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Topological solitons in the noncommutative plane and quantum Hall Skyrmions
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We analyze topological solitons in the noncommutative plane by taking a concrete instance of the
quantum Hall system with the SU(N) symmetry, where a soliton is identified with a Skyrmion. It is shown
that a topological soliton induces an excitation of the electron number density from the ground-state value
around it. When a judicious choice of the topological charge density J,(x) is made, it acquires a physical
reality as the electron density excitation A p!(x) around a topological soliton, Ap(x) = —J,(x). Hence a
noncommutative soliton carries necessarily the electric charge proportional to its topological charge. A
field-theoretical state is constructed for a soliton state irrespectively of the Hamiltonian. In general, it
involves an infinitely many parameters. They are fixed by minimizing its energy once the Hamiltonian is
chosen. We study explicitly the cases where the system is governed by the hard-core interaction and by the
noncommutative CPY~! model, where all these parameters are determined analytically and the soliton

excitation energy is obtained.
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I. INTRODUCTION

Noncommutative geometry [1] has attracted much
attention in a recent development of string theory, as
triggered in part by the invention of noncommutative in-
stantons [2] and solitons [3]. Since then, noncommutative
solitons have been studied in various noncommutative field
theories such as the Abelian Higgs model [4] and the
CPY~! model [5].

The standard way of constructing a noncommutative
field theory is to replace the ordinary product by the
Groenewold-Moyal [6,7] product (* product) in the
Lagrangian density of the corresponding commutative
theory. The replacement leads to interesting features re-
flecting the peculiarities of noncommutativity. In this light,
the noncommutative field theory appears as a theory of
classical fields and comprises no underlying microscopic
(second quantized) origin.

On the other hand, it has long been known that the
quantum Hall (QH) system [8,9] has its essence in the
noncommutativity [10,11] of the coordinate of an electron
in the lowest Landau level (LLL) and that its algebraic
structure [12—15] is W,. A charged excitation is a topo-
logical soliton identified with a Skyrmion [16], whose
existence has been confirmed experimentally [17-19] by
measuring the number of flipped spins per excitation.
Accordingly there must be a microscopic soliton state in
a consistent quantum field theory on the noncommutative
plane. Indeed, a candidate of the microscopic Skyrmion
state was proposed [20—22] to carry out a Hartree-Fock
approximation to estimate its excitation energy. Thus the
QH system is an ideal laboratory to play with noncommu-
tative geometry and noncommutative solitons. However,
no indication of noncommutativity has so far been repro-
duced in the classical picture corresponding to these micro-
scopic approaches.
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The aim of this paper is to fill out such a lack of interplay
between the noncommutativity in the microscopic theory
and the noncommutativity in the classical theory.

Taking a concrete instance of the QH system, we inves-
tigate topological solitons in the noncommutative plane
with the coordinate x = (x, y). The noncommutativity is
represented in terms of the Moyal bracket as

[x, v = —if (1.1)
with 6 > 0. Employing the picture of planar electrons
performing cyclotron motion in strong magnetic field, we
demonstrate that the noncommutativity encoded at micro-
scopic level develops into the noncommutative kinematical
properties of the corresponding macroscopic objects,
which are the expectation values of quantum operators.
Such an observation is quite reasonable, since the non-
commutativity appears as a property of the plane itself,
while the dynamics is the subsequent structure built over
the plane. This approach is particularly useful to explore
topological solitons since the topological charge is essen-
tially a geometrical property.

In the noncommutative field theory the basic object is
the Weyl-ordered operator [23] together with its symbol.
We denote the holomorphic basis by {|n);n =0, 1, - - -}, in
which the Weyl-ordered operator acts. We consider the
planar electron field #,(x) carrying the SU(N) isospin
index wu in the lowest Landau level, where the physical
variable is the U(N) density D, (x) = (//,JE (x)4,,(x) com-
prising the electron density p(x) and the SU(N) isospin
density S,(x). We define the associated bare density
D u»(X), subject to the so-called W, (N) algebra[24], and
its classical field ﬁf},,(x) that is the expectation value by a
Fock state. We explore the kinematical and dynamical
properties of the classical field lA)fL',,(x).
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‘We summarize our new results. First of all, we show that
the classical field configuration, in particular, the Skyrmion
configuration, satisfies the noncommutative constraint

N
N . 1 A
> D, () * D (%) = - DY, (x).

2l M (1.2

o=1
Furthermore, we resolve the above noncommutative con-
straint by introducing the noncommutative CPN~! field
n,(x) with its complex conjugate 7, (x),
R 1
Di},y(x) = ﬁnﬂ(x)*ﬁv(x)' (13)
Recall that the noncommutative CP field has so far been
introduced by hand as a mere generalization of the ordinary
(commutative) CP field [5].
We then define the topological charge density by the
formula

Jo(%) = ST, (), n, (0. (1.4)
26

It follows from (1.3) and (1.4) that the density excitation
A p(x) is essentially the topological charge density,

Ap(x) = —Jo(x).

It is a novel property of a noncommutative soliton that it
induces an excitation of the electron number density
around it as dictated by this formula. There are many
different but equivalent ways of defining the topological
charge, but only this definition has such a special property.

An immediate consequence is that a topological soliton
carries necessarily the electron number AN = —Q,
where AN = [d?xAp(x) and Q = [d’xJy(x). We
should mention that this property has been known
[14,16,25] since the first proposal of Skyrmions in QH
systems. Nevertheless, there has been no observation that
the relation (1.5) holds rigorously with the choice of the
topological charge density (1.4).

Another remarkable result is that the Skyrmion carrying
Q =1 is constructed as a W (N)-rotated state of a hole
state. The corresponding CPV~! field is given by

(1.5)

o0

1wy, = > [u,(mn)nl + v, (m)ln + 1nl],

n=0

(1.6)

where 11, is the Weyl-ordered operator whose symbol is
n,(x), while u,(n) and v, (n) are infinitely many parame-
ters characterizing the Skyrmion. These parameters are
fixed once the Hamiltonian is given.

As an example we study the case where the Hamiltonian
is given by the hard-core four-fermion interaction [26].
Determining those parameters explicitly we obtain the
Skyrmion state as an eigenstate of the Hamiltonian. The
solution is found to possess a factorizable property,
S(x) = p(x)S,(x), where S,(x) is the solution in the
ordinary CPV~! model. We call such an isospin texture the
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factorizable Skyrmion. For the sake of completeness we
analyze the Skyrmion solution in the noncommutative
CPV~! model [5]. It is intriguing that Skyrmions found
in the hard-core model [26] and the noncommutative
CPN~! model[5] are the same, though these two models
are very different. Finally we point out that a factorizable
Skyrmion cannot be a physical excitation in the Hamil-
tonian system consisting of the Coulomb and Zeeman
interactions.

This paper is organized as follows. In Sec. II we recap-
ture the basic moments of noncommutative geometry. In
Sec. III we review the properties of the density operator for
electrons in the lowest Landau level. In Sec. IV we discuss
the topological charge in the noncommutative plane. In
Sec. V we consider the four-fermion repulsive interaction
governing the dynamics of electrons in the lowest Landau
level. In Sec. VI we analyze the Skyrmion as a
W (N)-rotated state of a hole state. In Sec. VII we con-
struct the microscopic Skyrmion state in the hard-core
model. In Sec. VIII we analyze the noncommutative
CPV~! model. In Sec. IX we derive the effective theory
for the classical density DA;],,(X) and study a generic struc-
ture of classical equations of motion. We also make the
derivative expansion of the energy and derive the non-
commutative CPY~! model as the lowest-order term.
Section X is devoted to discussions. In particular, we
briefly summarize the property of Skyrmions in the real-
istic Coulomb interaction model.

II. NONCOMMUTATIVE GEOMETRY

The essence of noncommutative geometry becomes
clearer when formulated in algebraic terms [27].
Commutativity of a plane implies the algebra of smooth
functions over the plane, with the algebraic operation to be
the ordinary multiplication. The plane with the coordinate
X = (x,y) is said to be noncommutative if the algebraic
operation is defined by

F(x) * h(x) = ™ W2VAYs f(x)h(y)ly=,

where 6 is the parameter of noncommutativity. The deriva-
tive is

2.1

0:f(x) = = 2 e lx f0)]., (22)
where [f, gl = f * g — g * f is the Moyal bracket. The %
product (2.1) is known to be the only possible deformation
of the ordinary product provided the associativity is
required.

