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Study of VLVL ! t �t at the International Linear Collider including O��s� QCD corrections
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In the event that the Higgs mass is large or that the electroweak interactions are strongly interacting at
high energy, top-quark couplings to longitudinal components of the weak gauge bosons could offer
important clues to the underlying dynamics. It has been suggested that precision measurements of
WLWL ! t�t and ZLZL ! t�t might provide hints of new physics. In this paper we present results for
O��s� QCD corrections to VLVL ! t�t scattering at the International Linear Collider (ILC). We find that
corrections to cross sections can be as large as 30% and must be accounted for in any precision
measurement of VV ! t�t.
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I. INTRODUCTION

Understanding the mechanism of electroweak symmetry
breaking (EWSB) is a primary goal of the large hadron
collider (LHC) [1]. Numerous possibilities have been pro-
posed and in some cases their experimental signatures have
been studied in detail [2]. The models can be roughly
divided into two scenarios. The first possibility is a weakly
interacting weak sector which implies light Higgs bosons
and naturally leads to supersymmetry which predicts many
new supersymmetric particles [3]. The alternative scenario
is a strongly interacting Higgs sector (SIWS) [4] most
often described by dynamical symmetry breaking [5].
Recently, additional new approaches to EWSB have
emerged, such as the little Higgs model [6–11] which
contain ingredients from both scenarios and other alterna-
tive approaches such as ‘‘Higgsless’’ models [12–14].
Although the light Higgs mass scenario is favored by
precision electroweak fits, models with heavy Higgs bo-
sons can be accomodated by the data [15–17]. It is this
latter possibility that we wish to study.

While the signature for the weakly interacting weak
sector is the production of light Higgs bosons and possibly
additional particles and many of the newer models predict
relatively light extra gauge bosons, the signal for a SIWS
will almost certainly be more subtle [18]. In the SIWS
scenario W-boson interactions can be described by an
effective Lagrangian with the coefficients in Leff con-
strained by experiment [19]. Detailed studies have been
made for the LHC [4,20–22].

Because the t-quark mass is the same order of magnitude
as the scale of EWSB it has long been suspected that
t-quark properties may provide hints about the nature of
EWSB [23–29]. To this end studies have been performed
of VV ! t�t both in terms of the sensitivity toMH [30–32],
and in terms of an effective Lagrangian describing vector
boson t-quark interactions [33]. Moreover, this process
should be sensitive to models such as top-color [34] and
ress: godfrey@physics.carleton.ca
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the top seesaw model [35]. Because of the Goldstone boson
equivalence theorem [36] the longitudinal gauge bosons
�W�L ; ZL� are equivalent to the Goldstone modes at ener-
gies much larger than their mass so that they reflect the
properties of EWSB. In principle, VLVL ! t�t can be
studied at both hadron colliders through q1q2 !
q01q

0
2VLV

0
L and at high energy e�e� colliders via e�e� !

‘1‘2VLV0L or �� ! VLV0L � X [24,30–32,37]. While the
LHC will be the first high energy collider to explore the
TeV energy region the overwhelming QCD backgrounds
for t�t production will likely make it impossible to study the
VLVL ! t�t subprocess [38].

The International Linear Collider (ILC) offers a much
cleaner environment to study the VLVL ! t�t subprocess.
The simplist approach is to study how the t�t cross section
varies with MH. This has been studied by several authors
[30–32]. The tree-level Feynman diagrams for the SM
process are given in Fig. 1. The e�e� ! � ��t�t cross section
is shown as a function ofMH in Fig. 2 for an e�e� collider
with center of mass energy

���
s
p

e�e� � 1 TeV. We convo-
luted the effective W approximation (EWA) distributions
[39,40] with the W�L W

�
L ! t�t cross section to obtain the

e�e� ! � ��t�t cross sections and included the kinematic
cuts Mt�t > 400 GeV and pt;�tT > 10 GeV. The values for
these kinematic cuts were chosen so that in the former
case the EWA is reasonably reliable and in the latter case to
reduce various backgrounds. This is discussed more fully
in Sec. IV.

