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Numerical integration of the Teukolsky equation in the time domain
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We present a fourth-order convergent, (2 + 1)-dimensional, numerical formalism to solve the
Teukolsky equation in the time domain. Our approach is first to rewrite the Teukolsky equation as a
system of first-order differential equations. In this way we get a system that has the form of an advection
equation. This is then used in combination with a series expansion of the solution in powers of time. To
obtain a fourth-order scheme we kept terms up to fourth derivative in time and use the advectionlike
system of differential equations to substitute the temporal derivatives by spatial derivatives. This scheme
is applied to evolve gravitational perturbations in the Schwarzschild and Kerr backgrounds. Our numerical
method proved to be stable and fourth-order convergent in r* and 6 directions. The correct power-law tail,
~1/ 23 for general initial data, and ~1/ 24 for time-symmetric data, was found in our runs. We
noted that it is crucial to resolve accurately the angular dependence of the mode at late times in order to
obtain these values of the exponents in the power-law decay. In other cases, when the decay was too fast
and round-off error was reached before a tail was developed, then the quasinormal modes frequencies
provided a test to determine the validity of our code.
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I. INTRODUCTION

In recent years, there has been an increasing interest in
numerically solving general relativity’s (GR) field equa-
tions to provide an accurate description of the gravitational
radiation generated in different astrophysical scenarios.
This is due mainly to fact that direct measure of gravita-
tional waves will soon be possible with large interferome-
ters such as LIGO and LISA. The astrophysical events that
produce gravitational waves are among the most energetic
phenomena ever seen. The best candidate for such obser-
vations are the collision of binary black hole systems. In
order to detect this gravitational radiation, accurate tem-
plates are needed, and this implies to solve the nonlinear
GR equations. This proved to be a very challenging task.
Although in the last orbital stages (merger) of a binary
black hole collision it is necessary to solve GR’s field
equations (full numerical approach), in the very last part
of the coalescence (close limit) the system can be consid-
ered as a single distorted black hole and can be treated with
perturbation theory. Comparisons between full numerical
simulations and perturbative methods show a surprisingly
good agreement. This has encouraged researchers to go
beyond and implement a matching of the close limit and
full numerical simulations in tandem to produce simula-
tions that neither of each technique alone was able to do.
The general method of coupling full numerical and ap-
proximate techniques is one of the main development of
the “Lazarus project” [1-5].

There are physical scenarios in which the metric depar-
ture from the known static black hole solutions is always
small outside the event horizon. Some examples are a
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particle (compact object) orbiting a black hole, and the
propagation of gravitational waves and accretion disks
around black holes. The equations evolved in the perturba-
tive method are linear which is an advantage over the
nonlinear set of ten coupled general relativistic equations.

One application of perturbation theory is the propaga-
tion of waves in a curved spacetime. In this work, we will
focus our study in the late time behavior of a gravitational
wave in such curved space-times. Although the problem is
not new, according to Andersson [6] there are still some
aspects for which there is no definite answer or no answers
at all; like the role played by highly damped modes and the
intermediate behavior of the power-law tails. Power-law
tails is the name given to the last phase in the propagation
of a wave in a curved background, as we will see below.
The general features of the evolution of such a test field in
the proximity of a black hole, as seen by a distant observer,
can be divided into three stages: (i) Radiation emitted
directly by the perturbation source. It depends on the
form of the initial field (initial data). (ii) Quasinormal
ringing. It depends on the parameters of the black hole.
They are exponentially damped oscillations and carry part
of the gravitational radiated energy in astrophysical pro-
cesses like gravitational collapse. Quasinormal modes are
characterized by complex frequencies o. Such modes can
be represented as e'?’, the real part of o is the oscillation
frequency and the imaginary part is the exponential damp-
ing. (iii) Power-law tail. The field decays with time accord-
ing to a power-law at very late times.

Most of the work on the late time radiative falloff has
been done in spherically symmetric space-times. In this
case the solution admits a decomposition in spherical
harmonics. The field equations are reduced to a wave
equation with an effective potential. For the
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Schwarzschild case this wave equation is

2 9? . .
[—W+_ar*2 - Vz(r)}‘lfzm(t, r) =0, (1.1)
where r* is the tortoise coordinate
r=r+2MIn(r/2M — 1), (1.2)

M the mass of the black hole, and

i

;
[A2(A + 1P + 3A2Mr? + 9AM?r + 9M?]

X
r(Ar + 3M)? ’
(1.3)
2MN/A + 1 M
Vi = 2(1 - —)(—2 - 3—3>, (1.4)
r r r

are the Zerilli’s and Regge-Wheeler potentials, respec-
tively, and where A = (£ — 1)(€ + 2)/2. € being the multi-
pole index.

In 1972, Price [7] treated Eq. (1.1) as a perturbative
expansion in powers of M. He showed that the perturbation
decays in time according to t~2¢*3) for r > r > M. This
situation occurs at a finite value of r while ¢ — oo.

Quasinormal modes and power-law tails have been
studied by Leaver [8], who analyzed the problem in the
frequency domain. He found the correct late time behavior
with a low-frequency approximation. Quasinormal modes
can be considered as the “‘pure tones” of the black hole.
Once excited, their damping and oscillation frequency
depend only on the parameters of the black hole. Ching
et al. [9] argue that the late time decay of the field can be
seen as a scattering due to the spacetime curvature. This
implies that the power-law behavior depends only on the
asymptotic conditions of the metric. In a recent work,
Poisson [10] found that in a weakly curved spacetime the
late time dynamics is insensitive to the nonspherical as-
pects of the metric, being entirely determined by the space-
time total mass.

In Ref. [11] it is found that the power-law tails are not an
universal phenomenon as originally thought, but the falloff
power depends on the initial profile of the fields. While for
the generic data with ®,|"=° # 0 and 9,®,|"=° # 0 the
predicted [7] decay goes like 1/72‘T3, when one starts
with an initially static scalar field, i.e. ®,]=° # 0 and
3,D,]"=% = 0 the predicted decay goes like 1/

Most of the work with the Teukolsky equation has been
performed in the frequency domain (quasinormal modes,
wave scattering, motion of test particles). Perturbation on
the frequency domain can be reduced analytically to solve
ordinary differential equations and can lead to a better
understanding of the physics involved in the phenomena.
Such information is much more difficult to obtain from
purely numerical computations. However, in general, the
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number of frequencies that one needs to consider for non-
quasicircular orbits is large, being very difficult to reach
high accuracy. Furthermore, the study of quasinormal
modes would require higher resolution near w =0 to
resolve the tails. The resolution of the quasinormal modes
is also sensitive to the spacing in frequencies. These are the
argument presented by Krivan et al. [12] in favor of a
numerical treatment of perturbations using the Teukolsky
equation in the time domain. Another motivation to work
in the time domain is that when one tries to find a solution
of the radial Teukolsky equation in the frequency domain
with a source term that extends to infinity, the result is
divergent. This means that the Teukolsky equation needs to
be regularized when sources are present [13,14].

The difficulty with numerical integrations of the
Teukolsky equation is the linear term in s on the first
time derivative (See Eq. (1.6) below). Depending on the
relative sign between this term and the second time deriva-
tive, it can act as a damping or antidamping term. As
described in [12], stable time evolutions are achieved by
writing the Teukolsky equation as a set of first-order dif-
ferential equations. This and other issues concerning the
implementation of a fourth-order algorithm are discussed
in the next section. Our motivations for developing a
fourth-order convergent algorithm are mainly that it can
reproduce the same accurate results of a second-order
convergent code with less resolution. This makes the for-
mer to run faster than the later. Although in a fourth-order
scheme, more intense computation is needed, there is some
gain in speed when equivalent effective resolutions, i.e.
resolutions that produce the same error in the solution, are
used. On the other hand, if equal resolutions are used, a
fourth-order method will yield more accurate solutions.
The price one has to pay in this case is that the fourth-
order method will take longer to finish the run. This issues
enter into consideration in gravitational wave detection,
because of the large number of templates needed for data
analysis. The gain in accuracy can also be used in second-
order perturbation theory, since higher order derivatives of
the field are needed to build up the effective source term
[15]. This may also have important applications in the
“Lazarus approach‘‘ [1] and the radiation reaction problem
of a particle orbiting a black hole [16,17] . Fourth-order
full numerical relativity has recently been implemented
[18] bearing in mind these motivations, and a fourth-order
numerical algorithm has recently been developed to deal
with nonvacuum (particle like) perturbations of
Schwarzschild black holes [19].

