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B-meson distribution amplitudes of geometric twist versus dynamical twist
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Two- and three-particle distribution amplitudes of heavy pseudoscalar mesons of well-defined geo-
metric twist are introduced. They are obtained from appropriately parametrized vacuum-to-meson matrix
elements by applying those twist projectors which determine the enclosed light-cone operators of definite
geometric twist and, in addition, observing the heavy quark constraint. Comparing these distribution
amplitudes with the conventional ones of dynamical twist we derive relations between them, partially
being of Wandzura-Wilczek type; also sum rules of Burkhardt-Cottingham type are derived. The
derivation is performed for the (double) Mellin moments and then resummed to the nonlocal distribution
amplitudes. Furthermore, a parametrization of vacuum-to-meson matrix elements for nonlocal operators
off the light cone in terms of distribution amplitudes accompanying independent kinematical structures is

derived.
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L. INTRODUCTION

Exclusive nonleptonic decays of B mesons play a crucial
role for our understanding of rare flavor-changing pro-
cesses and the exploration of the mechanism of CP viola-
tion within the standard model. Thereby, of special interest
are hadronic two-body decays, either via B — D transition,
e.g., B— Da(DK), or with two very energetic light me-
sons in the final state, e.g., B — 7rw(K 7). While the weak
interaction part of these processes is fairly well understood,
their strong interaction dynamics is quite nontrivial.
However, some simplifications are possible due to the
strong ordering of the three fundamental scales: the weak
interaction scale My, the b quark mass m;,, and the QCD
scale Aqgcp. Because m;, > Aqcp the heavy quark effec-
tive theory (HQET) [1,2] (for a review, see, Refs. [3]) may
be applied and, furthermore, the strong interaction effects
with virtualities above m; may be included into the renor-
malized coefficients of local operators O; of the weak
effective Hamiltonian.

In order to compute the (renormalized) matrix elements
(M, M,|O;|B), at least in leading order of Agcp/m,, some
factorization [4] into perturbatively calculable short-
distance contributions and appropriate long-distance
contributions has to be applied—either using the QCD
factorization approach [5—7], the more effective soft col-
linear effective theory approach [8,9], or the pQCD ap-
proach [10]. For example, according to [5] that matrix
element in case of two light mesons can be represented
by hard scattering amplitudes T, (BM) form factors F' fM as

well as light (®,,) and heavy (P ) meson light-cone (LC)
distribution amplitudes (DA), e.g.,
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(M M| 01B) = 3 F™ (m3) ﬁ L duT! () Dy, ()

+ fl dé du dvTH (&, u, v)Pg(€)
0

X @y, (V) Py, (1), (1.1)

assuming M, to pick up the spectator quark from the B
meson; obviously, no long-distance interaction takes place
between M, and the (BM,) system.

In the case of light (pseudo)scalar and vector mesons the
light-cone distribution amplitudes (LCDAs) are well
known for leading and next-to-leading twist for bilocal
(quark-antiquark) as well as trilocal (quark-gluon-
antiquark) operators for the 77 meson [11,12] and the p
meson [13,14]—also considering the Wandzura-Wilczek
(WW) relation. In case of B mesons they have been deter-
mined in the framework of HQET [6,15,16] also discussing
in detail the WW approximation [17,18]; the case of the D
meson is easily obtained, at least in leading order, by
observing the spin-flavor symmetry of HQET. Fur-
thermore, with the aim of a better understanding of the
scale dependence of LCDA—and of the hard scattering
kernel—in the factorization procedure the knowledge of
their renormalization behavior is required. In the case of
the leading LCDA @ this has been studied recently [19]
(see also [20,21]).

In the limit of infinite heavy quark masses (mgy — ),
the heavy quark field Q(x) reduces to an effective field
h,(x) with the kinematics contained in a phase factor (v

being the heavy meson’s velocity, v = 1),
O(x) — e I, (x). (1.2)

Moreover, the effective heavy quark field 4, (x) obeys the
on-shell constraint,

Yh, = h,, (1.3)
and the effective Lagrangian Lop = SN AVi(wD)nY is
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independent of the spin or mass of the heavy quark and
exhibits, therefore, the U(2N,,) spin-flavor symmetry (N,
is the number of contributing heavy flavors). Of course, the
on-shell constraint reduces the number of independent
heavy meson DAs in comparision with light mesons.