A more general approach is to parametrize interactions
in a nonlinearly realized electroweak chiral Lagrangian
[19] which is appropriate if the EWSB dynamics is strong
(a) (b) (c)

FIG. 1. The tree-level diagrams for W�W� ! t�t.
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FIG. 3. ��e�e� ! � ��t�t� (the W�L W
�
L ! t�t subprocess) vs the

WWt�t coupling a1 for
���
s
p

e�e� � 1 TeV with the same kinematic
cuts as Fig. 2. The solid line is for MH � 120 GeV, the dashed
line for MH � 500 GeV, the dotted line for MH � 1 TeV, and
the dashed-dotted line for MH � 1 (the LET scenario).
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FIG. 2. The solid line is for ��e�e� ! � ��t�t� (the W�L W
�
L !

t�t subprocess) and the dotted line is for ��e�e� ! e�e�t�t� (the
ZLZL ! t�t subprocess) as a function of MH for an e�e� collider
with center of mass energy

���
s
p

e�e� � 1 TeV and kinematic cuts
mt�t > 400 GeV and pt;�tT > 10 GeV.
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with no Higgs bosons at low energies. For illustrative
purposes we show the sensitivity of the cross sections to
a representitive dimension five operator;

Leff
1 �

a1

�
�ttW��W

��; (1)

where the coefficient a1 is naively expected to be of order 1
when the cutoff of the theory is taken to be � � 4�v �
3:1 TeV with v � 246 GeV, the vacuum expectation value
of the SM Higgs field. We do not rigorously follow the
chiral Lagrangian approach and simply include the opera-
tor of Eq. (1) as an additional WWt�t interaction. The effect
of varying a1 for an e�e� collider with

���
s
p

e�e� � 1 TeV is
shown in Fig. 3 using the EWA and the same kinematic
cuts as before. ��e�e� ! � ��t�t� is shown for MH � 120,
500, and 1000 GeV and for MH � 1. The latter case is
referred to in the literature as the ‘‘low energy theorem’’
(LET) model. A careful analysis by Ref. [33,41] finds that
the VLVLt�t coupling can be measured to an accuracy of
�� 0:1 at 95% C.L. (with the cutoff scale of � �
3:1 TeV divided out as expressed in Eq. (1)).

These approaches are complementary to studies based
on specific models and on the linear realization of EW
symmetry breaking which includes physical Higgs bosons
in the particle spectrum. The crucial point is that precision
measurements of top-quark interactions could play an
important role in understanding the mechanism of
EWSB. But to be able to attach meaning to precision
measurements it is necessary to understand radiative cor-
rections, both electroweak and QCD.
074011
In this paper we quantify the importance of QCD radia-
tive corrections for the process VLVL ! t�t. We focus on
the O��s� QCD corrections to the tree level electroweak
VLVL ! t�t process in the SM at the ILC. We begin in
Sec. II by summarizing the effective W approximation
and how it is implemented in our calculations. The bulk
of the section is devoted to how we calculated the QCD
corrections. Numerical results are given in Sec. III with
Sec. IV devoted to a discussion of other aspects which
should be considered in a complete calculation of t�t pro-
duction. Concluding comments are given in the final
section.

II. CALCULATIONS

We are interested in the subprocesses VV ! t�t which
occur in the processes

e�e� ! ‘1‘2 � VV ! ‘1‘2 � t�t; (2)

where ‘1‘2 is � �� for the W�W� ! t�t subprocess and
e�e� for the ZZ ! t�t subprocess. Before proceeding to
the QCD corrections we briefly summarize the effective
vector boson approximation (EVA).

A. The effective vector boson approximation

In the effective vector boson approximation theW and Z
bosons are treated as partons inside the electron [39,40].
The total cross section is then obtained by integrating the
-2
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FIG. 4. O��s� QCD corrections to W�W� ! t�t. (a) Virtual
QCD contributions to W�W� ! t�t. (b) Feynman diagrams for
W�W� ! t�t� g.
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W (of Z) luminosities with the subprocess cross section
[37].

��e�e� ! ‘1‘2t�t� �
X
�1;�2

Z 1

ŝ=m2
t�t

d�
dL
d�

�̂�V�1
V�2
! t�t�

(3)

where �1 and �2 are the V’s polarization, � � ŝ=s with s
and ŝ the e�e� and VV center-of-mass energy, respec-
tively, and L is the V�1

V�2
luminosity given by

dL
d�
�
Z 1

�

dx
x
fV�1

=e�x�fV�2
=e��=x�: (4)

The fV=e distributions are given by [39,40]

fV�=e�x� �
C

16�2x
��gfV 	 g

f
A�

2 � �gfV � g
f
A�

2�1� x�2


� log
�

4E2

M2
V

�
(5)

fVL=e�x� � C
�gfV�

2 � �gfA�
2

4�2

�
1� x
x

�
(6)

for the transverse and longitudinal V’s, respectively, and
where for a W boson C � g2=8, gV � �gA � 1, and for a
Z boson C � g2=cos2	w, gV �

