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Off-shell scattering amplitudes in the double-logarithmic approximation
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When scattering amplitudes are calculated in the double-logarithmic approximation, it is possible to
relate the double-logarithmic on-shell and off-shell amplitudes. Explicit relations are obtained for
scattering amplitudes in QED, QCD, and the electroweak standard model. The off-shell amplitudes are
considered in the hard and the Regge kinematic limits. We compare our results in both the Feynman and
Coulomb gauges.
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1The expressions for the DL asymptotics of the second part
(	 ���) of the photon-fermion vertex are obtained in Ref. [3].
I. INTRODUCTION

Because off-shell scattering amplitudes are not gauge-
invariant quantities, they have not been studied as exten-
sively as their on-shell counterparts. Nevertheless, off-shell
scattering amplitudes are important to calculate as they
arise in many well-known cases, such as when the process
of interest can be divided into subprocesses. One example
is the e�e� annihilation into off-shell unstable particles (a
quark pair, or a W�W� pair) followed by the decay of the
off-shell states. Other examples include the Bethe-Salpeter
equation which relates off-shell amplitudes to on-shell
amplitudes, and the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) [1] evolution equations which operate
with off-shell amplitudes. The deep-inelastic scattering
(DIS) structure functions provide yet another example
when the initial parton is not assumed to be on the mass
shell.

In general, the expressions for the on-shell and off-shell
scattering amplitudes are quite different and should be
calculated independently. There exist certain cases where
it is possible to relate off-shell and on-shell amplitudes;
however, even if we limit our scope to the double-
logarithmic approximation (DLA), there are many cases
where the on-shell amplitude cannot be obtained by a
simple limit of the off-shell amplitude.

In order to demonstrate the relation between the off-shell
and on-shell amplitudes, let us consider the well-known
example of the Sudakov form factor in QED [2]. When the
virtualities of the initial �p2

1� and the final �p2
2� electrons are

much greater than the electron mass squared �jp2
1;2j �

m2�, the expression for the off-shell Sudakov form factor
S�q2� of electron in QED is
05=72(5)=054001(10)$23.00 054001
S�q2�off� exp����=2�� ln��q2=jp2
1j� ln��q

2=jp2
2j�� (1)

where q is the momentum transfer: q � p2 � p1. We note
that Eq. (1) accounts for all DL contributions to the first
part �	��� of the photon-electron vertex1 in the limit
jq2j � jp2

1;2j. Conversely, when the electron is on-shell
before and after the scattering process, the Sudakov form
factor is

S�q2�on � exp����=4��ln2��q2=m2��: (2)

The minus sign in the logarithmic terms ln��q2� of
Eqs. (1) and (2) is related to the analyticity in the q2 plane;
indeed, the Sudakov form factor should not have an imagi-
nary part when q2 < 0. To simplify the notation, we will
drop this minus sign, together with the modulus for jp2

1;2j,
throughout the paper.

Obviously, Eq. (2) cannot be obtained from Eq. (1) by
taking the limit p2

1 � p2
2 � m2. Hence, the on-shell and

off-shell Sudakov form factors cannot be related by a
simple analytic continuation of the mass scales. This result
stems from the fact that the DL contributions to the
Sudakov form factors come from infrared singularities in
the integration over the virtual photon momenta; the sepa-
rate mass scales m2 and p2

1;2 regulate these singularities.
In the one-loop approximation, the general expression

for the DL contribution to the Sudakov form factors can be
written as:

W � ���=4���ln2�q2=m2� � ln2�p2
1=m

2� � ln2�p2
2=m

2�

���p2
1p

2
2 �m

2q2�ln2�m2q2=p2
1p

2
2�� (3)
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2For a recent alternate approach, see Refs. [7,9,10].
3See Refs. [3,6,8,11–13], and the references therein.
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where the value of the infrared cutoff � is chosen as � 

m. Summing the higher loop contributions for W leads to
the exponentiation of the one-loop result. The individual
terms in the squared brackets in Eq. (3) are obtained from
the integration over separate kinematic regions.

The calculation in DLA is especially simple when the
Sudakov parametrization is used for the soft momenta k�:

k� � �p02� � �p
0
1� � k?�; (4)

with p01� � p1� � �p
2
1=q

2�p2� and p02� � p2� �

�p2
2=q

2�p1� so that p021 � p022 � 0, 2p01p
0
2 � q2.

Additionally, � and � are parameters, and k?� is the
component of k� orthogonal to both p1 and p2.

Making use of the Sudakov parametrization, we can
trace the origin of the separate terms for the one-loop
form factor of Eq. (3). The first term [ln2�q2=m2�] arises
from the integration over the region 1� �;�� m2=q2

and ��� m2=q2 for the case of an on-shell electron.
When the initial (final) electron is off-shell, the condition
�� p2

1=q
2 (�� p2

2=q
2) applies (provided the virtualities

of the electron are so small that p2
1p

2
2 <m2q2) and we

obtain the second [� ln2�p2
1=m

2�] and the third
[� ln2�p2

2=m
2�] DL terms of Eq. (3). Finally, when

p2
1p

2
2 >m2q2, the integration region is 1� �� p2

1=q
2,

1� �� p2
2=q

2, and this leads to the last term
[��p2

1p
2
2 �m

2q2�ln2�m2q2=p2
1p

2
2�] of Eq. (3).

