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In the most general two-Higgs-doublet model (2HDM), unitary transformations between the two Higgs
fields do not change the functional form of the Lagrangian. All physical observables of the model must
therefore be independent of such transformations (i.e., independent of the Lagrangian basis choice for the
Higgs fields). We exhibit a set of basis-independent quantities that determine all tree-level Higgs
couplings and masses. Some examples of the basis-independent treatment of 2HDM discrete symmetries
are presented. We also note that the ratio of the neutral Higgs field vacuum expectation values, tanf3, is not
a meaningful parameter in general, as it is basis dependent. Implications for the more specialized 2HDMs
(e.g., the Higgs sector of the minimal supersymmetric extension of the standard model and the so-called

type-1 and type-II 2HDMs) are explored.
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L. INTRODUCTION

The standard model of electroweak physics, which pos-
its a single hypercharge-one, SU(2); doublet (complex)
Higgs field, provides an extremely successful description
of observed electroweak phenomena. Nevertheless, there
are a number of motivations to extend the Higgs sector of
this model by adding a second complex doublet Higgs field
[1-6]. Perhaps the best motivated of these extended mod-
els is the minimal supersymmetric extension of the stan-
dard model (MSSM) [7], which requires a second Higgs
doublet (and its supersymmetric fermionic partners) in
order to preserve the cancellation of gauge anomalies.
The Higgs sector of the MSSM is a two-Higgs-doublet
model (2HDM), which contains two Higgs supermultiplets
H, and H,, that are distinguished by the sign of their
hypercharge [3-5]. This establishes an unambiguous
“theoretical” basis for the Higgs sector of the
Lagrangian. The structure of the MSSM Higgs sector is
constrained by the supersymmetry, leading to numerous
relations among Higgs masses and couplings. However,
due to supersymmetry-breaking effects, all such relations
are modified by loop corrections, where the effects of
supersymmetry breaking can enter. Thus, one can describe
the Higgs sector of the (broken) MSSM by an effective
field theory consisting of the most general two-Higgs-
doublet model.

In a realistic model, the Higgs-fermion couplings must
be chosen with some care [8,9] to avoid flavor-changing-
neutral currents (FCNC). The 2HDM can be classified by
how this issue is addressed. In type-I models [10,11], there
exists a basis choice in which only one of the Higgs fields
couples to the standard model fermions. In type-II models
[11,12], there exists a basis choice in which one Higgs field
couples to up-type quarks, and the other Higgs field cou-
ples to down-type quarks. Type-III models [13] allow both
Higgs fields to couple to all the standard model fermions;
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such a model is phenomenologically viable only if the
resulting FCNC couplings are sufficiently small.

From a phenomenological bottom-up perspective, it is
important to study the properties of the most general
2HDM [14] without imposing any special relations among
the tree-level parameters. The 2HDM Lagrangian depends
on two identical hypercharge-one, SU(2); doublet Higgs
fields, ®; and ®,. If ®; and P, couple identically to all
other fields (fermions and gauge bosons), they are only
distinguished by the scalar interactions contained in the
scalar Higgs potential. Consequently, one is free to choose
an arbitrary basis in the Lagrangian for the two-
dimensional space of Higgs fields [15], corresponding to
two arbitrary orthogonal linear combinations of ®; and
®,. The couplings and mass matrix elements will depend
on this basis choice. In particular, the important parameter
of the MSSM, tanB = (H9)/(HY), is not a physical pa-
rameter of the most general 2HDM since its definition
refers to a specific basis choice for the Higgs fields. The
aim of this paper is to establish a basis-independent formal-
ism for analyzing the most general 2HDM. This provides a
framework for expressing any physical observable (e.g.,
Higgs masses and couplings) in a form that is independent
of the basis choice.

It is often phenomenologically desirable to express the
parameters of a field theory as functions of basis-
independent physical observables [16—18]. This procedure
has various advantages: it leads to parameters that are
uniquely defined, gauge invariant and typically well be-
haved under renormalization. One simple and straightfor-
ward alternative is to choose a basis and consistently
calculate there. However, results expressed in terms of
basis-dependent Lagrangian parameters are meaningless
without identifying the basis, and the comparison with
results computed in a different basis choice is often diffi-
cult. This situation can be avoided by constructing quanti-
ties that are invariant under arbitrary basis transformations
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in the space of fields, and expressing the fundamental
Lagrangian parameters in terms of these ‘‘invariants.”
We wish to draw attention to this procedure in the
2HDM, where one must specify the basis for the scalar
fields before defining the Higgs potential parameters, the
Higgs-fermion Yukawa couplings and tanf3.

In the 2HDM, we define invariants to be quantities that
are scalar under arbitrary unitary transformations among
the two Higgs fields in the Lagrangian [6,15,19,20]. All
physical observables can be expressed in terms of invari-
ants. The parameters that appear in the Lagrangian with
respect to a generic basis of Higgs fields are not physical.
Nevertheless, even in the most general model, certain
specific basis choices are singled out, and the correspond-
ing Lagrangian parameters become meaningful.
Henceforth, we shall designate such parameters as “‘physi-
cal parameters.” For example, in the CP-conserving
2HDM, the Lagrangian parameters in the basis correspond-
ing to the neutral CP-even Higgs mass eigenstates are
physical parameters [21]. That is, any coupling or mixing
angle in the mass eigenstate basis can be expressed in
terms of invariants. One particularly useful class of bases
is the so-called Higgs basis [9,15,19,22,23] in which only
one of the two scalar fields exhibits a nonzero vacuum
expectation value. We shall demonstrate that the
Lagrangian parameters with respect to the Higgs basis
are closely related to physical parameters.

In this paper, we construct invariants in two ways. In the
body of the paper, we combine covariant tensors con-
structed from the Higgs potential parameters and the vac-
uum expectation values to obtain scalar quantities. This
elegant approach is rather abstract, so in the appendices we
explicitly construct eigenbases corresponding to the ortho-
normal eigenvectors of various physically relevant second-
ranked tensors. By contracting these eigenvectors with the
Higgs potential parameter tensors, one can identify which
combinations are invariant and correspond to physical
parameters.

In Sec. II, the scalar potential is expressed in a covariant
notation with respect to the U(2) transformations between
the two Higgs fields, and we introduce a set of invariants
that govern the model. These invariants depend on the
Higgs potential parameter tensors and a matrix V con-
structed from the vacuum expectation values. The eigen-
vectors of V form an orthonormal basis that defines the
Higgs basis. A review of the 2HDM in a generic basis and
in the Higgs basis can be found in Appendix A, where we
also exhibit explicit relations among the corresponding
Higgs potential parameters. In Appendix B we explicitly
combine eigenvectors of V with Higgs potential parameter
tensors to obtain quantities that depend linearly on the
Higgs potential parameters. We show that some of these
are invariant with respect to U(2) transformations and
hence ‘‘physical,” whereas others have undetermined
phases. In Sec. III, we construct invariants that vanish
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when the discrete symmetries ®; — ®;, &, — — P, and
CP symmetry, respectively, are realized. The relation of the
D — D, b, —» — P, discrete symmetry to the permuta-
tion symmetry ®; < ®, is discussed in Appendix C. In
Secs. IV and V, we restrict our analysis to the CP-
conserving 2ZHDM scalar potential. We first construct the
physical Higgs boson couplings to vector bosons and the
Higgs self-couplings in terms of basis-independent pa-
rameters. We then study the Higgs-fermion interactions
in the 2ZHDM, using a choice of basis motivated by the
model to compute the physical Higgs-fermion couplings in
terms of invariant couplings. In doing so, new tang-like
parameters arise that are directly defined in terms of physi-
cal Yukawa couplings. Both CP-conserving and CP-
violating Higgs-fermion interactions are treated. Finally,
a brief summary is provided in Sec. VL

I1. BASIS-INDEPENDENT ANALYSIS OF THE
2HDM

The most general two-Higgs-doublet extension of the
standard model [4,14,24] is a theory of two identical
hypercharge-one complex doublet scalar fields ®; and
®,. We shall denote the complex two-dimensional space
spanned by these two fields as the Higgs flavor space. The
canonically normalized (gauge-covariant) kinetic energy
terms of the scalar fields are invariant under arbitrary
global U(2) transformations in this flavor space. Thus, we
are free to redefine our two scalar fields by making an
arbitrary U(2) transformation. A specific choice of fields
will be called a choice of basis. Since physical observables
are independent of this choice of basis, it is desirable to
formulate the Higgs sector of the theory in a basis-
independent manner.

Nearly all discussions of Higgs physics employ a spe-
cific basis choice. In the generic basis, one expands the
Higgs fields around their vacuum expectation values
(®%) = v,/v2 (a=1,2), and the parameter tanB =
v,/v; plays an important role in the Higgs phenomenol-
ogy. However, this parameter cannot be meaningful in
general, as it is basis dependent. In fact, this parameter
disappears completely if one transforms to the Higgs basis,
where the Higgs vacuum expectation value resides solely
in one of the two Higgs doublets.! This suggests that the
Higgs basis is special. In this section, we shall demonstrate
that the parameters that appear in the Higgs basis are
closely related to basis-independent quantities.

The scalar Higgs potential of the 2HDM can be written
in terms of the two complex hypercharge-one, SU(2),
doublet scalar fields, following Ref. [6], as

"The generic basis and Higgs basis are reviewed in
Appendix A. In particular, Eqs. (A13)—(A22) provide the rela-
tions between the Higgs potential parameters in the generic and
Higgs bases.
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V =Y, 0l0, + 1z 4 @i0) @10, ()

where the indices a, b, ¢ and d run over the two-
dimensional Higgs flavor space and

Zabea = Zcdab 2

Hermiticity of 'V implies that
Yop = (V3a)", 3
Zagca = (Zbﬁdé)*' (4)

We can match the standard 2HDM notation given in
Eq. (A1) by making the following identifications:

Yy = m%l, Yy, = _m%z’ 5)
Yy = _(m%z)*’ Yy = m%w
and
Ziyn =M\, Zyym = Ay, Zy;m = Zoni = A,
Ziy = Zojn = Ay, Zpp = As, Zyin1 = A5,
Zinz = Zin = e Zioi =Zyn = /\Z (6)

— — — )\ ¥
22212 - 21222 - /\7; 22221 - 22122 - )‘7‘

We assume that the vacuum respects the electromagnetic
gauge symmetry. That is, the vacuum expectation values of
@, and ®, are assumed to be aligned in SU(2);, space, and
we follow the standard convention [after using the appro-
priate SU(2); transformation] in writing:

@)=2(5) ™

where 7, is a vector of unit norm. Taking the derivative of
Eq. (1) with respect to ®,, and setting (®%) = v,/v/2, we
find the covariant form for the scalar potential minimum
conditions:

0 Z[Yal; + %vzzal;cz;’ﬁzi}d] = 0. (8)

Under the flavor-SU(2), the two Higgs doublet fields
transform as ®, — U_; P, (and @; = CI);;U;ra), where
U;LaUaE = 0,z and detU = 1. Likewise, the tensors Y
and Z transform covariantly: Y,; — UaEYC;,U:;b- and

Zbea = UaEU}EchUZJZefgﬁ' The use of barred indices
is convenient for keeping track of which indices transform
with U and which transform with Ut. For example, in this
notation, v; = (v,)*, which makes the starred superscript
on v; superfluous (although we will maintain it for the sake
of additional clarity). These SU(2) transformations are
symmetries of the physics (not of the Lagrangian), in the
sense that physical observables must not depend on the
arbitrary basis choice made in the Lagrangian.
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The flavor-SU(2) group of transformations can be en-
larged to U(2).? In particular, the transformation laws noted
above continue to hold where U is a U(2) matrix (and the
condition detU = 1 is removed). It should be noted that
U(2) = SU(2) X U(1)y, where the (global) hypercharge
U(1)y transformation is a symmetry of the Lagrangian,
and thus has no effect on the parameters of the Higgs
potential, Y,; and Z ;.. It is useful to keep track of the
U(1)y transformation properties of various quantities be-
cause physical observables must also be U(1)y invariant.
Thus, we shall focus on U(2)-invariant scalars, keeping in
mind the distinction that U(1)y is a symmetry of the
Lagrangian, whereas the flavor-SU(2) transformations
change the parameters of the Lagrangian,

We shall construct various U(2) invariants below that
depend on the Higgs potential parameters Y,; and Z ;.5
and the vacuum expectation values v,. In particular, any
U(2) invariant that depends on the vacuum expectation
values must be a function of ﬁaﬁz. Thus we follow
Ref. [6] in defining the Hermitian matrix>

Vs = 0,0% 9)

The matrix V transforms covariantly with respect to U(2).
Note that V possesses two eigenvalues, 1 and O, corre-
sponding to orthonormal eigenvectors ¥, and

W=~k (10)

with the inverse relation 93 = €;;w,;. Here, orthogonality
with respect to the complex two-dimensional Higgs flavor
space means that 03w, = 0. In defining the unit vector w,,,
we have introduced the tensors €,, and €;;, with €, =
—€,; = 1 and €;; = €y, = 0.* The normalized eigenvec-
tors are defined only up to an arbitrary phase, which
implies that invariant quantities can only depend on ¥
and W via the combination V;, as noted above. In particu-
lar,

Wap =Wy = 045 — Vi (11)

so that W ;; is not an independent tensor. Equation (11) and
the following results imply that V and W are projection
operators:

VZ=1y, W2 =W, VW=WV=0. (12)

>The flavor-U(2) transformations were first applied to the
2HDM in Ref. [15]. A nice textbook discussion is given in
Ref. [6]. These transformations have recently been exploited
by Ref. [20] in a study of the CP-violating 2HDM.