1
2T3 �Qsin2	w, gA �

� 1
2T3 with g the coupling constant for the weak-isospin

group SU�2�L and E the energy of the initial lepton. With
these expressions for the V distributions, the luminosity for
LL scattering simplifies to [39,40]:

dLLL

d�
�
��geV�

2 � �geA�
2
2

16�4�
�2��� 1� � �1� �� log�
:

(7)
B. O��s� corrections to VV ! t �t

We next describe how we calculated the O��s� correc-
tions for the process W�W� ! t�t. The results for ZZ! t�t
are obtained the same way. To obtain our results we used
the FEYNARTS, FORMCALC, and LOOPTOOLS packages [42].
We point out details specific to our calculation but refer the
interested reader to the descriptions of the packages for
further information.

The tree-level Feynman diagrams for W�W� ! t�t are
given in Fig. 1 and the virtual diagrams are shown in
Fig. 4(a). The infrared singularity in the vertex corrections
are cancelled by the soft contributions from the process
W�W� ! t�tg which are shown in Fig. 4(b). Since only
soft photon formulas are embedded in the FEYNARTS/

FORMCALC/LOOPTOOLS packages, to accomodate the soft
gluons we modified the corresponding formulas with the
substitution eQ! gsTa. For processes with no triple-
gluon vertex present, introducing a gluon mass is equiva-
lent to standard dimensional regularization. Introducing a
small finite gluon mass is easily included using the pack-
074011
ages we employ, so for convenience we regulate the IR-
singularity this way. This approach has the additional
benefit that varying the value of the gluon mass acts as a
check of the numerical cancellations between the different
contributions.

The cross sections are calculated by replacing the Born
matrix element squared by

jMBornj
2 ! jMBornj

2�1� 
soft� � 2 Re�M�Born
M�; (8)

where 
M is the sum of the one-loop Feynman diagrams
and the corresponding counter-term diagrams and 
soft is
the soft-gluon correction factor coming from the 2! 3
process. The hard contribution from the 2! 3 process is
also O��s� and will be discussed further below. Thus,
Eq. (8) yields the cross section including all O��s� correc-
tions but neglects the O��2

s� corrections that are included
in the dropped j
Mj2 contribution.

To deal with renormalization associated with the ultra-
violet divergences we adopt the on-mass shell renormal-
ization scheme and use dimensional regularization. In the
on-mass shell renormalization scheme for the external
-3
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FIG. 5. Cross sections as a function of
���̂
s
p

for the subprocesses
(a) W�W� ! t�t and (b) ZZ! t�t. In both cases mH � 500 GeV
for the O��s� QCD corrected (solid) and electroweak tree level
(dashed).
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quark legs, the top-quark self-energy is cancelled by its
corresponding counter-term. For this reason we do not
explicitely show the top-quark self-energy diagrams in
Fig. 4. The scale dependence in this calculation only enters
in �s and we take it to be ŝ. We will discuss uncertainties
due to this choice below.

The software packages we used handle renormalization
by employing numerical factors. For example, the UV
divergence is represented by a numerical factor �.
Because our results must be independent of these factors
we can vary them to check the consistency of our results. In
particular, the UV finiteness is checked by verifying the
independence of the results to � and in the on-mass shell
renormalization scheme to the dimensional regularization
scale parameter �.

As mentioned above, the IR-singularity was regulated
by introducing a finite gluon mass which is allowed when
no triple-gluon vertex contributes to the amplitude. The
cancellation of the finite gluon contributions from the
vertex correction with the soft-gluon production in
W�W� ! t�tg is a strong test of the veracity of our results.
We performed this check and also verified that the results
are independent of the gluon regulator mass but for the
sake of brevity do not show plots of these results.

A final check is to verify that the results are independent
of the soft cutoff energy of the emitted gluon which divides
the cross section into a piece with a soft gluon emitted and
a piece with a hard gluon emitted. To do so we sum the
results of the hardWW ! t�tg process with the softWW !
t�tg plus 1-loop results. While individually the hard and soft
pieces are dependent on the soft cutoff energy of the
emitted gluon, the sum will not be. We have checked that
our results are indeed independent of the gluon cutoff
energy.