From (2.1) we get

xky—ykx=—if, (2.3)

implying that the coordinates of a plane are noncommuta-
tive with respect to the algebraic multiplication law.

We introduce operators X and Y forming the oscillator
algebra,
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XY —YX = —if. 2.4)

The mapping (x, y) — (X, Y) generates that of a function
f(x) into the corresponding operator O[f], which is the
Weyl-ordered operator[23],

o] = f Phe*X f(K), 25)
2
where f(k) is the Fourier transformation of f(x),
Flk) = f Pxe—* f(x). 2.6)
2

The function f(x) is referred to as the symbol of O[f].
The inverse of (2.5) is given by

(k) = 6 Tr(e *¥0[f)), 2.7)
from which we find
] Exf(x) = 270 Tr(O[f). 2.8)
It follows from (2.5) that
O[f]0[g] = O[f * g] (2.9)

which generalizes the correspondence between (2.3) and
2.4).

The creation and annihilation operators are constructed
from the algebra (2.4),

X—iY X +iY
b= . b= , 2.10
\/20 \/20 10)
generating the holomorphic basis,
(b
|n) = |0), bl0y =0, 2.11
) N ) ) (2.11)

in the Fock space. The Weyl-ordered operator O[f] is
presented as

OLf1="> Oyl fllm)nl, (2.12)
where the matrix O,,,[ ] is given by
Ol f1= (m|OLf]In). (2.13)
The inversion formula (2.7) reads
f(k) = 60> (nle”*X|m)0,,,[f] (2.14)
We have the chain of one-to-one mappings
fo= Olfl < 0ulf] (2.15)

accompanied by the ones among the multiplication laws,
fxh o Oflolh] < > 0,,f10,[h]
J

(2.16)

In the subsequent sections we will reproduce the above
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constructions in terms of expectation values of field opera-
tors in the QH system.

III. ELECTRONS IN THE LOWEST LANDAU
LEVEL

The system of electrons in the lowest Landau level
provides us with the simplest and concrete example where
the principle of noncommutativity acquires a natural real-
ization. In this section we recollect the basic moments and
introduce the bare operators which play the key role in the
consequent development. We assume the electron to carry
the U(N) isospin index. We have N = 2 for the monolayer
QH system with the spin degree of freedom, and N = 4 for
the bilayer QH system with the spin and layer degrees of
freedom [8].

A. Quantum mechanics

A planar electron performs cyclotron motion in a homo-
geneous perpendicular magnetic field (A% = 1B €;;x)).
The electron coordinate x = (x, y) is decomposed into the
guiding center X = (X, Y) and the relative coordinate R =
(R, Ry), x = X + R, where R, = —¢;;P;/eB) with P =
(P,, P,) the covariant momentum.

In the first quantized picture the operators X and R are

1 .
Xi = Exi - 151236ij8j, (313)
1 .
Ri = Exi + 15%6,161 (31b)
The canonical commutation relation implies
[Xi’ X]] = _iegelj, (323)
h2
[P, Pj] = ig_zeij, (3.2b)
B
[Xir Pj] = 0’ (320)

where € is the magnetic length defined by €3 = 11/eB, .
The kinetic Hamiltonian with the electron mass M,

D
2M  2M

creates the equidistant Landau levels with gap energy
hw, = heB| /M.

Because of the noncommutative relation (3.2a) an elec-
tron cannot be localized to a point and occupies an area
27r€% in each Landau level. It is highly degenerate. The
degree of degeneracy is given by the maximal affordable
density of identical electrons given by pg = (27¢3) L. It
is equal to the magnetic flux density, py = B /®Pp with
®, = 277/ e the Dirac flux quantum. The maximal pos-
sible density is given by Npg for electrons carrying the
isospin index uw =1, ..., N.

The algebra (3.2a) acts independently within each level.
Provided the magnetic field is strong enough, the gap

1
Hy (P, = iP))(P, + iP)) + S hw, (33)

085002-3



Z.F. EZAWA AND G. TSITSISHVILI

energy hiw, becomes large compared with other character-
istic energies associated with thermal fluctuations or elec-
trostatic interactions. Then, excitations across Landau
levels are practically suppressed, and electrons turn out
to be confined to the lowest Landau level. Namely, the
degree of freedom associated with the algebra (3.2b) is
frozen, and the kinematic Hamiltonian is quenched. This is
the LLL projection [10,11].

Consequently, the kinematics of the system becomes
governed solely by the algebra (3.2a), which is identical
to (2.4). The coordinates x and y standing in (2.3) appear in
(3.1a) as coordinates in the space of representation of
(3.2a). The parameter of noncommutativity is # = €% and
is carried through all the subsequent accounts.

The wave functions of electrons in the lowest Landau
level are given by

n
2 e~ leP/4

N2 On)

with z = (x + iy)//6, where n labels the degenerate states
with respect to the orbital momentum eigenvalue. We call
the state |n) the Landau site. We denote the number of
Landau sites by Ng, which is equal to the number of flux
quanta passing through the system. The set (3.4) agrees
with the x representation of the states (2.11). Though (x|n)
are orthonormal, their set is not complete, leading to the
nonlocalizability of an electron to a point when it is con-
fined to the lowest Landau level.

(x|n) = 34

B. Second quantization and bare densities

In constructing the second quantized picture we intro-
duce the fermion field operator

Yu(x) = D (xlnye,(n), (3.5)
n=0
where u = 1,..., N is the isospin index associated with

the algebra U(N). The fermion operators satisfy the stan-
dard anticommutation relations,

{eu(m), b ()} = 8,8 -

The operator cL(n) creates an electron with the isospin u
in the Landau site n.

The physical variables are the number density p(x) =
T (x)i(x) and the isospin density S,(x) = %z/ﬁ(x)/\az//(x)
with the Gell-Mann matrix A,. It is convenient to introduce
the density operator,

(3.6)

D (%) = gl (x4, (%), 3.7)
comprising the number and isospin densities as
1
D) = 18,00 + (M) Sux). G9)

Substituting (3.5) into (3.7), we obtain
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D,y(®) = S (alx)xlm)D,, (mn). (3.9)
where
D,,(m,n) = cI(n)cM(m). (3.10)
Using the relation
fd2x<nlx><xlm>e_ik" = WA (| o= kX |\ (3.11)
we get
D,,(x)= %T f ke VYD (K)ekx, (3.12)
where
D, (k)= ;ﬂ_%mleikxlm)DW(m, n). (3.13)
Its Fourier transform reads
D, (x)= % f d*kD ,, (k)e™*, (3.14)
which is related to D, (x) as
D,,(x)= wia f d>ye XD, (y). (3.15)

We call D v the bare density. This relation implies that the
physical density D ,,(x) is not localizable to a point.
Integrating both sides of (3.15) we get

f d*xD,,,(x) = f d’xD,,,(x), (3.16)

which indicates that (3.15) is just a smearing of ﬁw,(x)
over some area of order of . The operator (3.14) may be
regarded to describe some kind of cores located inside the
physical objects associated with D, (x).

C. W, (N) algebra
The algebraic relation
[Dp,y(m’ n): D(TT(S’ t)] = 8/”'6mlD(TV(sJ n)

= 84500, Dyr(m, 1) (3.17)
holds between the density matrix operator, as is easily
derived from the anticommutation relation (3.6). We com-
bine this with the magnetic-translation group property,
eikxeik’X — ei(k+k')X CXP[% 0k A k/j|, (318)

which summarizes the noncommutativity of the plane. In
this way we obtain
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27D, (K), Dyr(K')] = 6,,,e " /PRAD (K + K')
_ 5UVef(i/2)0k/\k/DA’uT(k + k')
(3.19)

in terms of the bare operator (3.13). We may rewrite it as

[p(k), p(K")] =

' k A
Lok + k) sin<0
a

k > (3.20a)

/

[5.(K), p(k')] = %SAa(k + k) sin<0 kAk ) (3.20b)

[Sa(k)’ LS,;b(kl)] = éfabcs,\c(k + k/) COS<9 k /;kl>

k AKk/
)

] k A K’
+ - 5,k +K) sin(0 > )

+-1d, 8.k + k) sin<0
27

27N
(3.20¢)

where the summation over the repeated isospin index is
understood. We have named this the W, (N) algebra [24]
since it is the SU(N) extension of W,. Its physical impli-
cation is an intrinsic entanglement between the electron
density and the isospin density. The entanglement is re-
moved in the commutative limit, & — 0, where it is re-
duced to the U(1) ® SU(N) algebra.