Using the Kinnersley null tetrad

1=[(r*+a?*/A 1,0 a/A]
n* =[r2+a% —A 04a]/(23),
m* = [iasing, 0, 1, i sin6]/[v2(r + ia cosd)],

(1.5)

where 3 = r2 + a?cos?6 and A = r? — 2Mr + 42, the
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Newman-Penrose equations written in Boyer-Lindquist
coordinates lead to the Teukolsky equation [20]

2+ 2\2 AM
[%—a%in%}&ﬁl’%—%am‘lf
M 2_ 2
+2s[r—(rAa)—Hacosa}a,‘I'—ASa,(A“'“&,‘I’)

a2

1 1
———0y(sinB0y V) — | ——=—— (944 ¥
sinf o(5in03,¥) |:Sin20 A} 34
icosf

a(r—M)
- 2s|: 3 + <78 }a(b‘lf + (s2cot?6 — s)¥ = 477?1T.6)

The gravitational perturbations are recovered setting s =
*2, s is a parameter called spin weight. Here the quantities
of interest are related to the Weyl scalars ¥ = p~*i, with
p=—1/(r —iacosf) for s = =2, and ¥ = ¢, for s =
+2.

It is well known that (1.6) can be separated in the
frequency domain by taking W = e~ ®'e?S(0; aw)R(r).
When s = 0, the functions S(#) are the spheroidal func-
tions. When aw = 0 these eigenfunctions are the spin
weighted spherical harmonics (S7'(6, 0)e™?¢ = (Y'(6, ¢).
The general solution can then be represented as

V= [ deR(r)fn SST(0; aw)e™P el (1.7)
m

In most astrophysical applications, we are interested in
computing solutions that represent gravitational radiation
at infinity. This information is carried out by y. This,
together with the good asymptotic behavior of the solu-
tions, are the motivations of choosing the value s = —2 to
perform the time evolutions. Knowing the value of ¢,
allows us to calculate the outgoing energy flux per unit
time as [15]

2 . 2
dE _ 1im[r[ dQU diis, (@, r, 6, ¢)‘ }
du r—oo| 441 Q —o0

(1.8)

where d() = sinfdfd¢p and u =t — r.

In the next section we explicitly give the numerical
techniques used to solve the Teukolsky equation starting
from a review of the second-order convergent formalism
developed in Ref. [12]. We then derive the fourth-order
accurate in time and space algorithm, as a natural general-
ization of the Lax-Wendroff method. We finish Sec. II with
a description of the radiative boundary conditions imposed
to the field in the two radial boundaries and the angular
boundary conditions imposed by the symmetry of the
solution (along the z axis). Section III deals with the
applications of the fourth-order code. As initial data we
consider an outgoing Gaussian pulse located in the far
region. The fourth-order convergence in both spatial vari-
ables is verified in Sec. III B. We then compute the quasi-
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normal modes and power-law tails as an ultimate test of the
code. Finally we discuss some of the consequences of the
computed decay powers on the light of ongoing discussion
in the literature.

II. NUMERICAL TECHNIQUES

A. Review

In this work we will follow the approach used by Krivan
et al. [12]. They integrate the Teukolsky equation in the
time domain by rewriting it as a set a first-order partial
differential equations. The aim of their work is the evolu-
tion of gravitational perturbations of Kerr’s spacetime.
This is explicitly done for the case s = —2. This choice
is due to the fact that we are interested in radiation reaching
r* — oo, The asymptotic behavior of the solutions of (1.6),
for a given spin weight s, representing ingoing and out-
going waves is [12,20]

2s5+1 1
lim || ~ 1/r for outgoing, @)
o400 1/r for ingoing,
lim W]~ 1 for outgoing, 2.2)
F—so Y A~ for ingoing. '

The procedure of solving the Teukolsky equation for
s = —2 is initiated by introducing the ansatz

(i, 1,0, §) = > remPD(t, ", 05 m), (2.3)
where r* is the Kerr tortoise coordinate, defined as
2 + 2
dr-=" X < ar. 2.4)
So',
r*=r+r2++a21n r—ry _r2_+a2nr—r_"
ry —r_ 2M ry —r_ 2M
re =M =*JM? — d?, (2.5)
and J) is the Kerr azimuthal coordinate, defined as
dd = do + %dr. (2.6)
So,
d=¢+—2 m| = 2.7)
ry — 71— r—r_

Next it is introduced an auxiliary field I defined as
II=0,®+bo P, (2.8)
where
'Note that in the literature it is also used a different normal-

ization for the two logarithmic terms instead of 2M = r, + r_ it
appears r, and r_ respectively.
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2+ a?
b= i 2.9
3 2.9)
and
32 = (12 4 a?)? — a*Asin®6. (2.10)

This decomposes the second-order differential Teukolsky
Eq. (1.6) into a system of first-order differential equations.
The resulting equation can be expressed in matrix form

du+ Mdu+ Lu+ Au=0, (2.11)

where u = (Og, @, [, I1,)7 is a column vector whose
components are the real and imaginary (R, I) parts of the
fields @ and II. The coefficients involving derivatives in
(1.6) are rearranged as the elements of matrices M and A,
given by

b 0 0 0 7
. 0 b 0 0
M = my, mym —b 0 | (2.12)
—nmszy Mmsz 0 _b_
and
0 0 -1 0 7]
A=| 0 0 0~ (2.13)
as) azp  dzz A3
—dszp 43z T4z dzz |

The remaining matrix L contains the derivatives of the
fields with respect to the polar coordinate #, whose com-
ponents are

0 0 0 0
o o0 0o

L=, 0 00 (2.14)
0 I3 0 0

The values of each element of the above matrices are given
in the Appendix of Ref. [12] and are corrected here in
Eqgs. (2.35), (2.44), (2.45), (2.46), (2.47), (2.48), and (2.49)
below.

We next proceed to solve the first-order system (2.11)
using the Lax-Wendroff method [21]. For this, (2.11) is

rewritten as
|

_|:(r2 +Aa2)2

2
— azsinzﬁ}anq) + K[Ms(r2 —a*) — rsA — ia(sA cosf + 2Mmr)]9,D +
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du+Do-u=S§, (2.15)
where D = diag(b, b, —b, —b)  and
D)d,u — Lu — Au.

To solve the above equation in Ref. [12] it was used a
grid with 8000 points for r* and 32 points for #. The
computational domain was —100M = r; = 500M and
0=6;=m, with a Courant condition of or =
min(8r*, 580).

Boundary conditions have been imposed as follows:
® =11 =0 at the horizon and outer boundary. Along
the axis, @ = 0 or 9,P = O for m, (the azimuthal number)
odd or even, respectively.

With these settings Ref. [12] code showed stability for
the order of 1000M of evolution time. It was reported
second-order convergent for times <50M, and with a
convergence rate higher than 1.3 for later times.

In the following sections we will focus on generalizing
the numerical algorithm to accomplish a fourth-order con-
vergent numerical evolution, using the first-order formula-
tion of the Teukolsky equation (2.11) as the starting point.

S=—(M-

B. Rewriting Teukolsky equation
1. Separating ¢ dependence

The Teukolsky equation is separable in the azimuthal
variable for the general case of s #0 and a # 0.
Furthermore, we will change the normal Boyer-Lindquist

coordinates r and ¢ into r* and ¢, respectively. This has
the advantage that as r approaches asymptotically to r, the
coordinate r* goes to minus infinity, so the inner boundary
of the computational domain is approximated very close to
the horizon, but still outside the black hole.

The variable ¢ is used to improve the behavior of the
coordinates near the horizon. This is a manifestation of the
frame dragging effect of a rotating black hole [22].