To obtain cross sections from the analytical results for
the squared amplitudes, the FORMCALC package integrates
phase space using Gaussian quadrature for the 2 to 2
process and the VEGAS Monte Carlo integration package
for the 2 to 3 process.

III. RESULTS

In Fig. 5 we show the tree-level electroweak and O��s�
QCD corrected cross sections for the subprocesses
W�W� ! t�t and ZZ ! t�t for a Higgs boson mass of
500 GeV and for all W and Z polarizations. In all cases
we include the t�t� g final state in the O��s� results. To
separate out the hard gluon case depends on details of the
detector and the jet finding algorithms which is beyond the
scope of this paper. As before, we include in these and all
subsequent results the kinematic cuts mt�t > 400 GeV and
pt;�tT > 10 GeV. The Born results agree with previous re-
sults [30]. The longitudinal scattering cross section is much
larger than the TT and TL cases. Since it is the longitudinal
gauge boson processes which corresponds to the Goldstone
bosons of the theory we will henceforth only include
074011
results for VLVL scattering. In Fig. 6 we show the cross
section only including longitudinal W and Z scattering as a
function of the e�e� center of mass energy for several
representative Higgs masses including the MH ! 1 case
(corresponding to the LET).

The QCD corrections to longitudinal scattering are often
presented as aK-factor, normally defined as the ratio of the
NLO to LO cross sections. Because the O��s� QCD cor-
rections we have calculated in this paper are LO correc-
-4
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FIG. 6. Cross sections as a function of
���
s
p

e�e� for
(a) e�e� ! � ��t�t via W�L W

�
L fusion and for (b) e�e� !

e�e�t�t via ZLZL fusion. In both cases the solid line is the
O��s� QCD corrected cross section and the dashed line is the
electroweak tree-level cross section.
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FIG. 7. The K-factors as a function of
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e�e� for (a) e�e� !
� ��t�t (via W�L W

�
L fusion) and for (b) e�e� ! e�e�t�t (via ZLZL

fusion). In both cases the solid line is for MH � 120 GeV, the
dashed line for MH � 500 GeV, the dotted line for MH �
1 TeV, and the dot-dashed line for MH � 1 (LET). See text
for an explanation of the K-factor.

STUDY OF VLVL ! t�t AT THE INTERNATIONAL . . . PHYSICAL REVIEW D 72, 074011 (2005)
tions to a tree-level electroweak result we are taking the
K-factor to be the ratio of the cross section with the O��s�
QCD corrections and the tree-level electroweak cross sec-
tions. The K-factors for ��e�e� ! � ��t�t� which goes via
W�L W

�
L fusion and for ��e�e� ! e�e�t�t� which goes via

ZLZL fusion are shown in Fig. 7 as a function of the e�e�

center of mass energy. K-factors are shown for MH �
120 GeV, 500 GeV, 1 TeV, and the LET case (using the
074011
same kinematic cuts as before). The O��s� QCD correc-
tions are largest for MH � 500 GeV with K-factors rang-
ing from over 1.2 for

���
s
p

e�e� � 500 GeV to 1.15 for���
s
p

e�e� � 1 TeV. The corrections decrease as the e�e�

center-of-mass energy increases. The corrections are
smallest for a light Higgs but in that case we will probably
study top-Higgs couplings in other processes such as asso-
-5
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ciated top-Higgs production. As can be seen from Fig. 7 the
MH � 1 TeV and LET cases lie between these two ex-
tremes. The variation of the K-factor with MH is shown
more explicitly in Fig. 8. The fact that the K-factor is
largest for MH � 500 GeV in Fig. 7 and that it peaks at
MH ’ 400 GeV in Fig. 8 is a threshold effect which is an
artifact of the kinematic cut we imposed on the t�t invariant
mass. When we pass through the kinematic threshold the
0.9
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FIG. 8. The K-factor as a function of MH for (a) e�e� ! � ��t�t
(via W�L W

�
L fusion) and for (b) e�e� ! e�e�t�t (via ZLZL

fusion). In both cases the solid line is for
���
s
p

e�e� � 500 GeV,
the dashed line for

���
s
p

e�e� � 1 TeV, the dotted line for���
s
p

e�e� � 2 TeV, and the dot-dashed line for
���
s
p

e�e� �
3 TeV. See text for an explanation of the K-factor.

