ��f;A�DR

Fermi ; (3.7)

if Z�A� is as defined in Eq. (3.4). To simplify the calcu-
lations as much as possible, we shall compute the anoma-
lous contributions to the three classical conservation
equations in Eq. (3.1) keeping in the computation the
ordering dictated by the latter equation.

A. Anomalous Ward identity for j�p��5

The variation of S��f; ��f; A�
DR
Fermi in Eq. (3.1) under the

chiral transformations

��f � �i�5	 ?�f; � ��f � �i ��f ? 	�5

reads

�SDR
Fermi � �

Z
dDx

"X
i

�D�j
�p��
5 �ii�x� � 2

X
f

�D��f�si

? ��fti��̂��5�ts

#
	�x�:

This result and the invariance of Z�A� in Eqs. (3.7) under
the previous transformations leads toX
i

�D�hj
�p��
5 i�A��ii � �2

X
f

h�D��f�si ? ��ti��̂
��5�tsi

�A�:

(3.8)

The v.e.v. in the noncommutative background A�, h	 	 	i�A�,
is defined by the last line of Eq. (3.6). Always recall that
this definition is equivalent to the definition in Eq. (3.3), if
dimensional regularization is employed. Note that the
-8
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right-hand side of Eq. (3.8) contains an evanescent opera-
tor—see Ref. [55], page 346—so it will naı̈vely go to zero
as D! 4, yielding a covariant conservation equation. And
yet, this evanescent operator will give a finite contribution
when inserted in a divergent loop. This is how the anoma-
lies come about in dimensional regularization.

The minimal subtraction scheme algorithm [52,53,55]
applied to both sides of Eq. (3.8) leads to a renormalized
equation in the limit D! 4:
p

p- qi

q 1

q 2

q n

2

1

n

(a)

q 0

Σ

µ

µ

µ

FIG. 1. Diagrams that give the
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X
i

�D�hj
�p��
5 i�A�MS�ii � �2

X
f

h�D��f�si ? ��ti��̂
��5�sti

�A�
MS:

(3.9)

The Feynman diagrams that yield the right-hand side of
Eq. (3.8) are given in Fig. 1.

With the help of the Feynman rules in Appendix A, we
conclude that the Feynman diagram in Fig. 1(a) represents
the following Feynman integral
A n � Nf
2��1�n

n!
e
�i=2�h

P
i>j

qiqj
TrA�1

�q1�A�2
�q2� . . .A�n

�qn�

�
Z dDp
�2��D

tr
�5

^6p 6p��1�6p� 6q1��
�2�6p� 6q1 � 6q2� . . .��n�6p�

P
6qi�

p2�p� q1�
2�p� q1 � q2�

2 . . . �p�
P
qi�

2 : (3.10)

The Feynman diagram in Fig. 1(b) yields the following Feynman integral

B n � Nf
2��1�n

n!
e
�i=2�h

P
i>j

qiqj
TrA��q0�A�1

�q1�A�2
�q2� . . .A�n

�qn�

�
Z dDp
�2��D

tr

�5�̂
� 6p��1�6p� 6q1��

�2�6p� 6q1 � 6q2� . . .��n�6p�
P
�i>1�

6qi�

p2�p� q1�
2�p� q1 � q2�

2 . . . �p�
P
�i>1�

qi�
2 : (3.11)
In Eqs. (3.10) and (3.11) we have used qi  qj as shorthand
for ���q�iq�j. Note that from the point of view of its ���

dependence the diagrams in Fig. 1 are planar diagrams.
Hence, no loop momenta is contracted with ��� in the
corresponding Feynman integrals. This feature of the dia-
grams contributing to the right-hand side of Eq. (3.8)
makes feasible their computation at any order in h. Let
us remark that in keeping with the general strategy adopted
in this paper the exponentials involving h��� are always
understood as given by their expansions in powers of h.

The technical details of the computation of the right-
hand side of Eq. (3.9) from the Feynman integrals in
Eqs. (3.10) and (3.11) are given in Appendix E. The final
result is

X
i

�D�hj
�p��
5 i�A�MS�ii �

Nf
16�2 �

�1�2�3�4 TrF�1�2
? F�3�4

:

(3.12)
This equation looks like the corresponding equation for
U�N� groups—see Eq. (9b) in Ref. [26]. This similarity
comes from the fact that in both cases no loop momenta is
contracted with ���, and currents and interaction vertices
are the same type of polynomials with respect to the Moyal
product. However, there are two striking differences. First,
the theory in Ref. [26] need not be defined by means of the
Seiberg-Witten map, but the theory considered in this
paper is unavoidably constructed by using the Seiberg-
Witten map. Secondly, the object F�1�2

belongs to the
Lie algebra of U�N� in the theory of Ref. [26], whereas it
belongs to the enveloping algebra of SU�N�, not to its Lie
algebra, in the case studied here.

Equation (3.12) leads to the conclusion that, at least at
the one-loop level, the classical conservation equation for
j�p��5 in Eq. (3.1) should be replaced withX

i

�D�N�j�p��5 �MS�ii �
Nf
8�2 TrF�1�2

? ~F�3�4
; (3.13)
p

p- qi

q 1

q 2

q n

2

1

n

(b)

Σ

µ

µ

µ

right-hand side of Eq. (3.8).
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where N� �MS denotes normal product of operators in the
MS scheme [53,55] and ~F�1�2 � 1

2 �
�1�2�3�4F�3�4

.
Equation (3.13) tell us that for commutative time, i.e.,
�0i � 0, the chargeQ�p�5 is no longer conserved but verifies
the following anomalous equation

Q�p�5 �t � �1� �Q
�p�
5 �t � �1�

�
Nf
8�2

Z
d4xTrF�1�2

? ~F�3�4
: (3.14)

The charge Q�p�5 �t� was defined in Eq. (2.23). To obtain the
left-hand side of the previous equation, we have integrated
the left-hand side of Eq. (3.13) and assumed that the fields
vanish fast enough at spatial infinity so as to make the
following identityZ

d3 ~x��1 ?�2��t; ~x� �
Z
d3 ~x�1�t; ~x��2�t; ~x�

valid for ��� such that �0i � 0. This choice of asymptotic
behavior is standard in noncommutative field theory [9–
11] and renders the kinetic terms of the fields in ordinary
and noncommutative space-time equal.

Using the techniques in [38], it is not difficult to show
that Z

d4xTrF�1�2
? ~F�3�4

�
Z
d4xTrf�1�2

~f�3�4
;

at least for the boundary conditions in Eq. (2.27). This
equation was obtained for the U�1� gauge group in
Ref. [56]. Now, by combining the previous equation with
Eq. (3.14), and then using the temporal gauge and the
boundary conditions in Eq. (2.27), one concludes that

Q�p�5 �t � �1� �Q
�p�
5 �t � �1�

�
Nf
8�2

Z
d4xTrf�1�2

~f�3�4
� 2Nf�n� � n��:

(3.15)

The integers n� are defined in Eq. (2.28).

B. Anomalous Ward identity for j�np��5

The variation of S��f; ��f; A�DR
Fermi in Eq. (3.5) under the

chiral transformations
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��f � �i�5�f ? 	; � ��f � �i	 ? ��f�5

reads

�SDR
Fermi � �

Z
dDx

"
�@�j

�np��
5 ��x� � 2

X
f

� ��f

? �̂��5�5�f��x�

#
	�x�:

Now, Z�A� in Eq. (3.7) is invariant under the previous chiral
transformations. That �Z�A� � 0 and that �SDR

Fermi be given
by the previous expression leads to

@�hj
�np��
5 i�A��x� � 2

X
f

h ��f ? �̂��5D��fi
�A��x�: (3.16)

The v.e.v. in the noncommutative background A, h	 	 	i�A�, is
defined by the last line of Eq. (3.6), which in dimensional
regularization is equivalent to the original definition in
Eq. (3.3). Note that either side of Eq. (3.16) is invariant
under SU�N� gauge transformations of a�; here the MS
scheme algorithm of dimensional regularization will yield
a gauge-invariant result when applied to either side of that
equation.

The right-hand side of Eq. (3.16) contains an evanescent
operator, which upon MS dimensional renormalization
will give a finite contribution when inserted in UV diver-
gent fermion loops. In this subsection we will compute this
finite contribution up to second order in h.

The Feynman integrals that yield the right-hand side of
Eq. (3.16) at order hn can be worked out by extracting the
contribution of this order coming from the ‘‘master’’
Feynman diagrams in Fig. 2. The dimensionally regular-
ized object that these diagrams represent can be obtained
by using the Feyman rules in Appendix A. In these rules
and in all our expressions the exponentials ei�h=2�k1k2 , with
k1  k2 � ���k1�k2�, are actually shorthand for their se-
ries expansions

P
1
n�0

inhn
2nn! �k1  k2�

n.
The master Feynman diagram in Fig. 2(a) represents the

following object:
Fn � Nf
2��1�n�1

n!
e
�i=2�h�

P
i>j

qiqj�

TrA�1
�q1�A�2

�q2� . . .A�n
�qn�

X1
m�0

imhm

m!

Z dDp
�2��D

�X
k

p  qk

�
m

� tr

�5 ^6p 6p��1�6p� 6q1���2�6p� 6q1 � 6q2� . . .��n�6p�
P
i
6qi�

p2�p� q1�
2�p� q1 � q2�

2 . . . �p�
P
i
qi�

2 : (3.17)
The master Feynman diagram in Fig. 2(b) corresponds to the expression that follows:
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p

p- qi

q 1

q 2

q n

2

1

n

(a)

p

p- qi

q n+1

q 1

q 2

q n

2

1

n

(b)

Σ

µ

µ

µ

µ

µ

µ

Σ

FIG. 2. Diagrams that give the right-hand side of Eq. (3.16).
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Gn � Nf
2��1�n�1

n!
e
�i=2�h�

P
i>j

qiqj�

TrA��qn�1�A�1
�q1�A�2

�q2� . . .A�n
�qn�

X1
m�0

imhm

m!

