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Dark energy dominance and cosmic acceleration in first-order formalism
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The current accelerated universe could be produced by modified gravitational dynamics as it can be
seen, in particular, in its Palatini formulation. We analyze here a specific nonlinear gravity-scalar system
in the first-order Palatini formalism which leads to a Friedmann-Robertson-Walker cosmology different
from the purely metric one. It is shown that the emerging Friedmann-Robertson-Walker cosmology may
lead either to an effective quintessence phase (cosmic speed-up) or to an effective phantom phase.
Moreover, the already known gravity assisted dark energy dominance occurs also in the first-order
formalism. Finally, it is shown that a dynamical theory able to resolve the cosmological constant problem
exists also in this formalism, in close parallel with the standard metric formulation.
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L. INTRODUCTION

The dark energy problem (for astrophysical data indicat-
ing dark energy existence and related universe acceleration
see [1] and referenes therein) is considered to be a chal-
lenge for modern cosmology. There are various approaches
to its construction. In general, one can classify most efforts
as (a) modified gravity (for instance, the so-called f(R)
theory); or (b) introducing some exotic matter with nega-
tive pressure. The fruth, as usual, may lie in between.
Indeed, since the two directions above are completely
phenomenological one can go further and try to modify
gravity via a nonstandard (nonminimal) coupling with
matter. This may in fact provide the effective description
for a dark energy universe. The importance of such models
already has been pointed out in [2] where a possible origin
for dark energy dominance was suggested. In [3,4] a suit-
able nonlinear matter-gravity theory was used to construct
the dynamical approach to the resolution of the cosmologi-
cal constant problem. (Such coupling may be used for
cosmological purposes as in [5]). Here, the gravity-matter
coupling part is assumed to be a f(R)-like theory, non-
minimally coupled with a scalar-field Lagrangian. It is
interesting that in such models the standard conformal
transformation to scalar-tensor theory is overcomplicated
(if possible at all). This implies that in the purely metric
formalism only one possible frame really exists. A first aim
of ours is to see how much the picture changes if one
allows a first-order a la Palatini approach to the gravita-
tional field.

In the recent study of modified gravity with a nonlinear
1/R term [6] (for its one-loop quantization see [7]) in

*Electronic address: allemandi@dm.unito.it

Electronic address: borow @ift.uni.wroc.pl

*Electronic address: francaviglia@dm.unito.it

SElectronic address: odintsov@ieec.uab.es also at TSPU,
Tomsk

1550-7998/2005 /72(6)/063505(10)$23.00

063505-1

PACS numbers: 98.80.Jk, 04.20.—q

relation with cosmic acceleration it was further drawn the
important lesson that the metric formalism is not equiva-
lent to the Palatini (first-order) formalism. (Actually, this
fact was known in general after the early proof given in
[8].) Indeed, while modified gravity of only special form
may be viable in the metric version [9] (due to a possible
instability [10]) its Palatini version may be instead viable
(see [11,12] and references therein). Of course, the cosmo-
logical dynamics of both versions are in principle different.
Notice, however, that modified gravity may be always
rewritten as a (well-studied) scalar-tensor theory. It is clear
that a generic nonlinear matter-gravity theory may lead
also to nonequivalent gravitational physics, depending on
the choice of either metric or Palatini description.

In [2] it has been shown how dark energy may become
dominant over standard matter at small curvatures in the
metric formulation. This is directly caused by the choice of
the Lagrangian. Nonlinear gravity-scalar-field systems and
modified gravity may nevertheless provide an effective
phantom or quintessence dark energy with the possibility
of explaining the present speed-up of the universe (and
without the need of introducing negative kinetic energy
fields) [2].

It has been proven in [3] that a dynamical approach to
the cosmological constant based on a suitable nonlinear
gravity-scalar-field system with a scalar-field potential
having a minimum at a generic but negative value provides
a possible solution to the cosmological constant problem.
This is based on the presence of a nonstandard kinetic term
in the scalar-field Lagrangian, which diverges at zero
curvature. In this particular model the cosmological con-
stant freezes at a nearly zero value, while field equations
are stable under radiative corrections and they provide the
expected asymptotic limit.

The same class of nonlinear matter-gravity theories are
here studied in the Palatini formalism (where the purely
gravitational part is suitably generalized) and applied to
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alternative gravity. This formalism, considering the metric
and the connection as independent fields, produces second
order field equations which are not affected by instability
problems and seem to be in a fairly acceptable accordance
with solar system experiments [12]. The Palatini version
leads to a completely new formulation when compared
with the standard metric formulation and it provides cos-
mological models which are able to explain also the
present time cosmic speed-up.

It is shown also that the Palatini formalism in the case of
nonlinear gravity-scalar systems gives an acceptable real-
ization of the dark energy dominance and the resolution of
the cosmological constant problem. Thus, even if the met-
ric and the Palatini formulations apparently lead to differ-
ent gravitational physics, one can see that the same
cosmological phenomena may qualitatively occur in both
frameworks, which therefore deserve to be carefully
compared.