In accordance with the definition of usual meson LCDAs
[11] but additionally respecting the on-shell constraint
(1.3), the B-meson LCDAs arise by parametrizing matrix
elements of appropriate nonlocal LC operators O; which
are built up by quark and antiquark fields—occasionally
containing also gluons and/or quark-antiquark pairs—
sandwiched between vacuum (0| and B-meson state
|B(v)) of momentum P = Mwv. For simplicity, everywhere
adopting the light-cone gauge, the (2-particle) LCDAs are
introduced as

(01g () )Ly (k2 %) B(v)) = Kp(P, x)

1 . -
Xf € @ g(£)eikI—RIGPIE,
-1
(1.4)

where I" denotes some generic Dirac structure

I'={1,¥a. 1044 V5 V5V 1¥50,5} With
; (1.5)
Oap = E[Ya’ ‘y,B]r

and % =x+ v(y/(vx)? — x> — (vx)), ¥ =0 defines
some light ray being related to x by a fixed nonnull
subsidiary four-vector which may be identified with the
B meson’s velocity. Obviously, assuming Schwinger-Fock
LC gauge, the path ordered phase factor U(k X, koX) =
Pexpi—ig [ o dTXHA .(7%)} may be omitted. Further-
more, the matrix element (1.4) is parametrized by a kine-
matic factor Kt and the Fourier transform of the DA
@p(€) with respect to variable ¥P; K depends on the
momentum P of the (pseudoscalar) meson and LC coor-
dinate X of the nonlocal operator as well as on the generic
Dirac structure I'. Explicit forms for K will be introduced
in Sec. II. Everywhere, possible color indices in operator
matrix elements will be suppressed. The restriction of the
integration range results from the fact that, in the frame-
work of nonlocal LC expansion [22] by using the
a-parameter representation of Feynman diagrams, such
nonforward matrix elements of LC operators can be shown
to be entire analytic functions in the variable ¥P [23,24].
Additionally, due to the (anti)symmetry of the relevant
QCD operators Or(x,%, k,X) with respect to exchange
K| < K, the integration range may be restricted to 0 =
¢ = 1. Analogous definitions hold in the case of trilocal
operators including, e.g., the gluon field strength F,, (k)
at arbitrary intermediate points k € [k, k.
Conventionally, LCDAs are characterized by their dy-
namical twist which, roughly speaking, counts powers of
M/ Q for the various terms in the kinematic decomposition
of the matrix elements of nonlocal QCD operators [25].
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Alternatively, using group theoretical arguments, the origi-
nal definition of twist [26] for local QCD operators, 7 =
dimension d— (Lorentz) spin j, has been generalized to the
notion of geometric twist for nonlocal QCD tensor opera-
tors on the light cone [27-29] as well as off the light cone
[30,31]. The decomposition of such tensor operators into
operators of definite geometric twist leads to correspond-
ing decompositions of the LCDAs [24,32] and to their
power (or target mass) corrections [33]. Concerning phe-
nomenological aspects the notion of dynamical twist is
favored. But, from a quantum field theoretical point of
view, geometrical twist seems to be more appropriate since
it has an invariant group theoretical meaning and, there-
fore, LC operators of definite twist 7 may show simpler
mixing behavior under renormalization.

Both definitions of twist, despite of being different for
higher twist, coincide at leading twist. However, by com-
paring equivalent kinematical structures, it has been shown
for distribution functions in deep inelastic scattering and of
LCDAs for light mesons, especially for 7 and p mesons,
that there exist unique relationships between the distribu-
tions of geometrical twist and the usual ones of dynamical
twist. To be more specific, let us generically denote the

distributions of definite geometric twist 7 by goET)(n) and
the ones of dynamical twist ¢ by d)?(f). Then the distri-
butions of given dynamical twist ¢ are uniquely determined

by that set of distributions of geometric twist 7 with 7,;, =
T = t and vice versa:

B(€) = > fdnK}(f, ne! (1),

(1.6)

T

ePm =Y j dEK (. )V (&),

=Imin

with some invertible kernel K ;(f, 1), Where frin = Tmin. In

fact, the relations between both kinds of distributions are of
triangular shape and, therefore, the corresponding set of
equations can be solved with respect to either basis.
Solving the distributions of dynamical twist with respect
to those of geometric twist allows to derive the well-known
WW relations together with additional WW-like relations
[32]; corresponding relations have been derived for the
(light) meson LCDAs [34] and, later on, called geometrical
WW relations [35]. Using in addition the equations of
motion, a different set of WW-like relations for the
LCDAs—especially for the vector meson case—appeared
[14]; they should be called dynamical WW relations. This
situation has been discussed in more detail in Refs. [35].
In the case of heavy meson LCDAs the situation suffers
from the on-shell constraint of HQET. First, the number of
independent LCDAs is reduced. They have been deter-
mined already by Grozin and Neubert [15] and discussed
further by various authors [6,16—18], also considering the
WW relation within the dynamical twist approach. Second,
concerning renormalization, they show some pecularities
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which have been studied in more detail in the case of
leading B-meson LCDA in Refs. [19]. Also regarding
this it seems to be of interest to consider the geometric
twist approach, too, and to find how these two approaches
are related. The results of such a comparison, mainly based
on Ref. [36], will be presented here.

The paper is organized as follows: In Sec. II we briefly
repeat the derivation of the nonlocal two- and three-particle
LCDAs of dynamical twist by using the trace formalism
according to Refs. [6,17,20]; in addition, in order to be able
to compare with the corresponding LCDAs of geometric
twist, their local forms are given as Mellin moments. A
consistent parametrization of the relevant matrix elements
which is not restricted to the light cone is given in
Appendix A. In Sec. III we determine the local two- and
three-particle LCDAs of geometrical twist by applying the
local projection operators (restricted to its light-cone form)
onto the matrix elements of the corresponding nonlocal LC
operators. In order not to be confused by the on-shell
constraint and obstacles of renormalization, they are de-
rived for the general case also applying to light (pseudo)-
scalar mesons. The corresponding projection operators are
well known from earlier work up to tensor operators of
second rank [31,32]; their local form is given in
Appendix B. In Sec. IV the relations between the LCDAs
of definite dynamical and geometrical twist are given, first,
for their local form and then for their nonlocal form.
Thereby, we also derive the relations between LCDAs
of definite geometric twist resulting from the on-shell
constraint. Most of the calculations are performed using
FORM [37].

II. DISTRIBUTION AMPLITUDES OF
DYNAMICAL TWIST

To begin with we briefly review the conventional repre-
sentation of vacuum-to-meson matrix elements of bilocal
and trilocal light-cone operators for B mesons in the heavy
quark limit by LCDAs of dynamical twist times corre-
sponding kinematic structures. Hereby we follow the co-
variant trace formalism [2]. These LCDAs are Fourier
transformed and converted into their Mellin moments.

In the trace formalism the vacuum-to-meson transition
by a generic quark-antiquark operator with a single heavy
quark is parametrized in terms of two-particle LCDAs
., (vx) as follows [6,17]:

|

O EF 05 Thy O = 22 ]

— i, Wy (05 9) — T, X, (5 D) + % P (v 19))}.
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(01g@Th, (0)Bw)) = — L ;M Tr{%r%(cimwz)
—i i vX) — i vXx
Top @ w0 — b @ol)}

(2.1

where, as usual, the B meson decay constant is defined by
(013(0)y,vsh,(0)|B(v)) = ifyMv,, and M is the mass of
the B meson. Computing these traces for the various Dirac
structures I" one obtains:

01g(®)ys5h, (0)|B(v)) = —ifBM%[ﬁu +d_] (2

013(E)ysYah, (0|B)) = —ifBM<va<i>+

sl - d) @y
Ol ysiosh, O1B0) = ifsh (D, — &)

(2.4)

with arguments vX omitted. The parametrization of the
matrix element (0|g(%)io,gh,(0)|B(v)) is obtained simply
by observing the relation i,z = (—1/2)€yp,)Ysio™*,
whereas the matrix elements (0|g(%)io,gh,(0)|B(v)) and
(0]3(x)h,(0)| B(v)) vanish. Here, and in the following, we
use the notation

a[ab,B]: = (aabﬂ - aﬁba)/Z,

2.5)
abg): = (a,bg + agh,)/2.