V,; is not an independent tensor, since it depends on Y and Z
via the scalar potential minimum conditions [Eq. (8)]. The latter
can be rewritten as (VY),; +1v?Z,5.3V,:V4e = 0. Neverthe-
less, there is no simple closed-form formula for V,; in terms of
Y,; and Z; ;. Consequently, we shall construct invariants that
deyend explicitly on V,_; in what follows.

Note that J,; is a flavor-U(2)-invariant tensor, whereas €,
and €;; are only flavor-SU(2)-invariant tensors. The identity
€€:5 = 04:0,5 — 0,70,z relates the two tensors.

035004-3



SACHA DAVIDSON AND HOWARD E. HABER

Since the tensors V,;, Y,; and Z,;.; exhibit tensorial
properties with respect to global U(2) rotations in the
Higgs flavor space, one can easily construct invariants
with respect to U(2) by forming U(2)-scalar quantities.
Combinations of covariant tensors can be represented dia-
grammatically. The tensors V;, Y,; and Z,;.; can be
depicted by two and four-point ““vertices,” with incoming
(outgoing) lines corresponding to unbarred (barred) indi-
ces, as shown in Fig. 1.

As noted above, d,; is the only U(2)-invariant tensor
that can be used to contract a pair of indices. Hence, one
can only contract an unbarred index with a barred index (or
vice versa). For example,

D= 2)
Ziui) = 0pcZabea = Labva ZﬁJ) = 0palyiea = Z

aacd*

13)

Using the vertex rules given in Fig. 1, the two tensors of
Eq. (13) can be depicted diagrammatically as the one-loop
bubble diagrams shown in Fig. 2. Similarly, U(2)-invariant
quantities can be represented by ‘“vacuum’ diagrams with
no external lines.

We now turn to the task of constructing independent
invariant (scalar) combinations of Higgs potential parame-
ters. Such invariant quantities can be directly related to
physical quantities which must be basis independent. We
may combine the tensors Y, ;, Z,;.;, and V; to create
scalar quantities by summing over pairs of indices (follow-
ing the rule that the summed index pairs must contain one
unbarred and one barred index). It is also convenient to
employ W,_; = 6,; — V,; introduced above. We can ex-
hibit 13 invariants that depend on the Higgs potential
parameters and the vacuum expectation value by defining
six real flavor-U(2) invariants (denoted below by Y, , and
Z,53,4) and four complex index-free quantities, denoted by
Y; and Zs 7, which are constructed from Y5, Z,;.3, Va
and w,. These quantities are invariant under the Higgs
flavor-SU(2) transformations, but are not invariant with
respect to U(1)y as shown in Appendix B. From these
four complex SU(2) invariants, we may extract seven
flavor-U(2) invariants consisting of the magnitudes and
relative phases of these four complex quantities.

a4 —>»—@——>»— b
Vb Y3

Z jbed

d c

FIG. 1. Diagrammatic representation of covariant tensors. The
two point vertices V,; and Y,; are indicated by the symbols ®
and X, respectively. The four-point vertex Z;.; is depicted by
four line segments (meeting at the vertex point) where the
indices appear in clockwise order. Unbarred (barred) indices
are represented by incoming (outgoing) directed line segments.
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Z qabe

ZaZbE

(a) Zy¢

ac

(2)
(b) Z}2

FIG. 2. The one-loop bubble diagrams corresponding to
(a) ZE,IL) = Z e and (b) Z(bzc.,) = Z,apz- These two diagrams are
distinguished, since the Z-vertex must be read in a clockwise
fashion.

The simplest invariants that can be constructed with Y, V
and W are given by

Y, = Tr(YV), (14)
Y, = Tr(YW), (15)
|Y5]? = Tr(VYWY). (16)

Likewise, the simplest invariants that can be constructed
with Z, V and W are given by

Zy = ZipeaVoaVae (17)
2y = Za5eqiWpaWae (18)
23 = ZapeaVoaWae (19)
Zy = Z5eaWaa Ve (20)
1Zs1* = Z5eaZeoiViaWoe VicWags (21)
1Z61* = Z5caZ.ojeiViaVieVie Wag (22)
1Z11* = ZugeaZeeilV aWoe WieWaz- (23)

The remaining three invariants correspond to three relative
phases of Y3 and Zs ¢ ;. One possible choice is

Y3Zi = (VYW)a(VYW) e Zosedr (24)
YsZi = (VYW)peViaZapods (25)
Y325 = (VYW)p:WaaZasedr (26)

Using the rules of Fig. 1, each of the invariants above is
easily represented by a simple vacuum diagram (or sum of
such diagrams). Using these diagrammatic techniques, one
can easily show that no additional independent invariants
exist that are linear or quadratic in the Higgs potential
parameters. Further higher-order invariants could be con-
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structed containing additional powers of Y, V or W.
However, we will argue below, and prove in Appendix B,
that any higher-order invariant can be expressed in terms of
those given in Eqs. (14)—(26).

The invariants given in Eqs. (14)—(26) are particularly
simple in the Higgs basis (see Appendix A), where V and

W are given by
/1 0 AV

V—<O 0), W—<O 1). 27
Following Appendix A, we denote the Higgs potential
parameters in the Higgs basis by Mizj (i, j=1,2) and A,
(k=1,...,7). After inserting the Higgs basis forms for V
and W into Eqgs. (14)—(26), we obtain
Zi = A[(l = 1: 2; 3: 4);

(28)

Y1=M%1’ Y2=M§2,

for the real Higgs basis parameters and
|Zi|2 = |Ai|2 (l = 5’ 6’ 7)) (29)
Y3Z; = —MLAT (i=6,7),

[v312 = M3,
Y2Z: = [M3, AL,

for the complex Higgs basis parameters.

The form of Eq. (27) implies that V and W serve as
projection operators for the Higgs basis field invariants
H }L H, and H;r H,. In particular, in the diagrammatic rep-
resentation of invariants, the insertion of V projects out H;
and the insertion of W projects out H,. Thus, each of the
lines of the vacuum diagrams corresponding to the invar-
iants listed in Egs. (14)—(26) can be identified with one of
the two fields H, and H, of the Higgs basis. All such
vacuum diagrams must contain an equal number of fields
and their complex conjugates (corresponding to ingoing
and outgoing lines). Hence, there are no complex U(2)
invariants that are linear in the scalar potential parameters.

The scalar minimum conditions can be rewritten in
terms of the U(2) invariants introduced above. First we
multiply Eq. (8) by ¥, to obtain one of the minimum
conditions:

Yl = —%Zlvz. (30)

A second minimum condition can be obtained by multi-
plying Eq. (8) by w,. Using Eqgs. (B4) and (B8), it follows
that Y3 = —3Zev?, which can be rewritten in terms of
U(2)-invariant quantities as

V317 = 31 ZeI*v*, Y3Zg = —5|Zq|*v%. (€29
Consequently, after imposing the scalar minimum condi-
tions, two of the 13 invariants above can be eliminated via
Eq. (31), leaving 11 independent invariants.” This corre-

3Since we count v? as one of the parameter degrees of free-
dom, the application of the scalar potential minimum conditions
does not affect the overall counting of degrees of freedom.

PHYSICAL REVIEW D 72, 035004 (2005)

sponds precisely to the number of parameter degrees of
freedom of the 2HDM, as discussed in Appendix A.

Having enumerated the independent invariants, one can
begin to relate them to physical observables of the theory.
One consequence of the analysis relating invariants to the
Higgs potential parameters in the Higgs basis is that the
parameter tanf is redundant (as it does not appear in the
Higgs basis description of the 2HDM). More precisely, in
the general 2HDM, tanfB is a basis-dependent quantity.
This means that physical quantities (e.g., Higgs masses
and physical couplings) cannot depend on the (unphysical)
angle between the two vacuum expectation values.
Physical quantities can depend on the angle between the
vacuum expectation value ¥, and another direction in the
Higgs flavor space picked out by an interaction (e.g., a
mass matrix eigenvector). We illustrate this explicitly in
Sec. I'V. This suggests a procedure to provide a meaningful
definition of tanf3. For example, even in the most general
2HDM, the Higgs potential depends on tensorial quanti-
ties, which can be used to define various matrices. The two
eigenvectors of these matrices can be used as basis vectors
which define a basis that generally differs from the Higgs
basis, and thus can be used to define tanB. In a CP-
invariant theory, an obvious choice would be the CP-even
mass eigenstate basis.

Other possible matrices, whose eigenvectors can be used
to define a new basis, include Yz, Zfllb-) and ng). However,
in such cases there is a twofold ambiguity in the definition
of tanf corresponding to the interchange of the two iden-
tical scalar fields. As an example, consider a definition of
tan3 corresponding to a basis in which Y}, = 0. This is the
basis spanned by the eigenvectors of Y. In this basis, we
define |9;| = cosB and |D,| =sinB (where 0 = 8 <
a/2). A simple computation in the Y, = 0 basis yields

2Tr(VY) = TrY = (Y}, — Ya,)cos2p, (32)

2Tr(Y?) — (TrY)? = (Y} — Yp)2 (33)

Thus, we arrive at one possible invariant definition of
cos?23:

[2Tr(VY) — TrY]?
2Tr(Y?) — (TrY)?’

cos2B = (34)
The sign of cos28 is ambiguous, and the ambiguity corre-

sponds to 8 — /2 — B (i.e., the interchange of the two
Higgs fields).

II1. BASIS-INDEPENDENT DESCRIPTION OF
DISCRETE SYMMETRIES

In Sec. II, we assumed that the scalar Higgs potential
takes on the most general possible form. However, in some
two-Higgs doublet models, discrete symmetries are im-
posed that constrain the structure of the Higgs potential.
Typically, the discrete symmetries are formulated with
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respect to a particular basis, in which case the symmetry is
manifest. In a generic basis, the discrete symmetry is of
course still present, but in most cases it is well disguised
and not immediately evident. Hence, for a given discrete
symmetry, it is desirable to establish a basis-independent
characterization. In particular, it is especially useful to
establish basis-independent conditions that depend only
on the Y and Z tensors, i.e. they do not require a determi-
nation of the vacuum expectation values via the scalar
potential minimum conditions. A number of examples
will be presented in Secs. III B and IIIC, in which we
identify invariant conditions for discrete symmetries.
These conditions can be evaluated in the Higgs basis, and
provide a connection to related results first obtained in
Ref. [23].