I1. FIRST-ORDER NONLINEAR GRAVITY-
MATTER SYSTEMS: THE FIRST-ORDER
FORMALISM

We consider a four-dimensional Lorentzian manifold M
with a metric g, and an independent connection I'};,,. The
starting nonlinear gravity-matter Lagrangian is

L= \/g(F(R) + f(R)Ld) + KLmat(\P)y (1)

where f(R) and F(R) are some analytic functions of the
scalar-field R = g*PR,() and L, is a scalar-field
Lagrangian; here we set L, = —%g/'“’aﬂ(j) d,¢d +
V(¢) = =111 Ve |I*> +V(¢). In principle, L, could be
any other matter Lagrangian (describing spinors, vectors,
etc.). Moreover, one can think of more general cases when
f(R) (or even a function of Ricci squared terms [13])
couples to the Riemann (Ricci) tensor [14] contracted
with some derivatives of matter and multiplied by a similar
matter Lagrangian. It is important to remark that in all
cases (even if L, is chosen to be the Lagrangian of a scalar
theory) the general class of theories described by phenome-
nological Lagrangians of the form (1) cannot be confor-
mally transformed into an equivalent scalar-tensor theory,
with the only exception of the theories already treated in
[11,12] [i.e. all the theories in which L, = 1, i.e. f(R)
theories]. The term L, represents a matter Lagrangian,
functionally depending on arbitrary matter fields ¥ to-
gether with their first derivatives, equipped with a gravita-
tional coupling constant k = 87 G, which can be supposed
to be k = 87G = 1 in natural units.

In the first-order Palatini formalism the Riccilike scalar
is R=R(gT') = g*#R,p5(I') where R, (I') is the Ricci
tensor of any independent torsionless connection I'; see
[8,11] for details. Equations of motion are respectively:
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Field equations for the metric field g:

1
F/(R)R,u,v - EF(R)g,u,V + f/(R)LdR,uV

- %f(R)Ldg;uz + f(R)T,uv = Tuw (2)
where T, = — % d,¢, d,¢ is stress-energy tensor
of the scalar field, and 7,, = Tﬁfﬁ‘ is the matter
stress-energy tensor generated by taking the varia-
tional derivative of L, (¥). Taking the trace of
Eq. (2) with respect to the metric g*” we obtain
the scalar-valued master equation:

F'(R)R — 2F(R) + (f(R)R — 2f(R))L4
+fRT=1 Q)

where 7=g¢*"7,, and T =gt'T,,=L;—
V(¢) = — 51| Vg ||* . The above equation can be
rewritten, more conveniently, as

2F(R) — F'(R)R + 7= (f'(R)R — f(R))L,
— f(R)V().

Hence, the scalar-valued equation (3) controls solu-
tions of Eq. (2). We shall refer to this scalar-valued
equation as the structural equation of spacetime.
For any real solution R = F(7, T) of (3) it follows
that f(R) = f(F(7,T)) and f'(R) = f'(F(7, T)) can
be seen as functions of the traces 7 and T of the
stress-energy tensors of matter and of the scalar-
field ¢. For convenience we shall use the abuse of
notation f(7,T) = f(F(7,T)) and f'(7,T) =
f/(F(7,T)). Thus, in the same way as in [11,13],
the generalized Einstein equations may be intro-
duced:

R,,(I) = 8,aP%, “

where one defines the operator P, =<6, —
@T,’f + %T;f . The scalars b and c, depending on
R, are here defined as

b=0b(R)=F'(R) + f'(RL,
¢ =c(R) =L(F(R) + f(RIL,) = Lkmd fg
&)

(see also Sec. III).

Field equations for the connection field I': varying
the Lagrangian (1) with respect to the connection
one gets

VilVzg“" (F'(R) + f'(RIL)I =0,  (6)

which states that I' can be chosen to be the Levi-
Civita connection of the metric £,, = (F'(R) +
f'(R)L4)g 0 = bg,,, providing the spacetime
manifold with the typical bimetric structure ensuing
from the first-order Palatini formalism [12]. This
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implies that the generalized Einstein equation (4)
can be immediately rewritten as

R, (h) = g,aPy, (N

where R, () is now the Ricci tensor of the new
metric i, being I' = ' (h).

(3) Field equations for the scalar (dilatonlike) field ¢:
performing the variation of the Lagrangian (1) with
respect to ¢ we obtain:

(4) Field equations for the matter fields V: they can be
obtained from the Lagrangian (1) by the usual pre-
scription % = (, depending on the particular
form of L, (V).