When considering only the first three terms of Eq. (3),
the off-shellW and on-shellW are related analytically. One
can easily take the limit p2

1; p
2
2 ! m2 in the off-shell W to

obtain the on-shell W. However, the last term [��p2
1p

2
2 �

m2q2�ln2�m2q2=p2
1p

2
2�] of Eq. (3) changes this situation

and results in a nontrivial relation between the on-shell and
off-shell form factors.

Beyond QED, problems relating S�q2�on and S�q2�off

also exist in QCD and in the electroweak (EW) standard
model. Additionally, when calculating DL scattering am-
plitudes in the EW standard model at energies
� 100 GeV2, the situation becomes more involved be-
cause, in addition to the virtual photon exchanges, one
must include W and Z exchanges. In contrast to QED,
the logarithmic contributions from the W and Z bosons
are regulated by their masses (MW and MZ); therefore, one
should not introduce an infrared cutoff for them.

To simplify our notation, we introduce the mass scale M

M 
 MZ 
 MW; (5)

which we will use to treat the W and Z exchange processes
in a more symmetric manner. We stress that introducing M
is purely a technical point, which is useful for performing
an all-order summations of DL contributions in the stan-
dard model.

Most of the available DL calculations of EW on-shell
amplitudes have been performed in the one-loop and two-
loop approximation in the EW couplings [4,5]. An all-
orders DL summation for the EW on-shell amplitudes is
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also well studied for the case of the hard kinematics where
the total resummation of DL contributions exponentiates
[6,7]. The more complicated case of the Regge kinematics
was studied in detail in Ref. [8].

In the present paper, we relate the off-shell and on-shell
double-logarithmic scattering amplitudes in QED, QCD,
and the EW standard model. We obtain explicit expres-
sions for the off-shell double-logarithmic scattering ampli-
tudes in the Feynman gauge (as the off-shell amplitudes are
gauge-dependent), and we also discuss the Coulomb
gauge.

The organization of the paper is as follows. In Sec. II we
relate the double-logarithmic off-shell and on-shell ampli-
tudes in QED in the hard kinematic region. In Sec. III we
consider more involved examples of the off-shell 2! 2
scattering amplitudes where both virtual photons and W;Z
bosons are accounted to all orders in the electroweak
couplings. In Sec. IV we generalize the technique of
Sec. II to the case of the forward Regge kinematics, and
obtain explicit expressions for the DIS nonsinglet structure
function g1 with the initial quark being off-shell.
Specifically, we examine the effect of the initial quark
virtuality on the small-x asymptotics of g1. Finally, in
Sec. V we present our conclusions.
II. RELATIONS BETWEEN ON-SHELL AND OFF-
SHELL AMPLITUDES IN QED

In the present section, we obtain a general prescription
for relating off-shell and on-shell scattering amplitudes in
the DLA for the (simplest) case of QED. We consider a
2! 2 process in QED, where the initial and final particles
are fermions. Although we derive our results for a general
process, we will use the e�e� annihilation into quark or
lepton pairs [e.g., e��p1�e��p2� ! q��p3�q��p4�] as our
‘‘model’’ process; the final formula however is valid for
any channel. For this 2! 2 process, we work in the hard
kinematic limit where:

s � �p1 � p2�
2 	�t � ��p3 � p1�

2 	�u

� �p1 � p4�
2 � jp2

1;2j; jp
2
3;4j: (6)

We will use the infrared evolution equations (IREE) to
resum the DL contributions.2 The IREE method has suc-
cessfully been used to calculate the scattering amplitudes
of various processes in QED, QCD and the EW standard
model.3 The first step is to use the IREE to factorize the DL
contributions from the ‘‘softest’’ virtual particle, which we
define to be the particle with the minimal transverse mo-
mentum k?.

For QED scattering amplitudes in the hard kinematic
limit Eq. (6), the softest particles must be photons. Their
DL contributions can be factorized according to the Gribov
-2



FIG. 1. Diagrams showing the factorization of the softest
photon with momentum k when the Feynman gauge is used.
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bremsstrahlung theorem.4 The integration region over the
softest photon momentum contains an infrared singularity,
and therefore we must introduce an infrared cutoff, �. We
impose this cutoff in the transverse momentum space by
restricting the transverse momenta of all virtual particles to
be greater than �. This constraint modifies the boundaries
of the integration region, and results in relations between
the cutoff scale � and the masses (virtualities) of the
external particles.

A. The case of the on-shell amplitude A�s;�2� with
massless external particles

We begin with the well-known case where all the exter-
nal particles are on-shell:

p2
1;2 � m2

1;2; p2
3;4 � m2

3;4: (7)

For simplicity, we take the case where the fermion masses
are negligible:

�2 >m2
1;2; m

2
3;4: (8)

For this case, in the hard kinematic region the amplitude A
only depends on s and �2, and we can easily obtain the
IREE for this process. The right-hand side of the IREE
includes the Born term, ABorn, and the contributions of the
graphs depicted in Fig. 1. These graphs represent all the
possible ways to factorize the softest photon, providing the
Feynman gauge is used. Using the standard Feynman rules,
we obtain at the following IREE:

A�s; �2� � ABorn � 2�Q2
Z s

�2

dk2
?

k2
?

ln�s=k2
?�A�s; k

2
?�; (9)

where � � �=8�, and Q is the modulus of the electric
charge of the fermions. In Eq. (9) recall that k? plays the
role of a new cutoff for any other virtual particles inside the
blobs in Fig. 1.