IV. NONCOMMUTATIVE KINEMATICS

In this section we study how the noncommutativity
presented in microscopic theory generates a constraint on
classical objects. We first define the class of Fock states we
work with and then derive a noncommutative relation
satisfied by the expectation value of the bare density. We
subsequently introduce the noncommutative CPV~! field
by resolving the noncommutative constraint, and discuss
topological aspects with the use of the noncommutative
CPN™! field.

A. Fock states
We consider the class of Fock states which can be
written as
1©) = eVIS,), (4.1)
where W is an arbitrary element of the algebra W,,(N)
which represents a general linear combination of the op-
erators (3.10). The state |©,) is assumed to be of the form

180 = [ ek m1=lo) (42)
mn

where v, (n) takes the value either 0 or 1 specifying
whether the isospin state w at the Landau site n is occupied
or not, respectively.
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The amount of electrons at the Landau site # is given by

N

) =Y v,(n)

n=1

(4.3)

and may take a value from O up to N. The filling factor is
defined by

No—1

1
v = N Z v(m),

m=0

4.4)

where the thermodynamical limit Ny — oo is implied. The
electron density is homogeneous in the ground state,
v(n) = constant.
The electron number of the W, (N)-rotated state (4.1) is
easily calculable,
(CINS) = (Sole™ N eV |Sp) = (SoIN|S0),
4.5)

since the total electron number
Ne=3'S chne,n)
noop

is a Casimir operator. The electron number of the state |S)
is the same as that of the state |S,). We set

(4.6)

ANgl = <g|Ne|g> - <g|Ne|g> = /d2xAﬁCl(X)’ (47)

where (g|N.|g) is the total electron number in the ground
state |g), and AN¢' is the number of extra electrons carried
by the excitation described by the state |©). It is an integer
since (S(|N.|S) is an integer as well as (g|N.|g).

The class of states of the form (4.1) together with (4.2)
does not embrace the whole Fock space. Nevertheless, it is
general enough to cover all physically relevant cases in our
analysis where the filling factor v is taken to be an integer.
Indeed, as far as we know, perturbative excitations are
isospin waves and nonperturbative excitations are
Skyrmions in QH systems. The corresponding states be-
long surely to this category.

B. Noncommutative constraints

The classical field is the expectation value of a second
quantized operator such as

D¢, (x) =(S|D,,(x)|S). (4.8)
From (3.13) we have
A~ 1 .
D¢, (k) = %Z<n|ef’kxlm)Df},,(m, n), 4.9
where
DY, (m,n) = (Slcln)c,(m|S).  (4.10)

It is identical to (2.14) when we set f(k) = D;',,(k) and
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O, f1= DS, (m, n)/26. Hence, from the matrix ele-
ment Dﬁ,,(m, n) we may construct a Weyl-ordered operator
whose symbol is DAﬁ,,(x).

As we derive in the Appendix the classical density
satisfies the relation

D D51 (m, $)DG, (s, n) = DS, (m, n). (4.11)
In terms of symbols it reads
< Al Acl L
DS * D =_—D¢ . 4.12
3 DD =5 GO (@12)

|

A A 1 1
cl * cl — acl _ acl * p¢l
§2100 % 85/(x) = 7 pI(x) = 5 7100 % pI(x),

1

1. A A A Ui e 1. Ny
S ifape + dapdS5100 % 82(x) = = 83(x) = 5057100 % () — 52 85100 % 5.

These two relations are the manifestation of the micro-
scopic noncommutativity at the level of the classical fields.

C. Noncommutative CPY 1 field

Because of the involution of the * product in (4.14), the
structure of the fields p'(x) and S (x) is very complicated,
and a comprehensive analysis of these equations is quite
far from being trivial. We investigate relatively simple
cases of integer filling factors. In the physics of QH sys-
tems the integer value of v is related to the integer quantum
Hall effect, which is much simpler in structure than the
fractional one realized at a certain fractional value of ». In
this case we are able to present a systematic way of
resolving the noncommutative relations (4.12) or (4.14).

We introduce the v amount (r = 1, ..., v) of fields n"(x)
each representing a column with N complex components.
They are required to be orthonormal

iy (x) * nj,(x) = 8™, (4.15)

where 71 denotes the complex conjugate of n. Here and
hereafter the summation over the repeated isospin index u
is understood. Then it is trivial to see that the relation (4.12)
is resolved by

A 1 < _
D¢, (x) = 55 Zl ns, (x) * ii3(x), (4.16)
or
pl(x) = ﬁzn;(x) * 15, (x), (4.17a)
ac 1 s =S
Sal(x) = mz()\a)p,unv(x) * n,u,(x)' (417b)

Changing the order of multiplicatives in (4.17a) and using
(4.15) we obtain
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The noncommutativity encoded in (3.2a) has become per-
ceptible at the classical level in terms of the bare quantity
[A)f,},,(x). This is the noncommutative constraint on the bare
density.

We may rewrite (4.12) as the constraints on the bare
densities p¢!(x) and $¢(x) given by

DY) = 20,0900 + (1), 8000, @13)

where p9(x) = (S|p(x)|S) and S5 (x) = (SIS, (x)|S).
Substituting this into (4.12) and using the properties of
Gell-Mann matrices we come to

(4.14a)

(4.14b)

AC 1 A nS
PN =5 5t g DI AL (@18)

The first term represents the homogeneous part of the
electron density. Note that p, = vpg = v/270 is the
electron density in the ground state. Comparing this with
(4.7) we find

1
Ap(x) = ﬁZ[nL(X), iy, (x) L, (4.19)

which is the density excitation from the ground state
realized in the state (4.1).

At the filling factor » = 1, which we study mostly in
what follows, we have a single N-component column 7(x)
satisfying

i, (x) *n,(x)=1, (4.20)
and the bare density reads
A 1
Dﬂv(x) = mnM(X) * ﬁv(x)) (421)
or
29(X) = ——n (%) % 1,,(x), (4.22a)
270 ’
A 1
1 _ —
SZ (X) - m(Au)#an(X) * n,u,(X) (422b)
They are represented as
nin, =1 (4.23)
and
o[D% ]=—mn,n} (4.24)

wy 2w
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in terms of the Weyl-ordered operator 11, whose symbol is
the CPY~! field n,,(x), n, = O[n,].

We study a local noncommutative phase transformation
of n,,(x). Let U(x) be a complex valued function satisfying

Ux)*Ux)=UKx)*Ux) =1, 4.25)
which is constructed as
. -2
U=e;§El+i§+%§*.§+'~ (4.26)

with &(x) being an arbitrary function. Then the local U(1)
transformation of n,,(x) is given by

n,(x) = n,(x) = n,(x) * U(x),
i, (x) = i), (x) = U(x) * i1, (x),

(4.272)
(4.27b)

which are consistent as a matter of (f x h) = i * f. The
classical density (4.22) as well as the noncommutative
normalization condition (4.20) are invariant under the
transformation.

In general, at the integer filling factor v, we introduce
the Grassmannian Gy, field [28] as a set of the ¥ amount
of the CPY~! fields,

Z(x) = (nj, nk, -, nh). (4.28)
Under a local U(x) transformation,
Z(x) — Z'(x) = Z(x) * U(x), (4.29)

the classical density (4.17) as well as the noncommutative
normalization condition (4.15) are invariant.

D. Topological charge

There exist several equivalent ways of defining the
topological charge associated with the CPV ™! field in the
ordinary theory on the commutative plane. One of them
reads

1 nS N
0= ﬁek,z f d?x(9,735,)(9n3,). (4.30)
We generalize it to the noncommutative theory as
1
0= 553 [EdmE L @3

since the Moyal bracket is expanded as

[, (x), 15, (x) ] = —if€ ;0,5 (x)0,ns, (x) + O(6?),

(4.32)

and the quantity (4.31) is reduced to the topological charge
(4.30) in the commutative limit (6 — 0).