Z dDp
�2��D

�X
k

p  qk

�
m

� tr

�5�̂� ^6p 6p��1�6p� 6q1���2�6p� 6q1 � 6q2� . . .��n�6p�
P

�i<n�1�

6qi�

p2�p� q1�
2�p� q1 � q2�

2 . . . �p�
P

�i<n�1�

qi�2
: (3.18)
At first order in h, we shall work out every Feynman
diagram giving, in the D! 4 limit, a nonvanishing con-
tribution to the right-hand side of Eq. (3.16). To make this
computation feasible at order h2, we will take advantage of
the gauge invariance of the result and compute explicitly
only the minimum number of Feynman diagrams needed.

We shall denote by 2
P
fh

��f ? �̂��5D��fi
�A�
MS the re-

normalized object obtained by applying to the right-hand
side of Eq. (3.16) the minimal subtraction algorithm of
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dimensional regularization. This object is to be understood
as an expansion in h:

2
X
f

h ��f ? �̂��5D��fi
�A�
MS �A�0� � hA�1� � h2A�2�

� o�h3�: (3.19)

The technical details of the computations are given in
Appendix F; the results turn out to be the following:
A�0� �
Nf
8�2

Z
d4xTrf�1�2

~f�3�4
; A�1� � 0; A�2� � @�X

�;

X� �
Nf

96�2 �
�1�2�3�4��	��� Tr

�
�

1

4
D�f�1�3

D	D�f�2�4
� if�1�3

D�f�2�4
f�	 �

i
4

D	f��f�1�2
f�3�4

� iD	f�1�2
f��f�3�4

�
�

Nf
96�2 �

�1�2�3�4f��g����g��TrD�

�
�

1

4
�2D�D�f�1�3

f�2�4
�D�f�1�3

D�f�2�4
�

� if��1
f��2

f�3�4

�
: (3.20)
Let us remark that X� is a gauge-invariant quantity.
Finally we conclude:

@�hj
�np��
5 i�A�MS�x� �

Nf
8�2 Trf�1�2

�x�~f�3�4
�x�

� h2@�X��x�: (3.21)

The subscript MS signals the fact that the previous equa-
tion has been computed by applying the minimal subtrac-
tion algorithm of dimensional regularization [52,53,55] to
both sides of Eq. (3.16). Equation (3.21) shows that the
classical conservation equation in Eq. (2.16) no longer
holds at the quantum level and should be replaced with
@�N�j
�np��
5 �MS�x� �

Nf
8�2 Trf�1�2

�x�~f�3�4
�x�

� h2@�X��x�: (3.22)

WhereN�j�np��5 �MS�x� is the normal product operator—see
[53,55]—obtained from the regularized current j�np��5 �x�
by MS renormalization. However, the term @�X

��x� is not
an anomalous contribution since, as a consequence of the
gauge invariance of X��x�, we may introduce a new re-
normalized gauge-invariant current

J �np��
5 �x� � N�j�np��5 �MS�x� � h2X��x�; (3.23)

which verifies the standard U�1�A anomaly equation. Note
-11



C. P. MARTÍN AND C. TAMARIT PHYSICAL REVIEW D 72, 085008 (2005)
that, for �0i � 0, N�j�np��5 �MS�x� and J �np��5 �x� lead to the
same renormalized charge Q�np�5 , at least up to order h2.
Indeed, if time commutes X0�x� � 0. By employing the
temporal gauge a0�x; t� � 0, integrating both sides of
Eq. (3.22) over all values of x and taking into account the
boundary conditions in Eq. (2.27), one gets

Q�np�5 �t � �1� �Q�np�5 �t � �1�

�
Nf
8�2

Z
d4xTrf�1�2

�x�~f�3�4
�x�

� 2Nf�n� � n��: (3.24)

n� are defined in Eq. (2.28). To obtain the left-hand side of
the previous equation, we have assumed that the fields go
to zero fast enough as j ~xj ! 1 so as to make sure that there
are no surface contributions at spatial infinity. Note that

Z
d3 ~x @iX

i�x� � 0;

even for gauge fields that vanish as 1=j ~xj when j ~xj ! 1.
Equation (3.24) looks suspiciously similar to Eq. (3.15).

They are actually the same equation. Indeed, in the MS
scheme, as we shall show below, the quantum charges
Q�p�5 �t� and Q�np�5 �t� are equal if �0i � 0. To show that
Q�p�5 �t� � Q�np�5 �t�, we shall need some properties of the
MS normal product operation—see Ref. [53,55]—that we
recall next. Let N� �MS denote the MS normal product
operation acting on monomials of the fields and their
derivatives, then

N�c1O1 � c2O2� MS � c1N�O1�MS � c2N�O2�MS;

N�@�O��MS � @�N�O�� MS;

N����O���MS � ���N�O���MS;
(3.25)

where c1, and c2 are numbers which do not depend on D
and O1, O2, O�, and O�� are monomials of the fields and
their derivatives. It is clear that in dimensional regulariza-
tion

j�np��5 � j�p��5 �
X
f

X
i

��fsi; ��fti�?����5�st;

and that

X
f

X
i

��fsi; ��fti�? � @�

"
i
2
��


X
i

Z h

0
dt

� �f�fsi; @
 ��ftig?t�ii

#
:
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Now, upon using the Seiberg-Witten map, the right-hand
side of this equation is an infinite sum of monomials of the
ordinary fields and their derivatives with coefficients not
depending on D. Then, taking into account Eq. (3.25) and
the equations below it, one concludes that
N�j�np��5 �MS � N�j�p��5 �MS � @i�
i�
X
m

N�O�m��st����5�st�MS:

(3.26)
O�m��st are the monomials of the ordinary fields and their
derivatives we have just mentioned and m collects all the
indices needed to label them. In the previous equation we
have already used the equality �0i � 0. Setting � � 0 and
integrating over all values of ~x, leads to
Q�np�5 �t� �
Z
d3 ~xN�j�np�05 �MS� ~x; t� �

Z
d3 ~xN�j�p�05 �MS� ~x; t�

� Q�p�5 �t�:
Note that the integral of the second term on the right-hand
side of Eq. (3.26) vanishes for fields that decrease suffi-
ciently rapidly as j ~xj ! 1.

C. Anomalous Ward identity for j�cn��5

In this subsection we shall compute @�hj
�cn��
5 i�A� in the

MS scheme of dimensional regularization at second order
in h2. To carry out this calculation we shall employ the
results obtained for j�np��5 in the previous subsection. To do
so, let us find first the relation between the two currents at
hand in the dimensionally regularized theory. For the time
being, j�cn��5 will denote the natural dimensionally regular-
ized current obtained from its four-dimensional counter-
part in Eq. (2.10). This j�cn��5 is given by an expression
which is exactly the expression displayed in Eq. (2.10)
provided the objects that make it up live in the
‘‘D-dimensional space-time’’ of dimensional regulariza-
tion. The object ��� in dimensional regularization was
defined in Eq. (3.2) as an intrinsically four-dimensional
object. We shall use the same symbol for the current j�np��5
and for its dimensionally regularized counterpart, the con-
text will tell us clearly for what the symbol stands. The
difference between the dimensionally regularized currents
j�cn��5 and j�np��5 is given by the following equations:
j�cn��5 � j�np��5 �Y�; (3.27)
where
-12
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Y� �
X
f

�
�i

h
2
@	��

	
 � f�
��5D
 f� � i

h
2
@	��

�
 � f�
	�5D
 f� � i

h
2
�	��D� f�

��5D	 f � � f�
��5D	D� f�

� h2�	
���
�
�

1

8
@	@�� � f�

��5D
D� f� �
1

8
@�� � f�

��5D	fD
;D�g f� �
1

4
@	� � f�

��5D
D�D� f�

�
1

4
@	� � f���5D�D
D� f�

�
� h2�	
���

�
i
8
@�� � f���5D	f
� f� �

i
8
@
� � f���5D	f�� f�

�

� h2�	
��� � f�
��5

�
i
8

D	f
�D� �
i
8

D�f	�D
 �
i
8

D	f��D


�
 f � h

2�	
��� � f�
��5

�

�
�

1

8
f�	f
� �

1

4
f	�f
� �

1

8
f	
f��

�
 f

�
� o�h3�: (3.28)
In the previous equation all objects live in the
D-dimensional space-time of dimensional regularization.
It was shown long ago [52] that the equations of motion
holds in the dimensionally regularized theory. Using the
equations of motion and Eqs. (3.28), one gets that

@�Y� � @�X̂
�;

where

X̂ � �
X
f

�
�ih���� � f�̂

��5D�D� f�

� h2����	

�
�
i
2

� f�̂��5D��f�	D
 f�

�
1

4
@
� � f�̂��5D	D�D� f�

�
i
4

� f�̂
��5f	�D
D� f

�
i
4

� f�̂
��5f
	D�D� f

�
i
8

� f�̂��5D�f
	D� f

��
: (3.29)

Note that at variance with the result for the classical theory,
the dimensionally regularized difference @�j

�cn��
5 �

@�j
�np��
5 � @�Y� does not vanish upon imposing the

equation of motion. The operator @�X̂
� is an evanescent

operator –it vanishes as D! 4—so it may yield—and,
085008
indeed, it will—a D! 4 finite contribution when inserted
into an UV divergent fermion loop. In summary, quantum
corrections will make @�hj

�cn��
5 i�A�MS different from the re-

normalized @�hj
�np��
5 i�A�MS. Let us work out this difference.

Since X̂� is an invariant quantity under SU�N� gauge
transformations, it so happens that the MS renormalized
@�hX̂

�
i�A�MS is equal to a @�A�cn��, with A�cn�� being a

gauge-invariant function of a� and its derivatives. A�cn��

has mass dimension equal to 3. To compute @�A�cn��, we
shall follow the strategy used in the computation of A�2�

and explained in the Appendix F. We shall thus use gauge
invariance and the result obtained by explicit computation
of appropriate Feynman diagrams to reconstruct
@�A�cn��.

Let us introduce some more notation and denote by
A�cn��1� and A�cn��2� the o�h� and o�h2� contributions to
@�A

�cn��. Then,

@�hX̂
�
i�A�MS � @�A

�cn�� � hA�cn��1� � h2A�cn��2�:

(3.30)

The diagrams that need to be computed in order to calcu-
late A�cn��1� and A�cn��2� using locality and gauge invari-
ance are the ones displayed in Figs. 3 and 4, respectively.