The logarithmic factor in the integrand of Eq. (9) arises
from the integration over the longitudinal Sudakov variable
� [see Eq. (4)] of the factorized photon in the region�2 �

k2
? � s�� s. The integration region over � and k2

? is
especially simple in terms of the variables � and � �
k2
?=s�, and this region is depicted in Fig. 2(a).

Differentiation with respect to ln�2 converts the integral
equation Eq. (9) into a differential one:

@A�x�=@x � �2�Q2xA�x� (10)

with the solution

A�s; �2� � AB exp���Q2x2�: (11)

Here, we have introduced the following notations: x �
ln�s=�2�, � � �=�8��, and Q2 is defined to be
4The generalization of Gribov bremsstrahlung theorem [14] to
QCD is discussed in Refs. [11,12,15].
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Q2 � Q2
1 �Q

2
2 �Q

2
3 �Q

2
4; (12)

with Qi (i � 1; 2; 3; 4) being the modulus of the electric
charge of the initial and final particles in units of e �����������

4��
p

. As we are using the Feynman gauge, the DL
contributions from the graphs depicted in Fig. 1 yield
another constraint for Q2:

Q2 � Za � Zb � Zc � Zd � Ze � Zf (13)

where the subscripts a; . . . ; f refer to the graphs a; . . . ; f in
Fig. 1. Furthermore, we have the additional relations

Za � 2Q1Q2 Zb � 2Q3Q4 Zc � 2Q1Q3

Zd � 2Q2Q4 Ze � 2Q1Q4 Zf � 2Q2Q3:
(14)

Finally, making use of electric charge conservation5
FIG. 2. The integration region over the softest photon momen-
tum when all external particles are on-shell and the infrared
cutoff � is chosen (a) as in Eq. (8), and (b) as in Eq. (16).
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Q1 �Q2 �Q3 �Q4 � 0; (15)

we can rewrite Q2 in the form of Eq. (12).

B. The case of the on-shell amplitude ~A�x; y1; y2� with
massive external particles

When � is less than some of the masses of the external
particles, the situation becomes more complex. We focus
here on the specific case where:

m1;2 <�<m3;4: (16)

In this case, the scattering amplitude ~A depends on m2
3;4 in

addition to s and �2. The integration region in the f�;�g
plane6 is depicted in Fig. 2(b); note how this differs from
the integration region for Eq. (9) shown in Fig. 2(a).
Performing the � integration over the region of Fig. 2(b),
and differentiating the remaining integral with respect to
�, we arrive at the new IREE in the differential form:

@ ~A=@x� @ ~A=@y1 � @ ~A=@y2 � �2��Q2x� ZAy1=2

� ZBy2=2� ~A; (17)

with y1;2 � ln�m2
3;4=�

2�, ZA � �Zb � Zc � Zf� � 2Q2
3,

and ZB � Zb � Zd � Ze � 2Q2
4. The general solution to

Eq. (17) is

~A�x; y1; y2� � ~��x� y2; y1 � y2� exp���y2�2Q
2x

� 2ZAy1 � ��Q2 � ZA � ZB�y2��: (18)

For y2 � ln�m2
4=�

2� � 0 (i.e., m2
4 � �2) there should

be an obvious matching condition

~A�x; y1; y2�jy2�0 � ~A0�x; y1�; (19)

where ~A0�x; y1� is the amplitude of the same process, but
for the case where m1;2 <m4 & �<m3. This matching
allows us to fix the unknown function ~��x� y2; y1 � y2�,
providing the amplitude ~A0�x; y1� is known. Taking the
y2 � 0 limit of Eq. (17), it is easy to see that ~A0�x; y1�
obeys the following IREE:

@ ~A0=@x� @ ~A0=@y1 � �2��Q2x� ZAy1=2� ~A (20)

with the general solution

~A 0�x; y1� � ~�0�x� y1� exp���y1�2Q
2x� 2ZAy1

� ��Q2 � ZA�y1��: (21)

In order to determine the function ~�0�x� y1�, we again
apply the matching condition for y1 � ln�m2

3=�
2� � 0

(m2
3 � �2)
5In the explicit formula of this paper we refer to the annihi-
lation channel, although the final results are true in any channel.

6Recall � � k2
?=s�, and s� is the longitudinal momentum of

the softest photon.
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~A 0�x; y1�jy1�0 � A�x�; (22)

where the amplitude A�x� is defined in Eq. (11). The
matching condition of Eq. (22) immediately leads to the
solution for ~A0�x; y1�:

~A0�x; y1� � A�x� y1� exp���y1�2Q2x� 2ZAy1

� ��Q2 � ZA�y1��: (23)

Inserting this result in Eq. (19), we can obtain ~A�x; y1; y2�

in terms of ~A0�x; y1�

~A�x; y1; y2� � ~A0�x� y2; y1 � y2� exp���y2�2Q2x

� 2ZAy1 � ��Q
2 � ZA � ZB�y2��: (24)

Finally, after performing all the substitutions, we find:

~A�x; y1; y2� � ABorn exp����Q2x2 � ZAy
2
1=2

� ZBy
2
2=2��: (25)

In general, one can use Eq. (19) when m3 >m4.