However, in some special regions of the Higgs potential
parameter space many of the invariant conditions that we
obtain are automatically satisfied (due to the enhanced
symmetry of the parameter region). This complicates the
search for invariant conditions for the discrete symmetries,
so we first examine the nature of these exceptional regions
of the parameter space.

A. An exceptional region of the Higgs potential
parameter space

Consider the explicit forms of Z") and Z® defined in
Eq. (13):

S — (M A At A
X+ M+ Ay )

(35)
z®-—<A%+A“ A6+A7>
XA A+ Ay

Note that Z" and Z®? are Hermitian matrices that com-
mute so that they can be simultaneously diagonalized by a
unitary matrix. It therefore follows that there exists a basis
in which Z(") and Z® are simultaneously diagonal; that is,

A7 = — Ag. This observation will be crucial to many of the
considerations of this section.
The existence of a basis in which A; = —A¢ provides

another opportunity for checking the number of 2HDM
independent parameters. Once this basis is achieved, one
can always rephase one of the Higgs fields such that Ag and
A, are real. This leaves seven real parameters (m?,, m2,,
Ay2346) and two complex parameters (m%2 and A;s) for a
total of 11 independent parameters.

The region of the Higgs potential parameter space where
A1 = Ay and A; = — )4 is especially noteworthy. In this
case, Z(") and Z@ are both proportional to the 2 X 2 unit
matrix. This must be true for all basis choices. Hence if
A; = A, and A; = — A4 holds in one basis then it holds in
all bases. A (basis-independent) invariant condition can be
given for this case. Consider

PHYSICAL REVIEW D 72, 035004 (2005)

2T ZW — (TrZMW)2 = (A, — 1) + 4| A + A4]2
(36)

If this invariant quantity vanishes, then A; = A, and A; =
—Ag.

It is important to emphasize that the latter represents a
region of Higgs parameter space. That is, in this region of
the parameter space, any change of basis will generally
modify the Higgs potential parameters, subject to the
condition that A; = A, and A; = —Ags. Two results will
prove useful in the following. First, if A} = A, and A; =
— Ag, then one can always find a basis in which all the A;
are real.® Second, if A; = A, and A; = — ), then there
exists a basis in which A5 is real and Aq = A; = 0. The
proof of the latter result is simple given the former result.
First, transform to a basis in which all the A; are real. Then,
make one further U(2) transformation given by Eq. (B2)
with @ = 77/4 and y + { = 77/2. It is easy to check that in
the final basis, A¢ = A; = 0. Finally, since A5 is the only
potentially complex parameter remaining, it can be ren-
dered real with a phase redefinition of one of the two Higgs
fields.

If Y11 = Yy and Y}, = 0 then Y is proportional to the
2 X 2 unit matrix. Again, one may conclude that if Y,; =
Y5, and Y, = 0 holds in one basis then it holds in all bases.
Combining the two special cases just considered yields an
exceptional region of the Higgs potential parameter space
in which Yll = Y22, Y12 = 0, )tl = )\2 and /\7 = _AG‘ A
possible discrete symmetry, which is respected by the
scalar Lagrangian and characterizes this exceptional
choice of parameters, is

O, — VD, O, — —eV D], (37)
where i is an arbitrary phase.” It is straightforward to show
that, if Eq. (37) is a symmetry in one basis, then it is a
symmetry in all bases. The results above also imply that,
within the exceptional region of parameter space, a basis
exists in which Y,_; « 6,_;, A; = A, A5 is real and Ag =
)\7 = 0.

Alternatively, the exceptional region can be character-
ized by two simultaneous ordinary Z, symmetries. In
particular, consider a basis in which the scalar
Lagrangian respects the two discrete symmetries: (i) &; —
D, P, = —D, (to be discussed further in Sec. I1I B) and
i) ®; — &,, &, — —d,. Symmetry (i) implies that
Y, =0 and Ay = A; =0, while symmetry (ii) implies
that Yll = Y22, YT2 = _Y12, )l; = )\5, and /\6 = _)\; If
symmetries (i) and (ii) are simultaneously satisfied (in the

A simple phase redefinition can render Aq and A; real. The
nontrivial part of the proof, which is given in Ref. [25], demon-
strates that a basis always exists in which As, Ag and A; are
simultaneously real.

7Since Eq. (37) involves the transformation of the scalar fields
to their complex conjugates, it follow that this discrete symmetry
incorporates a charge conjugation transformation.
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same basis), then Y,; « 0,5, A| = A,, Asisreal and Ag =
A; = 0, which indeed corresponds to the exceptional re-
gion of parameter space in a particular basis.

B. The discrete symmetry ®; — &, ®, —» —P,

We consider first the discrete symmetry ®; — +&,,
o, — —®d,, which is realized for some choice of basis.
This discrete symmetry implies that m3, = A¢ = A; = 0.
It is a discrete Z, subgroup of the Peccei-Quinn U(1)
symmetry ®, — e*®,, ®, — ¢ ®P,.® The basis-
independent conditions for the ®; — +®;, &, —» -,
discrete symmetry can be expressed in terms of commuta-
tors of matrices constructed from the Higgs potential pa-
rameter tensors Y and Z. An alternate approach in terms of
invariants constructed from Z and the eigenvectors of Y is
discussed in Appendix B, along with the explicit eigenvec-
tor construction.

Our strategy for deducing the relevant commutator con-
ditions is as follows. We first transform to a basis where
A; = —Ag [this is always possible as discussed below
Eq. (35)]. In this basis, we search for commutators that
vanish when Y}, = A¢ = 0. We then conclude that the
vanishing of such commutators implies that some basis
must exist where m}, = As = A; = 0. We shall make use
of the following two matrices:’

20 = 4025,

abcd’

YW =Y,Za (39

Then, consider the following two commutators evaluated
in a basis where A; = —Aq:

0 Y

(1) = — 12
20 =0 =)y ) 69
(20,2001 = () = 0, ) @

—As O
First we assume that A; # A, inthe A; = — Ag basis. In

this case, we find that

[z0, ] = [z, 20V] =0 (41)

is the basis-independent condition that guarantees the ex-
istence of a basis in which m3, = A¢ = A; = 0. As an
example, in Appendix C, we demonstrate that if a 2HDM
scalar potential respects a permutation symmetry @, <
@, in some basis, then Eq. (41) is satisfied. This result
implies that in some other basis the discrete symmetry
O, — O, P, — — D, must be manifest.

If A; = A and A; = —Ag, then Z'), Z'V « 5 ;, and
Egs. (39) and (40) automatically vanish. In this case, we

8If As = 0 in the same basis where the discrete Z, symmetry is
realized, then the scalar Lagrangian respects the full Peccei-
Quinn U(1) global symmetry [2].

“Diagrammatically, Z('") corresponds to a bubble-on-a-bubble
with two legs (i.e., a snowman) and YV corresponds to a bubble
on two legs with a cross at the top of the bubble.
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are free to transform to a basis in which Y is diagonal. The

following commutator is now relevant (for A; = — A4 and
le = 0)
R S SVl B
A¢ O

Assuming that Y;; # Y,,, we find that

(YD, ¥Y]=0 and Z\) x5, (43)
are basis-independent conditions that guarantee the exis-
tence of a basis in which m?, = Ay = A; = 0.

None of the above arguments apply to the exceptional
region of parameter space (see Sec. Il A) where Y, =
Y2, Y1, =0,A; = A, and A; = — A¢. In this case, all three
commutators [Egs. (39), (40), and (42)] automatically
vanish since all the matrices involved are proportional to
the unit matrix. However, as noted at the end of Sec. IIT A,
in the exceptional region, there exists a basis in which the
Z, discrete symmetry ®; — &, &, — — P, is manifest.
Thus, no further invariant conditions are required.

Finally, in the basis where the discrete symmetry is
manifest (m3, = A¢ = A; = 0), Eq. (A7) implies that
Im(A5e%€) = 0. One can always choose As real (and hence
¢ = 0) by redefining the phase of ®,. We conclude that the
Higgs scalar potential of this model is CP conserving.
Further considerations of CP invariance will be given in
Sec. III C.

We can generalize the results of this section in two ways.
First, if there exists a basis in which Ay = A; = 0 but
m?, # 0, then the Z, discrete symmetry is sofily broken
[20,23]. A basis-independent characterization of the softly
broken Z, discrete symmetry is

[Z(l), Z(ll)] =0 and [Z(l), Y]#0, (44)

assuming that A; # A, in a basis where A; = — A4. In the
case of A; = A, and A; = — A4, we proved in Sec. Il A
that one can always transform to a new basis in which A5 is
real and Ag¢ = A; = 0. One can then check that the Z,
discrete symmetry is softly broken if

[y, ¥]#0,  and Z" x5, (45)

b

Second, if As = 0in a basis where m3, = Ag = A; = 0,
then the Higgs potential respects a Peccei-Quinn global
U(1) symmetry. That is, H; and H, number are individu-
ally conserved. To find invariant conditions that must be
satisfied when this symmetry is realized, it is convenient to
work in the eigenbasis of ¥.'> We assume that its eigen-

191f the eigenvalues of Y are degenerate, then one can work in
the eigenbasis of Z("), assuming that its eigenvalues are non-
degenerate. In this case, the arguments above still apply with the
obvious modifications. These considerations are not applicable
in the case where both ¥ and Z()) have degenerate eigenvalues,
which corresponds to the exceptional region of the Higgs poten-
tial parameter space (as defined in Sec. IIT A).
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values are nondegenerate so that they label H; and H,. Z
will conserve H; number in this basis if every component
of Z has equal number of incoming and outgoing H; lines
and H, lines. In this case, Z with its incoming lines
weighted by their Y eigenvalues will be equal to Z with
its outgoing lines weighted by their Y eigenvalues. This
difference corresponds to the following ‘“‘commutatorlike’’
fourth rank tensor:

Xopea = YaEchZel;fé' - YL'EYfé’Z (46)

aécf"

We can see that X_;.; = 0 corresponds to the Peccei-
Quinn symmetry as follows. Hermiticity properties of Y
and Z imply that

Xal;caj = _(Xb[ldé)*' (47)

Suppose that A; # A, in a basis where A; = —A4. If
[ZD,Y]=0 then Y, =0. If ;; = A, and A; = — A4
then one can transform to a new basis in which Y;, = 0.

In either case, with A; = —Ag and Y, = 0, we find
Xisea = Y11 — Y)X 5.0 (48)

where

X =0, X990 = 0,

X =Xx =0 X =x =0
1122 2211 , 1221 2112 , (49)

_ _ %
X2 = (Y11 + Yao)As, Xa101 = —(¥y1 + Yp) AL,
— _ J— J— *
X112 = X211 = YA X121 = X111 = —Yii g,
— — _ _ %
X012 = X120 = Yo Ay, Xo01 = X120 = Y A7,

If Yy # Yy, then the additional conditions X,;.; =0
guarantee that a basis exists in which m3, = As = Ag =
/\7 = 0

If Y,; <0, then X,;.; =0 automatically, and we
consider instead:

Xab_ca_l = ZEtlé)Zg?)Zeb_fa_l - Z(elé)ziflj)zaécf' (50)

The analysis is nearly identical as for X above with the
replacements Y — A+ Ay and Yy — Ay, + A4
Assuming A; # A, in a basis where A; = — A4, the con-
ditions X ,;.; = O guarantee that a basis exists in which
m}, = As = A¢ = A; = 0. Finally, at the exceptional
point of parameter space where Y| = Y5, Y1, =0, A| =
Ay and Ay = — Ag, we know it is possible to transform to a
basis where Ay = A; = 0. However, in general A5 # O,
and we have found no additional covariant condition that
requires As = 0 in the same basis.