We now show that the quantity (4.31) satisfies all stan-
dard requirements that the topological charge should meet.
The topological charge density is
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o0 = 5 S L. @33)

First, due to an important property of the star product such
that

F(x) * g(x) = f(x)g(x) + 9, Ay (x), (4.34)

the density is expressed as Jy(x) = 9, A (x) with a certain
function A, (x). Thus (4.31) reads

0= [ LxJy(x) = j( A Ax), (435

where the contour integration is taken along a circle of an
infinite radius. At the spatial infinity, the normalization
(4.20) turns into a commutative condition (since the de-
rivatives must vanish), and the asymptotic behavior is
given by n,(x)~r°, yielding Ay ~r~'. Thus, Q~
§d¥ with ¥ the azimuthal angle. The integration over
the angle gives the number of windings. This is the stan-
dard way how the number of windings appear.
We next examine the conservation law. We obtain

1 _
doJo = mZ[ao"Z(X), ns, (x) ],
S, 1

1
+

S ST 0, a1
S, L

=4 k‘, ks (436)
where the existence of J; is guaranteed by the property
(4.34). Based on dimensional considerations, the quantity
J;, behaves as J; ~ r~2 asymptotically, implying the van-
ishing of the corresponding surface integral, and the con-
servation of the topological charge, d,Q = 0, holds.

As we have stated, there are several ways of defining the
topological charge Q. Needless to say, they are all equiva-
lent. Nevertheless the topological charge densities are
different, and, in general, they have no physical meaning.
Among them the topological charge density (4.33) has a
privileged role that it is essentially the electron density
excitation induced by the topological soliton,

Jo(x) = —Ap(x), (4.37)
as follows from the comparison of (4.33) with (4.19).
Hence the topological charge is given by

0=- ] PxAp(x) = —ANE, (4.38)

which is an integer. Consequently the noncommutative
soliton carries necessarily the electric charge proportional
to its topological charge. This is a very peculiar phenome-
non that occurs in the noncommutative theory.
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V. HAMILTONIAN

We have so far been concerned with the kinematical
properties of the noncommutative electron system. Recall
that the LLL projection quenches the kinetic Hamiltonian
(3.3) and brings about the noncommutativity into the sys-
tem. We now investigate interactions between electrons
which organize the system dynamically.

A. Four-fermion interactions

We take a four-fermion interaction term,

1
Hy =5 f PxdyV(x - PApX)ApY),  (.1)
where Ap(x) is the density excitation operator,
Ap(x) = p(x) — po, (5.2)

and p, denotes the homogeneous density of charges pro-
viding the electric neutrality in the ground state. In the real
QH system V(x) is given by the Coulomb potential, but
here we only assume that it represents a repulsive
interaction.

As we have already mentioned, we consider the system
at an integer filling factor ». Each Landau site can accom-
modate up to N electrons of different isospins. The cases of
v =0 and v = N are trivial since the isospin polarization
is zero, where Landau sites are either all empty or all
occupied. Nontrivial filling factors are v =1,..., N — 1.
The fillings v and N — v are equivalent in the sense of
particle-hole symmetry.

Substituting the density operators (3.5) into (5.1) we
obtain

H= Z anijD,u,,u.(n) m)DVV(j’ l) - V(Ne + ANe)€D’

mnij
5.3)
where N, = vNg + AN, and
1 . .
Vinig = g [ RVl il X1
64

with V(Kk) the Fourier transformation of the potential V(x).
We have used the notation

AN, = fdzxAp(x), (5.5)
_ _ Po
€p = ;Vn,,” = 7 fdsz(X). (56)
For later convenience we also define
ex = S Vi = p—q’afd%V(k)e*@kz/z (5.7)
X njjn 2 . .
J

Here, ep and ex are the direct and exchange energy pa-
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rameters, respectively. Note that };V,,;; and }";V,,;;, are
independent of n, and the summation is taken over j with n
arbitrarily fixed.

B. Spontaneous symmetry breaking

Using the four-fermion interaction Hamiltonian (5.1) we
evaluate the energy of the state |S) in the class (4.1). In the
Appendix we derive the decomposition formula,

Ey = (S|Hy|©) = Ep + Ex, (5.8)
where
Ep = V,ijD%, (n, m)DS,(j, i) — v(NS' + AN ep,
(5.9a)
Ex = ~ VD3, (j, m)DSh, (n, ) + Nlex, (5.9b)

with N¢' = vNg + ANS. Here Ep and Ey represent the
direct and exchange energies.

It is straightforward to represent them in the momentum
space by using (4.9) and (5.4),

Ep = 77[dsz(k)e*“/ZW|Aﬁ°l(k)|2,(5.10a)

. 1
Ex = 7TfdzkAVx(k)[ISf)(k)lz + ﬁlﬁd(k)lz}(S'IOb)
where AVyx (k) = Vx(0) — Vx(k) with
Vet =2 f d*k e I0RNK = (110K y (k1) (5.11)
w

Note that both the energies are positive semidefinite since
V(k) >0 and AVx(k) >0 for a repulsive interaction.
Here, p(k) = (S|p(k)|©) and §§(k) = (5, (k)|S).
It is remarkable that, though the Hamiltonian (5.1) involves
no isospin variables, the energy (5.8) of a state does. The
direct energy Ep is insensitive to isospin orientations, and
it vanishes for the homogeneous electron distribution since
Ap(k) = 0. The exchange energy Ex depends on isospin
orientations. The isospin texture is homogeneous when the
isospin is completely polarized, where S$<(k) oc (k).
Furthermore, p¢(k) oc §(k) due to the homogeneous
electron distribution. For such an isospin orientation the
exchange energy also vanishes since AVx(0) =0 in
(5.10b). On the other hand, Ex > 0 if the isospin is not
polarized completely since S’Zl(k) contains nonzero mo-
mentum components. Consequently the isospin-polarized
state has the lowest energy, which is zero. Namely, all
isospins are spontaneously polarized along an arbitrarily
chosen direction. It implies a spontaneous symmetry
breaking due to the exchange interaction implicit in the
Hamiltonian (5.1).

C. Ground state and Goldstone modes

The ground state is a spontaneously symmetry broken
one, where the electron density is homogenous, p¢(x) =
po = v/2m0, and the isospin field is additionally a con-
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stant, $<(x) = S%/270. Substituting these into the non-
commutative constraint (4.14) we find

v(N —v)
2N
N —2v
S,
N a

At the filling factor v the isospin is normalized on the
ground state in this way. The asymptotic behavior of the
topological soliton is determined by these equations.

We study small perturbative fluctuations of the isospin
on the ground state. We may keep the electron density
unperturbed, p(x) = p,, to minimize the direct energy
(5.10a). Setting

$0S0 = (5.12a)

dachQSg =

(5.12b)

S(x) = S,(x)/270, (5.13)
and substituting these into (4.14), we find
_v(N—v)
Sa®) * Su(x) = ——5— (5.14a)
. N —2v
(lfabc + dabc)sb(x) * SC(X) = N Sa(x)‘ (514b)

The Goldstone modes, which are small fluctuations of the
isospins, are subject to these constraints. The exchange
energy (5.10b) may be used as the effective Hamiltonian
for the Goldstone modes. However, there are N> — 1 real
components in S,(x), but not all of them are independent.
Because of this fact, except for the case of SU(2), it is quite
difficult to analyze Goldstone modes based on (5.10b).
Later we shall derive the effective Hamiltonian in terms
of the CPN™! field: See (9.19).

VI. QUANTUM HALL SKYRMIONS

We proceed to analyze topological excitations. As we
have shown, a topological soliton necessarily carries the
electron number. The simplest charge excitation is the hole
excitation. It is curious but, as we shall soon see, a hole is a
kind of Skyrmion in the noncommutative plane. A generic
Skyrmion state is constructed as a W,,(V)-rotated state of
the hole state. We start with a Skyrmion with Q = 1, and
subsequently pass to a multi-Skyrmion with Q = k. Itis to
be remarked that the Hamiltonian is not necessary to
develop a theory of Skyrmions. What we use is only the
fact that the ground state is a spontaneously symmetry
broken one.