C. The case ofA1�s; �
2; p2

3� with one off-shell final-state
particle

Let us consider now the situation when one of the final-
state particles is off-shell:

s� p2
3 � �2: (26)

We denote the amplitude for this case as A1�s; �
2; p2

3�. In
the DLA, this amplitude does not depend on m3; therefore
m3 can be dropped from Eqs. (8) and (16) relating the value
of the cutoff and the fermion masses. However, in order to
use the matching between the off-shell and on-shell am-
plitudes in the simplest manner, we will assume that �
obeys Eq. (8). In contrast to the case of the on-shell
amplitudes, the softest photon can now be factorized out
of A1�s;�2; p2

3�when�2 � k2
? � p2

3. As was observed in
the previous case, the �-integration region of the longitu-
dinal momentum s� of the softest photon momentum is
now different for each individual graph in Fig. 1.
Specifically, when the propagator of the photon connects
to an on-shell external line, the integration region [depicted
in Fig. 2(a)] yields the factor ln�s=k2

?�. Conversely, when
the off-shell line with momentum p3 is involved, the
integration region [depicted in Fig. 3(a)] yields instead
the factor ln�s=p2

3�. This leads to the following integral
form for the IREE:
-4



FIG. 3. The integration region over the softest photon momen-
tum when the final particles are (a) moderately virtual and
(b) deeply virtual.
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A1�s=�2; p02=�2� � ABorn
1 � 2�

�
ZC

Z p02

�2

dk2
?

k2
?

 ln�s=k2
?�A1�s=k2

?; p
2
3=k

2
?�

� �ZA
Z p02

�2

dk2
?

k2
?

 ln�s=p2
3�A1�s=k2

?; p
2
3=k

2
?�

�
: (27)

Here, we have defined ZC � Q2 � ZA where ZA was in-
troduced in Eq. (17). Differentiating Eq. (27) with respect
to �2, we obtain a partial differential equation for
A1�s; �2; p2

3�

@A1=@x� @A1=@z1 � �2��Q2x� ZAz1�A1 (28)

where we have introduced the new variable z1 �
ln�p2

3=�
2�. The solution to Eq. (28) is given by

A1�x; z1� � ��x� z1� exp��2�Q2�x� z1�z1 � �ZAz2
1��

(29)

where the function � is, as yet, unknown. In order to
determine �, we use the matching conditions at z1 �
ln�p2

3=�
2� � 0 (i.e., p2

3 � �2)

A1�x; z1�jz1�0 � A�x�: (30)

With this relation, we then obtain

A1�x; z1� � A�x� z1� exp��2�Q2�x� z1�z1 � �ZCz
2
1��

(31)

which relates the off-shell amplitude A1 to the on-shell
amplitude A. Using Eq. (11), we obtain an explicit expres-
sion for A1�x; z1�:

A1�x; z1� � ABorn exp����Q2x2 � ZAz2
1��: (32)
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D. The case of A2�s; p
2
3; p

2
4; �

2� and ~A2�x; y1; y2� with
two off-shell final-state particles

Let us consider now the amplitude A2�s; p
2
3; p

2
4; �

2�
where both the final-state particles are off-shell. The am-
plitude A2�s; p

2
3; p

2
4; �

2� will obey different IREE depend-
ing on the value of the virtualities; we will address these in
turn.

1. Moderately virtual kinematics: A2�s; p
2
3; p

2
4; �

2�

We first consider the case where p2
3;4 >�2 but with the

condition

p2
3p

2
4 < s�2: (33)

We will refer to this as the moderately virtual case. The
IREE for A2�x; z1; z2� is similar to Eq. (28):

@A2=@x� @A2=@z1 � @A2=@z2

� �2��Q2x� ZAz1 � ZBz2�A2; (34)

where we define z1;2 � ln�p2
3;4=�

2�, and ZA;B is introduced
in Eq. (17). Again, we solve this equation using the match-
ing conditions at z2 � 0 (i.e., p2

3 � �2)

A2�x; z1; z2�jz2�0 � A1�x; z1�; (35)

and eventually obtain

A2�x; z1; z2� � ABorn exp����Q2x2 � ZAz2
1 � ZBz

2
2��:

(36)

2. Deeply virtual kinematics: ~A2�x; y1; y2�

Finally, let us consider the case of the deeply virtual
kinematics

p2
3p

2
4 > s�2: (37)

We denote the deeply virtual amplitude as ~A2�x; y1; y2�. As
the integration in Fig. 1(b) does not depend on�, the IREE
is similar to that of Eq. (34), with the exception of the
contribution proportional to Zb:

@ ~A2=@x� @ ~A2=@z1 � @ ~A2=@z2

� �2�� ~Q2x� ~ZAz1 � ~ZBz2� ~A2: (38)

Here, the replacement ~Q2 � Q2 � Zb, ~ZA;B � ZA;B � Zb
should be made because the integration of Fig. 1(b) is
performed over the region depicted in Fig. 3(b). The solu-
tion of Eq. (38) is

~A 2�x; y1; y2� � ~�2�x� z1; x� z2� exp���� ~Q2x2 � ~ZAz
2
1

� ~ZBz2
2��:

(39)

We determine the unknown function ~�2 using the match-
ing condition at p2

3p
2
4 � s�2 (i.e., when x � z1 � z2), and

obtain:
-5
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~A 2�x; y1; y2�jx�z1�z2
� A2�x; z1; z2�: (40)

For the function ~�2 we obtain

~��x� z1; x� z2� � exp��2�Zb�x� z1��x� z2��; (41)

and therefore the deeply virtual amplitude ~A2�x; z1; z2� is
given by:

~A2�x; z1; z2� � A exp���� ~Q2x2 � ~ZAz2
1 �

~ZBz2
2

� 2Zb�x� z1��x� z2���

� ABorn exp����Q2x2 � ZAz2
1 � ZBz

2
2

� Zb�x� z1 � z2�
2��: (42)

The last term in the exponent of Eq. (42) contains the factor
Zb defined by:

Zb � 2Q3Q4 � Q2
3 �Q

2
4 � �Q3 �Q4�

2: (43)

Obviously, this factor cannot be rewritten in terms of the
individual charges Q2

3;4 of the external particles.
When the Coulomb gauge is used for the on-shell am-

plitudes, DL contributions are always proportional to Q2
k

because they come from only the self-energy graphs [5,16].
Conversely, the interference graphs shown in Fig. 1 (i.e.,
the graphs where the boson propagators connect different
external lines) do not yield DL contributions. This feature
makes the Coulomb gauge especially convenient for the
calculations of non-Abelian gauge theories; the nontrivial
group factors are nothing but the standard Casimir factors.
On the contrary, when the Feynman gauge is used, the DL
contributions come from the interference graphs shown in
Fig. 1, whereas the self-energy graphs do not yield DL
contributions.

While this simple pattern holds true for on-shell ampli-
tudes, it becomes more complex in the case of off-shell
amplitudes. For off-shell amplitudes, both the Feynman
and Coulomb gauges received DL contributions from the
interference graphs. One can verify (using ~Q2 � ZA �
ZB � Zb � 2) that Eqs. (11) and (42) reproduce, as a
particular case, Eqs. (1) and (2) for the on-shell and off-
shell Sudakov form factors of the electron. Finally, the
generalization of these results to the case with more than
4 external particles can be calculated in the DLA in a
similar manner.

B. I. ERMOLAEV, M. GRECO, F. OLNESS, AND S. I. TROYA
7For DL calculations with the Coulomb gauge, see e.g.
Refs. [5,16].
III. GENERALIZATION TO THE EW STANDARD
MODEL

When the 2! 2 scattering amplitudes of Sec. II are
considered in the framework of the EW standard model,
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the situation becomes more involved due to introduction of
two cutoff scales, � and M. We will only comment briefly
on the on-shell EW amplitudes in DLA, as these ampli-
tudes have been computed in Refs. [6,8] using the appro-
priate IREE’s. We will examine in detail the 2! 2 EW
amplitudes in the hard kinematic limit.

In order to obtain the IREE for both photon and W;Z
exchanges, one must factorize the DL contributions where
the EW bosons have minimal k?. If the softest boson is a
photon, then the lower limit of integration over k? is �,
and the result resembles the QED case discussed in the
previous section. Conversely, when the softest boson is aW
or Z, then the lower limit of integration over k? is M.
Therefore, the integral on the right-hand side of Eq. (27)
corresponding to the factorization of the softest photon
should be replaced by the DL contributions of the factori-
zation of the softest W and Z bosons. The contributions of
the softest Z boson look quite similar to the photon case
shown in Fig. 1; in contrast, theW boson exchange changes
the flavors of the interacting fermions.

Considerable technical difficulties arise when using ei-
ther the Feynman or the Coulomb gauges.7 In the Coulomb
gauge, the DL contributions of the softest bosons come
from the boson self-energy graphs, and this means that the
amplitudes are the exponential form obtained in Ref. [6].
On the contrary, when the Feynman gauge is used, the
factorization of the softest W boson leads to a system of
four IREE’s, the general solution of which consists of four
exponentials. If one of these four exponentials were nega-
tive, this would lead to DL contributions that grow with s,
and therefore violate unitarity. However, the Born contri-
butions (which are the inhomogeneous terms in the integral
IREE’s) lead to the cancellation of three of the exponen-
tials. The fourth exponential then coincides with the solu-
tion obtained using the Coulomb gauge. Consequently, the
Coulomb gauge is more convenient for calculations in the
hard kinematic limit of Eq. (6), but becomes inappropriate
when working in the Regge kinematic region where the
Feynman gauge is more convenient. Indeed, in the
Feynman gauge one can avoid the above technical prob-
lems by expanding the EW amplitude into invariant ones,
as was shown in Ref. [8].

A. The generalized IREE

Let us consider a 2! 2 electroweak scattering ampli-
tude A�s; p2

3; p
2
4; �

2;M2� in the hard kinematic limit of
Eq. (6). We use the notation of the previous section for
the momenta of the external particles. We consider several
cases assuming again that the initial particles are always
on-shell, whereas the final particles can be either on-shell
or off-shell. For any of these cases, the amplitude obeys the
following integral IREE:
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A�s; p2
3; p

2
4; �

2;M2� � ABorn �
U

16�2

Z
D

dk2
?

k2
?

d�
�
A�s; p2

3; p
2
4; k

2
?;M

2� �
g2V

16�2

Z
D0

dk2
?

k2
?

d�
�
A�s; p2

3; p
2
4; k

2
?; k

2
?� (44)
where ABorn is the Born approximation for A, and g �����������
4��
p

= sin	W is the SU�2� coupling of the EW standard
model. The factors U and V depend on the particular
relations between the cutoffs and virtualities p2

1;2; we will
specify them below. The first (second) integral in Eq. (44)
corresponds to the factorization of the softest photon (weak
boson). The integration regions D and D0 also depend on
the relations between the parameters p2

3, p2
4, �2, and M2.