The calculations constitute the content of Appendix G.
The results obtained are the following:
A�cn��1� � 0; A�cn��2� � @
Z

;

Z
 � �
Nf

1536�2 �
	
�����1�2�3�4 Tr�2D	D�f�1�3

D�f�2�4
� 10iD�f�1�3

f�	f�2�4
� 2iD�f�1�3

f�2�4
f�	

� iD	f�1�2
f��f�3�4

� iD	f�1�2
f�3�4

f��� �
Nf

512�2 �
	
�����1�2�3�4g	�g�� Tr@��2D�D�f�1�3

f�2�4

�D�f�1�3
D�f�2�4

� 4if��2
f��3

f�1�4
�: (3.31)

Finally, taking into account Eqs. (3.27), (3.30), and (3.31) one comes to the conclusion that

@�hj
�cn��
5 �x�i�A�MS � @�hj

�np��
5 �x�i�A�MS � h2A�cn��2� � 0: (3.32)

Let N�j�cn��5 �MS�x� and N�j�np��5 �MS�x� be renormalized operators—called normal products [53,55]—constructed by MS
-13
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FIG. 3. Diagram that contributes A�cn��1� in Eq. (3.30).
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renormalization from the dimensionally regularized cur-
rents j�cn��5 �x� and j�np��5 �x�, respectively. Then, the pre-
vious equation shows that the difference between
N�j�cn��5 �MS�x� and N�j�np��5 �MS�x� is an operator, say
N�Y��, which does not verify @�N�Y��MS�x� � 0, even
upon imposing the equations of motion. This is in contra-
diction to the classical case. And yet, as we shall see below,
both currents, defined in terms of normal products, yield, if
�0i � 0, the same chiral charge up to order h2. But first, let
p

q 1

q2

µ 1

µ 2

p
q 1

q3

µ 1

µ 3

q 2µ 2

p
q 1µ 1

q2µ 2

p

q1

p
q 1µ 1

q2µ 2

q3µ 3

p

q1

p

q 1

q2

µ 1

µ 2

q3µ 3

FIG. 4. Diagrams that yiel
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us see that the ���-dependent contributions in Eq. (3.32)
are not anomalous contributions, but finite renormaliza-
tions of the current N�j�cn��5 �x��. Indeed, Eqs. (3.32) and
(3.22) lead to

@�N�j
�cn��
5 �MS�x� �

Nf
8�2 Trf�1�2

�x�~f�3�4
�x�

� h2@�X
��x� � h2@
Z


;

where X��x� and Z
 are the gauge-invariant vector fields
in Eqs. (3.20) and (3.31), respectively. Then, we introduce a
new current, say J �cn��5 , defined as follows

J �cn��
5 �x� � N�j�cn��5 �MS�x� � h

2X��x� � h2Z��x�:

(3.33)

This new current is to be understood as a finite renormal-
ization of N�j�cn��5 �MS�x�, and satisfies the ordinary U�1�A
anomaly equation:
q 2µ 1

q3µ 2

p

q1

q 2µ 1

q3µ 2

p

q 1

q3

µ 1

µ 3

q 2µ 2

p
q 1

q3

µ 1

µ 3

q 2µ 2

p
q 1

q3

µ 1

µ 3

q 2µ 2

q 2

q3

µ 1

µ 2

p

q 1

q2

µ 1

µ 2

d A�cn��2� in Eq. (3.30).
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@�J
�cn��
5 �x� �

Nf
8�2 Trf�1�2

�x�~f�3�4
�x�: (3.34)

It is plain that X0 � 0 � Z0, if �0i � 0. Hence, if time is
commutative both J �cn��5 �x� andN�j�cn��5 �MS�x� give rise to
the same chiral charge Q�cn�5 . Integrating both sides of
Eq. (3.34) over all values of x, one concludes that, unlike
its ordinary counterpart, the quantum Q�cn�5 is no longer
conserved in the presence of topologically nontrivial field
configurations:

Q�cn�5 �t � �1� �Q�cn�5 �t � �1�

�
Nf
8�2

Z
d4xTrf�1�2

~f�3�4
� 2Nf�n� � n��:

(3.35)

The integers n� are defined in Eq. (2.28). To obtain the
result in the far right of the previous equation we have used
the temporal gauge a0�x� � 0 and the boundary conditions
in Eq. (2.27). Again, Eq. (3.35) is the spitting image of
Eq. (3.24). This is no wonder since, as we shall see next, the
MS renormalized Q�cn�5 �t� and Q�np�5 �t� agree up to second
order in h, at the least. Using the identities in Eq. (3.25),
one can show that the following equations hold for �0i � 0:

N�j�cn�05 �MS � N�j
�np�0
5 �MS � @iRi:

Ri denotes the operator

�i
h
2
�ijN� � �0�5Dj �MS

� h2�ij�i
0j0
�
�

1

8
@i0N� � �0�5DjDj0 �MS

�
1

8
N� � �0�5Di0 fDj0 ; Djg �MS

�
1

4
N� � �0�5DjDi0Dj0 �MS

�
1

4
N� � �o�5Di0DjDj0 �MS

�
� o�h3�:

Then,

Q�cn�5 �
Z
d3 ~xN�j�cn�05 �MS

�
Z
d3 ~xN�j�np�05 �MS �

Z
d3 ~x@iRi � Q�np�5 � o�h3�:

We have assumed that the fields go sufficiently rapidly to
zero at spatial infinity so that the last integral vanishes.
IV. NONSINGLET CHIRAL CURRENTS ARE
ANOMALY FREE

The SU�Nf�A canonical Noether current, i.e., the ca-
nonical nonsinglet chiral current, reads
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j�cn�a�5 �
X
ff0

� fHTaff0 f0 ;

where H is the object that is left after removing from j�
�cn�

in Eq. (2.10) the fields � f and  f. We also have the non-

singlet current j�np�a�5 which is the analog of the singlet
current j�np��5 in Eq. (2.14):

j�np�a�5 �
X
ff0

��fTaff0�5 ?�f0 :

These two nonsinglet currents are divergenceless classi-
cally since the classical theory has the SU�Nf�A symmetry
in Eq. (2.8). The dimensionally regularized currents con-
structed from j�cn�a�5 and j�np�a�5 above verify the following
equations

@�hj
�cn�a�
5 i�A� � @�hj

�np�a�
5 i�A� � @�X̂

a�
�ns�;

@�hj
�np�a�
5 i�A� � 2

X
ff0
h ��f ? Taff0�̂

a��5D��f0 i
�A�:

(4.1)

Here, X̂a�
�ns� �

P
ff0

� fKTaff0 f0 . K is obtained by strip-
ping � f and  f off the right-hand side of Eq. (3.29). Now,
since the kinetic terms and vertices of our noncommutative
theory are in flavor space proportional to the identity, it is
clear that the contributions to the right-hand side of the
equalities in Eq. (4.1) can be obtained from the correspond-
ing singlet contributions by multiplying them by TrTa—
see Eqs. (3.19), (3.20), and (3.29) and diagrams in Figs. 1–
3. But, TrTa � 0, so that

@�hj
�cn�a�
5 i�A� � 0; @�hj

�np�a�
5 i�A� � 0:

We have thus shown that, at least at the one-loop level and
second order in h, the quantum nonsinglet currents of the
SU�Nf�A classical symmetry of the theory are anomaly
free.
V. SUMMARY AND CONCLUSIONS

In this paper we have obtained, at the one-loop level and
second order in ���, the anomaly equation for the canoni-
cal Noether current—j�cn��5 in Eq. (2.10)—of the classical
U�1�A symmetry of noncommutative SU�N� gauge theory
with massless fermions. Throughout this paper the physical
��� has been considered to be of ‘‘magnetic’’ type: �i0 �
0. We have shown that the current j�cn��5 can be renormal-
ized to a current—J �cn��5 in Eq. (3.33)—such that the
anomalous contribution to the fourdivergence of the latter
is just the ordinary anomaly. This is a highly nontrivial
result since, a priori, there are ���-dependent candidates to
the U�1�A anomaly such as
-15
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�����1�2�3�4 Tr�f��1
f�2�3

f��4
�;

�	
�����1�2�3�4 Tr�f�1�2
f�3�4

f	�f
��; etc:

We have shown that all these would-be anomalous contri-
butions neatly cancel among themselves—see Eqs. (F9),
(F20), and (F25). We have also studied the anomaly equa-
tion for other noncommutative currents that are classically
(covariantly) conserved as a consequence of the U�1�A
invariance of the classical action. These currents go under
the names of j�p��5 and j�np��5 and their (covariant) four-
divergences in the MS scheme are given in Eqs. (3.13) and
(3.22). Classically, the current j�np��5 is also a Noether
current, for it is related with the canonical Noether current
j�cn��5 by Eq. (3.26)—see also Eq. (2.12). This relationship
does not hold for the MS renormalized currents. However,
at the one-loop level, we have been able to introduce a
current—J �np��5 in Eq. (3.23)—which is obtained by non-
minimal renormalization of j�np��5 and whose difference
with J �cn��5 is a certain Y� satisfying the criteria in
Eq. (2.13).