Now we make use of the ansatz (2.3) used by Krivan et
al., where they also include a factor . This is done to
eliminate the increasing behavior of the solutions at infin-
ity, according to (2.1). So we substitute (2.3) into (1.6),
setting the source term 7 = 0 to get vacuum space solu-

tions. After dropping a global r3eim® factor we get

(r? + a?)?

9P
A rr

1
+ —A[(Sr2 + 6a*)A — 2rs(r* + a*)(M — r) + 2iamr(r? + a®)]0,® + 9y P + cothd, P
r

+ %{6A2 — rA[6M(s + 1) — r(7s + 6) + r(scotf + mcsch)?] — 2iamr2rs(M — r) — 3A]} = 0. (2.16)
r

We can bring this equation into the form
9, P+ Co, P+ Cprp 0 p® + Crrd,o @ + Cgdgp®
+ Cypdg® + C(,® =0, (2.17)

[
where the C’s are (We simply multiply by —A/32))

M@ —r)+rA . 2mMr+ sAcosf
+2ia

C,=2s 57 5?2

(2.18)
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(r* + a?)? _ A
Cpp = s (2.19) Coo = 5 (2.21)
rs(M — r)(r* + a*) — 3a® + 4r2)A
C»=2 5
r
. rr+a A
- 2lamT, (2.20) Cop=— 5z cotb, (2.22)
|
2rs(M — r) — 3A Mr(s + 1) — r?(7s + 6) — 6A + r*(scotf + 2
C.. = diam rs( ;‘) 3 +A6 r(s )—r*(7s +6) : 62 r*(s cotd + m csch) ' (2.23)
r2 r’s
{
2. From second to first-order differential equations that By = /—C, =
A common technique to numerically solve a second- 2+ a?
order differential equation is to rewrite it as a set of first- —Bn=Ppn= S =D. (2.31)

order differential equations and then apply the appropriate
methods. We hence want to write (2.17) as an advection
equation with a source term

@ t+[,311 ,312}[@} _,_[711 712}[q):|:0’
II Bar B JL 1T | yu vo LU
(2.24)
where none of the 8’s and v’s depend on ¢. Expanding the
matrix products we get two (complex) equations

0, + B9, D+ B3, 11 + v @ + y, 11 =0,
(2.25)

0,01 + 210D + Brd Il + y5; P + ypI1 = 0.
(2.26)

Now let B, = v;; = 0 and y;, = —1. By doing this we
obtain an expression for II that depends only on the
derivatives of ®@ with respect to f and r* (and some function

Bi1)

H = 8,(13 + ,3118,*(13, (227)

which is similar to (2.8), but 8 has not yet been specified.
We will see that with this definition, Il can be easily
substituted and eliminated in the second equation (2.26).
The derivatives of II are

0,11 =0, + B1,9,-P (2.28)

ar’l_[ = ar*t(b + (ar*ﬂll)(ar*(b) + Bllar*r*q)~ (229)
Substituting (2.27), (2.28), and (2.29), into (2.26) and re-

arranging terms we find

0 ® = ¥20,® = (Bi1 + B2)d P + 0110, P

= (Ba1 = B3Pt = ¥2B11)0P — v = 0. (2.30)
To find the value of the 8’s and y’s we equate the coef-
ficients of the derivatives of ® in (2.30) with those in

(2.17). From the coefficient of 9,-,® we find that B8,, =
— B,. Combining this with the coefficient of 9,-,- ® we see

This is exactly the definition of b in (2.9). It is easy to show
that the remaining equations yield the following results

Y =C, (2.32)

(2.33)
(2.34)

Yu = Co + b1,
By =Cy +bdb— Cb.

Here I5; is defined according to (2.14) as the #-derivative
t
operator 31 = Cpgdgp + Cpdy, (2.35)

in the sense that it can be “factored’ as /3, ® and added to
C,,®. Of course, an expression as (2.33) is not mathemati-
cally rigorous. It is rather a way to express that the equa-
tion’s angular dependence is going to be added to the
source term. Furthermore, in a numerical implementation
we do not compute the value of y,,, but the value of y,,D.

3. Splitting real and imaginary parts

Because the Teukolsky equation involves complex co-
efficients it is necessary to treat the real and imaginary
parts of the solution. Let us define four functions
Oy, ®;, I and I1;, such that

O = dp + i, (2.36)

and substitute them into (2.25) and (2.26). After collecting
real and imaginary parts and equating both to zero, we
obtain a set of four equations. As a shorthand to denote
derivatives, we use a dot for 9, and a prime for 9 -

bp+ b, — Tl =0, (2.38)
b, +bd, -1, =0, (2.39)

Il + B5 @ — BL @) — bl + y& g — ¥}, D,
+ CRIIz — CITI; = 0, (2.40)
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I, + B, @ + BX @) — bII} + y}, ®p + 5 @,

+ CIM, + CRIT, = 0. (2.41)

We can finally arrange these equations in matrix form as
follows

Dr b 0 0 0 0%
(OF N 0 b 0 0 (OF
g :351 _351 —b 0 g
I, |, ﬁél :351 0 —b I, |
0 0 —1 0 (%
0 0 0 -1 o,
+ =0. 242

’}’51 _751 Cf _C{ T
751 751 cl  Cf I1,

Comparing this last equation with (2.11) and making use
of our definitions of B,; and 75, Egs. (2.33) and (2.34),
respectively; we see that this derivation yields the same
structure for the Teukolsky equation as that derived by
Krivan et al. [12]. Although the structure of the equation
is the same, the coefficients shown above do not com-
pletely agree with those of Ref. [12]. The coefficients
that do not agree are C, and the real part of C,-, which
correspond to what Ref. [12] calls c¢,, ¢5 and c¢. The
coefficients reported in [12] correspond to the case in
which the ansatz for the solution is

W(1, r*, 0, p) = Ze"’"‘ﬁ O, r*, 0;m). (2.43)

Note that this equation does not contain the function r3

used in (2.3). Another correction that needs to be done in
order to recover the Teukolsky equation is to set az; =
—cs and aszy = —c3, in the definitions presented in
Ref. [12], Eqgs. (A8).

Summarizing, the coefficients used in this paper, using
the ansatz (2.3) are

B§1 = mg
5 rs(M — r)(r* + a?) — (342 + 4r3)A
r3?
M(a* —r?) + rA
_opsMla Erz) "2 1 ba,b, (2.44)
2+ a? 2mMr + sA cosé
Bél = Tmjzp; = —ZamT — 2ba 22 ,

(2.45)
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Yh = an + 1y
A 2
=52 (6Mr(s + 1) — r*(7s + 6)
.

— 6A + r*(scotf + mcsch)?)

- % 990 — % cothd,, (2.46)

Vi = —az = 2am 22 V_E? 38
CR = a3y = 2s M(a’ _222) A (2.48)
Cl = —ay = aZmMr —;;Acosﬁ. (2.49)

Direct comparison with the coefficients (A1)—(A8) pub-
lished in Ref. [12] shows the differences above mentioned.

C. Derivation of the 4th order algorithm

Let us assume that the function u(z, x) has continuous
derivatives in both ¢ and x up to order four in some given
interval and that this function satisfies a differential equa-
tion of the form

(2.50)

where v is a constant and the subscripts represent first
derivatives with respect to ¢ and x respectively. The
Taylor expansion in 7 for u(z, x) is

or o8
u(t + 6t,x) = u + u,6t + Uy + Ui =y

u, = vu,,

ot
+ ”tmj"'

Here u and its derivatives are evaluated at some given slice
(t9, x). Now we can use Eq. (2.50) to replace the time
derivatives by spatial derivatives, using the fact that u,, =
v2u,,, u,, = v’u,,, and so on. Thus we have

(2.51)

o or
M(f + 6[, X) =u+ vuxét + Uz”xx? + U3uxxx?
Stt
+ ‘U‘Hflxxxx? + - . (252)

If we truncate this series, taking terms up to 67> we will
obtain the Lax-Wendroff scheme, which is second-order
accurate in space and time. Introducing the usual discrete
notation U for u(t,, x;) and using a second-order accurate
approximation for x derivatives we have [23]

Ut = Uj = U, — ULy

1
+ Ea2(U7+, —2U} + UL, (253)
where a = v61t/6x.