074011
dominant contribution to the t�t threshold comes from the
s-channel Higgs resonance. This threshold behavior is also
seen in Fig. 3 of Ref. [30] but at a different value of MH
reflecting the different Mcut

t�t used in that paper. This thresh-
old region also correponds to a region of lowQ2 relevant to
soft-gluon emission resulting in larger QCD corrections.
As the phase space opens up the QCD corrections are
expected to decrease which is what is observed. One also
sees in Fig. 8 how the K-factor decreases as

���
s
p

e�e�

increases. The important point one comes away with
from Fig. 7 and 8 is that it is clear that QCD corrections
are not insignificant compared to the effects we might wish
to study such as top Yukawa couplings or anomalous VVt�t
couplings.

A brief comment about uncertainties due to scale de-
pendence is in order. As stated above, the scale dependence
in this calculation only enters in �s which we took be ŝ. To
estimate uncertainties due to scale dependence we vary the
scale by a factor of 2 smaller and a factor of 2 larger at the
peak in the subprocess, �̂, which is the dominant contri-
bution to the e�e� cross sections. We find an uncertainly
of�15% in �s which leads to at most�4% uncertainty in
the K-factor.
IV. DISCUSSION

In this paper we concentrated on O��s� QCD correc-
tions. There are equally important considerations and con-
tributions that we have neglected. For completeness we
briefly describe them here.

Backgrounds are always an important ingredient and
have been discussed in Ref. [4,28,32]. Briefly, the relevant
signal is a t�t pair with missing transverse momentum
carried by the neutrinos or from the beam electrons not
observed by the detector. The largest background is direct
t�t production. It can be suppressed by requiring missing
mass greater than some minimum value. This background
can be further reduced by choosing the jet association that
best reconstructs the t and W masses. Another significant
background is t�t production via other gauge boson fusion
with the largest being �� ! t�t [37]. This can be reduced
by requiring the missing transverse energy to be greater
than some value, with a value of 50 GeV used by Alcaraz
and Morales for a TeV collider [32]. The final background
we mention is e�e� ! �t�t where the photon escapes the
detector but is sufficiently hard to generate the required pT .
Most of this background can be eliminated with an appro-
priate cut on the pt�tT of the t�t pair [41]. Additionally the
signal could be enhanced using polarized beams [41].

At present the electroweak radiative corrections for top-
quark production have not been calculated and there are
ambiguities which still need to be better understood. In
general, when the Higgs boson mass is heavy, the electro-
weak correction to the process contains the enhancement
factor �m2

H=M
2
W which will be significant. However,

S-matrix elements of VV ! t�t are not well-defined for
-6
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unstable external particles so are problematic for higher-
order calculations that include the Higgs width at the born
level. The discussion of this issue has been given for the
process W�W� ! W�W� in [43]. The full process with
stable initial and final particles needs to be considered if
one includes electroweak corrections consistently. This is
beyond the scope of this paper.

The accuracy of the effectiveW approximation has been
studied by a number of authors. Assuming a cut on the
invariant mass of Mt�t > 500 GeV the resulting cross sec-
tions typically agree to about 10% with the exact calcu-
lation [41]. This is the same order of magnitude as the
effects we are interested in measuring and the QCD cor-
rections considered in this paper. Therefore, an exact cal-
culation would be required for precision measurements of
t�t cross sections.

Finally, we mention that the subprocess W�W� ! t�t is
also possible in �� collisions but the standard model direct
processes overwhelm this subprocess by several orders of
magnitude. Analogous to the e�e� case one can use the
effective W luminosity inside photons [44,45]. It is pos-
sible that judicious choices of kinematic cuts could en-
hance the signal; in ��! t�t the cross section is dominated
by the top-quarks collinear to the beam while in the
W-fusion process the spectator W’s along the beam direc-
tion could be used to tag events [44]. We leave this process
for a future study.
074011
V. CONCLUSIONS

In the event that the Higgs mass is heavy and the
electroweak sector is strongly interacting it is quite pos-
sible that the underlying theory will manifest itself in the
interactions between the top quark and longitudinal com-
ponent of gauge bosons. Different aspects of this have been
studied but the common theme is that precision measure-
ments at a future high energy e�e� would be necessary to
understand the underlying dynamics. In this paper we
studied the O��s� QCD corrections to the tree-level elec-
troweak process VV ! t�t. We found that they can be quite
substantial, the same size as the effects we wish to study, so
that they need to be taken into account when studying t�t
production. Although the kinematic cuts that are chosen
will change the numerical results slightly, the O��s� QCD
corrections are understood and should not pose a barrier in
studying these processes.
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