Before proceeding further let us make two important
notes. First, in order to get Eq. (6) one has to additionally
assume that L, is functionally independent of an arbitrary
connection I'; however it may contain metric covariant
derivatives V¢ of some matter fields denoted here by V.
This means that the matter stress-energy tensor T3 = 7,
depends solely on the metric g and fields ¥ together with
their partial derivatives. Thus, usually this tensor is cova-
riantly conserved, in a sense of metric covariant derivative,
ie. Vi7,, = 0. Nevertheless, we do not assume a priori
that the (metric) covariant derivative of the left-hand side
of Eq. (2) identically vanishes (in fact it does not in
general). However this does not provide any inconsistency
in our model. When we solve the field equations of motion
with a source—here the right-hand side of Eq. (2)—hav-
ing it a vanishing covariant diveregence thus also the left-
hand side of Eq. (2) taken on this particular solution (i.e.
“on shell”’) will have automatically vanishing covariant
derivative as well.

Second, we are now close to discussing energy-
momentum conservation in modified gravity models, as it
is well known that any generally covariant field theory
admits the covariant conservation of energy momentum
which can be expressed in the form of generalized Bianchi
identitiy. This general fact has been presented in many
books and articles and it is widely recognized as (second)
Noether theorem (see e.g. a recent book [15] and referen-
ces quoted therein). More, in particular, for the case of
modified (including scalar-tensor) theories of gravity (also
within a Palatini formalism) the issue has been nicely
discussed in a recent paper [16], where explicit formulas
for the Bianchi identity also can be found.

III. FRW COSMOLOGY FROM GENERALIZED
EINSTEIN EQUATIONS

Owing to the astonishing cosmological experimental
results recently obtained in [1] and to the renewed interest
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in alternative theories of gravity for cosmological applica-
tions, it is quite interesting to study the cosmological
implications of the formalism above. Let g be a
Friedmann-Robertson-Walker (FRW) metric:

1
g = —di* + az(t)[41 - dr?

+2(de? + sinz(e)dgaz)} ©)
where a(r) is a scale factor and K is the space curvature

(K = 0,1, —1). The stress-energy tensor of a matter (ideal
fluid) is

Ty =1,, = (p+ puyu, + pg,,

where p is the pressure, p is the density of matter, and u* is
a comoving fluid vector, which in a comoving frame [u* =
(1,0,0,0)] becomes simply

o 0 0 0
0 220 0

Tur =1 g 17(;02 pa*(t)r? 0 (10)
0 0 0 pa’()r’sin*(0)

The standard relations between the pressure p, the matter
density p, and the expansion factor a(r) are assumed

p=wp,  p=mna 3, (11)

where particular values of the parameter w € {—1,0, %}
will correspond to the vacuum, dust, or radiation domi-
nated universes. Exotic matter (which is up to now under
investigation as a possible model for dark energy) admits
instead values of w < —1; see e.g. [1]. These expressions
(11) follow from the metric covariant conservation law of
the energy-momentum V5 7,y = 0 (as discussed above)
and consequently the continuity equation should hold:

p+3H(p+p) =0, (12)

where H = 4 is the Hubble constant.

We recall here that the field equations for the metric field
g can now be rewritten in terms of the new metric 4, as
already done in (7). Relying on the methods already de-
veloped in [11] it is simple to see that the generalized FRW
equations following from (7) are

a by K 1 1
—+—) +=5==Pl —_P), 13
(a 2b> a2 2" 6° (13)

where P} and Pg are the components of P, = %6’; —
@T I + 4 7. We recall here that the parameters b and ¢
are defined (5). Owing to the cosmological principle and to
the consequent homogeneity and isotropy of spacetime, we
argue that 7,,, 7,,, and ¢ depend just on the time pa-
rameter . As already noticed in [11,13] for much simpler
cases, we get from the structural equation (see the above
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discussion) that both b and ¢ can be expressed just as
functions of time.

In our case, we have moreover that L; = % b2 + V(o),
so that

R
{P}=%—’%T:+%r%=%+% 14
0 _—c_fR70 L 1,0 _c_ fR j2
Po=5—% Totsmo=5 % ¢ — 5
The modified FRW equation thus can be written as
a b\ K 1f(R) c
) =T (L~ V)
(a 2b> 2 6 b LTV
3w+ 1 3
=3(1+w) 15
o ¢ : 5)

and the nonminimally coupled scalar-field equation re-
duces to

%(@f(mdb) — J2f(RV'(). (16)

From now on we assume, for simplicity and following the
headlines of [2], that V(¢) = 0. This implies that the field
equations can be written as /gf (R)¢ = const or equiva-
lently gf(R)?L, = 8> = const. It follows that, on shell
with respect to the above field equations for the scalar-field
¢, the nonminimal coupling term in the Lagrangian takes
the form

fR)Ly = B f(R)'a™®, a7

which differs from the results of [2] obtained in the metric
formalism in the particular case F(R) = R, which is in fact
degenerate (see below).

A. A particular case: F(R) = R

We start here considering the degenerate case F(R) = R.
This case is worth considering as it is the simplest case of
nonlinear gravity-scalar system reproducing general rela-
tivity in the limit f(R) = 0; results can moreover be simply
compared with results already obtained in [2] in the metric
formalism. We stress that to obtain an exactly solvable
class of models we will hereafter consider in larger detail
the particular cases f(R) = aR" (a #0; n # 1) for
matter-free universe with vanishing spatial curvature (K =
0), since these cases are in fact analytically solvable.
Nothing would prevent a qualitative study of more general
cases. We will specify these conditions step by step in the
following, when explicitly necessary.