Generally, the solution to Eq. (44) can be written as

A � ABorn exp�� � (45)

with appropriate exponents  . When both final-state par-
ticles are on-shell, the integration over � yields the com-
mon factor ln�s=k2

?� in both the U and V integrals of
Eq. (44) even though the integration over k2

? runs from
�2 to s in the first integral and from M2 to s in the second
one. In a manner similar to Eq. (10), one obtains the on-
shell factor Uon � 32�2�Q2. The on-shell weak factor,
CWZ, is the sum of the factors Vi:

CWZ � V1 � V2 � V3 � V4; (46)

where the subscripts 1 and 2 (3 and 4) refer to the initial-
state particles with momenta p1;2 (the final-state particles
with momenta p3;4). The factors Vi are expressed in terms
of the Weinberg angle 	W , the weak isospins T2

i (T2
i � 3=4

for a fermion), the hypercharges Yi, and the electric
charges Qi of the initial-state and final-state particles:

Vi � �T2
i � �Y

2
i =4�tan2	W �Q2

i sin2	W�: (47)

Differentiating Eq. (44) with respect to the cutoffs, we
obtain the on-shell exponent  �  on [6]:

 on � �Q2=�8�2�ln2�s=�2� � g2=�32�2�CWZ ln2�s=M2�:

(48)

We recall that the photon double-logarithmic term
ln2�s=�2� in Eqs. (11) and (48) is obtained under the
assumption that the cutoff � is greater than any mass
involved.

In the case where the initial-state particles are light but
the final-state particles are so heavy that Eq. (16) is sat-
isfied, the term Q2 ln2�s=�2� should be replaced by

Q2 ln2�s=�2� � �ZA=2�ln2�m2
1=�

2� � �ZB=2�ln2�m2
2=�

2�

(49)

in agreement with Eq. (25).

B. The off-shell case

When the final-state particles are off-shell, the regionsD
and D0 in Eq. (44) are more complicated. We study below
several interesting situations, denoting these as R1;2;3;4.
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1. R1 case: Final-state particles of small virtuality

We call R1 the simplest case when the virtualities of the
final particles are relatively small:

�2 <p2
3;4 <M2 � s; p2

3p
2
4 < s�2: (50)

This case is quite similar to Eq. (33), so we immediately
conclude that the exponent  1 of Eq. (45) for this case is

 1 �
�

8�
�Q2 ln2�s=�2� � ZA ln2�p2

3=�
2�

� ZB ln2�p2
4=�

2�� �
g2

32�2 CWZ ln2�s=M2�: (51)

2. R2 case: Deeply virtual for photon, and on-shell for
W=Z boson

In the second case, R2, the virtualities p2
3;4 are larger and

satisfy

�2 < p2
3;4 <M2; s�2 < p2

3p
2
4 < sM2: (52)

This kinematics is deeply virtual for the softest photon
[with the solution given by Eq. (42)], but at the same
time it is on-shell for the softest W;Z bosons [with the
solution given by Eq. (11)]. Therefore the exponent  2 for
this case is

 2 � �� ~Q2x2 � ~ZAz
2
1 �

~ZBz
2
2 � 2Zb�x� z1��x� z2��

�
g2

32�2 CWZ ln2�s=M2�: (53)

3. R3 case: Deeply virtual for photon, and moderately
virtual for W=Z boson

The case R3, defined as

p2
3;4 >M2 s < p2

3p
2
4 < sM2; (54)

describes a situation which is deeply virtual for the photon,
and moderately virtual for theW;Z bosons. Combining the
results of Eqs. (36) and (42), we find the solution:

 3 � �� ~Q2x2 � ~ZAz
2
1 �

~ZBz
2
2 � 2Zb�x� z1��x� z2��

�
g2

32�2 �CWZ ln2�s=M2� � 2V3 ln2�p2
3=M

2�

� 2V4 ln2�p2
4=M

2��: (55)

4. R4 case: Deeply virtual for photon W=Z boson

Finally, when the momentum p2
3;4 are so large that

p2
3;4 >M2 p2

3p
2
4 > sM2; (56)
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the situation is deeply virtual for all of the softest electro-
weak bosons, and this case is equivalent to the scheme with
a single cutoff M. The EW exponent  4 for this case
corresponds to Eq. (42):

 4 � �� ~Q2 ln2�s=�2� � g2 ~CWZ=�32�2�ln2�s=M2��

� �� ~ZA ln2�p2
3=�

2� � g2 ~X3=�32�2�ln2�p2
3=M

2��

� �� ~ZB ln2�p2
4=�

2� � g2 ~X4=�32�2�ln2�p2
4=M

2��

� 2��Zb � g
2Xb=�32�2��ln2�s=p2

3�ln
2�s=p2

4�:

(57)

Here, X3;4 � 2V3;4 � Xb, and Xb � 1=2� �1=cos2	W�
�t�3�3 �Q3 sin2	W��t

�4�
3 �Q4 sin2	W�, where Q3;4 are the

electric charges and t3;43 are the eigenvalues of the SU�2�
generator T3 acting on the final-state particles 3 and 4,
respectively. It is convenient to rewrite  4 in the following
form:

 4 � ��Q2 ln2�s=�2� � g2CWZ=�32�2�ln2�s=M2��

� ��ZA ln2�p2
3=�

2� � g2X3=�32�2�ln2�p2
3=M

2��

� �� ~ZB ln2�p2
4=�

2� � g2X4=�32�2�ln2�p2
4=M

2��

� ��Zb � g2Xb=�32�2��ln2�sM2=p2
3p

2
4�:

(58)

Equation (45), together with the phases specified in
Eqs. (51), (53), (55), (57), and (58), describe the 2! 2
off-shell electroweak scattering amplitudes in the hard
kinematic limit for several virtualities of the final-state
particles. The above techniques can be generalized for
other particular cases in a similar manner.
IV. OFF-SHELL AMPLITUDES IN THE REGGE
KINEMATICS

The evaluation of the DL contributions to the on-shell
and off-shell scattering amplitudes in the hard kinematic
limit (6) is relatively straightforward, and leads to the
exponentiation of the one-loop DL contributions. When
the scattering amplitudes are evaluated in the forward
Regge limit

s 
 �u��t; (59)

or backward Regge limit

s 
 �t��u; (60)

the DL expressions are more complicated.
The 2! 2 EW Regge amplitudes at TeV energies for

electron-positron colliders have been discussed previously
in Ref. [8]. In the following, we will consider one example
of the off-shell Regge amplitudes in the QCD theory. We
obtain a relation between on-shell and off-shell amplitudes
for quark scattering, and use this result to calculate the
nonsinglet structure functions for deep-inelastic scattering
054001
when the initial quark is off-shell. In doing so, we make use
of the expressions for the on-shell nonsinglet structure
functions obtained in Ref. [13] at small x. These expres-
sions account for the DL and single-logarithmic (SL) con-
tributions to all orders in the QCD coupling �s. Explicit
expressions combining the DGLAP [1] expressions and
our total resummation (DL and SL contributions) are ob-
tained in Ref. [17]. These combined results are especially
important in the region of small x, as the combination leads
to the powerlike asymptotic behavior �	x�!0� of the struc-
ture functions when x! 0, with intercept !0 
 0:4. We
briefly summarize these on-shell results.

According to the optical theorem, it is possible to relate
the on-shell nonsinglet structure function F����x;Q2� to the
imaginary part of the forward Compton amplitude
A����x;Q2� with �t � �2. It is convenient to present
A����x;Q2� in the form of the Mellin integral:

A����x;Q2��
Z �{1
�{1

d!
2�{

�
s

�2

�
!

����!�T����!;Q2�; (61)

with the signature factor 
����!� � ��e�{�! � 1�=2, total
energy s � Q2=x, and the infrared cutoff �. The Mellin
amplitude T����!;Q2� obeys the following IREE:

@T���=@y�!T��� � T���H����!�; (62)

with anomalous dimensions H���, and y � ln�Q2=�2� so
that �2 is the starting point of the Q2 evolution. H���

include both double-logarithmic and the most important
part of the single-logarithmic contributions. From Ref. [13]
we have

H��� � �1=2��!�
���������������������������
!2 � B��!�

q
� (63)

where

B����!� � ��1�!=2�4�CFA�!� �D
����!��=�2�2�:

(64)

In Eq. (64),D����!� and A�!� can be expressed in terms of
� � ln�1=x�, b � �33� 2nf�=12�, and the color factors
CF � 4=3, N � 3:

D����!� �
2CF
b2N

Z 1
0
d�e�!� ln

�
�� �
�

�



�
�� �

��� ��2 � �2 �
1

�

�
; (65)

A�!� �
1

b

�
�

�2 � �2 �
Z 1

0

d�e�!�

��� ��2 � �2

�
: (66)

In Eq. (66), A�!� is the Mellin transform of �s�k2� �
1=�b ln��k2=�2�� with timelike argument k2. Solving
Eq. (62) and introducing F����x;Q2�,

F����x;Q2� �
1

�
=A����x;Q2�; (67)
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we obtain

F����x;Q2� � �e2
q=2�

Z �{1
�{1

d!
2�{
�1=x�!C����!�q�!�

 exp�H����!�y�: (68)

Equation (67) relates F��� and the forward amplitude A���

via the optical theorem. In fact, F��� is the nonsinglet
contribution to the structure function F1, and F��� is the
nonsinglet contribution to the polarized structure function
g1. q is the initial quark density, which is commonly
determined from fitting the experimental data. The coeffi-
cient functions C��� can be expressed in terms of the
anomalous dimensions H��� as:

C��� �
!

!�H����!�
: (69)

We now consider the case where the initial quark is off-
shell with virtuality p2,8

�2 < jp2j � Q2: (70)

When the initial quark is off-shell, the forward Compton
amplitude ~A��� depends on p2 as well: ~A��� �
~A����s;Q2; p2; �2�. As before, it is convenient to work
with the Mellin off-shell amplitude G�!;Q2; p2; �2�

which is related to ~A����s;Q2; p2; �2� through the Mellin
transform (61). The IREE for the off-shell amplitude
G�!;Q2; p2; �2� is similar to the one for the on-shell
amplitude T���:

@G����!; y; z�=@y� @G����!; y; z�=@z�!G����!; y; z�

� T����!; y�h����!; z�

(71)

where z � ln�p2=�2�. h����!; z� are new anomalous di-
mensions which can be found from the following IREE:

@h���=@z�!h��� � D��� � h���H����!�; (72)

with D��� defined in Eq. (64).
Solving Eq. (72), and using the matching conditions for

z � 0

h����!; z�jz�0 � H����!� (73)

we obtain

h��� �
�
H����

Z z

0
due�!�H

����uD����u�
�
e��!�H

����z:

(74)

Once the h��� are known, we can calculate G���.
Substituting h��� and T��� into Eq. (71) and solving, we
obtain
8As in the previous sections, we drop the modulus sign in
Eq. (70), keeping the notation p2 instead of jp2j.
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G����!;y;z��T����!;2��e�!z�e�!l


Z l

�
due!uT����!;u���h����u��� (75)

where l � �y� z�=2, � � �y� z�=2. Equation (75) gives
G����!; y; z� � T����!; y� when z � 0.