These DAs are normalized by &, (0) =1 [15]. As
Grozin and Neubert also state, in the limit of fast-moving
mesons, (i)+ is of leading (dynamical) twist while d_is
subleading. When the matrix element (2.3) is considered it
becomes obvious that v, is related to leading twist while
X,/ (vx) should correspond to 1/Q and therefore is related
to subleading twist.

Equivalently, the vacuum-to-meson matrix element con-
taining a trilocal quark-antiquark-gluon operator is pa-
rametrized in terms of four three-particle LCDAs
W, (v 9), Uy (vs; 9), X, (vi; D), and ¥, (vE; 9) with 9
being restricted to 0 =< ¢ = 1 as follows [17,20]:

1+y

YSFT<(UMZ - (Ui)')’,u,)[\i,A — Wy ](wz; 9)

WD) (2.6)

Again, computing these traces for the Dirac structures I' (arguments vX and ¢ omitted) one obtains:

OIg(RVF ., (905 ysh, (0)|B(v)) = —if M5, [X4 — V4]

2.7)
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<O|Q(X)FMV(&X)XV’VS’}/ahv(O)|B(U)> = ifBM{(v,u,ia - (sz)g,u,oz)\i,A - Uajz;LXA

<0|q()?)Fﬂy(ﬁi)xV'}/Sla-aﬁhv(O)|B(U)> = 21fBM{g,u[aiB]\IAIV

01g(®)F ., (ID)X"y o, (0)| B(v)) =

Again, the parametrization of the matrix element
(0|g(X)F ,,(9%)%"i0 4 gh, (0)|B(v)) follows trivially from
Eq. (29), and (0|g(X)F,,(9%)x"h,(0)|B(v)) vanishes.
Accordmg to the above 1ntr0duced conventions, \I’A, ‘I’V,
and X, are of leading (dynamical) twist, whereas ¥, is of
subleading twist.

An independent derivation of the just introduced para-
metizations, but not restricted to the light cone, is presented
in Appendix A. In this more general case the matrix
elements depend on three leading DAs, X; — X, X,, and
)24, and three subleading ones, ?2, Y 4, and )?5 (cf.
Equation (A19)). There it is also shown, that off the light
cone \ifA and \ifv contain also subleading contributions,
and ®_ contains subleading contributions already on the
light cone.

Later on, to obtain relations between DAs of dynamical
and geometric twist, the DAs have to be Fourier trans-
formed and, thereafter, be converted into Mellin moments.
Because of the parton interpretation of the DAs, their
singularities in the complex (vX) plane are such that their
Fourier transforms ®-(u) vanish for u <0 [15,17]; to-
gether with the general support restriction this results in
0 = u = 1 for the DAs.

For LCDAs which are related to bilocal operators their
Fourier transforms and the corresponding Mellin moments
read

b, (vi) = j;)l du e PP, (y) = Z

n=0

(— 1Px)

(D+|n,

@2.11)
|

01g(X)ysh, (0)|B(v)) = —ifpM Z

01g(X)ysyahy,(0)B(v)) = —if M Z
n=0

(01g(2)ysioaph, (0)1B()) = ifsM Z
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7 )

. X, X

(2.8)

X, “ . . N ~
- %x[avB]YA + (v,u,v[axﬁ] + (vx)g,u,[avﬁ])[\pA - \I,V]]"

(vX)
(2.9)
— fEM € v T Ty (2.10)
[
1
CDi|n=f duu"®d.(u) with
0 (2.12)

®. o = 0 (normalization).