In order to have a fourth-order accurate scheme, we
truncate the Taylor expansion of u(z, x) including terms
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up to 8¢* and using the differential equation (2.50) to replace time derivatives by space derivatives. Furthermore, we use a
fourth-order finite difference scheme (see Appendix B) to approximate spatial derivatives. Proceeding in this way we have

n+l — yrn @ n _ n n
Ut = ur +E(U-f‘2 8UY_, +8U),,

3
o
+ 45 Uy = 8UJ, + 13U, — 13U}, + 8U},,

+ 39U, — 12U%,, + Uly).

Note that the dependence on the discretization parameters
ot and 6x appears as powers of a.

D. Boundary conditions
1. Radial boundary conditions

We use Sommerfeld boundary conditions at radial in-
finity and at the event horizon. When one uses the tortoise
coordinate r* the event horizon is reached when r* — —oo.
In practice, it turns that setting r* = —50M is a good
approximation. For this value we have |r — ry| = 10712,
At the inner boundary, the condition is that of an ingoing
wave

ad

Oz, r", 0).
or* (&7, 6)

d

—O(t, 1", 0) = (2.55)
at

At the outer boundary, the appropriate condition is that of
an outgoing wave

d
ar*

In order to make this conditions compatible with our
fourth-order integration scheme, we take higher derivatives
of (2.55) and (2.56). The idea is again, to substitute the time
derivatives of the Taylor expansion (2.51) by means of the
boundary conditions above. The results are summarized in
Table L.

The implementation of boundary conditions is straight-
forward when a second-order scheme is employed. This is
due to the fact that we only need up to second-order spatial
derivatives and its stencil demands only 3 points.? On the
other hand, the case of a fourth-order accurate expression
for spatial derivatives needs two more points for the first
derivative and seven points for the fourth derivative, see
Appendix B. So, in this case, the way we implemented the
radial boundary conditions is to use off-centered expres-
sions to compute the spatial derivatives, when needed.
Assuming a computational grid of N, + 1 points in the
r* direction, labeling the points from 0 to N,, Table II
shows the points for which off-centered spatial derivatives
are used.

D(1, 1", 0).

9D 0) = — (2.56)
ot

2For centered finite differences, a second-order accurate for-
mula needs two points to compute first derivatives and three
points for second derivatives.

— U7+3) —

2
a
= Ujya) = 55 (Ujy = 16U + 30U = 16U}, + Ufy)

4
a
122 Ui = 12U, + 39U;, — 56U

(2.54)

[

As to the auxiliary field I1, defined in (2.8), its boundary
condition follows directly from its definition and from
(2.55) and (2.56). Once we know the boundary values for
@, the value for II at the inner boundary is

M=0,®+bd.®=b+1)0.® (2.57)

where we have used (2.55) and b is given by (2.9). In a
similar way, the outer boundary condition is

IM=(b-1)0a,o. (2.58)

2. Angular boundary conditions

These are imposed along the rotation axis, i.e. at § = 0
and 6 = 7. The boundary condition depends on the par-
ticular azimuthal mode m (see Eq. (2.3)) chosen for the
evolution, it can be stated as

®=0 for m= =1, £3, £5... (2.59)

9P =0 for m=0,£2 *4. (2.60)

These conditions come directly from the dependence of the
spheroidal harmonics on 6. At the same time it is precisely
this behavior that we use in order to implement the appro-
priate boundary conditions. The solutions for which m is
even, have even parity about both, § = 0 and § = 7. On
the other hand, the solutions with odd m, have odd parity
about # =0 and 0 = 7, i.e.

O, r,0) = O(1,r",—0) _
O, r',m+6) = q)(t,r*,w—ﬁ)}for m=0,%2,..
(2.61)
O(1,r,0) = —P(tr,—0) _
Ot 7+ 0) = —(I)(t,r*,n-—e)}for m==1,*x3 ..
(2.62)

TABLE I. Boundary conditions for the radial direction.

* ok ——
Inner boundary * = Outer boundary r* = rj .«

3P =00 3P =—0,P
7P = 92D 7P = 92D
#HP =092 P =-0ld
o =9t o =9t
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TABLE II. Points for which off-centered derivatives in the r*
direction are used (point labeling: N, + 1 points from 0 to N,).

Off-centered derivatives used at points

LN, — 1
1,2,N,—1,N, -2

2
07, 37
3., %,

To take advantage of this property we need to use a
staggered grid in the 6 direction. By doing this we also
avoid the inherent difficulties of evaluating expressions in
which cotf is present, (like the last term of Teukolsky
Eq. (1.6)) since this function is not finite neither at § = 0
nor § = . In a staggered grid, the values for § = 0 and
6 = 1 are always located exactly between two grid points.
The points to the left (right) of & = 0 (8 = ) are consid-
ered as “ghost zones’’, because are used just to implement
the boundary conditions. In our fourth-order method, we
need four ghost points. Two before the first point § = 0 and
two more after the point § = 1, as shown in Fig. 1. Our
grid has Ny + 3 points in the 8 direction, the first two and
last two points are ghost points. In this way we can always
use a centered formula to compute the derivatives in the 6
direction. Notice that if we are using a second-order accu-
rate approximation, we only need one ghost point at each
end of the grid. The values in the ghost zones are updated
according to (2.61) and (2.62).

E. Notes on implementation

We mention here some implementation details of
Eq. (2.11), which for convenience will be written as’

du=—-Md.u— (L + A)u. (2.63)

As stated above, the main idea has been always to sub-
stitute the time derivatives in the Taylor expansion (2.51)
by spatial derivatives using our differential Eq. (2.63).
Calling G = —(L + A), all time derivatives needed are

d,u = —Ma,~u + Gu, (2.64)

0’u = —Md,-(9,u) + G(d,u), (2.65)
|

du

PHYSICAL REVIEW D 72, 084022 (2005)
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FIG. 1.
points

White circles: ghost zones, black circles: normal grid

u = —Mad,-(07u) + G(0?u), (2.66)

otu = —Md,-(9?u) + G(d3u). (2.67)
Here we have used the fact that none of the coefficients of
the Teukolsky equation are time dependent and that partial
derivatives commute.

The four time derivatives above could be computed
using just the finite differences formula for the first deriva-
tive in r*. Once we know 9,u we can numerically substitute
this result to get the second time derivative d7u and so on.
The problem with this procedure is that because of the
exclusive use of the first 7* derivative formula; at the end,
we will not have a fourth r* derivative with the accuracy
shown in Appendix B. It still will be fourth-order accurate
but using the first derivative formula 4 times will propagate
more error than that of the fourth-order accurate finite
differences formula. The same holds for the other deriva-
tives. The approach we took was to compute all time
derivatives directly from the coefficients of the evolution
equation, and the value of the fields at every time step. Of
course, this implies much more larger expressions to com-
pute time derivatives, because now we have to algebrai-
cally substitute one time derivative into the other. Carrying
out such a substitutions we find

d,u = —Mu’ + Gu, (2.68)

7u = M[M'u’ — (Gu) + Mu”] + Go,u,  (2.69)

—M{(Gdu) + M?u’ — M'[(Gu)' + 3 — Mu"] — M[u' — M" + (Gu)" — Mu®¥T} + Go?u, dtu
= —M{(Go?u) — MPu' + M?((Gu)' +7 — Mu") — M[(Gdu) — M(4u’' — M” + 3(Gu)” + 6 — Mu®)]
~M[(Gu) = M" + (Giu)’ — M4 — M"u" +u’ = M + (Gu)® — Mu¥)]} + Goju.

To simplify the equations, we have used “primes” to
denote differentiation with respect to r*.

There is one final point, worthwhile mentioning here.
Notice that there are still some products in which the time
derivatives of u and u itself appear explicitly. All of these

*We use lower case bold face to denote vectors and upper case
bold face to denote matrices.

{
products involve products with G. Neither the time deriva-

tives nor u are algebraically substituted in these products
because G = —(L. + A) and L contains the 6 derivatives
operator. Instead of expanding further derivatives, we
chose to numerically substitute the time derivatives of u
and u itself into these products. We use the term ‘‘numeri-
cally substitute” in the sense that each time derivative is
calculated and stored in the memory of the computer,

084022-8
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further computation makes use of the stored values. Such a
procedure gives good results as shown in the next section.