To demonstrate a simple application of Eq. (75), let us
estimate the effect of the virtuality p2 of the initial quark
on the small-x asymptotics of the off-shell nonsinglet
structure functions ~F���. Given the results of Ref. [13],
when x! 0 the small-x asymptotics of the on-shell struc-
ture functions F��� are Regge-like:

F����x;Q2� 	 e2
qq�!

���
0 �c

���
!
���
0 =ln3=2
 (76)

where 
 �
�����������������������
Q2=�x2�2�

p
, c��� � �2�1� q�=��

���������
B���
p

��1=2,
q��� � d

���������
B���
p

=d!j!�!���0
, and the intercepts are !���0 �

0:38 and !���0 � 0:43. To estimate the asymptotics of
~F����x;Q2; p2�, we neglect D��� in Eq. (74) since the effect
of D��� on the small-x behavior of g1 is not large [13].
Performing the integration in Eq. (75) using the saddle-
point method, we obtain at the following expression for the
small-x asymptotics of the off-shell structure functions
~F���:

~F ����x;Q2;p2�
F����x;Q2�e�!0z=2�1�!���0 z=2�; (77)

with !���0 � 0:38 and !���0 � 0:43.9 In order to estimate
the difference between the on-shell and the off-shell non-
singlet structure functions, we define the deviation R:

R � �F��� � ~F����=F���


 1� e�0:2 ln�p2=�2��1� 0:2 ln�p2=�2��; (78)

where we estimate � to be 
 1 GeV [13]. We observe
from Eq. (78) that R increases with increasing p2. By
definition, R � 0 when p2 � 1 GeV2 and therefore it
grows when p2 becomes greater than �2 (we recall that
the notation p2 actually denotes jp2j). In particular, R 

0:02 for jp2j � 3 GeV2 and R 
 0:08 for jp2j �
10 GeV2.
V. CONCLUSIONS

In this paper, we have presented an approach for calcu-
lating the off-shell scattering amplitudes in the double-
logarithmic (DL) approximation. We have considered, in
particular, the case where the initial particles are on-shell,
but some of the final particles can be off-shell. Technically,
this approach is based on constructing the appropriate
infrared evolution equations for the off-shell amplitudes.
The specific form of the solutions depends on the size of
the virtualities of the final particles. The general strategy
9See Ref. [13] for details.
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for obtaining the off-shell solutions was to use the match-
ing conditions to relate amplitudes of the same process, but
with smaller virtualities of the final particles. Such a pro-
cedure allows us to relate the amplitudes with N off-shell
particles to those with N � 1 off-shell particles. Using this
recursive relation, we can eventually relate the off-shell
amplitudes to the on-shell amplitudes.

To demonstrate the utility of this approach, we have
computed the scattering amplitudes in the hard kinematic
limit of Eq. (6), where the DL corrections simply exponen-
tiate the one-loop DL contribution. We have reproduced
the well-known results for the 2! 2 on-shell QED ampli-
tudes of Eqs. (11) and (25), and used these results to obtain
explicit expressions for the amplitudes with one [Eq. (32)]
and two [Eqs. (36) and (42)] final particles off-shell. We
have considered both cases of moderate and large virtual-
ities for the final particles, and compared the results in the
Feynman and Coulomb gauges. In particular, we have
shown that both the self-energy and interference graphs
yield DL contributions in the Coulomb gauge; this result is
contrary to the on-shell case. This result leads to the
conclusion that the Coulomb gauge does not have any
technical advantage, compared to the Feynman gauge,
for calculating the off-shell amplitudes.

In Sec. III we have computed the more complex case of
the off-shell amplitudes for the 2! 2 electroweak pro-
cesses in the hard kinematic limit at energies� 100 GeV.
In addition to the virtual photon exchanges, we also took
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the exchanges of virtual W and Z bosons into account. The
results of the DL contributions for these scattering ampli-
tudes depend on the virtualities of the final particles; the
results are presented in Eqs. (51), (53), (55), and (57).

Finally, we have studied the QCD forward Compton
scattering amplitude in the Regge kinematic limit
[Eqs. (59) and (60)] with both the photons and the quarks
being off-shell. This result was used to calculate the DIS
nonsinglet structure functions with off-shell initial quarks
[Eq. (75)]. To estimate the difference between the off-shell
and the on-shell structure functions, we compared their
small-x asymptotics [Eqs. (76) and (77)], and the result is
presented in Eq. (78). The on-shell and off-shell asymp-
totic amplitudes differ at larger values of p2; for example,
this difference is 
 8% for p2 � 10 GeV2. A more accu-
rate estimate of the effect of the virtuality on the structure
functions could be directly obtained from the explicit ex-
pression of Eq. (75), instead of using their asymptotic
behavior of Eq. (77); this topic will be reserved for future
study.
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