In the case F(R) = R the master equation gives

R+ 7= B fR)(f(RR— f(R)a"®,  (18)
which simply becomes an (analytic) equation for R:

S04y _ p2 ' RIR — f(R)
R + (3W - 1)7761 (tw) — :82 f(R)2a6

In the case of polynomial (or more generally analytic, if

19)
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solvable) functions f(R), solutions R of the above equation
are, in general, rational (analytic) functions of the variable
a. Consequently, as already remarked before, R can be
simply expressed as a function of time. For any solution
R = R(a(?)) one can further calculate:

b=1+f(RLy=1+ B f(Rf(R)*a"®
1 1 2 -1,-6 (20)
c=3R+ f(R)Ly) =5(R+ B f(R)"a™®).
The right-hand side of the generalized FRW equation
becomes

Bw + 1)y

pai @D

a b\ K B> c
) +ts=—L—+ —

(a 2b> a* 6bf(R)a® 3b
and it is consequently a rational function of a.

Let us now consider the specific example where f(R) =
aR" (a # 0; n # 1). It is supposed that there is no matter
content in these models. We thus obtain, from the structural
equation,

R = aR"n— 1)L, (22)

so that we have aR"L,; = f(R)L, = -1 R. Apart from the
trivial solution R = 0 [which implies b = 1,¢ = 0 and
(%)2 + a_K2 = (] there exists also a nontrivial solution corre-
sponding to the case 1 = aR" '(n — 1)L,. In this non-
trivial case the time-depending parameters are found to be
(n # 1 to ensure b # 0):

b=1+f(R)L;=1+-t-=2"]

n—1_ n—1

(23)

c=1R+aR"L,) =%R<1 + n11> =Ryl

The conformal parameter b is constant and the modified
Friedmann equations are

¢ _aR'L, n R
6(2n — 1)

a2 K 1aR'L,
() Ko

al @ 6 b 3b  6b

1 1 n
a 6R<(n - b - 2n — 1)’ 4

which in turn can be rewritten in the simplified form

ay: K 1 _n+1

-] +—==-=R . 25

<a> a> 6 2n—1 25)
As we already stressed before, the coefficient b is now

constant; then R = g#”R,,,(bg) = R(g) is the true Ricci
scalar of the FRW metric g, which is known to be equal

a

R(g) = 6[% T (Eﬂ —6HX(1—q),  (26)

where ¢ is the deceleration parameter. Hence the two
metrics g and h are equivalent, apart from a constant
conformal factor. The generalized Friedmann equation
(specified now to the exactly solvable case K = 0) takes
the form:
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n+1
2n —

which immediately gives the value of the deceleration
parameter

H? = H?

(1 —q) 27)

2—n 3
— 1+ 28
E n+ 1 (28)

without having to solve explicitly an ordinary differential
equation for the scale factor a(z). It is however possible to
obtain the explicit dependence of the scale factor on time.
We recall that it has been assumed from the beginning [see
(16)] that V(¢) = 0 and consequently the field equation
for the scalar field is

d nAY —
E(\/ER $) =0, (29)

which in turn implies that \/— R"¢ = const or equivalently
that on shell R>"L,; = %a~°. From the structural equation
(20) we consequently obtain, in the case under discussion,
that R = [(n — 1)aB?]"/"*1)q~[6/0+ D] Therefore, again
under the explicit further assumption K = 0, we have

) n+1
a=

[6(2
=L(n, a, ,B)a] [3/(n+l)]’ (30)

)T/z[(n — 1)a 2]/t g1 =13/ (1]

where we have defined for simplicity the constant factor

Lin, o B) = [gs](n — Dap?]/20+0) Solving

this simple differential equation we get the explicit expres-
sion of the scale factor as a function of time:

3L(n, a, (n+1)/3
a(r) = [;i”fl A )} (1, = )t /3, (1)

where #; is some integration constant. More precisely,
Friedmann equation in the simplest form H? ~ a~2? (or
equivalently ¢ ~ a'~7), where y = M implies that
the deceleration parameter is ¢ = y — 1. Moreover, in the
case y >0, choosing the solution corresponding to an
expanding universe one has a ~ r'/7, i.e. a forever expand-
ing universe with big bang at the origin f, = 0. Conversely
in the case y < 0, changing the arrow of time in order to
avoid shrinking solutions (see [2]), we obtain that a ~
(t, —'/7, ie. we find a universe with a final big rip
singularity. Thus H ~ (¢, —t)~! — oo at finite future
time f,.