A. Microscopic Skyrmions

The ground state is expressed as
l2) =[] guckl0), (6.1)
n=0

where a constant vector g, stands for the isospin compo-
nent spontaneously chosen, obeying the normalization
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condition
g8, =1 6.2)
The ground state satisfies
p(m, n)lg) = 8,,1g), (6.3a)
(@IS, 0m. ) = 3 3, 8u0) s (630)

The simplest charge excitation is a hole excitation given by
Ih) = 8,c.(0)lg). (6.4)

with its energy <(h|Hy|h) = ex.
We consider a W, (N)-rotated state of the hole state |h),

|@sky> = eiW|h> = eiW l_[ g,uc};(n + 1)|0>:
n=0
where W is an element of the W, (N) algebra (3.19). As we
have noticed in (4.7), the electron number of this state is the
same as that of the hole state, or ANg1 = —1.
The simplest W,,(N) rotation mixes only the nearest

neighboring sites, and is given by the choice of W =
S0 W, with

(6.5)

iW, = a,hugiel(ne,(n + 1) — a,hyg el (n + Dey(n),
(6.6)

where a, is a real parameter, and &, is a constant vector

orthogonal to g,

h,h, =1, guhy =hug,=0. (6.7)
Note that W, is a Hermitian operator belonging to the
W (N) algebra. It is to be remarked that [W,, W, ] = 0,
as follows from (6.7) in the case of m = n + 1, and trivi-
ally in all other cases. We define

Ef(n) = etWg, clin+ eV (6.8)
It is easy to show that
&t(n) = uﬂ(n)cL(n) + vﬂ(n)cL(n +1), (6.9)
where we have set
u,(n) = h, sina,, v,(n) =g, cosa,.  (6.10)
The conditions
i, (mu,(n) + v,(nv,(n) =1, (6.11a)
o, (Mu,(n+1)=0,  (6.11b)
follow on u,(n) and v, (n). It is necessary that
}Lrgou#(n) =0, ’}Ltgov#(n) = 8w (6.12)

since the Skyrmion state should approach the ground state
asymptotically.
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The operator £(m) satisfies the standard canonical anti-
commutation relation,

{em), E1()} = 8,0, {E(m), )} =0,  (6.13)

as is verified with the use of the condition (6.11). The hole
state is a special limit of the Skyrmion state with u,(n) =
0 and v,(n) = g, for all n.

It is now easy to see that the W, (N)-rotated state (6.5) is
rewritten as

S4y) = [T 1 )10) (6.14)

n=0
by the use of (6.8) and e~*"»|0) = 0. This agrees with the
Skyrmion state [20] proposed to carry out a Hartree-Fock
approximation.
Multi-Skyrmion states are given by (6.14) with

EN(n) = u,(n)ch(n) + v, (m)ef(n + k),

where k indicates the amount of Skyrmions. The normal-
ization condition is still given by (6.11a) but (6.11b) re-
placed by 0, (n)u,(n + k) = 0. In a single Skyrmion case
the nearest neighboring sites are mixed in operators £(n).
For k = 2 the mixing appears among the sites with even n
and separately among the ones with odd », while no mixing
appears among even and odd sites. In this sense there arise
two separate chains of mixed sites, where the above steps
can be carried out separately. In the case of general k there
are k separate chains, so nothing essentially new occurs,
and the analog of (6.5) appears as

(6.15)

0 k—1
Sa) = €™ [ gchln + KI0) = e [T Zucumle)
n=0 n=0
(6.16)
where |g) is the ground state given by (6.1). The electron
number is evidently given by ANS' = —k.

B. Noncommutative CPV~! Skyrmions

We construct the noncommutative CPV~! field describ-
ing the multi-Skyrmion state (6.14) with (6.15). For this
purpose we calculate the quantities

D, (m, n) = (Sgyleb(n)e, (m)| Sy (6.17)

for the multi-Skyrmion state. It is straightforward to show
CM(m)lgsky> = [u,u,(m)‘f(m)
+ U,u(m - k)‘f(m - k)]l®sky>,

where the convention v M(m) = 0 for m < 0 is introduced.
We then use

(6.18)

<®sky | éﬁ (m)f(n) | 6sky> = 6mn

together with (6.18), to find the only nonvanishing values
of D$,(m, n) to be

(6.19)
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Di},,(n, n) = u,(n)i,(n) + v,(n — k)v,(n — k),
D (nn + k) = u,(n)o,(n),
D, (n + k n) = v,(n)i,(n).

(6.20)

This gives the Weyl-ordered operator as

2700[D, ] = [u,(n)i,(n) + v,(n — k), (n — k)]ln)
X (nl + u, (n)v,(n)In)n + k|

+ v, (n)i,(n)|n + k)nl|. (6.21)

Comparing this with (4.24) we uniquely come to
ny, = > lu,mln)nl + v, (Wl + Xnll,  (6.22)
n=0
whose symbol is [27]

n,(x) =2e % i(—l)”uﬂ(n)Ln(ZZz)
n=0

2. (—1)"/n! Cms
v, \n 2 .
,;) X L (M) LE(272)

4 /241 k=22

(6.23)

This is the noncommutative CPV~! field describing the
multi-Skyrmion state.

C. Topological charge of Skyrmions

We have already shown that the topological charge is
givenby Q = —AN¢' = k for the multi-Skyrmion state via
the charge-number relation (4.38). We confirm this by an
explicit calculation.

In the Weyl form the topological charge (4.31) is ex-
pressed as

Q = Tr((nf, n,J.

Here, we cannot use Tr([A, B]) = Tr(AB) — Tr(BA) = 0,
which is valid only if Tr(AB) and Tr(BA) are separately
well defined. This is not the case here, and the trace
operation must be carried out after the commutator is
calculated.

Using (6.22) we obtain

(6.24)

0= S 8,000,000l — b + K + K]
n=0
(6.25)

This is still inappropriate for calculating the trace, since the
separate pieces are divergent due to the behavior
lv,(n)] — 1 as n — oo, as implied by the boundary con-
dition (6.12). We rewrite the formula in terms of u,(n)
instead of v, (n), and obtain
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> i, (muy, (n)ln)nl

n=0

k—1
[hon,d =S In)nl -
n=0

+ Z i, (mu,(n)ln + k}n +kl.  (6.26)
n=0

Each piece is well defined since u,,(n) — 0 as n — oo, and
the traces can be calculated separately, which eventually
leads to Q = k.

D. Hole state

In order to understand the difference of the noncommu-
tative theory from the commutative one, it is instructive to
analyze the hole state (6.4) in more detail. To make the
argument as simple as possible, we consider the SU(2) spin
system with the ground state being the up-spin filled one,

lg) = ]j) cf (n)10). (6.27)
The hole state is
Ih) = ¢;(0)lg), (6.28)
with its bare density being
pA(x) = po(1 — 2e7779), (6.292)
i) =8x=0  $x = %ﬁd( ). (6.29b)

It represents literally a hole of the size /8. The spin texture
is trivial.

In the commutative theory, the topological number is
given by (4.30), or

Q= ﬁe,dz f d?x(9,71,)(9n,,), (6.30)

which is equivalent to the Pontryagin number,
0p = — j e e Sa0:S)(@,S).  (631)
Here S, is the normalized spin density, S, =

51,(04) yyn,, with o, the Pauli matrix. We would obvi-
ously conclude Qp = 0 for the trivial spin texture such as
(6.29b).

However, this is not the case in the noncommutative
theory. According to the argument presented in the pre-
vious subsection, its topological charge is given by

Q = Tr([nt, n, 1) = Tr(|0X0]) = 1, (6.32)

since u,,(n) = 0 for all n in (6.26). There is no mystery
here. Let us explain this by calculating the topological
number explicitly in the coordinate space.

The CP' field which gives the trivial spin texture (6.29b)
via (4.17) is highly nontrivial,
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ny(x) = 23/27¢7% L}(272), (6.33a)

2 gt

ny(x) = 0. (6.33b)

It is well defined everywhere. Only the asymptotic behav-
ior contributes to the topological number (4.31) in the
noncommutative formulation, or equivalently to (6.30) in
the commutative formulation. Any finite order terms in n
vanish in the limit Zz — co due to the term e ™% in (6.33a).
Thus, in calculating the topological charge, we may re-

place 1/4/(n + 1) by I'(n + 3)/T'(n + 2), which is valid for
n > 1. We then use [29]

Z (a)n tn (c l)( ) _

1 xt
M(a;c,——) 6.34
T M(eerT) 639
where M(a; b; x) is the Kummer function. Taking a = %,
c=2,and t = —1, we obtain

SACI < 2_> RN

) 2] ’
where 1 is the azimuthal angle. It carries a proper winding
number. The topological number of a hole is clearly Q =
1, as is consistent with (6.32).