We also have shown that, at least up to second order in
���, all the U�1�A currents considered above yield the
same chiral charge, say Q�cn�5 �t�, if �0i � 0. Of course,
this classically conserved charge is not conserved at the
quantum level, but verifies the following equation:

Q�cn�5 �t � �1� �Q�cn�5 �t � �1�

�
Nf
8�2

Z
d4xTrf�1�2

~f�3�4
� 2Nf�n� � n��:

(5.1)

To obtain the result in the far right of the previous equation,
the temporal gauge, ao�x� � 0, has been used and the
boundary conditions in Eq. (2.27) have been imposed.
The integers n� are defined in Eq. (2.28). The identity on
the far right of Eq. (2.29) puts us in the position of giving to
Eq. (5.1) a clear physical meaning. What Eq. (5.1) shows is
that in any quantum transition from t � �1 to t � �1
that involve a change in the topological properties of the
asymptotic gauge fields—i.e., n� � n� � n � 0—there
is, for �n < 0�n > 0, a transmutation of the (right-) left-
handed fermionic degrees of freedom at t � �1 into (left-
) right-handed degrees at t � 1. For instance, take n > 0,
then, if in that transition the fermionic part of the physical
state at t � �1 is constituted by nNf left-handed fermi-
ons, then, the fermionic part of the physical state at t �
�1 will be made of nNf right-handed fermions. Of
course, there will be ‘‘compulsory’’ creation of fermion-
antifermion pairs at t � �1, if there are no fermionic
degrees of freedom at t � �1. It is well known that these
phenomena also occur in ordinary space-time, so introduc-
ing noncommutative space-time does not change the quali-
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tative picture; it does change, however, the quantitative
analysis of these phenomena. For instance, upon Wick
rotation the dominant contribution to the path integral
coming from the gauge fields is a certain ��� deformation
of the ordinary Belavin, Polyakov, Schwarz, and Tyupkin
(BPST) instanton. This deformation, in turn, gives rise to a
���-dependent effective ’t Hooft vertex. We shall report on
these findings elsewhere [57].

Next, taking into account that we have shown that
Q�cn�5 �t� � Q�np�5 �t� � Q�p�5 �t� is verified at least up to sec-
ond order in ��� and the fact that Eq. (3.15) is valid at the
one-loop level and any order in ���, it is not foolish to
conjecture that Eq. (5.1) will hold at any order in ���.

Now, since in our computations the actual properties of
Ta—the generators of SU�N�—have played no role, bar-
ring its Hermiticity and the cyclicity of trace of any product
of them, we conclude that all our expressions are valid for
SO�N� groups. Our expressions are also valid for U�1�
provided we replace a� with Qa�, Q being the charge of
the fermion coupled to the U�1� field a�.

Finally, it is quite obvious how to generalize our ex-
pressions to encompass the situation where several repre-
sentations—labeled by R—of the gauge group are at
work in the fermionic action. Let us give just one instance.
Assume that we have N�R�f fermions which couple to the

gauge field a�R�� in the R representation of the gauge
group. Then, Eq. (3.34) will read:

@�J
�cn��
5 �x� �

X
R

N�R�f

8�2 Trf�R��1�2�x�~f
�R�
�3�4
�x�;

with

J �cn��5 �x� �
X
R

N�j�R��cn��5 �MS�x� � h2
X
R

X�R���x�

� h2
X
R

Z�R���x�:

The gauge fields in j�R��cn��5 , X�R��, and Z�R�� are all in
the R representation of the gauge group.
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APPENDIX A: FEYNMAN RULES

In this appendix we give the Feynman rules needed to
turn into mathematical objects the Feynman diagrams dis-
played in this paper. These Feynman rules are in Fig. 5.
-16



q

p

i j

↔ i(γ µ

µ µ µ

µ ν

β

β

β

α βα βα

α

α

β

α

β

α

β

α

τ

κ

τ

κ

τ

κ

τ

κ

)αβ e− i h
2 q°p

A µ ,ij (q)

q

p

i j

↔ i(γ µ )αβ

aµ ,ij (q)

q

p

i j

↔

−−h2 θρσ(γ µ )αβ

{

qρaσ(q)pµ +

+ pσ[qµ aρ(q) − qρaµ (q)]}ij

qp

i j

r

↔ − h
2 θρσ(γ µ )αβ pρaσ(p)aµ (q) + 1

2 rµ [aρ(p)aσ(q) + aρ(q)aσ(p)] + pµ aρ(p)aσ(q)−

−pρaµ (p)aσ(q) + rσ[aµ (p)aρ(q) − aρ(p)aµ (q)]}ij

p

i

q

j

↔ −2ipµ (γ 5 γ̂ µ )αβ δij ei

p

i

p’

jq ↔ −

−

2i (γ 5 γ̂ µ )αβ A µ ,ij (q)

ei h
2 (q+ p)° p′ e− −i h

2 q° p

p

i

q

j

↔ −2ipµ (γ 5 γ̂ µ )αβ δi j e− i

p

i

p’

jq ↔ −2i (γ 5 γ̂ µ )αβ A µ ,ij (q)

ei h
2 p °(p′ + q) e− i h

2 q p

p

i

q

j
↔ − h θαβ (p − q)β pαpν δij

(γ 5 γ̂ ν)κτ

p

i

p’

jq
↔ − h θαβ (p + q − p′)β

(pν aα + aν(qα + pα))ij

(γ νγ 5)κτ

p

i

p’

jq
↔ i h 2

4 θαβ θρσ(p + q − p′)β (γ νγ 5)κτ {(qρaα − qαaρ)pσpν

− (qρaσ − qσaρ)pαpν − qαqρaσpν − 2(pα + qα)pσ(qνaρ − qρaν)

− (p + q − p ′)σ[(qαqρ + 2qρpα + pαpρ)aν + (qαaρ + 2aρpα)pν]}ij

p

i

q

j

↔ −
i h2

4
θαβ θρσ(p − q)β (p − q)σ pαpρpν δij (γ νγ 5)κτ

h
2 q°p

h
2 q°p

−−

FIG. 5. Feynman rules.
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APPENDIX B: BASIC IDENTITIES IN
D-DIMENSIONAL SPACE

In this appendix we display some equalities verified by
the D-dimensional Lorentz covariants introduced in
Ref. [52], which are used in our computations. The usual
D-dimensional Lorentz covariants g��; p�; �� are consid-
ered formal objects satisfying the standard algebraic iden-
085008
tities valid in spaces of integral dimension. Along with
g��, a new metric ĝ�� is introduced, which can be consid-
ered as a �D–4�-dimensional covariant vanishing in the
limit D! 4. The � tensor is a purely four-dimensional
covariant object, and we consider a noncommutativity
tensor ��� which is also four dimensional; this assumption
is compatible with the usual axioms of dimensional regu-
larization. The identities used in the computations are
-17
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shown next:

g��ĝ�� � ĝ�� ; ĝ�� � 2�; �����ĝ� � 0;

f��; ��g � 2g��I; f�5; ��g � f�5; �̂�g � 2�5�̂�;

��5; �̂�� � 0; (B1)

tr�5�̂
�1��2 . . .��2k �

1

2
�tr�5f�̂

�1 ; ��2g��3 . . .��2k

� tr�5�
�2f�̂�1 ; ��3g . . .��2k � . . .

� tr�5��2 . . . f�̂�1 ; ��2g�;

tr�5��1��2 � 0; tr�5��1��2��3 � 0;

tr�5��1 . . .��4 � itrI��1...�4 ;

tr�5�
�1 . . .��6 � trI

X
p<q

��1�q�p

� ��1...�p�1�p�1...�q�1�q�1...�6g�p�q :

(B2)
APPENDIX C: INTEGRALS

Here we include the list of the dimensionally regularized
integrals that are needed to work out the would-be anoma-
lous contributions. The dimensional regularization regula-
tor � is equal to D�4

2 . Contributions that vanish as �! 0
are never included. The symbol ‘‘�’’ shows that we have
dropped contributions of the type 1

� Ô, where Ô is an
evanescent tensor, for they are not actually needed: they
are subtracted by the renormalization algorithm;

Z dDp
�2��D

p̂2

�p� a�2�p� b�2�p� c�2

�
Z dDp
�2��D

p̂2p2

�p� a�2�p� b�2�p� c�2�p� d�2

�
�i

32�2 ;

Z dDp
�2��D

p̂	p

p2�p� a�2�p� b�2

�
�i

64�2�
ĝ	
;

Z dDp
�2��D

p̂2p	p

�p� a�2�p� b�2�p� c�2�p� d�2

�
�i

4!8�2

�
g	
 �

1

�
ĝ	


�
;

Z dDp
�2��D

p̂2p2p	
�p� a�2�p� b�2�p� c�2�p� d�2

�
�i

6�4��2

�
�a� . . .� d�	 �

1

�
ĝ�	�a� . . .� d��

�
;
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Z dDp
�2��D

p̂2p2p	p

�p� a�2�p� b�2�p� c�2�p� d�2�p� e�2

�
�i

4!8�2

�
g	
 �

1

�
ĝ	


�
;

Z dDp

�2��D
p̂2p	p


�p� a�2�p� b�2�p� c�2

� �
i

2�4��2

�
2�	
 �

4

�
�̂	
 �

1

�
g	
�̂�

�

�

�
i

24�4��2
�a2 � b2 � c2 � a 	 b� a 	 c� b 	 c�

�

�
g	
 �

1

�
ĝ	


�
;

�	
 �
1

12
�a	a
 � b	b
 � c	c
� �

1

24
�a	b
 � a	c


� b	c
 � 	$ 
�;

Z dDp
�2��D

p̂2p	p
p�
�p� a�2�p� b�2�p� c�2�p� d�2

�
�i

4!32�2

�fg	
�a� b� c� d�� � g	��a� b� c� d�


� g
��a� b� c� d�	g;

Z dDp
�2��D

p̂2p2p	p

�p�a�2�p�b�2�p�c�2�p�d�2

�
i

384�2g	
fa
2�b2�c2�d2�a 	 �b�c�d�

�b 	 �c�d��c 	dg;

�
i

384�2 f2a	a
�2b	b
�2c	c
�2d	d


��a	�b�c�d�
�b	�c�d�
�c	d
�	$
�g;

Z dDp
�2��D

p̂2p	p
p�p�
p2�p� a�2�p� b�2�p� c�2�p� d�2

�
�i

1536�2

�fg	
g�� � g	�g
� � g	�g
�g:
APPENDIX D: SYMMETRY RELATIONSHIPS

In this appendix we shall work out a number of identities
relating traces of products of ordinary field strenghts f��
contracted with the � tensor.