Coming back to the case under consideration governed
by Eq. (30) it follows that the effective value of w (for n #
—1)is

I—n 2

— =1+ . 2
n+1 n+1 (32)

Weff =

The reliability conditions one has to assume are respec-

tively 225 >0 and (n — 1)a >0, which follow directly

from (30). Models for accelerating universe occur conse-
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quently for n > 2 or n < —1. The first case corresponds to
an effective quintessence when —1 < w g < — % and one
deals with an initial big bang type singularity at the origin.
In contrast, the second case leads to an effective phantom
(Wegr < —1) (without its explicit introduction) with a big
rip type final singularity (for a discussion of it in modified
gravity see [17]), with the asymptotic behavior a(t,) ~
+o00.

The case n = —1 should be treated separately. In this
case a = 0; this implies that the trivial solution R = 0 =
¢ emerges and we obtain a nonexpanding universe model
with a = a, = constant.

1. The radiating universe

One can also combine the above case F(R) = R with the
presence of radiation. Adding radiating matter (w = 3)
gives rise to the following modified Friedmann equation:

. '2 2
<ﬁ+b>+K B +C+77

a 26) " a& 6bf(R)a® 3ba*’

(33)

To obtain exactly solvable models it is again convenient to
specify to the case f(R) = aR"; we thus obtain (n #

_L é’ 1)
,_ ntl _ 271 /(n+1) ,,—[6/(n+1)]
__nrTi 1
6 = )[(n JaB?] a
(n—1m 4
n=Un 4
32n — l)a ’ (34)

and we are able to compute the deceleration parameter to
be

2(n—1)

3(271 1)[(11 _ l)aﬁz]l/(”ﬂ)a [6/(n+1)] b 77“

2H?

(35)

A detailed analysis of this last equation is more compli-
cated but the final answer is similar to the previous case:
accelerated universe can be obtained only for n > 2 or
n < —1." We stress, moreover, that the asymptotic value
of the deceleration parameter for big enough radius a(z) in
both cases remains the same, i.e.

2—n

Qasymp = m ’

as in the radiation-free example (28). Because of this the
singularity types should be the same as well. For n < —1
(which, by the way, corresponds to the case y < 0), besides
the final big rip singularity one can encounter the initial big
bang singularity caused by radiation. To be more precise
this follows from the qualitative behavior of H? [see (34)]:

"Notice that some cases are excluded by the condition H> > 0
and others give rise to deceleration.
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H?> ~Aa " + Ba™* (n<—1),

where A and B can be simply deduced from (34). In the
case y < 0 the first term dominates in late time universe,
giving rise to a big rip like singularity. On the contrary, in
the same case y < 0, we get that small values of a corre-
spond to a behavior of H> ~ Ba~*, which implies the
presence of a big bang singularity at early time universe.
In the case n > 2 (y > 0) one obtains an accelerated and
expanding model, such that the initial big bang is still
present. Finally we remark that for n > 2 there exists a
critical value for the radius

2 =[Mn

(n+1)/2n—1)
crit n—2 :|

[(n — aB2]11/@=D]

(36)

which provides a transition from deceleration to
acceleration.

To summarize we have thus proven that, also in the
Palatini formalism, nonlinear gravity-matter systems based
on the Lagrangian (1) with F(R) = R lead to accelerating
universe in the same way as it happens in the metric
formalism. Big rip singularities appear in the case of
effective phantom models in vacuum universe, while quin-
tessence models contain big bang like singularities. We
have moreover shown that in the case of radiation models,
where a radiationlike fluid is additionally considered, we
have both big rip and big bang singularities appearing. A
full set of possible FRW cosmological solutions of the
above nonlinear gravity-matter system based on the
Lagrangians (1) with F(R) = R has been found, under
the specific hypotheses f(R) ~ R", V(¢p) = 0, and K = 0
both in the case of vacuum and radiating universes. It turns
out that the same solutions were found already and studied,
for the same class of Lagrangians, in the framework of the
purely metric formalism [2] where they, however, represent
a proper subset in the set of all possible solutions. We think
that a bit of discussion is here appropriate on these
arguments.

It is well known that, in the matter-free case L; = 0,
Lya = 0, ie. for pure F(R) gravity, solutions of the
Palatini formalism represent in general a subset in the set
of all possible solutions allowed by the purely metric
formalism; see [18]. As a matter of fact in that case the
conformal factor b = F'(R) relating the two metrics g,
and h,,, becomes constant by virtue of the master equation;

this implies that the scalar R is equal to the Ricci scalar of
|

b= (mwfm—l + l’lCl_lB2§_(n+1))61_[6(m_1)/(m+n)] — boa—[6(m—1)/(m+n)]
c= %(a).fm + aBE M) a oM/ mn] = ¢ g =lEm)/mtn)]

Since now b = bya~* is proportional to a power of a, it
follows that the generalized Hubble parameter H = ¢ + o
is, up to the constant factor 1 — 3(”'1";,’1), proportional to H.

Therefore one has (again in the solvable case K = 0):
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the metric g. As far as the field equations in the metric
formalism are concerned, it implies also that the second
order differential operator V,V, — g, [0 acting on F'(R)
vanish identically; see e.g. [18]. This finally implies in turn
that the field equations in the metric formalism, expressed
in the metric g,,,, almost reproduce the field equations of
the Palatini formalism.