In case of trilocal operators two-parameter LCDAs occur
whose Fourier transforms and the corresponding double
Mellin moments read

N 1 . -
F(vx, dvx) = / Du; e+ IwIPIE(y )

‘Z

—1Px)"

F,(9), (2.13)

(2.14)

here [} Du; = [Ldu; [§du, and F(vi; &) generically
denotes any three-particle DA.
After transformation, Egs. (2.2), (2.3), and (2.4) read

IPX) 1[c1>+|,, + @] (2.15)

iPx)" Yo
7x<vaq)+|n - ﬁ[q)ﬂn - (I)*ln])’ (2.16)
”Dx) UeSBl gy — ] 2.17)

(v%)

while, the transformed equations, in case of a matrix element of a trilocal operator, read
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0lg(R)F ,, (9%)%"ysh,(0)|B(v)) = —if pMX,, Z

O1G(R)F ., (95 y57 o1, (0)|B(v)) = if gM Z

OIg(RF 1, (DT y5iT 0 ph, (0)| B(v)) = 2if sM Z
n=0

+ gﬂ[aiﬁ]\lfvln(ﬁ) -

<0|CI(X)FMV(T9X)X h (0)|B(‘U)> - _fBMe,u,aK)\v ~)\ Z

The local decompositions (2.15)—(2.21) with respect to
dynamical twist are required for comparison with those of
geometric twist in Sec. I'V.

I11. DISTRIBUTION AMPLITUDES OF
GEOMETRIC TWIST

In this section we introduce the B-meson LCDAs of
definite geometric twist. This is done in analogy to the
introduction of quark distribution functions in deep inelas-
tic scattering [28] and of p-meson LCDAs [34] in terms of
definite geometric twist. Namely, we use the decomposi-
tion of nonlocal light-cone operators Oy, with given ten-
sor structure {o} into a (finite) sum of nonlocal tensor
operators of definite twist 7,

T . T Ho'}
O =507 with 07 =P 0y, G
T
. . .. Dt _
with  appropriate  projection operators, P, =
’Pg,)}{ ”’(% d), already known from Refs. [27,31,32]
T~({2}{0’I} — (j)(T), j)g)a Q)(T)[Ol/ﬁ] :P(T)(O/,B) )’ (32)

d is the inner derivative on the light cone (see,
Appendix B). Obviously, for a given tensor structure, the

sum over these projection operators of different twist 7

defines a decomposition of unity, > ’PE:,)}{ = 8}(‘:/}}

Considering bilocal operators, the corresponding meson
LCDAs of definite geometric twist 7, generically denoted

by go(;) (1), are introduced according to Ref. [24] (cf. also
Refs. [28,34])

(o'}

01O 0IBO) = 3 Py (& &) K, %)

X [ due P D). (3.3)
0

Ciry o,
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P ) = ¥, (9] 2.18)
— (D)) Y (9) — ¥, XA|n(0)+( )YA|,,(a>}
(2.19)
0 vta + 000 W (9) — Wi (9)]
%, xEZZf ] YA|n(0)}, (2.20)
—iP x) Wy (9). 2.21)

n=0

[
Thereby ZK[Y]}(U X) is the basic kinematical structure (of

scale dimension s with respect to xd) of that matrix ele-
ment which can be read off from its parametrization with
respect to LCDAs of dynamical twist since at leading order
geometric and dynamical twist coincide by construction.
When, in accordance with (2.12), one goes over to Mellin

(7)

moments ¢ - one has to apply the corresponding local

projection operators T{(,)ﬁ,,is(i, d),

010,45 0)Bw) = ¥ Z Plyint (& ) K (v, )

(=iPX)"
8 n! Caln’

(3.4)

in case of trilocal matrix elements (0] Oy,1(%, 9%, 0)|B(v))
the moment gp(T) has to be replaced by Y(T) 2 (9).

The explicit form of the local pI‘OjeCtIOH operators is
given in Appendix B. In the following they will be applied
to the bilocal and trilocal vacuum-to-meson matrix ele-
ments for pseudoscalar mesons—at first, without applying
the heavy quark on-shell constraint. Thereby we obtain a
decomposition of these matrix elements which differs from
the decomposition in terms of dynamical twist determined
in the preceding section. Afterwards, we will resum the
Mellin moments to get the corresponding B-meson DAs.