C. Explicit and spontaneous CP violation

The full power of the U(2) invariants emerges when one
studies CP-violating theories. Thus, the question naturally
arises: What are the invariant conditions that determine
whether the theory is CP conserving or CP violating?
These conditions are the analogs of the Jarlskog invariant
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conditions for CP violation [16] in the mixing of the quark
generations. We first consider conditions such that the
Higgs potential explicitly conserves CP, independently of
the value of the vacuum expectation value. In the generic
basis, the Higgs potential preserves the CP symmetry if
there exists a U(2) transformation such that the resulting
transformed parameters of the Higgs scalar potential are
real, ie., Y,;=(Y,;)" and Z,.;=(Z,.2" Using
Egs. (3) and (4), these conditions are equivalent to Y,; =
Y,z and Z ;.5 = Zyzq:- However, it may be difficult in
general to find the basis where all the Higgs potential
parameters are real or prove that such a basis does not
exist. An alternative strategy is to find U(2)-invariant
quantities constructed from Y ; and Z ;,.; that are complex
in a CP-violating theory. In an explicitly CP-conserving
theory, the existence of the real basis implies that any such
invariant is real. Hence, the nonvanishing of the imaginary
part of a potentially complex invariant would provide a test
for explicit CP violation.

We anticipate two invariants—one involving only fac-
tors of Z tensors and one involving Y and Z. To see this, we
first transform to a basis where A, = — A5 (see Sec. III A).
The relative phase between ®; and ®, can be chosen such
that Ag, A; are both real. Thus, assuming that Ag # 0, there
remain two independent phases: arg(m%z) and arg(As). We
have discovered two potentially complex invariants:

2) (2
Zal;ca_lz( ')Z( ‘)Zfdjlzzkj_‘mﬁznrhhé’

2
bf“dh ZaEcJYdEZggngb&'

(D

Using the diagrammatic rules introduced in Sec. II (see
Fig. 1), the invariants of Eq. (51) are depicted in Fig. 3.
Applying the CP transformation to the above diagrams
changes the direction of the lines. Hence, an invariant
can be complex if its diagram looks different when the
arrows are reversed. This requirement is satisfied for the
diagrams below. As a result, one can easily identify man-
ifestly real invariants, but there is no guarantee that an
invariant corresponding to a CP-asymmetric diagram is
complex.

' Q
(a) (b)

FIG. 3. Diagrams corresponding to the potentially complex
invariants of Eq. (51).
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Although we have succeeded in finding two potentially
complex invariants, it does not necessarily follow that the
Higgs potential is CP invariant if the two invariants of
Eq. (51) are real. The necessary and sufficient conditions
for an explicitly CP-invariant 2HDM potential [in terms of
U(2) invariants] have been obtained in Ref. [25], where it is
shown that in the A; = — A4 basis, both invariants of
Eq. (51) vanish if either Ay, = 0 or if A; = A,. In each of
these two cases, one must seek out a new invariant. In
Ref. [25], the two new invariants are found, and a proof is
given showing that the reality of all four (potentially com-
plex) invariants is both necessary and sufficient for an
explicitly CP-conserving Higgs potential.

If the Higgs potential is explicitly CP conserving, it is
still possible that the Higgs vacuum does not respect the CP
symmetry. This is the case of spontaneously broken CP
invariance [1]. In particular, the four potentially complex
invariants noted above are real, and the so-called “‘real
basis” exists in which all the Higgs potential parameters
are real. In this basis the Higgs vacuum expectation value
has a phase determined by the real Higgs potential parame-
ters [see Eq. (A7)]. The existence of this complex phase is
not necessarily a signal for spontaneous CP violation. One
must prove that this phase cannot be removed by a further
change of basis (subject to the condition that the Higgs
potential parameters remain real). Appendix C provides an
example (first discussed in Ref. [26]) of a CP-conserving
2HDM in which the complex phase of the vacuum expec-
tation value appears in the “real basis.” In Ref. [25], the
explicit transformation between the two real bases that
removes the complex phase is exhibited.

Thus, it would be useful to find a set of invariant con-
ditions to establish the existence or nonexistence of spon-
taneous CP violation. Having first proved that the Higgs
potential explicitly conserves CP (using the invariant con-
ditions of Ref. [25]), one can prove or rule out the existence
of spontaneous CP violation by employing three invariants
first obtained in Ref. [19]."" We prove below that the Higgs
sector'? conserves CP if and only if 1, I, and I; are real,
where

—L21 = Tr(vyzW), (52)

0L = (VY)pa(VY)ieZ jear (53)

""We prefer to express the CP invariants in terms of the Y,;,
Z 5cq and v, following the work of Ref. [15]. However, only
two of the three invariants were explicitly given in this reference.

°In this context, the Higgs sector includes the Higgs
Lagrangian and its coupling to the gauge bosons via the cova-
riant derivative in the Higgs kinetic energy term. If the Higgs-
fermion Yukawa interactions are also included, then additional
CP-odd invariants based on invariants that involve both Higgs
potential parameters and the Higgs-fermion Yukawa coupling
matrices must be considered [15].
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L2l = (VZ),0Viel 20 Z g + Y,aZD1 (54)

The factors of v? have been introduced in Egs. (52)—(54)
so that the I; are dimensionless. Note that 7, I, and /5 are
invariants with respect to the full U(2) Higgs flavor
symmetry.

We may employ the scalar potential minimum condi-
tions [Eq. (8)] to eliminate Y in the expressions for Iy, I,
and I5:

I, = (Z(I)V)dedEZal;cJ’ (55)

12 = Vab‘VdEth,Vrl—,Zbég,;ZCfp;ZMfa, (56)

Iy = (VZ")ya Vel 28 Zogoq — 220V 5eZogz) - (5T)

The invariants above are most easily evaluated in the Higgs
basis [Eq. (27)]. Using Eq. (B10), we end up with

Im I, = Im[Z¢Z5], Im 1, = Im[ZZ7],

(58)
Im I3 = Im[Z%(Zs + Z7)].

The necessary and sufficient conditions for a CP-
invariant scalar Higgs potential and a CP-conserving
Higgs vacuum are Im/; =Im/, =Iml; = 0. In fact,
there is at most two independent relative phases among
I, I, and I5. However, there are cases where two of the
threel 3invariants are real and only one has an imaginary
part:

Im 11 = Im13 =0 if Z7 = _ZG’ (60)
ImlL=Iml =0 ifZs =0, 61)

which shows that one must check all three invariants before
determining whether the Higgs sector is CP invariant.'*

If I, I, and I5 are real, one can always perform a phase
rotation H, — e’ H, such that the resulting Higgs basis
couplings are all real for some choice of . [Note that the
Higgs basis squared-mass parameter, M3, is then automati-
cally real by virtue of Eq. (A25).] The Higgs sector is then
manifestly CP conserving. Conversely, if the Higgs sector
is CP conserving, then some basis must exist in which the
Higgs potential parameters and the Higgs field vacuum
expectation values are simultaneously real. Thus, the in-
variant quantities I, I, and I; must be real.

3If Z, = 0, then ImI; = Im (I, — Iy) = 0.

YIf Y,; =0 then I, = I, = 0. More generally, if Y, ; * 8,
then Y3 = 0. Consequently, Eq. (31) implies that Zg = 0, and I3
is the only potentially complex invariant.
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IV. CP-INVARIANT 2HDM BOSONIC COUPLINGS
IN TERMS OF INVARIANT PARAMETERS

The phenomenology of the two-Higgs doublet model
depends in detail on the various couplings of the Higgs
bosons to gauge bosons, Higgs bosons and fermions [4].
We assume that the Higgs sector is CP conserving, so we
can work in a basis in which the vacuum expectation values
are both real and non-negative, and all the parameters of
the scalar potential are real. In this case, it is sufficient to
consider SO(2) rotations among different basis choices;
hence, there is no need to distinguish unbarred and barred
indices, and we drop the bars in what follows. Moreover,
within this set of “real”” basis choices, the Higgs basis is
unique. Thus, Eq. (B10) implies that the SO(2) invariants,
Y; and Z;, coincide with the Higgs potential parameters in
the Higgs basis (M3, M2,, M2, and the A;, introduced in
Appendix A).

Since CP is conserved by assumption, there is no mixing
between the CP-even Higgs bosons, /& and H, and the CP-
odd Higgs boson, A. In an arbitrary real basis, we define the
angle « such that

h=—(2Re®) — v))s, + (vV2Re DY — v,)c,, ©2)
H= (V2Re ®) — v))c, + (V2Re ®) — v,)s,.

For a basis-independent description, we define the unit

vector:
~_ [ Ca
n= <sa ) (63)

Then, the two basis-independent quantities associated with
the CP-even mass eigenstates are
Aa0, = cos(B — a) = cg_q
a%a B—a (64)

€y U = sin(B — a) = sg_,.
Thus, the angle 8 — «a represents the direction of the CP-

even Higgs mass eigenstates relative to the Higgs basis.
That is,

h=¢@Ysin(B — a) + ¢5cos(B — a), (65)

H = ¢Ycos(B — a) — ¢Jsin(B — a), (66)

where ¢9 and ¢ are defined in Eq. (A11). Henceforth, we
will continue to use the notation sg_, and cg—, for the
basis-independent quantities [Eq. (64)] despite the fact that
B and « are separately basis dependent.

In the Higgs basis, the CP-even squared-mass matrix
takes on a rather simple form:

2 _ A1U2 A6U2
M <A6U2 mi + A5U2 >) (67)
where
mi = m%,: - %UZ(AS - A4)) (68)
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and mé: is given by Eq. (A26). After diagonalization of
M2, one determines the CP-even Higgs squared masses:

m%{,h = E[mi + UZ(AI + A5)

= + (As — AP +4A20Y] (69

and the angle 8 — « can be determined from the following
results:

_ _ 2A6U2
tan[2(8 — a)] = 2+ (hs — A (70)
. _2A6U2
H h

From these expressions one can derive numerous relations
among the squared masses, invariant coupling parameters
A, As and Ag, and B — « [21,24].

The Higgs couplings to gauge bosons follow from gauge
invariance. The properties of the three-point and four-point
Higgs boson-vector boson couplings are conveniently sum-
marized by listing the couplings that are proportional to
either sin(8 — «a) or cos(B — a), and the couplings that are
independent of 8 — « [4]:

cos(B — a) sin(B — a) angle-independent
HWtW~ hWtwW-

HZ7Z hZZ

ZAh ZAH ZH*H ,yH H™ (72)
W=H*h W H*H W=H*A
ZW=H*h ZW*H"H ZW=H*A
yWEHTh yWEHTH yWEHTA

VV¢o, VVAA, VVH H™

where ¢ = h or H and VV =W*™W~, ZZ, Zy or yy.
Indeed, the Higgs boson-vector boson couplings are basis
independent.

The three-point and four-point Higgs self-couplings are
more complicated. Nevertheless, it is clear that one can
express these couplings in terms of sg_,, cg—, and the
invariant coupling parameters, A,;. The simplest way to
obtain the Higgs self-couplings is to work in the Higgs
basis, using Egs. (A11), (65), and (66). For example,

8hhh = —3U[A1S%_a + A345s3,ac%_a
+3A6Cp-ashoq + Arch_,]) (73)

Ehhhh = _3[A1S“[‘3—a + AZC%—a + 2A345C%_a8%_a
+ 4A6Cﬁfas%—a + 4A7C?3—as,3*01]’ (74)

where Ass = A3 + Ay + As. A complete list of the tri-
linear and quartic Higgs couplings in terms of the invariant
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coupling parameters
Ref. [24]."