Let t�1�2			�n
be an object with indices �i, i � 1 	 	 	 n,

where �i � 0; 1; 2; 3 8i and n > 4. Then, if
��1�2 	 	 	�n� stands for antisymmetrization of the indi-
ces, we have

t��1�2			�n�
� 0:

Taking into account the previous identity, the cyclicity of
Tr and the antisymmetry properties of ��1�2�3�4 , one
-18
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obtains the collection of beautiful identities displayed below:

�����1�2�3�4 Trf���1
f�2�3

f�4�� � 0

) �����1�2�3�4 Tr
�
f��1

f�2�3
f��4

�
1

4
f�1�2

f�3�4
f��

�
� 0: (D1)

��1�2�3�4 TrD	f���D
f�1�2
f�3�4�

� 0

) ��1�2�3�4 Tr�D	f��D
f�1�2
f�3�4

� 2D	f��1
D
f�2�3

f�4�

� 2D	f��3
D
f�4�f�1�2

� � 0;

��1�2�3�4 TrD	f���1
D
f�2�3

f�4�� � 0

) ��1�2�3�4 Tr�2D	f��1
D
f�2�3

f�4� � 2D	f�2�3
D
f�4�f�1�

�D	f�1�2
D
f�3�4

f��� � 0;

��1�2�3�4 TrD	f���1
D
fj�j�2

f�3�4�
� 0

) ��1�2�3�4 Tr�2D	f��1
D
f��2

f�3�4
� 2D	f�2�3

D
f��4
f��1

�D	f�3�4
D
f��f�1�2

� � 0:

(D2)

��1�2�3�4 Trf	
f���f�1�2
f�3�4�

� 0

) ��1�2�3�4 Tr�f	
f��f�1�2
f�3�4

� 2f	
f��1
f�2�3

f�4�� 2f	
f��3
f�4�f�1�2

� � 0;

��1�2�3�4 Trf�	f
��f�1�2
f�3�4�

� 0

) ��1�2�3�4 Tr�f�	f
�f�1�2
f�3�4

� 2f�	f
�1
f�2�3

f�4�� 2f�	f
�3
f�4�f�1�2

� � 0;

��1�2�3�4 Trf���fj	
jf�1�2
f�3�4�

� 0

) ��1�2�3�4 Tr�f��f	
f�1�2
f�3�4

� 2f��1
f	
f�2�3

f�4�� 2f��3
f	
f�4�f�1�2

� � 0;

��1�2�3�4 Trf	
f���1
fj�j�2

f�3�4�
� 0

) ��1�2�3�4 Tr�2f	
f��1
f��2

f�3�4
� 2f	
f�1�2

f��3
f�4�� f	
f�3�4

f��f�1�2
� � 0;

��1�2�3�4 Trf	��fj
�jf�1�2
f�3�4�

�0

)��1�2�3�4 Tr�f	�f
�f�1�2
f�3�4

�2f	�1
f
�f�2�3

f�4��2f	�3
f
�f�4�f�1�2

��0;

��1�2�3�4 Trf�	f���1
fj
j�2

f�3�4�
�0

)��1�2�3�4 Tr�2f�	f��1
f
�2

f�3�4
�2f�	f�1�2

f
�3
f�4��2f�	f�3�4

f
�f�1�2
��0;

��1�2�3�4 Trf���fj	j�1
fj
j�2

f�3�4�
�0

)��1�2�3�4 Tr�f��f	�1
f
�2

f�3�4
�2f��1

f	�2
f
�3

f�4��2f��3
f	�4

f
�f�1�2
��0;

��1�2�3�4 Trf	��fj�j�1
fj
j�2

f�3�4�
�0

)��1�2�3�4 Tr�f	�f��1
f
�2

f�3�4
�2f	�1

f��2
f
�3

f�4��f	�3
f��4

f
�f�1�2

�f	�4
f��f
�1

f�2�3
��0: (D3)

We shall also need the following identities:

��1�2�3�4�	
���TrD	D�f�1�3
D
D�f�2�4

���1�2�3�4�	
���Tr�D	�D�f�1�3
D
D�f�2�4

�

� iD	f�1�3
f��D
f�2�4

�;

��1�2�3�4�	
���TrD�f�1�3
D	f�2�4

f
����1�2�3�4�	
���Tr
�

D��f�1�3
D	f�2�4

f
���
1

2
D	f�2�4

D
f��f�1�3

�
i
2
f�1�3

f�	f�2�4
f
��

i
2
f�1�3

f�2�4
f�	f
�

�
: (D4)
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APPENDIX E: COMPUTATION OF THE ANOMALY
ASSOCIATED TO j�p�5

The anomaly is given by Eq. (3.8), where the right side is
obtained using the Feynman diagrams appearing in Fig. 1,
whose corresponding mathematical expressions are given
by the integrals An, Bn displayed in Eqs. (3.10) and (3.11).

The diagrams having nonzero contributions can be iden-
tified by examining their UV degree of divergence. It turns
out that the UV degree of divergence at D � 4 of the
integral that is obtained from An by replacing ^6p with 6p
is negative if n > 4. Then, for n > 4, An vanishes as D!
4. The same type of power-counting arguments can be
applied to Bn, to conclude that these integrals, if n > 3,
go to zero as D! 4. Now, using the trace identities in
Eq. (B2), one easily shows that A1 � B1 � 0. After a little
Dirac algebra, one can show that the contributions to B2

and B3 that involve integrals that are not finite by power-
counting at D � 4 are all proportional to contractions of
the type ĝ�������. Since these contractions vanish—see
Eq. (B1)—we have B2 � B3 � 0. In summary, in the
limit D! 4, only A2, A3, and A4 may give contributions
to the right-hand side of Eq. (3.8), and, indeed, they do so.
After some Dirac algebra—see Appendix B—and with
the help of the integrals in Appendix C, one obtains the
following results for A2, A3, and A4 in position space and
in the dimensional regularization minimal subtraction
scheme:

A2 � �
Nf
8�2 �

�1�2�3�4 Tr@�1
A�2

? @�3
A�4

;

A3 � �i
Nf
4�2 �

�1�2�3�4 Tr�@�4
A�1

? A�2
? A�3

� A�1
? A�2

? @�4
A�3
�;

A4 �
Nf
4�2 �

�1�2�3�4 TrA�1
? A�2

? A�3
? A�4

:

Substituting these results in the right-hand side of Eq. (3.9),
one gets

X
i

�D�hj
�p��
5 i�A�MS�ii �

Nf
16�2 �

�1�2�3�4 TrF�1�2
? F�3�4

:

APPENDIX F: COMPUTATION OF THE ANOMALY
ASSOCIATED TO j�np�5

The anomaly is given by Eq. (3.16). The result is com-
puted using the Feynman diagrams appearing in Fig. 2,
whose mathematical expressions are given by the integrals
Fn, Gn showed in Eqs. (3.17) and (3.18). The MS sub-
straction scheme is used for the computations.

First, let us see that the MS dimensional renormalization
algorithm [52,53,55] sets to zero atD � 4 any contribution
coming from Gn in Eq. (3.18). Using the identities in
Eqs. (B1) and (B2), one can work out the trace over the
gamma matrices and show that
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tr�5�̂
� 6p��1�6p�6q1��

�2�6p�6q1�6q2� . . .�
�n

�
6p�

X
6qi

�
� p̂�T�1...�n

1 �
X
i

ĝ��iT�1...�i�1�i�1...�n
2i �

X
i

q̂�i T
�1...�n
3i :

T1, T2i, and T3i are ‘‘Lorentz covariant tensors’’ in the
D-dimensional space-time of dimensional regularization.
The expression on the right-hand side of the previous
equation shows that any contribution coming from Gn
that does not vanish as D! 4 matches one of the follow-
ing ‘‘tensor’’ patterns

1

D� 4
t�1...�n
1 TrA�1

�q1� . . . Â�k
�qk� . . .A�n

�qn�;

1

D� 4
t��1...�n
2 Trq̂i�A�1

�q1� . . .A�i
�qi� 	 	 	A�n

�qn�:

(F1)

It is important to bear in mind that t�1...�n
1 and t��1...�n

2 must
be linear combinations of Lorentz covariant tensors with
coefficients that do not depend on �D� 4�. For instance, a
tensor like t�1...�6

1 � �D� 4���1�2�3�4g�5�6 is not to be
admitted, for this type of t1 tensor, when substituted back
in the first equality in Eq. (F1), yields a contribution that
does not go to zero as D! 4. Now, the MS dimensional
regularization algorithm removes from Gn any contribu-
tion of the types shown in Eq. (F1). Every Gn is thus
renormalized to zero at D � 4 in the MS renormalization
scheme.

The identities in Eqs. (B1) and (B2) can be used to
remove from Fn any term that upon MS renormalization
will go away as D! 4. The trace over the Dirac matrices
of Fn in Eq. (3.17) is given by

tr�5
^6p 6p��1�6p�6q1��

�2�6p�6q1�6q2� . . .�
�n

�
6p�

X
6qi

�

� p̂2R�1...�n�
X
i

p̂�iS�1...�i�1�i�1...�n
i �

X
i

p̂	qiT
�1...�n
i :

(F2)

R, S, and T are also Lorentz covariant tensors in the
D-dimensional space-time of dimensional regularization.
Redoing the analysis regarding the Bn diagrams for the
case at hand—mutatis mutandis—one shows that the
contributions that go with the ‘‘tensors’’ S and T in
Eq. (F2) can be dropped. This is so since, after MS renor-
malization, they will go to zero asD! 4. Hence, upon MS
renormalization, all nonvanishing contributions at D � 4
coming from Fn in Eq. (3.17) will be furnished by the term
p̂2R�1...�n in Eq. (F2). And yet, these contributions will
also vanish as D! 4 unless the integration over p yields a
pole at D � 4 when p̂2 is replaced with p�p�. Now, make
the latter replacement in the integrals of Fn. Then, some
power-counting at D � 4 tell us that all the integrals thus
obtained are UV finite if our Fn is such that n > 4�m—
thism indicates that we are dealing with a term of order hm.
After contraction with ĝ��, these integrals will vanish at
-20
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D � 4. In summary, to compute, at order hm, the nonzero
contribution to the MS renormalized right-hand side of
Eq. (3.16), only the values of the Fn objects verifying