III. RESULTS
A. Initial data

In all runs (unless otherwise specified), initial data with
compact support was used. The function used was a
Gaussian bell centered at r* = 75M, in the asymptotic r*
direction and some (£, m) mode dependence in the 6
direction. Thus, for + = 0 we have

(I)(O, r*’ 0) — e*(r**75)2/100®€m(0)

where ©,,,(0) represents the 6 dependence as spherical
harmonics Y}'(6, ¢) or the spin weighted spherical har-
monics sY}' (60, ¢); for s =0 and s = —2, respectively.
Table III shows the § dependence of the spherical harmon-
ics and spin weighted spherical harmonics for m = 0 up to
a value of £ = 4. We also need to specify the initial value
of 9,® to evaluate the auxiliary function II defined in
(2.27). Asymptotically an outgoing pulse satisfies the con-
dition 9, = —9,-®. Thus, using this relation in (2.27),
the initial value of the time derivative is implemented as
the initial value of II

110, 7, 6) = (b — 1)a,.®(0, r*, 6).

3.1

3.2)

B. Fourth-order convergence

Convergence was tested in both r* and 6 directions
simultaneously. The method to assess convergence was to
compare four runs for the same initial data but with differ-
ent resolutions. The way of varying resolutions was such
that they kept the same ratio. If we identify successive
resolutions for both, r* and 0 as §;, §,, d5...5, in
ascending order; they satisfy
o (3.3)
S |
where p > 1. In practice, this ratio was taken to be 1.5 or 2.
Each time the resolution is increased, the numerical solu-
tion must converge to the true solution. In absence of an
analytical solution we took the one obtained with the finer
resolution and compute the differences between this and
the other three, in which lower resolution was used. The

TABLE III. 6 dependence of Y{ and _, Y} without the normal-
ization constant.

£-mode OYE _ZY?
£=0 1 -
(=1 cosf -
(=2 3cos?6 — 1 sin%6
£=3 5co0s’0 — 3 cosd cosfsinZ6

{=4 35co0s*@ — 30cos? + 3 (5 + 7 cos26)sin?8

PHYSICAL REVIEW D 72, 084022 (2005)

relation between the true and numerical solution, (for a
given resolution up to the leading order) is

Voum = Wiwe + k87 + -+ (3.4)

where in general k = k(r, #). From this it is easy to show
that the differences between the numerical solutions are
scaled by the fourth power of the resolution (see the figures
for the actual value of the scale factor).

Figures. 2—4 show fourth-order convergence in the r*
direction. The simulation parameters are (in all runs the
black hole mass was taken as M =1 and the Courant
factor was 0.5)

The radial and angular resolutions are increased by a
factor of 3/2. Using this factor creates a minor problem that
needs to be solved before computing the differences of the
four numerical solutions. The problem is that the discrete
set of values of the variables are completely different when
resolution is changed. This fact is illustrated in Fig. 5 for
the case of the # variable (where there is also the effect of
the staggered grid). Therefore, in order to assess conver-
gence, we used a sixth order Lagrange polynomial to
interpolate the solution obtained with the finer resolutions
at the values r; and 6, of the coarse one. Figure 2 shows the
differences, in absolute value, of the higher resolution run
and the three other. It corresponds to the instant ¢ = 200M.
The initial pulse is approximately outgoing, so during the
evolution there is a small perturbation that travels towards
the black hole, originated by the initial pulse. By this time,
this perturbation has bounced off the potential barrier and
has reached a maximum amplitude of ~6 X 10*. A rough
estimation indicates an error of 0.08% at the highest am-
plitude. Figure 3 shows the same phase than the previous
one but at t+ = 900M. The error has increased now to
~0.6%. A careful examination of Fig. 3 shows that the
difference between the three lines is more notorious than in
Fig. 2. That means that the convergence rate is less than 4,
but it is still consistent with a rate of 3.95. Figure 4 shows

60 F T T T T T T T T —

%3
(=}

'S
=1

w
(=]

[N
(=]

differences of numerical solutions

S

50 60 70 80 90 100 110
/M

FIG. 2 (color online).
t = 200M.

Convergence test in r* at § = 77/2 and
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T T T T T T T T T

L Fo o—o (resd - res1)/31.7| 1
o—o (res3 - res1)/5.23
3001 o—o res2 - resl

differences of numerical solutions

740 760 780 800 820
r*/M

FIG. 3 (color online).
t = 900M.

Convergence test in r* at § = /2 and

the same phase of the previous two graphs at different time
steps. It is clear that the relative error increases linearly
with time.

As to the convergence in the 6 direction, Fig. 6 shows
fourth-order convergence for a fixed value of r* = 20M.
The simulation parameters are being the same as those for
the r* analysis. The amplitude decreases as the wave passes
by. The graph shows different snapshots at intervals of
200M. Convergence is lost when round-off error is
reached.

Other test performed to check the validity of the numeri-
cal solutions was evolving the initial data of a known
analytic function. This function does not need to be a
solution of the Teukolsky equation, it could be any smooth
function in r* and 6, provided that the corresponding
source term is added to the evolution equations. The idea
is the following: Let us call T the “Teukolsky operator” so
that T[®(z, r*, #)] = 0 is the Teukolsky equation (2.16). If

w
=
=

[S]
=
=

difference of numerical solutions

5]
3

FIG. 4 (color online).
time intervals of 100M.

Convergence test in r* at 0 = /2 at
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FIG. 5. Distribution of the grid points 6, for different resolu-
tions (Only one ghost point shown here.)

)
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difference of numerical solutions
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FIG. 6 (color online). Convergence test in 6 at r* = 20M at
time intervals of 200M. The continuous lines represents the
difference (res2-resl), the dashed one represents (res3 -
res1)/5.23 and the dotted is (res4-res1)/31.7. The resolutions
resl, res2, res3 and resd4 are 7/27, w/18, 7w/12, w/8; respec-
tively

we choose an arbitrary smooth function q~>(t, r*, 0), the
result of applying the operator T~ will be

T (D(1,r, ) = f(1, 1", 0). 3.5)
If we add the source term f(z, r*, ) to the evolution
equations and give the initial data as ®(0, ", #) and
at(i)(O, r*, 8) our code should reproduce the function d.
In Fig. 7 we show the result of such a test. We set the
function ® as a Gaussian pulse (in r* and 0), traveling in
the increasing direction of r*. Our code reproduce the
analytic function with high accuracy. Note that there is
some damping in the amplitude of the pulse due to nu-
merical dispersion though.

C. Power-law tails

One of the main applications of this work is to accu-
rately compute the power-law falloff in the evolution of the
gravitational perturbations. In the following results the
observation point is located at r* = 20M and 6 = /2.
The highest resolution used was 6r* = 0.125M, 660 =
/48 and the lowest one was &6r° = 1M, 60 = /8.
Variation of the resolution in those intervals was done in
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t=0 1
t=200
t=400
t=600
t= 800

0.8

0.6~
0.91

0.9
04— 0.89

0.88

0.87
021

0.86

40 60 80 100 120 140 160 180

FIG. 7 (color online). Snapshots of an outgoing Gaussian
pulse. Numerical dispersion effects appear at late times (space
and time are in units of M).

order to verify convergence, although the lowest resolution
was not good enough in cases where the 6 profile presents
several oscillations. Computationally, the determination of
power-law tails is a challenging problem, because the
amplitude of the wave decays exponentially during quasi-
normal ringing and as an inverse power of time during the
tail phase. This means that we are working with very small
numbers that eventually reach round-off error, due to the
finite precision of the computer processor. This posses
some difficulties when we try to determine the exponent
of the power-law. Recall that at very late times, for a finite
value of r*, the amplitude of the field goes as

P oc (7RI, (3.6)
In principle, finding this exponent should not be a problem
since a simple power fitting of the form ® = A # (where
A and u are constants) would be just fine. The problem
with this procedure is that (3.6) behavior is at the very last
stage in the evolution of the perturbation. In practice, we
are not able to evolve the perturbations for such a long
time, due to the finiteness of computational resources”. So
we analyze the field ® just from the moment the tail phase
begins until the moment the solution reaches round-off
error. During this period, the field falloff is governed also
by powers of time smaller than —(2¢ + 3) [24]

® o+ O wE), 3.7

which means that the exponent of ¢ reaches —(2¢ + 3) in
an asymptotic way. The “local power index” [25] defined

*In our case this finiteness is precisely RAM memory. This is
because the outer boundary condition is not perfect and after
some finite time, part of the initial pulse is reflected back. To
delay the arrival of this reflection the outer boundary must be far
away from the observation point, which means a large computa-
tional domain; in other words: more RAM memory.