Hence we conclude that a hole is a kind of Skyrmion in
the noncommutative theory: Its spin texture is trivial but
the associated CPV ! field is highly nontrivial and carries a
proper winding number.

It is easy to see what happens in the commutative limit
for the hole state, where the CP! field (6.33a) is reduced to

(6.36)

ny(x) — (6.35)

n(x) = €', ny(x) = 0.

It is ill defined at the origin. Hence we cannot calculate the
topological charge by the formula (6.30) for the hole state.
It is the essential feature of the noncommutative theory that
such a singularity is regulated over the region of area 6.
This is the reason why the noncommutative CP' field for
the hole state is well defined everywhere and carries a
winding number.

VII. HARD-CORE INTERACTION

We have so far analyzed the kinematical structure of
multi-Skyrmions in the noncommutative plane. The
CPN~! field given by (6.23) contains infinitely many pa-
rameters u,(n) and v, (n). These variables are to be fixed
so as to minimize the energy of the state. Let us carry out
this program by taking the hard-core interaction [26] for
the potential V(x) in the Hamiltonian (5.1),

V(x —y) = 8(x —y). (7.1)
The Hamiltonian reads
Hy, = % f LxAp(x)Ap(x) (7.2)
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For simplicity we restrict the isospin SU(N) symmetry to
the spin SU(2) symmetry in what follows.
The matrix element (5.4) is easily calculable to give

V. . = 1 \/(m + l)' \/(}’l + ])' 6m+i,n+j
8w Jmlil Jnljl  fomFiEaE]’
which possesses the additional symmetry separately with

respect to m < i and n < j. Because of this symmetry the
Hamiltonian (7.2) is reduced to

(7.3)

he = 2 Z me] (m)cl (l)cl(])cf(n)

mnij

ANe, (7.4)

or

f P O M) — AN, (75)

where we have used

1

Y 76
4770 (7.6)

€p = €x =
which follows from (5.6) and (5.7).

A. Factorizable Skyrmions

We consider the multi-Skyrmion state (6.14) with (6.15),
or

&tn) = u(n)cf(n) + v(n)c;L (n + k). 7.7

Because of the anticommutation relation (6.13) we have

<@sky|gf(m)gf(l)‘f(])f(n)lgsky> = 5mn5ij - 6mjain’
(7.8)
and using (7.3) we obtain
k 1 (m+n+k)

<®sky|Hhc|®sky> 470 8792‘ 2m+n+km!n!

mn

Jm!
X ‘iv(m)u(n)
V(m + k)
— Vil ————v(n)u(m) ‘ (7.9)
Jn +k)!
where we have taken into account ANS! = —k. The second
term, being positive semidefinite, takes the minimum for
! 1
nl_vln) _ —, (7.10)

Ja + ot uln)

where w is an arbitrary complex constant. This gives
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lu(n)|? ol (7.11a)
u(n)|= = , .
lo|* +[(n+ 1) (n + k)]
m+1)---(n+k
2= 7.11b
AL o oy e sy oy B
with the aid of the condition |u(n)|? + |v(n)|]* =
Using (6.18) we can actually verify that
- 1 i~ k
Hhclwsky> = mANellssky> 4 0 stky> (7.12)

when parameters u,(n) and v,(n) are given by (7.11).
Consequently, |@sky> is an eigenstate of the Hamiltonian
(7.5) with ANS! = —k. The eigenvalue is independent of
the scale parameter w, and the Skyrmion state is degener-
ate with the hole state.

The CP' field (6.22) corresponding to the multi-
Skyrmion state is |©g.,) expressed as

= S v(n)ln + Kynl,
= S u(n)ln)nl

(7.13a)

(7.13b)

with (7.11). We calculate this explicitly with the aid of
(7.11).
From (2.11) we have

+ k)12
(b1)¥ln) = [(” , ) } In+k, (114
n!
which leads to
+k
(b1yen, = Z u(n)[(n ) } In+ kXl (7.15)
n=0
Here we use (7.10) and (7.13a) to find
(b, = ofny, (7.16)
which in terms of symbols turns into
2 xny(x) = (V20)ny(x), (7.17)
where z * z£ = zF*1 has been used.
Then the CP! field reads
*
n(x) = [ L } - 1y (%), (7.18)

with A = 2w, where n 1(x) is the function of r = |x]| only

ny(x) = 2e = i(—l)”u(n)Ln(ZZz). (7.19)
n=0

It is to be noticed that the spin part is factorized as in (7.18).
It is reminiscent of the Skyrmion CP! field

(7.20)

N b
FEEE Ak

in the ordinary CP! model (9.22).
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Finally we calculate the physical quantities p!(x) and
5¢(x) for the multi-Skyrmion state,

pCI(X) = <@sky|¢f(x)¢(x)|@sky>:
$900 = 3 Cuy I ()0, 40 By

(7.21a)

(7.21b)

Substituting (6.20) with (7.11) into (4.9), we obtain
DAZI,,(k). Then, we construct Dﬂ,,(x) from (3.12), which
may be decomposed into p°!(x) and S¢(x).

In this way we come to

px) = 5 [(g)k T Lol }f(%) (7.220)

$el(x )——<|w|r> ( )coskﬁ (7.22b)

$9l(x) (l‘”lr)kf( )smkﬁ (7.22¢)

o5 W) oms
where £(x) is given by

S =S : Y (723)

r;)lwlzk +[(n+1)--(n+k]n!
and 4 is the azimuthal angle. It follows from (7.22) that
§3(x) = p(x)S,(x), (7.24)

where

S.(x) = %r‘l(x)a'un(x) (7.25)

with (7.20). It is the nonlinear spin field normalized as
S,(x)S,(x) = 1/4, and given by

_ (Ao
SX(X) = m COSk”&, (7268.)
—(AlvVo*
Sy(X) = W Slnk’(?, (726b)
2\k _ 2 p\k
s.(x) = L ) = (1AF0) (7.26¢)

2 T (APOF

It agrees with the Skyrmion spin field in the ordinary O(3)
nonlinear sigma model. The factorizability (7.24) together
with (7.26) is a peculiar property. We call such a Skyrmion
a factorizable Skyrmion.

B. Zeeman interaction
QH effects occur in the external magnetic field. The
electron couples with the magnetic field via the Zeeman
term in the realistic system,

HZ = —Azfdszz(X), (727)
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where A, = |g|ugB | is the Zeeman gap with u z the Bohr
magneton and g the magnetic g factor. It is interesting to
calculate the Zeeman energy of the factorizable Skyrmion
(7.24).

For simplicity we study the simplest Skyrmion with
0 = k = 1. We may rewrite (7.23) as

f(X) = me"‘M(le + 1, |w|2 + 2,x) (728)
It behaves as
1 2 2 2 _ 1
lim f(x) = - — |‘”2| i ol (l"’J ) 29
X—00 X X X
Hence we obtain
. 1 262%| )\
rllglop I(x) = 2770(1 - > (7.30a)
. 1 20| A)?
rlggSﬁ'(x) = m(l - " ) (7.30b)

The number of spins flipped around a Skyrmion is given by

. 1
Nspin = fdzx{szl(x) - m},

which is identified with the Skyrmion spin. We find N, to
diverge logarithmically, unless A = 0, due to the asymp-
totic behavior (7.30b). The Zeeman energy (H,) =
—AzNpin is divergent, except for the hole, from the infra-
red contribution however small the Zeeman effect is.

The factorizable Skyrmion (7.24) is no longer valid in
the hard-core model with the Zeeman term. There exists
surely a Skyrmion state which has a finite Zeeman energy
once the factorizability is abandoned: See (10.9) for an
example. Nevertheless, we can show that the hole state
has the lowest energy. The reason reads as follows.
The factorizable Skyrmion is an eigenstate of the hard-
core Hamiltonian, Hp|Syy) = Ep|Sgy) with Ep, =
|[ANS| /476, as in (7.12). Accordingly any spin texture
|©) possessing the same electron number AN has a
higher energy, (©|H,.|©)= E,.. Furthermore its
Zeeman energy is larger than that of the hole, (S|H;|S) =
2 L' A,. Hence,

(7.31)

(Sl(Hy + H7)IS) = Epe + 5 Az, (7.32)
where the equality holds for the hole state. Consequently
there are no Skyrmions in the presence of the Zeeman
interaction in the system with the hard-core interaction.