It is easy to check that exactly the same mechanism acts
in our case, provided that f(R) ~ R". As a consequence we
obtain that, in the particular example we have here ana-
lyzed [i.e. F(R) = R], the Palatini formalism provides at
the same time solutions to the metric one.

B. First-order scalar F(R)—f(R) nonminimal coupling

We generalize hereafter the analysis to the more general
family of models already introduced in (1) for nonlinear
gravity-scalar system. To obtain exactly solvable models,
which are preferable as they allow us to discuss relevant
physical consequences, we will specify step by step the
necessary conditions [f(R) = aR" (a # 0;n # 1), 7 = 0,
and K = 0]. We thus consider the more general class of
Lagrangians:

L= g(F(R) + f(R)Lg) + Ly, (37)

where L; = —1g#70,¢9,¢ + V() and Ly, represents
a matter Lagrangian but now F(R) # R. We get now that
the right-hand side of the generalized Friedmann equation
(17) becomes:

a b\ K B2 c GBw+1)y

) ts=—t—+ —+ " (38
(a 2b> a’> 6bf(R)a® 3b  6ba’1tW (38)
We proceed by specifying the model to the concrete par-
ticular case (n # 1, m # 2)

{f(R) = aR"

F(R) = oR™ (39)

without matter (i.e. 7 = 0 and 7}33' = 0) which leads again
to an exactly solvable class of models. Combining the
master equation with the on-shell value f(R)’L, =
B?a% [see (19)] it is simply possible to obtain the Ricci

scalar as a function of the radius a:
R= ga—[6/(m+n)]’ (40)

where the coefficient £ is given by & = [%]1/ (ntm) Tn
this case it follows that

(41)

[

2
[, [6[),8 = %}a—wmm] ~ g I6/mem) (42
0 0

This further implies that ¢ ~ a'~B3/(n*7] (which resembles
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the case m = 1, already treated in Sec. III). Consequently,

a(t) ~ (¢, = r)im+m/3,

The deceleration parameter turns outtobe ¢ = —1 + - im .

As for the very particular case, already considered in
Sec. III, we obtain by a similar analysis an expanding
universe in the case m + n >3, presenting a big bang
like singularity; conversely, for m + n <0 the expanding
solution leads to a big rip finite time singularity.

We stress that now the Palatini formalism and the metric
one are completely different both from a qualitative and
from a quantitative viewpoint. This is related to the fact
that in this case the conformal factor b as given by (5) is no
longer constant. Moreover we have seen that in the Palatini
formalism field equations are easily solvable also in this
more general case, while in the metric formalism this is by
no means true.

1. The case F(R) = R + uG(R)

We can consider the interesting case when F(R) = R +
#G(R), which reproduces the case already treated in
Sec. IITA in the case u = 0 [or in the case G(R) = 0].
The corresponding Lagrangian is then

L= gR+ uGR) + f(RIL) + Lyy(¥),  (43)
and the master equation is
R+2uG(R) — uG'(R)R + 7
= (f'(RR — f(R)L, — f(R)V(¢). (44)

We specialize moreover to the case f(R) = aR", G(R) =
R, V(¢p) = 0, and for simplicity L, = O (the case of
vacuum universe). Equation (5) gives in this case:

n—1

c=1@R+ f(RL, + nG(R)) = R5lr — L nG(R),
(45)

{b =1+ fR)Ly + pG'(R) = 1 + oy = 2l

where the value of the conformal factor b is again constant,
as much as f/(R)L; + uG'(R) = b — 1 is constant too.
This implies that the solutions of the Palatini formalism
are at the same time solutions of the metric formalism, as
much as in the case F(R) = R previously examined [see
our discussion after formula (36)]. It is however clear that
in this case the Palatini formalism is much easier to handle
and more effective then the purely metric formalism (even
if it provides the same solutions). Substituting the actual
value of L, along solutions into the master equation, as
given by (17), we obtain now

R +2u(1 — n)R" = a(n — 1)B%a°. (46)
Since R is positive, in order to get an approximate solution

of the polynomial equation above, one needs to distinguish
two cases:
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(1) Small valuesof R(R < 1)andn > QorR > 1 and
n <K 0 lead to

R ~ a-l6/+1],

(2) Bigvaluesof R> landn > 0orR < land n K
0 lead instead to

R~ a= @M, (47)

In any case we obtain a power law R ~ a~*, where A =
% in the first case and A = % in the second one.

Owing to the fact that b is constant it is now easy to
obtain the modified Hubble equations from (38) (in that
case g is obviously chosen to be a FRW metric for cosmo-

logical applications):

L Be-10, n
2 2 n,—6
H Ka +6(2n—1)R a +6(2n—1)R
_ ,LL(}’Z — 1) 2n
6= (48)

which further rewrites as
H?>~—Ka?+Aa"©"™ + Ba™* + Ca™®  (49)

with suitable chosen constants A, B, C, D. In the first case,

: — _6
recalling that A = -2, one has

H2 — _K072 + (A + 3)07[6/(H+1)] + Ca*[lZn/(rH»l)].