PHYSICAL REVIEW D 72, 084022 (2005)

u
e

/M

FIG. 8. Local power index uy form = 0, a = 0. Part A, B and
C correspond to € values of 2, 3 and 4;, respectively, with their
corresponding power-law tails of 7, 9 and 11.

as uy = —19,P/® is a good method to see that the tails
approach asymptotically to the theoretical value. This is
shown in Fig. 8. We notice that the larger the value of € the
shorter the interval of validity for wy. This is due to the
fact that for larger values of €, the power-law exponent is
bigger (in absolute value), making the field to decay very
fast reaching round-off error earlier. Figure 9 shows this
behavior for m = 0, a = 0 and different values of €. A
closer examination to Figs. 8 and 9 reveals that the oscil-
lations in wy start some time before round-off error ap-
pears. The origin of such behavior is attributed to the
accumulated numerical error that increases as the evolution
progresses. This oscillations are magnified in Fig. 8 due to
the numerical time derivatives of the field ®.

Based on this behavior we are interested in computing
the exponent of the next term in the right hand side of (3.7).
For this, we did a series of nonlinear fits to a model of the
form

FIG. 9 (color online). Power-law tails for m = 0, a = 0 and
different values of €. The evolution time is 1600M with a
resolution 6r* = 0.25M and 66 = 0.098.
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O =A/t+ + B/t (3.8)

where the adjustable parameters are A, B and w. The
parameter n is a positive integer (the cases considered
are for s = —2 and a = 0). The results are shown in
Table IV. We see immediately that the best fitted value of
the power-law tail u is obtained when n = 2, which means
that the field decays in time as

® = A/ + B/, (3.9)
It is clear that fitting the data to the simple term A/¢* does
not yield the theoretical value of wu = —(2¢ + 3).
Correction terms of order 1“1 and r~(#*3) do not de-
termine the value of w as close to —(2€ + 3) as the
correction t~**2 does.

This result supports the model proposed by Poisson [10]
for the radiative falloff of a scalar field in a stationary,
asymptotically flat and weakly curved spacetime. He
shows that the first correction to the power-law tail is of
order 1~ ¢+ Our observation point is located at r* =
20M. This result supports the general idea that gravita-
tional and scalar field perturbations behave in similar ways.
This similarity can also be verified in the case in which
time-symmetric initial data is used in the simulation. In the
scalar case it is enough to make the time derivative of the
field equal to zero at t = 0. For the gravitational case, time
symmetry implies that the extrinsic curvature is zero at t =
0. Such requirement is satisfied by choosing, for instance,
the initial data as

TABLE IV. Power-law tails computed using a nonlinear fit of
the form ® = A/t* + B/t*™" for n = 0, 1,2, 3. The last four
columns show the value of u for different values of the power
correction n (a = 0 in these cases).

—50M = r* = 950M
or ={1,2/3,4/9,8/27iM,
80 = w/8, w/12, w/18, w/21,
a=0€0=2m=0,s=—2
outgoing Gaussian pulse

Domain:
Resolutions:

Physical parameters:
Initial data:

€ m predicted u  O@*) O(**)) O@**?) O@**3)
2 0 7 7.642 7.130 7.062 7.303
1 7.642 7.115 7.062 7.303
2 7.642 7.125 7.062 7.303
3 0 9 10.15 9.675 9.024 9.393
1 10.15 9.642 9.052 9.342
2 10.15 9.643 9.058 9.385
3 10.29 9.783 9.033 9.197
4 0 11 12.24 10.919 11.017 11.040
1 13.18 11.695 10.977 10.907
2 10.15 10.896 10.961 11.273
3 10.91 11.011 11.037 11.052
4 10.93 11.034 11.029 11.111
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FIG. 10 (color online). Power-law tails, scalar case, s = 0, { =
0, m = 0. Observer’s position is in M units.

oo (L=2M/P) (M \(z\.
hali=o 2,2 <2R i M)(R) 3sin“(6),

1
with R = Z(\/; ++r—2M)>* and
(3.10)

e IMY e
me&°=—@ﬂmé5° (3.11)

corresponding to the close limit of two black holes (ini-
tially separated by 2z, in conformal space) in a head-on
collision [26].

The result of evolving time-symmetric initial data is a
decrease of the power-law tail by one unit. For this we did
the same runs and data fits as before, with the only differ-
ence that initial data is time-symmetric. The overall result
is that for both, the scalar and gravitational cases, the
power-law tail goes as t~2(+4)

FIG. 11 (color online).
0.

Power-law tail € =2, m =0,1,2,a =
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FIG. 12 (color online).
a=0.

Power-law tail € =3, m =0, 1,2, 3,

Figure 10 shows the exponential falloff for s = 0 at
different distances from the black hole as a function of
time. All of them approach asymptotically to the theoreti-
cally known value, 3. Figure 11 shows the evolution of
gravitational perturbations for the ¢ = 2 multipole for
different values of m. In these cases we see no presence
of round-off error because it has the slowest decay rate,
® « 77 In Fig. 12 we see the same situation as above but
for € = 3. The power-law has a behavior ® o t~°. Round-
off error appears at @ ~ 107!, Finally in Fig. 13 round-off
error appears approximately at the same value of @ as in
the previous case. We note that the quasinormal ringing is
relatively short. In all the runs we use outgoinglike initial
data as prescribed in (3.1).

So far we have been considering power-law tails for the
case of a nonrotating black hole (a = 0). Figure 14 shows
the power-law tails for the case in which a = 0.5 and for
€ = 2,3, 4. We see that for some values of ¢ the duration of
the tail is too short for an accurate determination of the

FIG. 13 (color online).
a=0.

Power-law tail € =4, m =0, 1,3, 4,
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FIG. 14 (color online). Power-law tails for a = 0.5.

power law. Doing a nonlinear fitting for the case £ = 2, we
found a tail power of —7.0011. For the other cases, this
very short tail phase is not enough to tell with certainty the
power-law exponent; besides, the tail has still some small
oscillation in that time interval. To verify the effects of a
Kerr background in the evolution of the gravitational per-
turbations, the frequencies of the quasinormal ringing pro-
vide an useful test; as shown in the next section.

D. Quasinormal modes

We compute the quasinormal mode frequencies for the
cases shown in Fig. 14, which correspond to the Kerr
spacetime with @ = 0.5 (Table V). The case £ = 2 agrees
with the known frequencies [27,28] within an error of less
than 1%. For the cases € = 3 and € = 4 we get frequencies
similar to the £ = 2 multipole due to mode mixing. We
also compute these frequencies for the case of a
Schwarzschild spacetime (Table VI). In this case, the
frequency values agree with the predicted ones [29-31]
within a 0.1 to 1.4% error (In the cases for € = 4, the
numerical evolution was not able to render a clear quasi-
normal ringing.)

Finally, Figs. 15 and 16 show the evolution for m = 0 of
€ = 3 and ¢ = 4 respectively, for different values of a. We
can see that the power-law tail is roughly the same for each

TABLE V. Quasinormal mode frequencies for a = 0.5 (NA =
not available).