One can generalize the analysis of this section by relax-
ing the requirement that the Higgs vacuum expectation
values are positive. That is, we consider the set of all basis
choices related by O(2) rotations. In this case, two possible
Higgs bases exist, since one may perform the transforma-
tion Hy — H,, H, — —H,. Under this transformation,
M2, A, A; and B — «a all change sign (whereas all other
Higgs potential parameters are left unchanged). This is not
surprising since all the SO(2) invariants that change sign
involve an odd number of €,, symbols in their definitions.
We shall use the term pseudoinvariant to refer to an SO(2)
invariant that changes sign under an O(2) transformation
with determinant equal to —1. In addition, we note that
Egs. (62) and (A10) imply that the physical Higgs fields are
related to the Higgs basis fields by

and B8 —a can be found in

h=(V2ReH) — v)sg_o + V2Re HYcp_,,

75

H = (V2ReH) — v)cg_, — V2Re Hsp_,, 7

H* = H; and A= +2ImHY. Thus, under H, — H|,
H, — —H,, the fields h, H* and A change sign and H is
unchanged. One can now check that Eqs. (68)—(74) are
indeed invariant with respect to O(2) transformations, so
that physical results do not depend on the choice of basis.

V. YUKAWA COUPLINGS OF THE 2HDM IN
TERMS OF INVARIANT PARAMETERS

The Higgs couplings to fermions are model dependent.
The most general structure for the Higgs-fermion Yukawa
couplings, often referred to as the type-III model [13], is
given in the generic basis by

—Ly = 0} ®n{"°U} + Q) © 97D} + Q) Dy U
+ QY D,1Y°DY + Hee, (76)
where @, , are the Higgs doublets, o, = io,®%, 0V is the
weak isospin quark doublet, and U%, D% are weak isospin
quark singlets. [The right and left-handed fermion fields
are defined by: g, = Pg i, where Pg; = %(1 * ys).]
Here, 0%, U%, D% denote the interaction basis states, which
are vectors in the quark flavor space, and
77?’0, ng’o, 7711)’0, n?’o are matrices in quark flavor space.
Clearly, these four matrices are basis-dependent quantities.
We have omitted the leptonic couplings in Eq. (76); these
follow the same pattern as the down-type quark couplings.
In some models, not all the terms in Eq. (76) are present
at tree-level [11]. In a type-I model, there exists a basis

5To make contact with the notation of Ref. [24], we define A =
Al’ )\V EAAQ, /\T = A3 + A4 - AS, )‘F = A5 - A4, /\A =
Al - AS’ = _A() and AU = _A7.
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where ng,o = n?’o =0."In a type-II model, nfj’o =
775 0= 0. The vanishing of certain tree-level Higgs-
fermion couplings can be enforced by a discrete symmetry.
For example, if Lagrangian is invariant under ®; — +®,,
¥, — —d, in some basis, then by demanding additional
discrete symmetries of a similar type for the quark fields,
one can preserve either the type-I or type-II Higgs-fermion
couplings (depending on the precise choice of discrete
symmetries) while eliminating the other possible terms in
Eq. (76). Another well-known example is the MSSM Higgs
sector, which exhibits a type-II Higgs-fermion coupling
pattern that is enforced by supersymmetry.

For type-I and type-II Higgs-fermion couplings, there is
a natural basis choice that is imposed, either by the discrete
symmetry or supersymmetry. In this case, tan3 becomes a
meaningful parameter. However, in the more general type-
IIT model, there is no distinguished basis, and once again
tanB is meaningless. To demonstrate this fact more explic-
itly, we now proceed to write out the type-III Higgs-quark
interactions in a basis-independent manner. Our strategy is
to rewrite the Higgs-fermion interaction [Eq. (76)] in the
Higgs basis and identify the quark masses. As in Sec. IV,
we assume that the Higgs potential is CP conserving so that
we can work in a class of bases related by SO(2) trans-
formations. Thus, the basis-independent quantities consid-
ered in this section are invariant with respect to S02)."
However, we shall allow the Higgs-fermion couplings to be
complex (and hence CP violating). Using Eq. (A10),

—Ly = 0YH, kVUY% + QVH kPODY + QY H,pU U
+ QYH,p”°DY + H.c.,

(77)

where H; = io,H} and
K00 = Py + mP s, (78)
p0 ==+ 05, (79)

for Q = U or D. It is easy to see that k2% and p?° are
basis-independent quantities. First, we introduce the vector
(in Higgs flavor space) of matrix quantities: 12° =

'°A type-I model can also be defined as a model in which
77?‘0 = n?'o = 0 in some basis. Clearly, the two definitions are
equivalent, since the difference in the two conditions is simply
an interchange of ®; and @, which can be viewed as a change of
basis.

7 As noted at the end of Sec. IV, one can extend the class of
basis transformations to O(2). In this case, one should distin-
guish between true O(2) invariants and pseudoinvariants that
change sign under an O(2) transformation with determinant —1.
In particular, B8 — @ and p? [Eq. (84)] are pseudoinvariants.
However as previously noted, the physical Higgs fields H=, A
and £ all change sign under the transformation H; — H{, H, —
—H, of Higgs basis fields. Therefore, the physical Higgs-
fermion couplings given in Eq. (87) are invariant with respect
to the full O(2) group of basis transformations.
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(771Q’0, nQQ‘O). Then, Egs. (78) and (79) are equivalent to

K0 = ¢ - 120, pP0 =1p. 2o, (80)

where the dot products have the usual meaning: v - n¢° =
9,m2°% and W - 720 = €,,0,12°. Clearly, k20 and p2°
are SO(2)-invariant quantities.

The fermion mass eigenstates are related to the interac-

tion eigenstates by biunitary transformations:
PLU = VgPLUO, PRU = VgPRUO, (81)
PLD = V?PLDO, PRD = VIQPRDO,

and the Cabibbo-Kobayashi-Maskawa matrix is defined as
K =VvUvP . It is also convenient to define “rotated”
coupling matrices:

WV v
p! = Vip"OVi,
= VEMPVEL k= VRV

— D
PP = VPpPOVE,

Note that ¢ and p? (Q = U, D) are also invariants, since‘
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if we define 72 = (9, #9), then

ke =1v-n° pl =W 9l (84)

The quark mass terms are identified by replacing the
scalar fields with their vacuum expectation values. The
unitary matrices VY, VP, V¥ and VE are then chosen so
that «x? and kV are diagonal with real non-negative entries.
The resulting quark mass matrices are then diagonal:

v v
My =—kP, M, = —kU. 85)
D \/E U \/i (

In this analysis, we have assumed that the Higgs poten-
tial is CP conserving, in which case we may take v =
(cosB, sinB). By construction, the < are real diagonal
matrices. Equation (84) then implies that

Im n¢ = — tanBIm n%, (86)

and Im p@ = Im %/ cosB. Typically, p€ is nondiagonal.
Thus, in the most general case, p? and pY are independent
complex nondiagonal matrices.

Finally, from Eq. (77), we obtain the Higgs-quark cou-
plings after making use of Egs. (A11), (65), and (66). The
end result is

1 v 1=
—L,= ;D[MDSB_Q + —2(PDPR + pDTPL)CB—ai|Dh + ;DMDJ’SDGO

7

NG

1_r
+—-D MDC,B*Q_
v -

1
v V2

V2

v

Once again, we observe that the Higgs interactions are
determined by basis-independent quantities (in this case,
the quark masses, pY, p? and B — «). Indeed, Eq. (87)

(pPPy+ pPtPL)s-o |DH +—=D(pP Py = pPtP)DA

75

+=T| Mysg_q +i2(pUPR +pUTP)cp o |UR —ﬁUMDyS UGY

1 v i —
+-U| Mycgo——=(p"Pr+p"1P)sg UH_—ZU(PUPR_PUTPL)UA

\/_
[
m 1 .
8heg = fsﬂ_a + E(Sq +iysP,)Cp— g (88)
my

exhibits both flavor-changing Higgs-mediated neutral cur-
rents and CP-violating Higgs-fermion couplings (even
though we assumed a CP-conserving Higgs potential, or
equivalently the absence of tree-level mixing between the
CP-odd A and the CP-even h and H)."®

For simplicity, we now focus on the case of one quark/
lepton generation. Then, the Higgs-quark interaction pro-
duces the following Feynman rules of the form —igy s,

"®In principle, this requires a fine-tuning of tree-level parame-
ters. If Im p@ # 0, then one-loop effects will generate infinite
corrections to CP-violating parameters of the Higgs potential
(which are eliminated by renormalization of the Higgs potential
parameters). The more general treatment in the case of a tree-
level CP-violating Higgs potential will be addressed in a separate
publication.

1 .
—CB,D{ - ﬁ(Sq + l’)/SPq)s,B*O(J (89)

1

BAui = \/-2‘(1Su’}/5 - Pu)’ (90)
1.
8rdd = E(l&n’s —P,), ©On

1
8H*di = E[PD(I + ¥s) — pUH(1 = ys)], (92)
where

S, =Rep?, P, =1Imp<, (93)
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and —igp+4; corresponds to the rule in which d, i and H*
are pointed into the vertex. As noted above, if Im p2 # 0,
then the Higgs-fermion couplings are CP violating.

The results of Eqgs. (87)—(92) apply to the most general
type-111 2HDM. To study the Higgs-fermion interactions in
type-I and type-II models, it is useful to have a basis-
independent characterization of these two special patterns
of Higgs couplings. This is formulated as follows:'®

[NV P> — InY - pP1> =0, type-I, (94)

nY-nP =0, type-IL 95)
To verify Eqs. (94) and (95), simply note that these equa-
tions correspond to the definitions of the type-I and type-II
Higgs-fermion couplings in the special basis (i.e., for the
particular value of ) in which two of the four Higgs-quark
couplings of Eq. (76) vanish. Since Eqgs. (94) and (95) are
basis-independent conditions, they must be true if they are
satisfied in one particular basis. Moreover, in both type-I
and type-II models, the p€ are real. This is most easily
proven in the special basis by using Eq. (86) to show that
the »¢ must be real.

The type-I and type-II model conditions can be enforced
by applying an appropriate discrete symmetry that distin-
guishes between ®; and @, [10-12]. Consequently, tan3
is promoted to a physical parameter, and thus can be
expressed in terms of invariant quantities. For example,
in a type-II model, 8 corresponds to the basis in which
nY = 12 = 0. Using Eq. (84), one obtains two different
equations for tang:

)
<

- K
b == (96)

For these two definitions to be consistent, the following
equation must be satisfied:

kYkP + pUpP = 0. 97

But, Eq. (97) is equivalent to the type-II condition given in
Eq. (95). Moreover, using Egs. (85) and (96), it follows that

2 2
pD — \/—md tanﬁ, pU — \/—mu
v v

cotp. (98)

Inserting this result into Eq. (87) [or Egs. (88)—(92)] yields
the well-known Feynman rules for the type-II Higgs-quark
interactions. In deriving these results, the following trigo-
nometric identities are particularly useful:

“The type-I condition can be written as |nY X nP|2 =0,
where X corresponds to the cross-product. Since the Higgs
flavor space is only two dimensional, only one component of
the cross-product exists. Nevertheless, it is tempting to write the
type-I condition as ¥ X P = 0.
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sina
- = S.B_a’ - tanﬁcﬁ_a,
cosf3 (99)
cosa
= sg_, T cotBcsz_,,
sin,B B—a B B—a
cosa
cosf = Cpg_q T tanBsg_,,
. (100)
sina
—— = Cgq — COtBSg_4.
sinf3

A similar analysis can be given for models of type-I.