VIII. NONCOMMUTATIVE CPY~! MODEL

In the previous section we have studied the Skyrmion
state (6.22) in the hard-core model (7.1) and determined
parameters u, (n) and v, (n) explicitly. We have empha-
sized that the Skyrmion itself is independent of the
Hamiltonian. For the sake of completeness we analyze
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the Skyrmion state (6.22) in the noncommutative CPY !
model.

The noncommutative CPY~! model is defined by the
Hamiltonian [5]

Hep = k0> Tr[(0,,n1)(9,m,) + (L a,n,)mla,n,)]

8.1
where the derivative is given by (2.2) or
i
GinM = - 5 Eij[Xj’ n#]. (82)
It is convenient to introduce the notation
Dmn,=Dn, —iDn,
2t xtu yhu (8.3)
D, =Din, +iDyn,,
where
Dm, =—-i0'e;(X,n,]—n,n[X,n], (84

and rewrite the noncommutative CPY~! model (9.19) as

Ey = %ng T(D.n,)H(D.n,) + (Dan,)H (Dan,)]
8.5)

We have already defined the topological charge Q by the
formula (4.31). However, there are other equivalent ways
of defining it, and here we use the representation

0= %HTr[(’DZn#)T(fDZnM) — (D )N (D) (8.6)

The equivalence is readily proved because the topological
charge densities associated with (4.31) and (8.6) are differ-
ent only by a total derivative term that does not contribute
to the topological charge.

The Bogomol’nyi-Prasad-Sommerfield energy bound
follows from (8.5) and (8.6),

Ex = k60| (8.7)
This bound becomes saturated for
D:n, =0 (Skyrmions), (8.8)
or
D n, =0 (anti-Skyrmions). (8.9)

We consider the case of Skyrmions in what follows. The
self-dual equation (8.8) takes the form

(bt 1,1 - n,n,[bf,n,]=0. (8.10)

We consider explicitly the case of SU(2) and look for the
solution to (8.10) in the form (6.22), or

[o ) [e e}

n; = Z v(m)|m + k)(m)|, n = Z u(m)|m)ml,

m=0 m=0

(8.11)
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where |u(k)|?> + |v(k)|> = 1. This describes a multi-
Skyrmion carrying the topological charge O = k. We get

(bt 0] —wn,[of,n,]= i fim)lm + k + 1)(ml,
m=0

[bf, n] =, [bh,n, 1= > film)lm + 1)(ml,  (8.12)
m=0

with

film) = v(m)a(m + Du(m + DVm + k + 1
—v(m + Di(m + Du(m)vm + 1,

film) = u(m)v(m + Dv(m + 1)vm + 1

—u(m+ Dom + Dv(m)vm + k+ 1.  (8.13)

Equation (8.10) holds if f;(m) = 0 and f;(m) = 0. These
two equations are summarized into a single equation as

v(im) _ m+kvim—1)

o) = G um = 1) (8.14)
This recurrence relation is solved as
v(m) (m+k)! 1
) = N s (8.15)
where we have introduced the complex parameter w by
ok = %k!. (8.16)

The parameters (8.15) are found to be the same as (7.10).

Consequently the Skyrmions are identical both in the
hard-core model and the noncommutative CPY~! model,
though these two models are very different. We discuss the
relation between them in Sec. X.

IX. EFFECTIVE THEORY

We have explored kinematical properties of the classical
density matrix DAﬁp. It is interesting to discuss the dynami-
cal property of the classical density, especially, what the
equation of motion for DAf},, is.

A. Classical equation of motion

We start with the quantum equation of motion for the
density matrix D M,,(k, 0),

L d
lh_D,u,l/(k’ l) = [D,u,v(k) l); HV];

7 9.1

where Hy is the four-fermion interaction Hamiltonian
(5.1). By using (3.17) it is explicitly calculated as
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. d .
lhEDya(kr l) = anij,u,y,(nr m)Dya(]r l)

- anilD,u;L(nx m)Dya(k: l)
+ aniija(n: l)D,u,,u(]; l)
- mliijoz(kJ m)D,u,y, (.]) l)

We take the average of this equation with respect to the
Fock state (4.1). Using

9.2)

(@ID, (1, mD,,(j, )| ) = DS, (n, mDL(j, )
_ 1 (7 1 ]
DS, (j, m)DSg(n, i)

+ 5V0'5niD(7:'l,u (J) m)» (93)
where DS, (n, m) = (S|D,,(n, m)|S), we obtain
d
ihED(;/la(lr k) = zvmnljDi/},u,(n: m)D(;/la(jJ k)
- ZanikDi}p,(n’ m)D(;/la(l’ l)
- 2anljD():/l,u, (.]’ m)Df}a(n’ k)
+ 2Vt DL, (1 )DLy (m, ). (9.4)

Provided the classical density D§,, (n, m) is endowed with
the Poisson structure

lh[D%V(m: n)’ D%!T(i, j)]PB = 5#76mjDZ!V(i: I’l)
- aa'y(sinDi}T(mr ])’ 9.5)
it is straightforward to show that (9.4) is summarized into

< ity m.m) = (D3l m. ), Ex o,
where Ey = (©|Hy|S) is the average of the Hamiltonian.
As we have noticed in (5.8), it consists of the direct energy
(5.9a) and the exchange energy (5.9b).

It is remarkable that the Poisson structure (9.5) is pre-
cisely the same as the algebra (3.17). To see its significance
more in detail we combine it with the magnetic-translation
group property (3.18),

2min[ DS, (k), DS, (k") ]pg = 8¢t/ D (k + k')

— 5U_V€*(i/2)0k/\k’

9.6)

X D (k + k). 9.7)

It corresponds to the W, (N) algebra (3.19), indicating that
the classical density Dﬂ,, should obey the W, (N) algebra
as well.

It is important that the Poisson structure (9.7) is resolved
in terms of the noncommutative CPY~! field. The relation
(4.21) reads

1
47%0

D4, (k) = f d*k'e” 120Ny (k)i (k! — k)

9.8)
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in the momentum space, where 7, (k) is the complex
conjugate of n,, (k). Substituting this into (9.7), provided

ih[nﬂ(k), ii,(K)]pg = 27795M,,(k' - k), 9.9)
or
ih[ny,(x)r ﬁl/(y)]PB = 27795/1,1/()( - Y),

we can easily show that (9.7) holds as an identity.

(9.10)

B. Derivative expansion

We proceed to derive the low energy effective theory of
the Hamiltonian system (5.1) in terms of the CPV ™! field.
The corresponding energy consists of the direct and ex-
change energies Ep and Ex as given by (5.9a) and (5.9b),
respectively. The direct energy is not interesting since it
represents simply the classical energy of a charge distribu-
tion —eAp(x).

We analyze the exchange energy Ex. Corresponding to

(4.24) we find
_ T
DS, (m, n) = (m|n, nl|n). 9.11)

Substituting this into (5.9b) we come to
Ey = — d’k 7(1/2)0k2V(k)T ( T ,ikX t ﬂ'kX)
X = Ee T Ilﬂnye 11,,nlue
+ Ney, (9.12)

where we have taken (5.4) into account. To bring it to a
more reasonable form, we use

Ng' = Tr(n,n}), (9.13)
and rewrite the exchange energy as
2
Ey = [ K000y 00
dar
X Tr(n,nf, — n,nfe®Xn,nke %), (9.14)

where the cancellation of divergences occurs at k = 0. We
may change the order of operators under the trace simul-
taneously in both terms so that the cancellation at k = 0 is
maintained. We come to

d*k

Ex = | —e /2%y (k)
4

X Tr(l — nfe™Xn, - nfe*Xn,) 9.15)

where we have used the normalization nLn o= I.