¢ m computed oM predicted oM

2 0 0.384 + 0.0875i 0.3833 + 0.08 707:
2 1 0.341 + 0.0805: 0.4206 + 0.08617i
3 0 NA +0.0800: 0.61212 + 0.09 077i
3 1 0.339 + 0.0803: 0.65060 + 0.0900:
4 0 0.382 + 0.0860i NA

4 1 0.341 + 0.0797i NA
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TABLE VL

Quasinormal mode frequencies for a = 0.

oM

predicted oM

0.373 + 0.0875i
0.375 + 0.0869i
0.376 + 0.0877i
0.601 + 0.0903;
0.600 + 0.0902i
0.605 + 0.0901
0.598 + 0.0933i

LW W W WM
W= ON=O |3

0.3736715 + 0.0889 625i
0.3736715 + 0.0889 625i
0.3736715 + 0.0889 625i
0.5994 435 + 0.092703i
0.5994435 + 0.092703i
0.5994435 + 0.092703i
0.5994435 + 0.092703i

— a=0
— a=05
a=0.9

T

|
281

FIG. 15 (color online).
0,0.5,0.9.

L
450 721
/M

Power-law tail € =3, m =0, a =

case and that multipole conversion to the lowest multipole

is present.

E. Fourth order versus second order

We can say that the advantage of using a fourth-order
convergent code is that we can achieve the same results of
the second-order one with less resolution. In other words,

E ‘q’ﬁx‘/“
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FIG. 16 (color online).
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the same degree of accuracy can be obtained with both
approaches in the same computational domain but the
second-order one will need more points. Quantitatively,
we can compare the error in the solution for both cases.
This error is the difference between the true solution and
the numerical solution for a given resolution. If we denote
this quantity by e;,, where h is the grid spacing then we
have

ey = k", (3.12)

where k = k(r, 6) and n is the order of accuracy. If we
equate the errors for n = 2 and n = 4, the relationship
between resolutions is

k
hy = |-2h2.

% (3.13)

If in the fourth-order method we increase the resolution by
a factor ten, hy = h/10, then the equivalent resolution in
the second-order one is approximately 10 times bigger, i.e.
h, = h/100. This implies that in a one dimensional prob-
lem the number of points has also to be 10 times bigger. If a
two dimensional problem is considered then the second-
order grid should contain 100 times more points than that
of the fourth-order method, to get the same error in the
solution.

A feature of the finite differences methods is that ac-
cording to (3.12), if we increase resolution by some factor ¢
the error is reduced by a factor ¢". Thus each time we
double resolution, the error decreases by a factor of 4 in the
second-order method and by 16 in the fourth-order method.

The above considerations put the fourth-order method in
a better position than the second-order one but, as we said
in the introduction, the price we have to pay is running
time. Given a resolution #, the fourth-order method will
find a more accurate solution than the second-order one.
The time that the fourth-order method will take will be
longer because there are much more calculations to be
done. In order to determine if the gain in a smaller grid
is greater than the loss in running time, we did some
numerical experiments. The running time t,., is given

approximately by
60 (6ry\2
frun ™~ 70( rO) to,

66 \ér* (3-14)
where ¢, is the running time at resolutions 8r; and 66,.
Fixing ér; = 1 and 660, = 7/8, 1ty = 16.3 min in the case
of the fourth-order method; and 7, = 3.5min for the
second-order one (we used a Pentium 4 CPU 2.4 GHz).
These times correspond to the gravitational case € = 2,
m = 01in an interval —50 < r* < 950M being the simula-
tion time 1600M. In this simulation, the fourth-order
method gave very good results whereas the second-order
one becomes unstable around t = 300M. In order to obtain
the same result (power-law tail) than the fourth-order one,
it was necessary the increase the resolution 4 times in both
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TABLE VII. RAM memory used for various grid sizes for
second and fourth-order methods.

RAM memory [Mb] running time [hrs]

N, X N, 2nd order  4th order  2nd order® 4th order
1000 X 8 19 22 0.06 0.25
2000 X 16 64 71 0.48 2
4000 X 32 236 249 3.73 16

“These times are for equal grid sizes. For equivalent resolutions,
the running time for the second-order method is approximately
14 times larger than that of the fourth-order method.

directions. This implies that now, the running time for the
second-order method is #,,, ~ 230 min. This time is 14
times larger than that corresponding to the fourth-order
method. So we definitely have a gain in speed, when the
errors in the numerical solutions (for both methods) are
kept equal.

As to the RAM memory, Table VII gives information
about the amount of memory used in function of the grid
size (N, X Ny). These values depend on the coding details
of the algorithm. In this kind of problem, computer mem-
ory is not such a crucial factor as it is the speed.

IV. CONCLUSIONS

The main goal of this research has been to implement a
stable fourth-order accurate method to numerically inte-
grate the Teukolsky equation for gravitational perturba-
tions in the time domain. In order to verify and evaluate
the efficiency of our fourth-order method, we have repro-
duced the main known results, i.e. power-law tails and
quasinormal ringing. Power-law tails is a subject in which
there are still unsolved questions concerning the late time
behavior of the perturbations and its dependence on the
coordinates and the initial data [10]. We addressed some of
these issues here (such as the confirmation of the depen-
dence of the exponent on the initial data and the nonleading
power), and others are left for future research. We studied
the case of time-symmetric initial initial data. We have
been able to confirm in this case that the late time behavior
agrees well with the predicted ~1/¢>** decay [11]. We
have also confirmed numerically that for an observer lo-
cated far away from the hole (rgp, > 20M) we see the
predicted ~A/72¢"3 + B/12¢*> correction to the power
law [10]. This was verified for both, the scalar and gravi-
tational perturbations.

The fourth-order method implemented in this work has
shown to be convergent and stable in all runs we did. The
ansatz proposed by Krivan et al. [12] effectively removes
the growing in time of the field, a feature that is expected
from the asymptotic behavior of the solutions. When car-
rying out our calculation, we noticed that the coefficients
of the Teukolsky equation reported in the appendix of [12]
do not correspond to those we got when the same ansatz
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there proposed is used. Instead, they correspond to an
ansatz without the 3 factor (see Eq. (2.3)). We also verify
that the formulation of the Teukolsky equation as a system
of first-order differential equations is a powerful technique
because it allows to express the first time derivative as a
function of the spatial derivatives. The resulting system of
equations has the form of the advection equation. That was
the key idea that allowed us to implement a fourth-order
method to solve the equation: expand the solution in a
power series of time keeping terms up to fourth order
and then use the differential equation to substitute the
time derivatives by spatial derivatives. Using this proce-
dure, a higher order method could be developed in a
straightforward manner. A local stability analysis leads to
a Courant factor of 1.5 below which we can perform stable
evolutions for the nonrotating case [see Appendix A.]

The time evolutions carried out with the fourth-order
method yielded accurate results even when relatively low
resolutions were used. The lowest resolution was 6r" = 1,
66 = /8 for the £ = 2, m = 0 case. The highest resolu-
tion used was 6r* = 0.125 and 60 = /48, for the £ = 4
multipole. In finite difference methods the resolution is
chosen in such a way that the details of the profiles of the
functions involved in the calculations can be accurately
approximated. For higher values of €, the 6-dependence
has more oscillations in its domain therefore more points
are needed to find a reliable solution. The more oscillations
or narrow peaks a function has the more resolution we
need. This comes from the fact that those functions have
derivatives whose values oscillate rapidly and higher de-
rivatives vary even faster. If the resolution is not good
enough the effect is a ‘“‘numerical mode mixing”, that
has nothing to do with the physical model, but with the
numerical aspects of the implementation. This mode mix-
ing acts like if we were evolving the waves in a Kerr
background, where physics tells us that angular mode
mixing is expected. This unwanted effect cannot be easily
detected when a # 0 in the simulations. Therefore it is
absolutely necessary to verify that this effect is not present
when we evolve in the Schwarzschild background, where
the physical mode mixing does not occur. This may explain
some discrepancy on the computed power-law exponent
decay appeared in the literature.

For a # 0 Table V shows clearly that for € = 3,4, .. the
mode mixing acts bringing down the quasinormal frequen-
cies close to that of the € = 2. The same effect is observed
in the tails’ power, although it is more difficult to prove
(See Fig. 14).

Boundary conditions were not a particular issue of con-
cern in this research. The radial inner boundary was not a
problem because the field decays exponentially near that
region (for s = —2). The radial outer boundary always
reflects part of the wave. The immediate solution is to
push this boundary far away such that this reflection does
not interfere in the region of interest. A refinement of the
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boundary conditions will be needed when a large computa-
tional domain can not be used in favor of higher resolutions
[32].