The analysis above makes clear that tanf is a physical
parameter in models of type-I and type-II, but is not mean-
ingful in models of type-III. Nevertheless, it does suggest a
strategy in the type-III CP-conserving case.”’ Namely, one
can introduce three tanS-like parameters:

D U
__P _kK
tanﬂd = KD s tanﬁu = p—U, (101)
and a third parameter tan8, = — p/«f corresponding to

the Higgs-lepton interaction. The meaning of these
tanB-like parameters is clear. For example, consider the
case of up-type quark couplings to Higgs bosons of a type-
Il model. In the Higgs basis, both QYH kU and
Y H,pV U interaction terms are allowed. But, clearly
there exists some basis (i.e., some rotation by angle 3,
from the Higgs basis) for which only one of the two up-
type quark Yukawa couplings is nonvanishing. This defines
the physical angle 3,, which is given in Eq. (101).?' The
angles B, B, and B, are physical parameters of the model,
and in the general type-III model there would be no reason
for these parameters to be equal in value. However, in a
type-II model, one would indeed find that tanf, =
tanB, = tanfB, = tanB. In some cases, the Higgs sector
is close to type-1I. For example, the MSSM Higgs sector
exhibits type-II couplings at tree-level, but all possible
Higgs-fermion couplings appear at one-loop due to
supersymmetry-breaking effects. In this case, the Higgs-
fermion coupling is close to type-II, with differences
among the three tanf-like parameters introduced above
generated by supersymmetry-breaking effects in loops
corrections.

*OThe p? are complex if CP-violating Higgs-fermion couplings
are present, in which case the tanB-like parameters of Eq. (101)
would be complex. We shall treat the more general CP-violating
case elsewhere.

2! Actually, there is a twofold ambiguity in the definition of
tanf corresponding to whether one identifies the Higgs boson
that does not couple to the up-type quark as ®; or ®,. The
definition given in Eq. (101) corresponds to the former case. In
the latter case, one would define tan8, = —pY/kY. Said an-
other way, suppose there exists some basis, corresponding to a
rotation by an angle B, from the Higgs basis, for which one of
the two up-type quark Yukawa couplings vanishes. Then a
rotation from the Higgs basis by B, — 7/2 will likewise yield
one vanishing up-type quark Yukawa coupling.
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We can illustrate the last point in a very simple model
approximation. In the MSSM at large tanB (and super-
symmetric masses significantly larger than my), the effec-
tive Lagrangian that describes the coupling of the Higgs
bosons to the third-generation quarks is given by

— Loy = hy (@, ®1)bg + h (G Py)tx

+ Ahy(g, ®,)bg + He., (102)

where g, = (1, d;). The term proportional to Ah, is
generated at one-loop due to supersymmetry-breaking ef-
fects.?” The tree-level relation between m;, and h;, is modi-
fied [27]:

hyv
my, = % cosB(1 + Ay),
where A, = (Ahy/h;,) tanB. That is, A, is tan8 enhanced,
and governs the leading one-loop correction to the physical
Higgs couplings to third-generation quarks. In typical
models at large tan8, A, can be of order 0.1 or larger
and of either sign.”
In the approximation scheme above, Eq. (84) yields
kY =~ h,sinB, pY = h,cosB, and

(103)

kP =~ h,cosB(1 + A), (104)
A
pP = —n, sinﬁ(l + —Zb) ~ —h, sinf. (105)
tan- 3
It follows that
t
tanB, = I j_nib, tanB, =~ tanp. (106)

Thus, supersymmetry-breaking loop effects can yield ob-
servable differences between tan 8-like parameters that are
defined in terms of basis-independent quantities.

Finally, we briefly consider the multigeneration model.
The type-IIl Higgs-quark interactions have already been
given in Eq. (87). Consider a type-II Higgs-quark interac-
tion, defined by the matrix equations ¥ = 52 = 0. From
Eq. (84), it follows that the following two matrix equations
must be satisfied:

ItanB = —pP(kP)~' = kY (p")7", (107)

where [ is the identity matrix in quark flavor space. Again,
these equations are consistent because nY - n? = 0. Thus,
using Eq. (85),

) 2
pD — —\/—MD tanB’ pU = £MU tanﬂ, (108)
v v

22One—loop corrections to h, and h, and an effective
(supersymmetry-breaking) operator Ah,q; @1z yield subdomi-
nant effects at large tan8 and will therefore be neglected here.

23Explicit expressions for A, in terms of supersymmetric
masses and parameters, and references to the original literature
can be found in Ref. [5].
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where M, and M, are the diagonal quark mass matrices
(implying that p? and pY are also diagonal real matrices).
We again conclude that tanf is a meaningful parameter.
The analysis for type-I models proceeds in a similar man-
ner. However, the construction of tan3-like parameters in
the general type-IIl model is far more complicated. In
particular, although the «€¢ are diagonal, the p< are com-
plex nondiagonal matrices in the general case. Thus, it does
not seem very useful to define tanB-like parameters by
considering the nondiagonal matrices «Y(pY)"! and
—pP(kP)~!. Fortunately, in most models, the third-
generation Yukawa couplings dominate, and one may de-
fine tan B-like parameters based solely on the consideration
of third-generation fermion couplings.

VI. SUMMARY

The scalar Lagrangian of the two-Higgs-doublet model
(2HDM) retains the same functional form under 2 X 2
unitary transformations among the two Higgs doublets. It
is useful to understand the effect of these (unphysical)
transformations on the Higgs potential parameters that
govern the theory. These U(2) transformations can be
thought of as generalized rotations among different bases
of Higgs fields. The choice of basis is of course arbitrary.

In practice, one often chooses a basis in terms of vectors
that arise naturally in the theory. For example, in the Higgs
basis, the vacuum expectation value v, of the neutral Higgs
fields points along the direction (in Higgs flavor space) of
one of the two Higgs doublets. If one defines V,; = v, v},
then the Higgs basis corresponds to the orthonormal eigen-
values of V ;. In a CP-conserving theory, the CP-even
Higgs squared-mass matrix is a 2 X 2 matrix whose ortho-
normal eigenvalues can be used to define the physical mass
basis. The matrix of squared masses, Y5, which appears in
the Higgs Lagrangian, can also be used to define a basis in
which the off-diagonal term Y;, = 0. When fermions are
coupled to the Higgs sector, discrete symmetries are often
imposed in order to guarantee the absence of flavor-
changing neutral currents. These discrete symmetries are
defined in a particular basis, which can be related to the
structure of the Higgs-fermion interactions.

Although certain choices of basis may be physically
motivated, any underlying assumption (e.g., the existence
of a discrete symmetry, CP invariance, etc.) must be ex-
perimentally tested. Thus, it is especially useful to analyze
Higgs physics of the 2HDM independently of the choice of
basis. Starting from an arbitrary (generic) basis, one can
define invariant quantities—combinations of the Higgs
potential parameters that are scalars with respect to U(2)
transformations in the flavor space of the two Higgs dou-
blets. Invariant descriptions of discrete symmetries and CP
symmetry can be used in principle to test for these sym-
metries. In addition, any physical Higgs sector observable
(masses and couplings) can be expressed in terms of the
U(2) invariants. In this paper, the relation of these observ-
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ables to invariants has been obtained under the assumption
that the Higgs scalar potential is CP invariant. In this latter
case, it is sufficient to consider restricted O(2) invariant
quantities. In a subsequent publication, we will generalize
the analysis given in Secs. IV and V in order to treat the
Higgs couplings in a model with a CP-violating 2HDM
scalar potential.

In the most general 2HDM, the ratio of the two vacuum
expectation values, tanf3, is an unphysical basis-dependent
quantity. Typically, tan8 acquires meaning when the
Higgs-fermion interaction is formulated, since discrete
symmetries or supersymmetry must be imposed in order
to avoid flavor-changing neutral currents in conflict with
experiment. Nevertheless, these symmetries are typically
broken symmetries, so within the effective theory of Higgs
interactions, tan3 again loses its meaning. In this paper, we
have advocated replacing tan with parameters that are
more directly physical —invariant combinations of Higgs-
fermion Yukawa couplings. Once again, by focusing on
U(2)-invariant quantities, one is led to a powerful and
flexible formalism that is ideally suited for general phe-
nomenological and theoretical studies of the two-Higgs-
doublet model.

ACKNOWLEDGMENTS

This work was supported in part by the U.S. Department
of Energy and the U.K. Particle Physics and Astronomy
Research Council. We are grateful for many illuminating
discussions with Jack Gunion. We have also benefited from
conversations with Maria Krawczyk and Ilya Ginzburg.
H.E.H. would like to express his gratitude to W.J.
Stirling and the particle theory group in Durham for their
warm hospitality during a three month sabbatical in
January—March 2003 where this project was conceived.

Note added. —After this work was completed, a paper of
Branco, Rebelo and Silva-Marcos [33] appeared that em-
phasizes the techniques of invariants and addresses some of
the issues considered in this paper.

APPENDIX A: BASIS CHOICES FOR THE
TWO-HIGGS DOUBLET MODEL

In this appendix, we review the most general two-Higgs-
doublet extension of the standard model [4,14,24]. Let ®,
and ®, denote two complex ¥ = 1, SU(2), doublet scalar
fields. The most general gauge invariant scalar potential is
given by
V= m} @10, + md,dld, — [m3,®dTd, + He]

+ 30 (@ @) + 10, (R] D) + A5(D] D)) (@] D)
+ A(RTD)(@I D)) + {As(P D)

+ [A(@TD)) + A(@I D) D, + He),  (AD)

where m?,, m3,, and Ay, ..., A, are real parameters. In
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general, m3,, As, Ag and A, are complex. The scalar fields
will develop nonzero vacuum expectation values if the
Hermitian mass matrix ml-zi has at least one negative eigen-
value. We assume that the parameters of the scalar poten-
tial are chosen such that the minimum of the scalar
potential respects the U(1)gy gauge symmetry [28].
Then, the scalar field vacuum expectations values are of
the form>*

(@) :%<31 >, (®,) :%<v206i§

where v; and v, are real and non-negative, 0 = ¢ <27
and

), (A2)

4 2
v? =02 + 02 = W = (246 GeV)?.
g

(A3)
The corresponding potential minimum conditions are
m3, = miye'ty — %vz[/\lc% + (A3 + A + )\5e2i§)s%

+ (2A6€™ + Age €)sgcp + )\7s%3tﬁei§] (A4)

m3, = (mhe€) 15! — [ Aosh + (A3 + Ay + Ae 26)c},

+ Apchtgle T + (e + 205e )spcp) (A
where
sg =sinf = 2, cg =cosB = ﬂ’
v v (A6)

()

tg=t =—,

g = tanf v,

and 0 = B = 7/2 (since by assumption, v, v, = 0).
Since m}, and m3, are both real, the imaginary part of
either Eq. (A4) or Eq. (AS5) yields one independent equa-

tion:
Im (m},e’) = Jv2[Im(Ase*¢)sgcp + Im()\6e"§)cf3

+ Im(/\7ei§)s%]. (A7)
Equation (A7) can be used to determine £.

Of the original eight scalar degrees of freedom, three
Goldstone bosons (G* and G°) are absorbed (“‘eaten’’) by
the W= and Z. These states are easily identified:

= = cosBD; + e ¢ sinBds, (A8)

G® = V2[cosBIm @Y + sinBIm(e €DY]  (A9)

In writing all the expressions above, we have implicitly
chosen a basis in the space of ®;-®,. We shall refer to this
basis choice as the generic basis. One particular basis

**In writing Eq. (A2), we have used a global SU(2), rotation to
put the nonzero vacuum expectation values in the lower compo-
nent of the doublet, and a global hypercharge U(1) rotation to
eliminate the phase of v.
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choice is especially useful. This is the so-called Higgs
basis of Ref. [15] (whose significance was also emphasized
in Refs. [9,19,22,23]) in which only the neutral component
of one of the two Higgs doublets (e.g., PY) possesses a
vacuum expectation value. This requirement is not suffi-
cient to uniquely define the Higgs basis. In particular, there
is a set of U(1)y X U(1) transformations of the scalar fields
preserving the conditions: [(®/°)] = v/+/2 and (DY) = 0,
where the @/ are the scalar fields in the basis where 8 = 0
[6]. U(1)y is the global hypercharge transformation, and is
a symmetry of the Lagrangian, unlike the SU(2) transfor-
mations in Higgs flavor space which transform the parame-
ters of the Higgs potential. The second U(l) is the
subgroup of the SU(2) in Higgs flavor space, correspond-
ing to @) — XD} and P, — ¢~ XP|. Thus, there is a
family of Higgs bases, parametrized by y.> Let us denote
the two Higgs doublets in the Higgs basis by H; and H,.
Then, the relation between these scalar doublet fields and
the scalar fields in the original basis is given by

e XH, = ®, cosB + e ¥d, sinp,

) ) (A10)
eXH, = —e'¢®, sinf + d, cosp.
One then obtains
) G*
e WH = (%(v + ¢f +iGY) )
(A11)

. H*
iXg, — o
e'XH, (%(@84‘&4))

where ¢, ¢ are CP-even neutral Higgs fields, A is a CP-
odd neutral Higgs field, and H™" is the physical charged
Higgs boson. If the Higgs sector is CP violating, then ¢,
¢9, and A all mix to produce three physical neutral Higgs
states of indefinite CP. If CP is conserved, then A is the
physical CP-odd Higgs scalar and ¢! and ¢} mix to
produce two physical neutral CP-even Higgs states i and
H. We examine the CP-conserving case in more detail in
Sec. IV.