As far as we are concerned about sufficient smooth field
configurations we may make the derivative expansion and
take the lowest-order term. Here we note that
I —nfe*Xn, - nhe Xy = [nf, e®XJe & X 1 ]

kX
— nL[e’ ]

X nile *X 1] (9.16)
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Because the derivative is given by (2.2) or
i
8,»n# = — Eeij[Xj, n#],
the derivative expansion corresponds to the expansion in
X,

9.17)

. . 1
elkX = [l + lkiXi - EklijlX] + O(XS) (918)
Substituting this into (9.15) and assuming the rotational
invariance of V(k) we integrate over the angle in the
momentum space. In such a way, up to the lowest-order
term of the derivative expansion, we come to

Ex = k Tr(} XX, — nfXm,nixmn,)

« Tr((nf, X, X, n, ] — nh[X, n, Inf[X, n,])

k62 Tr[(9,,n})(9,,m,,) + (n}a,,m,)(ta,n,)]
9.19)

where the constant « is given by

1
i f dkk3e= (/20 y (k).

K (9.20)
It agrees with the noncommutative CPV~! model [5]. It is
interesting that the noncommutative CPY~! model is de-
rived from the four-fermion interaction Hamiltonian irre-
spective of the explicit form of the potential V(x) as the
lowest-order term in the derivative expansion.

We can use the noncommutative CPY ! model (9.19) as
the effective Hamiltonian for the Goldstone modes, which
are small fluctuations of the CPY~! field around the ground
state. Such fluctuations occur without the density excita-
tion (Ap¢(x) = 0), thus minimizing the direct energy as
Ep = 0. The condition reads

n,(x) * i1, (x) =7, (x) *n,(x) = 1. (9.21)

Furthermore, sufficiently smooth isospin waves are de-
scribed in its commutative limit,

Ex — f LAl })(@p,) + (1} ) 0,m,)]
(9.22)

which is the ordinary CPY~! model. There are N — 1
complex Goldstone modes.

X. DISCUSSION

We have analyzed the kinematical and dynamical prop-
erties of the classical density matrix DAfL'V(x) in the non-
commutative plane. In particular, we have elucidated
noncommutative solitons by taking a concrete instance of
the QH system with the SU(N) symmetry.

A microscopic Skyrmion state with Q=1 is a
Wo.(N)-rotated state of a hole state. The Skyrmion texture
is given by (1.6), or

PHYSICAL REVIEW D 72, 085002 (2005)
n, = Zo[uﬂ(nﬂn)(nl +u,(mln+1Xnl]  (10.1)

with |u(n)|? + |v(n)|?> = 1. It contains infinitely many pa-
rameters. They are fixed when the Hamiltonian is given.
We have studied explicitly the hard-core model and the
noncommutative CPV~! model. In these models all those
parameters are determined analytically except for the scale
parameter w,

(10.2)

The Skyrmion energy is independent of the parameter w.
It is intriguing that the Skyrmions are identical both in
the hard-core model and the noncommutative CPY!
model. Let us examine this equivalence in more detail.
On one hand, in the noncommutative CPY~! model the

Skyrmion energy is given by
Ecp = Kbk, (10.3)

as follows from (8.7). On the other hand, in the hard-core
model it is given by (7.12), or

k

E,. = ypr (10.4)
The parameter « is given by (9.20), which reads
1
K= (10.5)

Hence, these two energies are identical, E-p = E,..
Namely, in the hard-core model the Skyrmion energy
coming from the lowest-order term saturates the total
energy. It implies that the direct energy and the higher
order exchange energy have precisely canceled out each
other. Such a cancellation is possible since both of them are
short range in the hard-core model.

The Skyrmion solution obtained in these models satis-
fies the factorizability property

S5 (x) = p(x)S,(x),

where S,(x) = 17i(x)A,n(x) with the Gell-Mann matrix
A,. We have called them factorizable Skyrmions. It is this
class of Skyrmions that has been studied in almost all
previous works on QH systems. For instance, we have
studied Skyrmions [24,25] in the semiclassical approxima-
tion based on the composite-boson picture, but it allows us
only to consider such a limited class of excitations.
However, as we have shown, the energy of the factoriz-
able Skyrmion is infinite once the Zeeman effect is taken
into account. Consequently realistic Skyrmions in the QH
system are not factorizable Skyrmions. The factorizability
follows from the particular form (10.2) of parameters u(n).
Any other choice produces an unfactorizable Skyrmion.
The electron-electron interaction is given by the
Coulomb potential V(x) = e?/4me|x| in the realistic QH

(10.6)
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system. Since the interaction decreases continuously as the
distance increases, the direct Coulomb energy Ep de-
creases as the Skyrmion size increases. However, a large
Skyrmion requires a large Zeeman energy. Hence, when
the Zeeman effect is very large, what is excited is the hole
state (6.4). Thus the total Coulomb energy is

2
T e
Er— ey =  |—
cT e \/gg’iTsz

On the other hand, when the Zeeman effect is infinitesimal,
an infinitely large Skyrmion is excited. It is well approxi-
mated by the factorizable Skyrmion, where the total
Coulomb energy is

(hole). (10.7)

Ec = %EX (large Skyrmion). (10.8)
It is one half of the excitation energy of one hole.

To determine a Skyrmion excitation in general, it is
necessary to carry out a numerical calculation by making
an appropriate ansatz on parameters u(n). For instance, it is
reasonable to choose

w2t2n+2

u2(n) =

T E o (109)

since the parameter ¢ smoothly interpolates the hole (r = 0)
and the factorizable Skyrmion (¢ = 1). As is reported else-
where [30], it is possible to explain the experimental data
[19] based on this ansatz in all range of the Zeeman gap
AZ.

One of our main results is the rigorous relation between
the electron number density and the topological charge
density,

Apdl(x) = —Jy(x) = —ﬁz[ﬁﬂ(x), 1, (%) ]

(10.10)

The topological charge density thus defined enjoys a privi-
leged role that it is a physical quantity essentially equal to
the electron density excitation induced by a topological
soliton. Accordingly the noncommutative soliton carries
necessarily the electric charge. The topological charge
Q = [d*xJy(x) becomes an integer for a wide class of
states (4.1). This class of states contains all physically
relevant states at integer filling factors. However, it does
not contain states relevant at fractional filling factors. In
such a system the topological charge Q would become
fractional since it carries a fractional electric charge [31].
We wish to generalize the present scheme to fractional QH
systems in a future work.
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APPENDIX: DECOMPOSITION FORMULA

The basic element in our analysis is the density matrix

D, (m, n) = (Sleck(n)c, (m)|S), (A1)
obeying the relation (4.11), or
> Dy (m, $)DG, (s, n) = D, (m,n).  (A2)

The decomposition formula (5.8) on the classical energy, or

Ey = (S|Hy|®) = Ep + Ex (A3)

with (5.9), has played an important role. We prove these
relations.

We consider a system with a finite number of Landau
sites im =0, 1,..., Ng — 1) assuming the limit Ng — o0
in final expressions. It is important that the W, (N) algebra
(3.17) is not violated in such a finite system. For the sake of
convenience we combine the isospin and site indices into a
multi-index M = (u, m), which runs over the values M =
1,2,..., NNg. In terms of multi-indices, the W,,(N) alge-
bra turns out to be an algebra U(NNg), and the trans-
formation rules for fermion operators are

e WeetV = Z(U),,,c,,, (Ada)
1/
e WeletW =N el (U, (Adb)
1/
where U is an (NNg) X (NNg) unitary matrix
UU+ == U"'U - H(NNq,)X(NNq,)' (AS)
The state |S,) given by (4.2) is expressed as
NNy
1S0) = [LckIx10). (A6)
K=1
Now it is easy to see
<@O|C;CJ|@O> = v;0y (A7)
where Sy = 0,,,0 -
The density matrix (A1) appears as
D§h = (Slche/|S). (A8)

Employing |©) = ¢/¥|S,) together with (A4) and (A7)
we come to

Dy = ZVK(U)IK(UT)KJ' (A9)
K

From this we get
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S DD = > (w2 (U) (U ik, (A10)
J J

where we have used (A5).
Since v, = 0 or 1, we have (v,)> = v, and come to

> D50 = S v, (V) (U = DSk, (A1)
J J

which is nothing but (A2), or (4.11).
We next calculate the quantity (@Ic;c}ckcﬂ@). For
this purpose we use the same technique and also

(1]

(3]

(4]
(5]

(6]
(71
(8]

[14]

[15]
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(Solef clexer|Sg) = vv i (8x8i — 81x051), (A12)

which holds due to the given particular structure of (A6).
Collecting everything together we come to

(Slefelege ISy = DY,DS, — DY, DS, (A13)

which turns out to yield the decomposition formula (A3),
or (5.8).
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