In summary, we have a reliable computational tool to
explore several interesting problems concerning first-order
perturbations of black holes. We shed some light on the late
time behavior of gravitational and scalar fields in a
Schwarzschild and Kerr background. This is a problem
that has been studied both analytically and numerically
in recent years and future applications include the problem
of the orbiting particle around a rotating black hole, and
second-order perturbations in the close limit approxima-
tion to two colliding black holes [15].
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APPENDIX A: STABILITY ANALYSIS

We apply now a von Neumann stability analysis to our
fourth-order scheme derived in Sec. II C. This analysis is
local, which means that we assume that the coefficients of
the finite difference equation vary slowly in space and time
( In our case, these coefficients do not depend on time.)
such that they can be considered to be constant. We say that
the method is stable if the scheme is stable for every
(constant) value of the coefficients in their range [33].
The idea is to expand the solution of the difference equa-
tion in its eigenmodes e’*/%*, The time dependence of
these modes is a succession of powers of some complex
number £(k), called amplification factor. With this, we say
that the difference equation is stable if |£(k)| = 1, for a
given value of k. The eigenmodes of the difference

Eq. (2.54) can be written as [21]
Uy — é:nei.k.j.ﬁx, (Al)

where & = &(k) is a complex quantity, k is a real wave
number, j =0, ..., N, labels the grid points, and dx is the
spatial resolution. Substituting (A1) into (2.54) we get a
first grade polynomial in £. After some algebra we get
1 kéx 2
Ek)=1+ gaz(cosk&c - 7)sin27x - §a4(cosk5x —4)
ko 1
X sin4Tx + i[ga(S sinkSx — sin2kdx)
1
+ ﬁa3(8 sin2kdx — 13sinkdx — sin3k6x)} (A2)

or
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8 ko 4
[ER)> =1+ 5 a?(coskdx — 5)sin6Tx - 5(14(4 coskx

kox 1
— 17)sin® TX + 53 0°(133 cosksx

ko
— 34cos2kdx + 3 cos3kdx — 150)sin67x

4 ké
+ = a(coskdx — 4)2sin® o (A3)

81 2
where o = v81/x is the Courant factor.

This is a periodic function with a period of 27r. For the
scheme to be stable it has to satisfy the stability condition

&l = 1. (A4)

Although we can find analytic solutions for this equation,
just to present them here would occupy over a page. Rather
than analytic solutions, we are interested in some interval
of values for «, such that our fourth-order method is stable.
The behavior of |£|? as a function of k is shown in Fig. 17
for some values of a. With certainty, we can conclude that
¢ is less than 1 for @ = 1.5. This implies that the Courant
condition for this case is

vét = 1.50x. (AS)

This value is 50% greater than that required by the
second-order Lax-Wendroff method and many others.
This can be understood by expanding the amplification
factor £(k) in series of kdx. In practice x must be small
enough to correctly approximate the continuous differen-
tial equation. This means that for modes corresponding to
small values of k we can expand (A3) in a power series of
kox. That is

a,2

=1 <_ . a_6>(k6x)6 £ O((kExP).  (A6)

18 72
It is interesting to compare this with the corresponding

series expansion of |£|> for the Lax and Lax-Wendroff
methods. For the Lax method we find [21]

FIG. 17 (color online). |£|? vs k&x for several values of a.
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£7=1—(1 — a®)(kdx)*> + - - - (A7)
and for the Lax-Wendroff method we have
kéx)*
6P =1 - a2(1 — o) %O 4x) +ooe. (AB)

We can see that our fourth-order method has a sixth order
dependence of kéx, which means that mode damping
effects become relevant for much higher values of k, mak-
ing this method more accurate. The generalization of the
scheme to two dimensions is illustrated in the subsection 3.
In this case the situation is more complicated because we
are taking first and second derivatives in the 6 direction.
We were not able to find an analytic Courant factor that
took into account the € direction. From numerical experi-
|

(1) First derivative
(a) centered
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ments we verified that the ratio of time to spatial integra-
tion steps (based on the Courant condition) used in [12] for
the second-order algorithm, produced stable runs in our
case too. Thus, as a rule of thumbs, we always kept 6t =
min(5r*, 566).

APPENDIX B: FOURTH-ORDER ACCURATE
DERIVATIVES

This are the formulas to compute fourth-order accurate
derivatives using finite differences. Those which are cen-
tered have always less truncation error than the corre-
sponding off-centered ones. In all of them, /4 is the size
of the step and x = ¢ =< x + h. We neglect term of powers
higher than four.

/ _l/tj_z_gllj_l +8Mj+1 _Mj+2 1 4..(5)
= ——h Bl
e = AR B1)
(b) off-centered (1 point)
—3u;,_y — 10u; + 18u;,.y —6uU; 1, +u; 1
/ _ j—1 Jj jt1 Jjt2 j+3 4yt (5) B2
/() o 25 H U () (B2)
(c) off-centered (2 points)
—25u; +48u; — 36u;y 5 + 16u; 13 — 3u; 1
u,(x) _ u; Ujrq 1;}];2 Ujts Ujtg —§h4u(5)(§) (B3)
(2) Second derivative
(a) centered
I . _Mj_2 + 16uj_1 - 3014] + 16uj+1 - Mj+2 1 h4 6)
= - — B4
() S o hu(®) (B4)
(b) off-centered (1 point)
10w,y —15u; —4u;py +14u; . » — 6U; 13 + u; 13
" — Jj—1 J Jt1 Jjt+2 J+3 Jt4 — h4u©® B5
W (x) T g M) (BS)
(c) off-centered (2 points)
u”(x) _ 4514/ - 154Mj+1 + 214Mj+2 - 156Mj+3 + 61Mj+4 - 10Mj+5 _ B_7h4u(6)(§) (B6)
2
(3) Third derivative 12h 180
(a) centered
" o l/tj_3 - 8Mj_2 + 13l/lj_1 - 13Mj+1 + 8I/£j+2 - uj+3 7 h4 o)
= -— B7
" (x) o Sehtu(¢) (B7)
(b) off-centered (1 point)
u/”(x) _ _uj'_z - 8uj_1 + 35u] - 48Mj+1 + 29Mj+2 - 8uj+3 + llj+4 n ih4u(7)(§) (B8)
8h3 15
(c) off-centered (2 points)
—15u; | +56u; — 83u; | + 64u; s o — 2913 + 8uiry —Uiys 7
" — J J J J J13 J J - (7) B9
u"(x) Te oo €3] (B9)

(d) off-centered (3 points)

084022-17



ENRIQUE PAZOS-AVALOS AND CARLOS O. LOUSTO

PHYSICAL REVIEW D 72, 084022 (2005)

_491/!] + 232Mj+| - 461Mj+2 + 496MJ+3 - 307Mj+4 + 104Mj+5 _ 15”j+6 29

(v —
u"(x) T

(4) Fourth derivative

(a) centered

—uj3+ 12u; 5 =39 + 56u; — 3% + 12u;r —u

% +Eh4u(7)(§) (B10)

J*3 ih4u(8)(§)

(b) off-centered (1 point)

(c) off-centered (2 point)

u@ =

(d) off-centered (3 points)

U@ =

u®(x) = 540 (B11)
Qs — sy + 3ty — AUy + 270 — Sty + ureg 11
u(4)(x) L) Uj_q Ujrq 6hl:j+2 Ujts Ujrg T Ujts + %hﬁl(g)(éﬁ) (B12)
21L£j_1 - 1121/!] + 255uj+1 - 324MJ+2 + 251Mj+3 - 120uj+4 331/lj+5 - 4uj+6 127 4,.(8)
+ = 5 htu®(&)
6h* 6h* 240
(B13)
561/!] - 333Mj+1 + 852Mj+2 - 1219uj+3 + 1056Mj+4 - 555Mj+5 164’/‘j+6 - 21Mj+7 967 4.(8)
+ ——h*u®(¢)
6h* 6h* 240
(B14)
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