In the Higgs basis, the corresponding values of
Ay, ..., A; can be easily computed by reexpressing @,
and @, in terms of H; and H, [Eq. (A10)] and inserting
the result into Eq. (A1). The end result is

V=M HH +M3,HIH,— [M?,H H, +H.c.]
+ LA (HTH )2 + LA, (H] Hy)? + A3 (HTH) ) (HS H)
+ Ay(H Hy)(HYH)) + $As(HT H,)?
+[A6(HTH) + A(HIH)JHTH, + Hee),  (A12)

where
The range of y can be taken to be 0 = y = 7, since the

transformation y — y + 7 can be compensated by a U(1)y
rotation.
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M3, = m3 ch + m3,s3 — Re(miye®)syp, (A13)
M3, = m%lsé + m%zc% + Re(m3,e')s,p, (A14)
e 1 )
M3,e€720 = E(m%l — m},)s25 + Re(m?ye')cap
+ ilm(m?,e). (A15)
and
A1 = /\162 + /\2S2 + %A345S%B
+ 2s5plcp Re(Ase®) + s3Re(A7€€)],  (A16)
A2 == /\15% + /\zC% + %A345S%ﬂ
— 2s5pls Re(Age®) + cpRe(A7€)],  (A17)
A= %S%B[)‘l + A = 2A35] + A3
- SZBCZ,B Re[()\6 - /\7)€i§], (Alg)
Ay = lesgg[)\l + Ay = 2A55] + Ay
- S2BC2.B Re[()l6 - /\7)€i§], (A19)
A5€2i(§72X) = %S%IB[)L] + )\2 - 2).345] + RC(/\5€2i§)
+ l.C2‘B Im(/\5€2i§)
— S250C2p Re[(Ag — )l7)€i§]
— isypIm[(Ag — A7)ed)], (A20)

Aéei(E*Z)() = _%SQIB[/\IC% - )\28'23 - /\345C2,3 - iIm(/\5eZi§)]
+ CpC3p Re(/\6eif) + SpS3p Re()t7eif)

+icpIm(Age’®) + ispIm(Aze%), (A21)

A7 €720 = —L5y o[ Ay 5% — Aacy + Aguscap + iIm(Ase4)]
+ sBsze()\Ge’E) + CBC3IBR6()\7€i§)

+ is%3 Im(Age’®) + ic% Im(A;e¢), (A22)

where
)\345 = /\3 + /\4 + Re()\5€2i§). (A23)

The inversion of Egs. (A13)—(A15) and Egs. (A16)—(A22)
is simply obtained by making the replacements M;; < m3,,
A; = A, B— —Band £ = £ — 2y. Note that the Higgs
basis corresponds to the choice 8 = 0, independently of
the value of £. The effect of nonuniqueness of the Higgs
basis, which is parametrized by y, is also easily discerned.
Starting from the Higgs basis with y = 0, one can trans-
form to the Higgs basis with arbitrary y by the phase
redefinitions

Hl — eiXH] and H2 — €7iXH2. (A24)
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As a result of this transformation, the complex parameters
of the scalar potential in the Higgs basis are transformed by
a phase rotation: M?,, Ag, A7 — e*X[M3,, Ag, A7], and
As — e*XAs.

Finally, the scalar potential minimum conditions in
Higgs basis are independent of y:

M3 = —IA V2, M3, = A6 (A25)
Note that the equation for M2, is a complex equation that
holds both for the real and imaginary parts. The value of
M3, is not constrained by the scalar potential minimum
conditions. One can show that M3, is directly related to the

physical charged Higgs boson squared mass:

ml. = M2, + lo?A,, (A26)
where H* = —¢/¢ sinB®] + cosP5 is the state or-

thogonal to the charged Goldstone boson [Eq. (A8)]. The
requirement that m?,. = 0 places a constraint on M3, and
A5 since we have assumed that electromagnetism is not
spontaneously broken.

We can now count the number of independent parame-
ters that govern the most general 2HDM. After imposing
the scalar potential minimum conditions in the Higgs basis,
there are 12 parameters: M7, [which determines the value
of v =246 GeV [see Eq. (A25)]], M%z, four real cou-
plings A, ..., A4 and three complex couplings As, Ag
and A;. However, the nonuniqueness of the Higgs basis
implies that only the relative phases of the these complex
parameters are physical. That is, of the 12 independent
parameters that characterize the Higgs basis, one degree of
freedom can be removed by the phase redefinitions given
by Eq. (A24), leaving only eleven physical degrees of
freedom [23].

To see that this result is consistent with the parameter
counting in the generic basis, we first note that without loss
of generality, we can choose a basis in which m?, = 0. In
this case, cos?2 8 becomes a physical parameter as noted at
the end of Sec. II. Moreover, we can make an additional
phase rotation ®, — ¢’¢®, such that the two neutral scalar
vacuum expectation values are real. The minimum condi-
tions [Egs. (A4) and (A5)] fix the values of m?, and m3,,
leaving 12 parameters: v, v,, the real couplings A, ..., A4
and the complex couplings As, Ag and A;. But, in the basis
where m2, = 0, the imaginary part of the minimum con-
ditions [Eq. (A7)] implies one relation among Im A5, ImAg
and Im A,. Thus, we again end up with eleven independent
parameters, as expected. We may also obtain the same
result by employing an elegant technique advocated in
Refs. [29,30]. In the generic basis, the scalar Higgs poten-
tial consists of six real and four complex parameters. If the
Higgs potential is set to zero, the scalar Lagrangian pos-
sesses a U(2) global symmetry corresponding to arbitrary
U(2) transformations in the “flavor” space of Higgs dou-
blets {®,, ®,}. In particular, note that U(2) = SU(2) X
U(1)y, where the SU(2) is a global flavor symmetry not
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to be confused with the gauged SU(2), of the standard
model. When the Higgs potential is restored, the scalar
Lagrangian is no longer invariant under the SU(2) global
flavor transformations. That is, the effect of the flavor-
SU(2) transformations is to transform the Higgs potential
parameters. However, we are always free to redefine the
scalar fields by the flavor-SU(2) transformation. A general
SU(2) transformation is determined by three parameters.
Thus, three of the 14 Higgs potential parameters can be
transformed away (or set to zero) by an appropriate flavor-
SU(2) redefinition of the two scalar doublet fields. This
leaves eleven physical degrees of freedom, again confirm-
ing our previous counting.

APPENDIX B: INVARIANTS BY EXPLICIT
CONSTRUCTION OF EIGENVECTORS

In this appendix, we explicitly construct eigenvectors of
the Hermitian matrix V,; = 0,9} [where ¥ is the unit
vector of Higgs vacuum expectation values defined in
Eq. (7)], and contract them with the Higgs potential pa-
rameter tensors (Y and Z) to obtain index-free “‘objects.”
By carefully considering the phase transformations on the
eigenvectors, we will see that some of our objects are
invariants with respect to U(2), and some pick up phases
under U(2) transformations. The latter set can be combined
into the invariants of Sec. II.

Consider the two orthonormal eigenvectors of V:

b =em| P
a sﬁe’f ’

X N i _SBe—if
W, = —€,U; = e - ,
B

with the inverse relation 0% = €, ;w,. In Egs. (7) and (A2),
a global U(1)y rotation has been employed to eliminate the
overall phase factor ¢/ in 9. However, it will sometimes be
convenient to use the more general forms given in Eq. (B1).

Given a generic basis and the corresponding form for 7,
we can transform to another basis by redefining the scalar
fields via ®/, = U_;®,. The most general U(2) transfor-
mation is given by

(BI)

. it
_ iy e‘y.cose e ’ sinf B2

U=e <—€l§ sinf e~ 7 cosh ) (B2)

where 0=0=m/2, and O=sy=nmw and

0 = ¢, ¢ <2a.%° The subgroup of U(1), global hyper-
charge rotations corresponds to freezing the values of 6,
v and £, and the subgroup of the flavor-SU(2) transforma-

25Note that for fixed 6, U does not change when ¢, vy, { —
a + [, y, {]. Thus, we have chosen to restrict y to lie between
0 and 7 (other choices are possible). If ¥ = 0, then Eq. (B2)
provides a parametrization of SU(2)/Z,. In this case, the full
SU(2) group manifold can be covered by extending the range of
yto0=1vy<2m.
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tions corresponds to freezing the value of . Starting from
the generic basis, we first make a U(1)y transformation to
set n = 0 in Eq. (B1). Then, we may employ the flavor-
SU(2) transformation given by ¢ =0,y = x, { =& — x
and 6 = B to rotate from the generic basis to the Higgs
basis as specified by Eq. (A10). Applying this form of U to
v and w [Eq. (B1) with p = 0] yields the corresponding
results in the Higgs basis: & = (e'X, 0) and w = (0, e~ ).
The parameter y reflects the nonuniqueness in the defini-
tion of the Higgs basis, as discussed in Appendix A.

We now turn to the task of constructing U(2)-invariant
(scalar) combinations of Higgs potential parameters. We
shall also construct objects that are invariant with respect
to the flavor-SU(2) transformations, but not necessarily
invariant with respect to the full U(2) group. These objects
are useful, but they do not correspond directly to physical
quantities.

We may combine the tensors Y;, Z,;.q> Va» U3, W, and
W3 to create scalar quantities by summing over pairs of
indices (following the rule that the summed index pairs
must contain one unbarred and one barred index). A U(2)
transformation can be written as U = ¢ U with detU = 1.
With respect to the flavor-SU(2), both © and W transform
covariantly:*’ 9, — Uaz;ﬁb then W, — Ual;wb. With re-
spect to U(1)y, © inherits the transformation law of ®,,.
Hence with respect to U(2) transformations, v, — U ;7.
In contrast,

W, — (detU)~'U ;W (B3)
That is, ¥ and W transform oppositely with respect to U(1)y
as expected.

It is now straightforward to construct index-free objects
that are linear in the Higgs potential parameters. We obtain
three squared-mass invariants:

Y, =Y,;050),

J— Ak A —_ Ak A
Y, = YaEW&Wb’ Y; = Yan&Wbr

(B4)
and seven coupling invariants:
PN _ A A
Z) = ZyjeqVaVp 004, Zy = ZypeqWaWpWeWaWy,
(B5)
_ At A A A _ Nt A A
Z3 = Zal;c&vavbwéwdr Z4 = Zal;a;’wavbvéwd’ (B6)
_ Ak A A A
ZS = Zab_cc?vﬁwbvzwd’ (B7)
_ n A A A
Zs = ZyjpeqVaVpVeWa, (B8)
— A% A ALK A
Z7 = Zal;cz?vdwbwéwd- (B9)

?The fact that W transforms covariantly under SU(2) trans-
formations, U, is a consequence of the well-known identity
among Pauli matrices: 0G0, = G*. This identity can be used
to prove the relation €, UI}; = U _;€pe-
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Noting the transformation law for w [Eq. (B3)], it then
follows that the real quantities Yy, Y5, Z;,34 are U(2)
invariants, whereas the complex quantities Y3 and Zs ¢
are only flavor-SU(2) invariants. However, from the four
complex flavor-SU(2) invariants, we can construct seven
real U(2)-invariant quantities: the magnitudes |Y;| and
|Zs6], and three relative phases: arg(Y3Z%), arg(Y;Z;)
and arg(Y3Z3;). Thus, we have recovered the 13 U(2)-
invariant quantities given in Egs. (14)—(23). Imposing the
scalar potential minimum conditions [Egs. (30) and (31)]
reduces the number of physical degrees of freedom to
eleven as expected.