F n such that n � m� 4 (F3)

are actually needed.
The computation of the anomaly will be done order by

order in h, using the notation introduced in (3.19). As
stated in the beginning of Sec. III B, A�0� and hA�1� are
obtained computing all the contributing Feynman dia-
grams. In the case of A�2� the number of contributing
diagrams is significantly higher, and we will take advan-
tage of gauge invariance to simplify the computation in
such a way that only a minimum number of them will have
to be computed. Let us show next that if we have a gauge-
invariant expression, say A�2��a��, that matches the con-
tribution obtained by explicit computation of the diagrams
involving fewer than five fields a�, then there is no room
for the Feynman diagrams with five or more fields a�
giving a contribution not included in A�2�. The standard
Becchi, Rouet, Stora (BRS) transformation reads:

saa� � s0a
a
� � s1a

a
�; s0a

a
� � @�c

a;

s1aa� � �ifabcab�cc; sca � ifabccbcc:
(F4)

Then, the gauge invariance of A�2��a��, sA�2� � 0, is
equivalent to the following set of equations

s0A
�2�
2 � 0; s0A

�2�
3 � s1A

�2�
2 ;

s0A
�2�
4 � s1A

�2�
3 ; s0A

�2�
5 � s1A

�2�
4 ;

s0A
�2�
6 � s1A

�2�
5 ; s0A

�2�
7 � s1A

�2�
6 ;

s0A
�2�
8 � s1A

�2�
7 ; s1A

�2�
8 � 0:

(F5)

The symbol A�2�
n , n � 2, 3, 4, 5, 6, 7, and 8 denotes the

contribution to A�2��a�� involving n fields, and its deriva-
tives, a�:

A �2��a�� �
X8

n�2

A�2�
n �a��:

Dimensional analysis shows that n < 9. Indeed, A�2�
n has

dimension four and A�2�
n � h2��1�2��3�4f�1�2�3�4

�a��,
f�1�2�3�4

�a�� being a gauge-invariant polynomial of a�
and its derivatives. The fact that the generators of a unitary
representation of SU�N� are traceless implies that n > 1.
Let B�2� � h2��1�2��3�4g�1�2�3�4

�a�� be a gauge invari-
ant—i.e., sB�2� � 0—polynomial of a� and its deriva-
tives which is equal to A�2� up to contributions with more
than four a�, or derivatives of it, and has dimension four:

B �2� �
X4

n�2

A�2�
n �a�� �

X8

n�5

B�2�n �a��:
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B�2�n denotes the contribution involving n fields a�, or

derivatives of it. Let C�2�n stand for the difference A�2�
n �

B�2�n , n � 5, 6, 7, and 8. Then, the BRS invariance of both
A�2� and B�2�—use Eq. (F5)—leads to

s0C
�2�
5 � 0; s0C

�2�
6 � s1C

�2�
5 ; s0C

�2�
7 � s1C

�2�
6 ;

s0C
�2�
8 � s1C

�2�
7 ; s1C

�2�
8 � 0: (F6)

Now, the cohomology of the operator s0 over the space of
polynomials of aa�, ca and their derivatives has been
worked out in Refs. [58,59]. The nontrivial part of this
cohomology is given by polynomials of fa�free�

�� � @�a
a
� �

@�aa� and/or its derivatives and/or ca. Since C�2�5 belongs to
the nontrivial part of the cohomology of s0 and does not
depend on ca, we conclude that it should be either zero or a
polynomial of fa�free�

�� and its derivatives. This last
possibility will never be realized in the case under
scrutiny since one can show by dimensional analysis
that C�2�5 can contain only two partial derivatives, i.e.,
C�2�5 must be a linear combination of monomials of
the type @�a

a
�@�a

b
�a

c
�1
ad�2
ae�3

and/or of the form

@�@�a
a
�a

b
�a

c
�1
ad�2
ae�3

. We have thus shown that C�2�5 ac-
tually vanishes. Substituting this result in Eq. (F6) one
obtains the following equation for C�2�6 : s0C

�2�
6 � 0. The

same kind of analysis that yielded a vanishing C�2�5 � 0

leads to the conclusion that C�2�6 � 0. And so on, and so
forth. We have thus shown that C�2�n � 0 for all n. Hence,
A�2� � B�2�. Notice that our strategy would have failed if
we had decided not to compute diagrams with four gauge
fields (or derivatives of it) a�. Indeed, s0C

�2�
4 � 0, with

C�2�4 �A�2�
4 �B�2�4 , does not imply C�2�4 � 0, since C�2�4

may be a nonvanishing linear combination of monomials
of the type fa1�free�

�1�1 fa2�free�
�2�2 fa3�free�

�3�3 fa4�free�
�4�4 .

A�0� is given by the well-known ordinary U�1�A anom-
aly:

Nf
8�2

Z
d4xTrf�1�2

~f�3�4
:

1. The computation of A�1�

According to Eq. (F3), we shall need the Fn’s in
Eq. (3.17) with n � 5. We will sort out the contributions
coming from these Fn’s into two categories. The first type
of contributions will be obtained by removing from the
infinite sum

P
1
m�0 in Fn any term with m> 0. Hence, the

first type of contributions will be furnished by the terms of
order h in �An, An being given in Eq. (3.10). We thus
conclude that the terms in A�1� that constitute the first
category can be computed by expanding at first order in h
the right-hand side of Eq. (3.12):
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Nf
16�2 �

�1�2�3�4 TrF�1�2
? F�3�4

jh � �
Nf
4�2 �

����1�2�3�4

�
Tr�@�1

a�@�a�2
@�3

a�4
� a�@�1

@�a�2
@�3

a�4

� @�1
@�a�2

a�@�3
a�4
� @�a�2

@�1
a�@�3

a�4
� @�1

a�@�2
a�@�3

a�4

� @�4
a�1

@�a�2
@�a�3

� �
i
2

Tr��a�a�1
@�2

a�3
@�4

a� � 2a�a�@�1
a�2

@�3
a�4

� 2a�a�3
@�4

a�@�1
a�2
� a�@�1

a�a�2
@�3

a�4
� a�@�3

a�4
a�2

@�1
a�

� 2a�@�3
a�4

@�1
a�a�2

� a�@�1
a�@�3

a�4
a�2
� 2@�a�1

a�2
a�3

@�4
a�

� 2@�a�4
a�a�1

@�2
a�3
� 2@�a�3

@�4
a�a�1

a�2
� 2@�a�1

@�2
a�3

a�4
a�

� 2@�a�1
a�2

@�3
a�4

a� � 2@�a�4
a�@�1

a�2
a�3
� 2@�@�1

a�2
a�3

a�4
a�

� 2@�@�3
a�4

a�a�1
a�2
� 2@�4

a�@�1
a�a�2

a�3
� @�2

a�a�3
@�4

a�1
a�

� a�3
@�4

a�1
@�2

a�a� � @�3
a�@�4

a�1
a�2

a� � @�4
a�1

a�2
@�3

a�a�

� 2@�a�1
@�a�2

a�3
a�4
� � @�4

Tr�a�a�a�1
a�2

a�3
� a�a�1

a�a�2
a�3
�

�
: (F7)

The second type of contributions that make A�1� up are obtained by setting h to zero everywhere in Fn, but in the term that
goes with �

P
kp  qk�

m, with m � 1. These substitutions yield the following expression:

In � Nf
2��1�n�1

n!
Tra�1

�q1�a�2
�q2� . . .a�n

�qn�
Z dDp
�2��D

i
�X
k

p  qk

�

� tr
�5 ^6p 6p��1�6p� 6q1��

�2�6p� 6q1 � 6q2� . . .��n�6p�
P
6qi�

p2�p� q1�
2�p� q1 � q2�

2 . . . �p�
P
qi�2

:

Recall that we saw above that only for n � 2, 3, 4, and 5 may we obtain a nonvanishing output. Using the identity in
Eq. (F2), the results in Appendix C and adding the contributions generated by the appropriate permutations of the external
momenta, one concludes that I2, I3, I4, and I5 give rise to the following terms in A�1�:

I2�0; I3��
Nf
4�2 �

����1�2�3�4 Tr�@�3
@�a�4

a�@�1
a�2
� @�@�1

a�2
@�3

a�4
a� � @�a�@�1

a�2
@�3

a�4
�;

I4�� i
Nf
4�2 �

����1�2�3�4 Tr�@�@�1
a�2

a�3
a�4

a� � @�@�3
a�4

a�a�1
a�2
� @�a�3

a�4
a�@�1

a�2
� @�a�a�1

a�2
@�3

a�4

� @�a�4
a�@�1

a�2
a�3
� @�a�1

a�2
@�3

a�4
a� � @�a�@�1

a�2
a�3

a�4
� @�a�2

@�3
a�4

a�a�1
�;

I5��
Nf
4�2 �

����1�2�3�4 Tr@��a�a�1
a�2

a�3
a�4
�: (F8)

Before working out the results above, the reader may find it useful to read again the discussion below Eq. (F2).
Adding the results in Eqs. (F7) and (F8), one obtains that A�1� actually vanishes:

A �1� �
Nf
8�2 �

����1�2�3�4 Tr
�
f��1

f�2�3
f��4

�
1

4
f�1�2

f�3�4
f��

�
� 0: (F9)
See Eq. (D1).

2. The computation of A�2�

We saw at the beginning of this subsection—see dis-
cussion that begins just above Eq. (F5)—that to recon-
struct A�2� we need gauge invariance and the computation
of the values of the Feynman diagrams with fewer than five
a�. This implies that only the contributions to A�2� com-
ing from Fn in Eq. (3.17) with 2 � n � 4 will be worked
out by computation of the corresponding dimensionally
085008
regularized Feynman integrals. This heavy use of the gauge
invariance of A�2� makes the computation feasible; other-
wise—see Eq. (F3)—one would have to compute the
Feynman integrals in F5 and F6, which would involve
the calculation of the trace of long strings of gamma
matrices.

The terms in Fn in Eq. (3.17) that will interest us will be
distributed in two sets. In the first set, we shall put the
contributions that have no �

P
kp  qk�

m withm � 1. These
contributions will be obtained by extracting from �An
every term of order h2. An is in Eq. (3.10). We shall denote
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the contributions in the first set by S�1�n , n being the number of fields a� that occur in it. Since it was the An’s that gave the
right-hand side of Eq. (3.12), it is clear that

S�1�2 �
Nf

16�2 �
�1�2�3�4 TrF�1�2

? F�3�4

��������h2;aa
; S�1�3 �

Nf
16�2 �

�1�2�3�4 TrF�1�2
? F�3�4

��������h2;aaa
;

S�1�4 �
Nf

16�2 �
�1�2�3�4 TrF�1�2

? F�3�4

��������h2;aaaa
:

(F10)

The subscript h2 stands for terms of order h2 and the subscripts aa, aaa, and aaa tell us that only contributions with two,
three, and four fields a� are kept, respectively.