For late universe (a > 1) the term a~[¢/®*D] dominates
and the deceleration parameter is g = % This gives the
same qualitative behavior already found in the case
F(R) = R previously discussed. For early universe (a <
1), instead, the term g ~1'2%/(»*D] dominates, providing a
big bang initial singularity.

Correspondingly, for R ~ a~ /" the Friedmann equa-
tion reduces to

H?>~ —Ka 2+ Ba~ " + (A+ C)a™*,

and consequently the term a~?/? dominates in late uni-
verse. However this contradicts to our initial assumptions
R>1and n> 0or R <1 and n < O for that case; see
Eq. (47). For early universe, conversely, the term a?
dominates and we obtain a universe fulfilled by radiation
with a big bang initial singularity.

IV. THE COSMOLOGICAL CONSTANT PROBLEM

One of the alternative proposals to explain the present
acceleration of the universe is related to dynamical cos-
mological constant models. This approach, however, has a
lot of unsolved issues related to the fact that there is no
known mechanism, up to now, that guarantees zero or
nearly zero energy in a stable energy configuration for
the universe. Using cosmological constantlike models,
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we have to face with some problems concerning: (i) the
small amount of energy of the vacuum, which is much
smaller than we estimate it to be (the so-called cosmologi-
cal constant problem); (ii) the nature of the dark energy
which seems to dominate the universe and; (iii) the coin-
cidence problem between the actual density of dark energy
in the universe and the actual matter density [6].

It has been recently proposed in [3] that the apparent
value of the cosmological constant can be alternatively
determined by dynamical considerations in the framework
of alternative theories of gravity. The true value of the
vacuum energy is not zero, but settles down to a nearly
zero value when the curvature of the universe reaches
nearly zero values. This mechanism is produced by means
of a feedback process in which the scalar equation depends
on curvature, in such a way that the divergent coefficient of
the kinetic term of the scalar field forbids the lowest energy
state to be reached. The potential of the scalar field is
chosen to have a minimum at a generic negative value
for the vacuum energy. However, the singular kinetic
term of the scalar field makes the dynamics of the scalar
field to stop at zero, where the field itself gets frozen. (Of
course, some fine-tuning of dynamical Lagrangian is as-
sumed). This theory has been proven to have some very
important properties, i.e. it is stable under radiative correc-
tions and it leads to stable dynamics. No fine-tuning of the
potential is necessary in this case, neither the introduction
of an anthropic principle. The phenomenological theory
introduced in [3] slightly differs from the one we studied in
(1). The Lagrangian density is

L= iy + aR SRy V@) (50)

where Ly;, = —%gwam, d,¢ is the kinetic term of a
scalar-field Lagrangian, and f(R) is a function of the Ricci
scalar, which is assumed to be divergent at R = 0. It should
be noticed also that (50) coincides with (1) for @ = 0,
F(R) =R, and V(¢) = 0.

We want here to examine if the same mechanism, gen-
erating a dynamical cosmological constant with suitable
properties, works in the first-order formalism. Let g be a
flat FRW metric (9). First of all, even in the Palatini
formalism the same field equations hold for the scalar,
i.e. they have the same form as ones in the metric formal-
ism [3]:

%[sﬁf(R)] +3HGFR) + Vi) =0. (51

As far as field equations for the metric field g are con-
cerned, we obtain in analogy with (2) that

g 1
<2—\{(_2 + \/§QR><R/AV - ERg,u,V> + fl(R)LkinR,uV

1 1
- Ef(R)Lking,u,V - EV((ﬁ)guV =0, (52)
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and the scalar-valued structural field equation, controlling
the solutions of (52), can be simply obtained by taking the
trace of (52) itself. This implies that, considering ¢ to
evolve slowly, we have that V(¢) can be approximated
as a linear function, see [3]:

V(¢) = ck(d — o), (33)
and the asymptotic behavior of ¢ is consequently
K2pf(R) ~ —ck 'H L (54)

This expression follows from the consideration that the
term % is nearly zero at small energies. From field
Eqgs. (52), in the approximation that the kinetic term is
small compared to the potential term and assuming % =~ (),

one obtains in analogy with [3]:
3H? = k?V. (55)

This is exactly the same result already obtained in [3] in the
metric formalism, proving that field equations from the
Lagrangian (50) have the same limit at low energies, both
in the Palatini and the metric formalism. It follows (see [3]
for details), that at low energies ¢ stalls at nearly V = 0,
where V includes all the contributions to the cosmological
constant. This consequently implies that the value of the
cosmological constant stalls at a very small but nonzero
value, in the limit of small curvatures of the metric g, i.e. at
small energies for the gravitational field. It also has been
proven in [3] that this behavior is stable under the effect of
radiative corrections and leads to stable dynamics, pro-
vided that the minimum of the potential always occurs at
anegative value. Hence, the same dynamical mechanism to
solve the cosmological constant problem works in Palatini
formulation.