Let us first evaluate Eqgs. (B4)—(B9) in the Higgs basis
where ¥ = (e'X,0) and w = (0, e~ X). By inspection, one
obtains

Y, = M7, Y, = M%zr Y; = _M%zeizix’
Zi = Ai (l = 1, .. .,4), Z5 = A5€74i/\/, (BIO)
Zﬁ = A(,eizi’\/, Z7 = A7€72i’\/.

The appearance of the y-dependent phases in the ex-
pressions for the complex invariants in Eq. (B10) is ex-
pected. As noted below Eq. (A24), if one transforms from
the Higgs basis with y = 0 to a Higgs basis with arbitrary
X then M%Z’ A6’ A7 — €2iX[M%2, AG’ A7], and A5 g
e*X As. But, this is precisely what is needed to ensure
that Y53 and Zs¢; are invariant with respect to the flavor-
SU(2) transformation U, = diag(e'X, e X). One can also
evaluate Egs. (B4)—(B9) in the generic basis where v and w
are given by Eq. (B1) with » = 0. The result of this
computation simply reproduces the results of
Egs. (A13)—(A22).

Using Eqgs. (2) and (4), one can show that Eqs. (B4)—
(B9) exhaust all possible independent invariants that are
linear in the Higgs potential parameters. For example, by

inserting w, = —€,, 0}, into Eqs. (B4)—(B6), one finds
Y, + Y, ="TrY, (B11)
_ 7(2) «
Zl + Z3 Zal;vl—lvb, (B12)
Z,+ 2, = ZWviv, (B13)
Z,+ 7y +22y =TrZ?, (B14)
Z,+ 7, +27Z, =TrZW, (B15)

which demonstrates that Zgi viv, and Tr Z® (k = 1,2) are
not independent invariants. Note that the latter two invari-
ant quantities are independent of the vacuum expectation
values, and thus correspond to combinations of the Higgs
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self-couplings that are invariant under an arbitrary change
of basis.”® Furthermore, €;;€,4Z,;.; = Tri[Z® — 2] =
A3 — A4 is not independent from the invariants of
Eqs. (B14) and (B15).%

If we restrict our considerations to a CP-conserving
theory, where all scalar coupling parameters may be taken
real and basis changes are restricted to those related by
O(2) transformations, then the distinction between barred
and unbarred indices becomes irrelevant. In this case, one
more independent invariant arises that is linear in the
couplings: Z,,,, = A; + Ay + 25, with respect to any
real basis choice.

Likewise, one can also construct additional invariants
involving higher powers of the mass terms Y and the
couplings Z. For example, 2 X 2 matrices satisfy

detY = le,0€,:Y,;V.q =3[(TrY)? = TrY?].  (B16)
This yields the (invariant) determinant. One can also con-
struct invariants that depend on inverse powers of Y [since
Y ! transforms the same way as Y under U(2)]. However,
according to the Cayley-Hamilton theorem, all matrices
satisfy their characteristic equations [31]. Consequently,
(detY)[Y~'],; = (TrY)8,; — Y,;. Thus, it is sufficient to
consider invariants constructed out of positive powers of Y.
One can define a number of different inverses for Z de-
pending on how one sums over the repeated indices.
Nevertheless, a similar conclusion holds and one can re-
strict considerations to invariants involving positive
powers of Z.

As a final application of these techniques, we briefly
discuss the Z, discrete symmetry ®; — +&b;, &, —
—®,, which implies that m?, = A\, = A; = 0 in some
basis. In Sec. IIIB, we have exhibited U(2)-invariant
(basis-independent) conditions in terms of commutators
of Higgs potential coupling second-rank tensors that imply
the existence of a basis where the Z, discrete symmetry is
manifest. Here, we provide another method for construct-
ing U(2)-invariant conditions. In this method, we introduce
the two orthonormal eigenvectors of Y,;,, which we shall
denote by y and Z. It is convenient to define Z, = —¢€

since 2,95 = 0. It then follows that

*
abyg’

Y5932 = 0. (B17)

That is, m?, =0 in any basis where $ = (e’*», 0). The

BThat is, TrZ® =Z,5 = A + A, + 23 and Trz0) =
Z spa = A1+ Ay + 274, with respect to any basis choice.

Once can also define X, = €.,Z,;,;. However, employing
this tensor does not lead to any genuinely new invariants. One
can easily verify that X, = (A3 — A4)€,;,, Which we recognize
as an SU(2)-invariant tensor.

Note that Egs. (A16)—(A18) and (A18)—(A20) yield the
relation A + A, +2Re(A5e26720) = A, + A, +2Re(Ase%€).
However, one cannot extract from this result a quantity that is
invariant under the most general flavor-SU(2) and U(2)
transformations.
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freedom to vary 0 = y, = 7 corresponds to the simple
fact that if m3, = 0 in some basis ®,, then m3, = 0 is also
zero in the rotated basis (Up),;P,, where Up =
diag(e'*», e~x»). Equation (B17) also implies that $ and 2
transform covariantly with respect to the flavor-SU(2). To
derive this result, we write U = ¢/*U as before, where
detU = 1. Using the U(2) transformation law satisfied by
Y ;. it follows that § and Z transform as y — U9 and 2 —
U 2. The behavior of §, and 2, under U(1)y transforma-
tions is arbitrary.?' Independently of the behavior of $ and
Zunder U(1)y, Eq. (B17) is a U(2)-invariant equation since
any overall phase of 3%, simply drops out of the equation.

Equation (B17) can be used to derive the value of
cos?2B, where ¥ = (cp, sge’) in the eigenbasis of Y
(i.e., the basis where Y is diagonal). In this basis, we
may take $ = (1,0) and Z = (0, 1). Transforming to the
Higgs basis [Eq. (Al0)], one finds that J =
(eXcp, —e6™Xsp), 2= (e € Xsg e Xcp) and D =
(e'x,0). Thus, evaluating Eq. (B17) in the Higgs basis,
we obtain

(Y22 - YII)SBC,B == leei(f_z)()cé - Yikze_i(f_z’()s%.
(B18)

However, Eq. (A15) implies that Y;,e"¢ =2 is real. Thus,
we may write Yj,e/é~2Y) = +|y,,|, where the choice of
sign reflects two possible transformations from the eigen-
basis of Y to the Higgs basis (which differ by the inter-
change of @, and ®, in the eigenbasis of Y).
Consequently, Eq. (B18) implies that

2 _ 2
C;_ﬁ _ (¥ Y;z) , (B19)
528 4Y ]
which is equivalent to the result previously given for
cos?23 [see Eq. (34)] evaluated in the Higgs basis.

The basis-independent conditions for the ®; — +d,,
o, — —d, discrete symmetry are given by

Zal;az),}zj} ﬁszd =0, (B20)

Zabcdzazbzzyd = 0. (le)

As above, any overall phase redefinitions of § and Z have
no effect on Egs. (B20) and (B21), which ensures that these
are U(2)-invariant conditions.

One can use these results to obtain conditions that
depend only on invariant combinations of Higgs potential
parameters. As above, our strategy is to evaluate
Egs. (B20) and (B21) in the Higgs basis. The outcome of
this computation is two independent relations among in-
variant combinations of Higgs basis parameters. The de-

*Since Y,; is invariant with respect to U(1)y, the eigenvalue
equations that defines y and Z are unchanged. The orthonormal
eigenvectors are always defined only up to an arbitrary phase.
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tails are not very illuminating, so we omit them here. One
can check that evaluating the commutator conditions given
in Sec. III B in the Higgs basis produces equivalent results.

Suppose that in the basis where the discrete symmetry
O — +P, &, — —d, is manifest, one also has A5 = 0.
Then, the discrete symmetry is promoted to a global U(1)
Peccei-Quinn symmetry corresponding to ®; — ¢/*®,,
®, — ¢ ®*®,. This symmetry is spontaneously broken
by the scalar field vacuum expectation values.
Consequently, the (tree-level) mass of the CP-odd Higgs
scalar (which is to be identified with the axion [32]) must
vanish. The basis-independent conditions for the existence
of the Peccei-Quinn symmetry are given by Eqs. (B17)—
(B21) supplemented by a fourth condition:
Again, we may evaluate Eq. (B22) in the Higgs basis.
Combining this result with the corresponding relations
obtained from Eqs. (B17)—(B21), it is possible to prove
[using Eqs. (A26) and (68)] that my = 0, which identifies
A as the axion.

APPENDIX C: DISCOVERING A DISCRETE
SYMMETRY

In Ref. [26], a 2HDM is presented that possesses a
permutation symmetry in which the scalar Lagrangian is
invariant under the interchange of @, and @, in the generic
basis. As a result of the permutation symmetry, it follows
that*?

AL =2y,

) — )
my; = ms,, and A; = A,

(ChH
with m?, and As real.

In this model, we shall verify that the commutator con-
ditions [Egs. (39) and (40)] of Sec. IIIB are satisfied,
thereby ““discovering” that this model respects the discrete
symmetry @} — @} and @) — — P/, in some new basis

%2The authors of Ref. [26] assume in addition that Ag s real,
although this is not required by the permutation symmetry.
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@', Inserting Eq. (C1) into the definitions of Y, ZW and
Z" one can check that the two diagonal elements of each
of the three matrices are equal. Similarly, the two off-
diagonal elements of each of the three matrices are equal.
All 2 X 2 matrices with these properties commute. Thus,
Egs. (39) and (40) are verified.

Although the invariant conditions provide a powerful
method for analysis, this particular model is simple enough
for pedestrian methods. In particular, starting from the ®
basis that respects the ®; «— ®, permutation symmetry,
one may employ Eq. (B2) to transform to a new ®’ basis.
Then, the new basis respects the | — @}, ), — —P)
discrete symmetry if § = /4 and { + y = 0. One can
now check that for ¢ = 0, the &’ basis corresponds to the
Higgs basis, while for ¢ # 0 and A4 real, the &’ basis is
related to the Higgs basis by a rotation of 8 = £/2or 8 =
(m = &)/2.

Having identified the Z, discrete symmetry, it follows
that the model is CP conserving. This conclusion is less
transparent in the original basis [where Eq. (C1) is satis-
fied]. Consider that one solution to the scalar potential
minimum conditions [Egs. (A4) and (A5)] is B8 = 7/4.
By subtracting the two minimum conditions, one finds that

[m3, — Jv?(As cosé + Ag)]siné = 0. (C2)
Two cases can be examined. If Im A¢ # 0, then the only
solution to Eq. (C2) is & = 0(mod 77). If Ag4 is real, then a
second solution for ¢ exists, cos§ = (2m3, —
Asv?)/(Asv?), which implies that the vacuum expectation
value has a nontrivial complex phase. In this case, one
might naively assume that CP is spontaneously broken, but
Ref. [26] shows that this is a false conclusion.

It is noteworthy that, in first case above, Aq was complex
in a basis where all other scalar potential parameters and
the vacuum expectation value are real and, in the second
case above, the vacuum expectation values exhibited a
relative phase in a basis where all Higgs potential parame-
ters are real. Nevertheless, it is straightforward to check
that in both cases, the three CP-odd invariants 7, I, and I5
[Eq. (58)] are real. Indeed a 2HDM model that respects a
permutation symmetry ®; < @, is explicitly CP conserv-
ing, and CP is not spontaneously broken by the vacuum.
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