The second set of contributions is made up of the expressions, generically denoted by S�2�n and S�3�n , given below:

S�2�n �
��1�n

n!
Nf Tra�1

�q1�a�2
�q2� . . . a�n

�qn�
Z dDp
�2��D

��X
i>j

qi  qj

��X
k

p  qk

�
�

�X
k

p  qk

�
2
�

� tr

�5 ^6p 6p��1�6p� 6q1���2�6p� 6q1 � 6q2� . . .��n�6p�
P
i
6qi�

p2�p� q1�
2�p� q1 � q2�

2 . . . �p�
P
i
qi�2

;

S�3�n � 2i
��1�n�1

n!
Nf TrA�1

�q1�A�2
�q2� . . .A�n

�qn� jh
Z dDp
�2��D

�X
k

p  qk

�

� tr

�5 ^6p 6p��1�6p� 6q1���2�6p� 6q1 � 6q2� . . .��n�6p�
P
i
6qi�

p2�p� q1�
2�p� q1 � q2�

2 . . . �p�
P
i
qi�2

: (F11)
Notice that here n � 2, 3, and 4, for S�2�n , and n � 2 and 3,
if it is S�3�n that we are talking about.

Let us introduce some more notation. S2, S3, and S4 will
denote the contributions to A�2� carrying two, three, and
four fields a�, respectively. Then,

S2 � S�1�2 � S
�2�;MS
2 ; S3 � S�1�3 � S

�2�;MS
3 � S�3�;MS

2 jaaa;

S4 � S�1�4 � S
�2�;MS
4 � S�3�;MS

2 jaaaa � S
�3�;MS
3 jaaaa; (F12)

where S�1�n , n � 2, 3, and 4 have been defined in Eq. (F10)
and S�2�;MS

n , n � 2, 3, and 4, stand for the MS renormalized
quantities obtained, respectively, from S�2�n , n � 2, 3, and 4
in Eq. (F11). After minimal subtraction, S�3�2 yields
S�3�;MS

2 jaaa and S�3�;MS
2 jaaaa, and S�3�3 gives rise to

S�3�;MS
3 jaaaa.
The symbols S�inv�

2 , S�inv�
3 , and S�inv�

n will stand for gauge-
invariant functions of a� that verify the following equa-
tions:

S�inv�
2 jaa � S2; S

�inv�
3 jaaa � S3 � S

�inv�
2 jaaa;

S�inv�
4 jaaaa � S4 � S

�inv�
2 jaaaa � S

�inv�
3 jaaaa:

(F13)
085008
The subscripts aa, aaa, and aaaa indicate that a restric-
tion is made to terms with 2, 3, and 4 fields a�, respec-
tively. Besides, we shall assume that the minimum number
fields in S�inv�

2 , S�inv�
3 , and S�inv�

4 is 2, 3, and 4, respectively.
Furnishing ourselves with these definitions and recalling
the discussion that begins right above Eq. (F5), one con-
cludes that
A �2� � S�inv�
2 � S�inv�

3 � S�inv�
4 : (F14)
We have computed S2, S3, and S4 by carrying out the
lengthy Dirac algebra involved with the help of the iden-
tities in Appendix B and using the values of the dimen-
sionally regularized integrals in Appendix C. Many
involved algebraic operations that occur in these calcula-
tions have been performed with the assistance of the alge-
braic manipulation program MATHEMATICA. We shall not
bother the reader displaying all the intermediate calcula-
tions since they are not particularly inspiring. S2 defined in
Eq. (F12) turned out to be given by
S2 � �
Nf

96�2 �
�1�2�3�4�	
��� Tr@	@�@�1

a�3
@
@�@�2

a�4
�

Nf
24�2 �

�1�2�3�4��

���g�� Tr

�
1

2
@�1

@
@�a�3
@�@�@�2

a�4

�
1

4
@
@�@�1

a�3
@�@�@�2

a�4
�

1

4
@�@�@�1

a�3
@
@�@�2

a�4
� @�@�@
@�1

a�3
@�@�2

a�4

�
1

2
@�@
@�@�1

a�3
@�@�2

a�4
�

1

2
@�@�@
@�@�1

a�3
@�2

a�4

�
: (F15)
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Let ���� indicate antisymmetrization with respect to � and �. Then, making the following replacements
@��a�� ! f��; @�@��a�� !D�f��; @�@�@��a�� ! �a�D�D�f�� or �b�D�D�f�� (F16)
in Eq. (F15), one obtains a gauge-invariant object verifying the first equality in Eq. (F13). This object will be our S�inv�
2 :
S�inv�
2 � �

Nf
384�2 �

�1�2�3�4�	
��� TrD	D�f�1�3
D
D�f�2�4

�
Nf

192�2 �
�1�2�3�4��
���g�� Tr�D
D�f�1�3

D�D�f�2�4
�D
D�f�1�3

D�D�f�2�4

� 2D
D�D�f�1�3
D�f�2�4

�D
D�D�f�1�3
D�f�2�4

�D
D�D�D�f�1�3
f�2�4

�:
All along the computation of the previous result, we have taken advantage of the ambiguity that occurs in the replacement
in the second line of Eq. (F16) and chose in each instance the substitution that leads, at the end of the day, to a simpler
result. The expression between brackets, Tr�	 	 	�, on the right-hand side of the previous equation can be expressed as a
double total covariant derivative. Hence,

S�inv�
2 �

Nf
384�2�

�1�2�3�4�	
���TrD	D�f�1�3
D
D�f�2�4

�
Nf

384�2�
�1�2�3�4��
���g��TrD
D��2D�D�f�1�3

f�2�4
�D�f�1�3

D�f�2�4
�: (F17)
To avoid displaying redundant and unnecessarily long expressions we shall provide the reader with the value of S3 �

S�inv�
2 jaaa that came out of our computations:

S3 � S
�inv�
2 jaaa � �i

Nf
8�2 �

�1�2�3�4�	
��� Tr
�
�

1

2
@	@�a�2

@
@�a�3
@�1

a�4
�

1

2
@	@�a�2

@
@�3
a�@�1

a�4

�
1

2
@	@�2

a�@
@�a�3
@�1

a�4
�

1

2
@	@�2

a�@
@�3
a�@�1

a�4
�

1

3
@�@�1

a�3
@	@�2

a�4
@
a�

�
1

3
@	@�1

a�3
@�@�2

a�4
@
a� �

1

3
@	@�1

a�3
@
@�2

a�4
@�a� �

1

3
@	@�1

a�3
@
@�a�@�2

a�4

�
1

3
@	@�a�@
@�1

a�3
@�2

a�4

�
� i

Nf
48�2 �

�1�2�3�4f��g

��� Tr��@
@�@�a�2

@�a�3
@�1

a�4

� @
@�@�2
a�@

�a�3
@�1

a�4
� @
@�@�a�2

@�3
a�@�1

a�4
� @
@�@�2

a�@�3
a�@�1

a�4

� 2@
@�a�2
@�@�a�3

@�1
a�4
� 2@
@�2

a�@�@�a�3
@�1

a�4
� 2@
@�a�2

@�@�3
a�@�1

a�4

� 2@
@�2
a�@�@�3

a�@�1
a�4
� @
@�@�a�2

@�1
a�3

@�a�4
� @
@�@�2

a�@�1
a�3

@�a�4

� @
@�@�a�2
@�1

a�3
@�4

a� � @
@�@�2
a�@�1

a�3
@�4

a� � @
@�@�1
a�2

@�a�3
@�a�4

� @
@�@�1
a�2

@�3
a�@

�a�4
� @
@�@�1

a�2
@�a�3

@�4
a� � @
@�@�1

a�2
@�3

a�@�4
a�

� 2@
@�a�2
@�@�1

a�3
@�a�4

� 2@
@�2
a�@�@�1

a�3
@�a�4

� 2@
@�a�2
@�@�1

a�3
@�4

a�

� 2@
@�2
a�@�@�1

a�3
@�4

a� � 2@
@�1
a�2

@�@�a�3
@�a�4

� 2@
@�1
a�2

@�@�3
a�@�a�4

� 2@
@�1
a�2

@�@�a�3
@�4

a� � 2@
@�1
a�2

@�@�3
a�@�4

a��:
Applying to this result the substitutions in Eq. (F16), one obtains
085008-24



U�1�A ANOMALY IN NONCOMMUTATIVE SU�N� THEORIES PHYSICAL REVIEW D 72, 085008 (2005)
S�inv�
3 � �i

Nf
32�2 �

�1�2�3�4�	
��� Tr
�
�

1

3
D�f�1�3

D	f�2�4
f
� �

1

6
D	f�1�3

D
f�2�4
f�� �

1

6
D	f�1�3

D
f��f�2�4

�
1

6
D	f��D
f�1�3

f�2�4
�D	f��2

D
f��3
f�1�4

�

� i
Nf

48�2 �
�1�2�3�4f��g


���g�� Tr
�

1

2
D
D�f��2

f��3
f�1�4

�D
f��2
D�f��3

f�1�4

�
1

2
D
D�f��2

f�1�3
f��4

�
1

2
D
D�f�1�2

f��3
f��4

�D
f��2
D�f�1�3

f��4
�D
f�1�2

D�f��3
f��4

�
:

Using the cyclicity of the trace and the antisymmetric character of some of the objects in the previous expression, one may
express the term that goes with f��g
���g�� as a double covariant derivative. Thus, we have
S�inv�
3 � �i

Nf
32�2 �

�1�2�3�4�	
��� Tr
�

1

3
D�f�1�3

D	f�2�4
f
� �

1

6
D	f�1�3

D
f�2�4
f�� �

1

6
D	f�1�3

D
f��f�2�4

�
1

6
D	f��D
f�1�3

f�2�4
�D	f��2

D
f��3
f�1�4

�

� i
Nf

96�2 �
�1�2�3�4f��g
���g�� TrD
D��f��1

f��2
f�3�4

�: (F18)
Note that the minimum number of fields in S�inv�
3 is 3, as we had assumed when writing Eq. (F14).