V. CONCLUSIONS

In summary, the Palatini formulation of nonlinear
gravity-matter system has been developed. Using a
scalar-field Lagrangian as matter it is shown that such a
theory provides the effective quintessence or effective
phantom cosmology at late times in the same qualitative
way as in the metric version. In addition, the gravity
assisted dark energy dominance mechanism also occurs.
It is shown that an account of radiation may be done with
possible emergence of accelerating cosmology again. It is
interesting to notice that in this case the emerging cosmol-
ogy may contain big bang at early times and big rip at late
times (for general review of late time singularities, see
Ref. [19] and references therein). Eventually, the account
of quantum effects near to singularities is necessary to see
if the singularities are realistic or not. It would be really
interesting to perform such a study within the Palatini
approach.

Any Palatini model of gravity possess its purely metric
counterpart which leads to fourth order field equations. An
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advantage of Palatini formulation rely on second order
field equations which turns out to be more easy to solve.
In some very specific situations both approaches give rise
to the same solutions but in general it is not true that they
admit the same solutions. The same occurred here in the
case of cosmological application. Although, one can ex-
pect that metric formulation may also produce accelerated
solutions thus, however, it is much more difficult (if pos-
sible at all) to find them out explicitly. In this sense the
Palatini formalism is more easy to handle and simpler to
analyze then the corresponding metric formalism.

It is obvious that any reasonable model of gravity should
satisfy the standard solar system tests. In the context of
modified gravity this problem has been studied recently by
several authors [20] (both in the metric and Palatini ap-
proaches). It has been shown that, in principle, Palatini
formalism provides a good Newtonian approximation.
Particularly, the Schwartzschild limit of the theory can be
recovered for positive powers n of the scalar R, greater than
one n = 1. In the case of negative powers one should
expect de Sitter or anti—de Sitter black holes instead [21].

It also has been explicitly demonstrated that the dynami-
cal mechanism to resolve the cosmological constant prob-
lem suggested in metric formulation works also in Palatini
formulation (within the same choice of scalar-tensor
Lagrangian). Again, it is very interesting to understand
the role of quantum effects (as this is exactly the region
where they are expected to be essential) in the above
mechanism. However, to do so one needs to evaluate
quantum effects in the Palatini formulation, something
that is rather far from being a trivial task.

Finally, in this paper we have limited ourselves to the
consideration of nonlinear scalar-gravity theories in the
Palatini formulation. However, it is clear that nonlinear
spinor-gravity system (where the spinor part can be con-
structed from Nambu-Jona-Lasinio—like model coupled to
gravity [22]) may be more interesting from a cosmological
point of view. Indeed, unlike the covariant derivative of a
scalar which is nothing but a partial derivative, the cova-
riant derivative of a spinor includes instead the connection,
what definitely leads to new features in the spinor analog of
Eq. (7). This will be discussed elsewhere.
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APPENDIX: SOME USEFUL RELATIONS IN THE
PALATINI FORMALISM

We include hereafter some useful relation in the Palatini
formalism for the benefit of the general reader. The Palatini
formalism can be considered as a metric-affine theory for
relativistic theories. Metric and connection are first con-
sidered as independent objects. We remark however that,
without needing any reference to a metric, a connection
can be introduced from which one can construct covariant
derivatives. In order to produce covariant derivatives which
transform as true tensors, under a coordinate transforma-
tion the connection itself needs to transform as

ax’)‘ oxT ax7 _, | ax't 9P

.~ 1., TO NPT TN R
w7 g axlE 9xlY axP x'*ox"

I‘A

Then for such a connection the quantity

arA ora
A my T pk ] ,\ n A
R = dx" x” + Dy = Ty

will then be a true tensor, regardless of whether the con-
nection is or is not related to the metric in the standard
metric based Christoffel symbol way

1
F,lALV(g) = Eg'ug—[a,u,g(rv + an,lL(T - a(rg,uu]'

However, noting that the metric based Ff;,,(g) also trans-
forms as

ax"" axT 9x” ax" 9%xP
o7 o o5 78t 35 G

no(8) —

we see that the difference between the general connection
and the Christoffel symbol connection transforms as

Ix'r 9xT 9x°
oxP X" X

- FA ( )— [thr - Fga(g)]’
with the difference thus being a true tensor. Then, with
covariant derivatives being linear in the connection, the
difference between the quantity 7%, (where T is the
stress-energy tensor of matter) as calculated with T2,
and T!” as calculated with I'7,(g), is itself a true tensor;
and since T, as calculated with I'; is necessarily a true
tensor, it follows that T%,” as calculated with I'7,(g) is one
as well. It is consequently meaningful to take the covariant
derivative of equation of motion (2) with respect to the
Christoffel symbol based connection: it transforms like a
true tensor.
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