Using the Feynman integrals in Appendix C, we have computed S4 and obtained the following result:
S4 � S
�inv�
3 jaaaa � S

�inv�
2 jaaaa �

Nf
16�2 �

�1�2�3�4�	
��� Tr
�
@��a�1�

@�	a�2�
@�
a�3�

@��a�4�
� @��a�2�

@��1
a�3�

@�	a�4�
@�
a��

�
1

2
@��1

a�2�
@��a�3�

@�
a�4�
@�	a�� �

1

2
@��1

a�2�
@�
a�3�

@�	a�4�
@��a��

�
1

2
@��a�2�

@��1
a�3�

@�
a��@�	a�4�
�

1

2
@�	a�2�

@��1
a�3�

@��a��@�
a�4�

�
1

3
@��2

a�3�
@��1

a�4�
@��a
�@�	a�� �

1

12
@��1

a�3�
@��2

a�4�
@�	a
�@��a��

�
1

12
@��1

a�3�
@��a	�@��2

a�4�
@�
a�� �

1

24
@��1

a�3�
@�	a
�@��2

a�4�
@��a��

�
:

The substitutions in Eq. (F16) applied to the previous equation yield an object that verifies by construction the last equality
in Eq. (F13) and has four or more gauge fields a�. This object is our S�inv�

4 :
S�inv�4 �
Nf

16�2 �
�1�2�3�4�	
��� Tr

�
f��1

f	�2
f
�3

f��4
� f��2

f�1�3
f	�4

f
� �
1

2
f�1�2

f��3
f
�4

f	�

�
1

2
f�1�2

f
�3
f	�4

f�� �
1

2
f��2

f�1�3
f
�f	�4

�
1

2
f	�2

f�1�3
f��f
�4

�
1

3
f�2�3

f�1�4
f�
f	�

�
1

12
f�1�3

f�2�4
f	
f�� �

1

12
f�1�3

f�	f�2�4
f
� �

1

24
f�1�3

f	
f�2�4
f��

�
: (F19)
Substituting the right-hand side of Eqs. (F17)–(F19) in Eq. (F14) one obtains
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A �2� �
Nf
�2 �

�1�2�3�4�	
��� Tr
�
�

1

384
D	D�f�1�3

D
D�f�2�4
�

i
96

D�f�1�3
D	f�2�4

f
�

�
i

192
D	f�1�3

D
f�2�4
f�� �
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(F20)

The previous result can be simplified using the symmetry relationships displayed in Appendix D. Substituting the
equations in (D4) into Eq. (F20), one gets
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Let us introduce next the following shorthand

x1 � ��1�2�3�4�	
��� Tr�D	f��D
f�1�2
f�3�4

�; x2 � ��1�2�3�4�	
��� Tr�D	f�1�2
D
f��f�3�4

�;

x3 � ��1�2�3�4�	
��� Tr�D	f�1�2
D
f�2�4

f���; x4 � ��1�2�3�4�	
��� Tr�D	f��1
D
f��2

f�3�4
�;
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��� Tr�D	f��1
D
f�2�3

f��4
�; x6 � ��1�2�3�4�	
��� Tr�D	f�1�2

D
f��3
f��4

�:

The objects xi, i � 1; 	 	 	 ; 6 are not linearly independent. They are related by the three identities in Eq. (D2). These
identities read

x1 � 2x5 � 2x4 � 0; �2x5 � 2x6 � x3 � 0; �2x4 � 2x6 � x2 � 0:

This linear system can be solved yielding the following result:

x4 �
1

4
�x1 � x2 � x3�; x5 �

1

4
�x1 � x2 � x3�; x6 �

1

4
��x1 � x2 � x3�:

It is not difficult to convince oneself that x1, x2, and x3 are linearly independent. We shall employ the previous result to
express the sum of the terms on the right-hand side of Eq. (F21) with only two covariant derivatives as follows:
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i
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i
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i
96
�x2 � x3�: (F22)

Using Eq. (D2) and the cyclicity of the trace, one can show that
085008-26



U�1�A ANOMALY IN NONCOMMUTATIVE SU�N� THEORIES PHYSICAL REVIEW D 72, 085008 (2005)
x1 � x2 � ��1�2�3�4�	
��� Tr�D
�D	f��f�1�2
f�3�4

��;

x2 � x3 � ��1�2�3�4�	
��� Tr
�

D
�D	f�1�2
f��f�3�4

� �
i
2
f	
f�1�2

f��f�3�4
�
i
2
f�1�2

f	
f��f�3�4

�
:

(F23)

Substituting Eq. (F22) in Eq. (F21), and then using the identities in Eq. (F23), one obtains the following intermediate
expression for A�2�:
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: (F24)

Let us finally show that the contributions on the right-hand side of the previous identity which are of the type ���Trffff,
with obvious notation, add up to zero. To make the discussion as clear as possible, we shall introduce the following
notation:

y1 � ��1�2�3�4�	
��� Tr�f	
f��f�1�2
f�3�4

�; y2 � ��1�2�3�4�	
��� Tr�f	
f�1�2
f��f�3�4

�;

y3 � ��1�2�3�4�	
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f�1�2
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f
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f
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�:

These objects are not linearly independent since they verify the linear equations in Eq. (D3). These linear equations read

y1 � 2y4 � 2y3 � 0; y6 � 2y9 � 2y8 � 0; y1 � 2y5 � 2y4 � 0; y2 � 2y3 � 2y5 � 0;

y6 � 2y10 � 2y9 � 0; y7 � 2y8 � 2y10 � 0; y3 � 2y11 � y10 � y9 � 0; y8 � 2y12 � y10 � y4 � 0;

where the symbols yi have been introduced above. The previous linear system can be solved in terms of, say, y1, y2, y6, and
y7. The solution is the following:
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Using this result, one can easily show that the following equation holds:
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By substituting this result in Eq. (F24). one obtains the following final result for A�2�:
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; (F25)

which can be written as a total derivative:
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:

APPENDIX G: COMPUTATION OF THE
ANOMALY ASSOCIATED TO j�cn��5

The anomaly has to be computed using Eqs. (3.30) and
(3.29). The vertices associated to the operator X̂� and the
diagrams contributing to the calculation are shown in
Appendix A and in Figs. 3 and 4, respectively. If we adjust
to the case at hand the analysis that begins just above
Eq. (F4), we will conclude that the Feynman diagrams
that must be unavoidably computed have two gauge fields,
in the case of the contribution of order h, and two and three
gauge fields in the case of the contribution of order h2. The
terms with four, five, etc., gauge fields are obtained by
using locality, gauge invariance, the replacements in
Eq. (F16), and the results concerning the cohomology of
s0 quoted right below Eq. (F6).

The diagram with two gauge fields that gives the two-
field terms in A�cn��1� is depicted in Fig. 3. With the help of
the Feynman rules in Appendix A and the Feynman inte-
grals in Appendix C, one shows that this two-field contri-
bution vanishes in the limit D! 4 in the MS scheme.
085008
Hence, gauge invariance leads to the conclusion that in
this renormalization scheme:

A �cn��1� � 0:

Let @
T


2 and @
T



3 be the contributions to A�cn��2�

carrying two and three gauge fields, respectively. Let us
introduce local gauge-invariant functions T �inv�


2 and
T �inv�


3 such that @
T
�inv�

2 and @
T

�inv�
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@
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�inv�

2 jaa � @
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2 ;

@
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3 jaaa � @
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3 � @
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2 jaaa:

(G1)

Let us further assume that the minimum number of fields in
T �inv�


3 is thee. Then, one can show that

A �cn��2� � @
T
�inv�

2 � @
T

�inv�

3 : (G2)

The Feynman diagrams that give @
T


2 are the diagrams

with two wavy lines depicted in Fig. 4. Some Dirac algebra
and the integrals in Appendix C lead to
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The replacements in Eq. (F16) turn the previous equation into the following identity:
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The computation of the Feynman diagrams in Fig. 4 with three gauge fields a� gives @
T


3 . By performing that

computation, we have obtained the following result:
-28



U�1�A ANOMALY IN NONCOMMUTATIVE SU�N� THEORIES PHYSICAL REVIEW D 72, 085008 (2005)
@
T


3 � @
T

�inv�

2 jaaa � @


�
i
Nf

96�2 �
	
�����1�2�3�4 Tr�6@	@��a�2�

@��a�3�
@�1

a�4
� 6@	@��a�2�

@�1
a�3

@��a�4�

� 6@	@�1
a�2

@��a�3�
@��a�4�

� 7@	@�1
a�3

@�2
a�4

@�a� � 3@�@�1
a�3

@��a	�@�2
a�4

� 5@	@�1
a�3

@�a�@�2
a�4
� 6@	@�a�@�1

a�3
@�2

a�4
�

� i
Nf

64�2 �
	
�����1�2�3�4g	�g

��@� Tr�@��a�2�
@��a�3�

@�1
a�4
�

�
:

Applying to the right-hand side of the previous equation the replacements in Eq. (F16), one gets that

@
T
�inv�

3 � @


�
i
Nf

96�2 �
	
�����1�2�3�4 Tr

�
3D	f��2

f��3
f�1�4

� 3D	f��2
f�1�3

f��4
� 3D	f�1�2

f��3
f��4

�
7

8
D	f�1�3

f�2�4
f��3

�
3

4
D�f�1�3

f�	f�2�4
�

5

8
D	f�1�3

f��f�2�4
�

3

4
D	f��f�1�3

f�2�4

�

� i
Nf

128�2 �
	
�����1�2�3�4g	�g

��@� Tr�f��2
f��3

f�1�4
�

�
: (G4)

It is clear that @
T
�inv�

3 verifies Eq. (G1).

Substituting Eqs. (G4) and (G3) in Eq. (G2), one obtains the following result:
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Using linear equations that can be derived quite easily from Eqs. (D3), one may simplify the previous equation and obtain:
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