A. Twist decomposition: local representation in terms
of Mellin moments

First, we consider the bilocal operators and introduce the
Mellin moments of the corresponding DAs of definite
geometric twist. Then, applying the local twist projectors,
in particular (B9)—(B11) in the (axial) vector case and
(B12)—(B14) in the skew-tensor case, we get the following
decomposition of the vacuum-to-meson matrix elements:

034023-5



BODO GEYER AND OLIVER WITZEL

O1a(@)ysh, O1BE) = ifyM Y Z P,

01g(®)y5Y4h, (0)|B())
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~ (e’ g1 (—iPX)" ViwXp) (r
Ola(®)5icaph, ONBW) = ifsMY. Z Plagin LBl o)

~n (= IPX) )
Pln
1Px)
ifsM Z o (3.5)
(T)Dt lP.X) r
lfBMZ Z ?aln 901(4|)n
(—iP x) @ _ _%a @ _ @
=ifpM Z {UQQDAM - 2wi) n + 1[¢A|n QDAIn]} (3.6)
n! (vX)
(—iPx)" vp X
= ifyM Z e Bl p®. 3.7)

The (pseudo)scalar case is trivial since on the light cone

always P'™ = 1. Therefore only the single LCDA g0(3 )
occurs. Obviously, in the axial vector and skew-tensor case
some LCDAs do not appear, namely, qo AI in Eq. (3.6) and
gp(Tzl) as well as go( ) in Eq. (3.7) vanish. The summation in
Eq. (3.7) begins at n = 1 since ¢(T|)0 vanishes identically
[cf. Eq. (B13)]. The matrix elements of scalar and vector
operators vanish completely, and that with io,g results
trivially from expression (3.7). As stated above, the twist
decomposition generates all linearly independent kine-
matic coefficients which are known from the previous
section, Egs. (2.2), (2.3), and (2.4) as well as Eqgs. (A36)—
(A38). Let us also remark that, apart from different nor-
malization, the leading LCDAs from (3.5), (3.6), and (3.7)

coincide with those of Ref. [6], whereby the additional
|

n! (vX)

|
contribution in (3.6) is considered to be nonleading (with
respect to dynamical twist).

Next, we consider the trilocal operators and introduce
the double Mellin moments of corresponding three-particle
LCDAs of definite geometric twist. Concerning the twist
projections, we remind that only the tensorial structure of
the operators is crucial and not if it is a bilocal or trilocal
one. The relevant projection operators are defined by (B9)—
(B11) for the (axial) vector operators, by (B12)—(B14) for
the skew-tensor operators and by (B15)—(B19) for the
symmetric tensor operators of second rank. Unfortunately,
at present no projectors for tensors of third rank, besides
totally symmetric ones, are at our disposal.

With these operators the trilocal vacuum-to-meson ma-
trix elements in case of a pseudoscalar meson read:

OIOF ., (097 sh, O1Bw) = if,MY 3 P, TV v (o) (338)
7 n=0 :
= ifpM%, Z —iP x) Y (9), (3.9)
T [¢3 P
1) F o (91557 O)B)) = —if MY Z{?{JE&M O e vY 0,9 + Y, (9]
7 n=0
(u'a’ —1Px)"
b B TP DY) () = T Y, (9) - Yﬁgln(ﬁ)])}
(3.10)
(=ip x)” c (3 @ @
lfBMZ { (VT — WD) YD) — £, 0, Y ()
S Y0 Y, 0 - VR, ) - Y, 00] G

034023-6



B-MESON DISTRIBUTION AMPLITUDES OF ...

~(u'a] (—iPX)"
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(O1g(R)F ., (9DF y o1, (0)|B()) = —fsM> Z Plualns1— 1 Ewaa?" P Y), () (3.12)
M S IPX) Y4 (9, (3.13)

Ol (997 s, O1B0) = 2if,M Y z P

Here, some remarks are in order:

First, since the field strength F,, in the trilocal operators
(3.8)—(3.14) is contracted with ¥ and, consequently, the
kinematic terms K (v, X), according to relations (2.18)—
(2.21), have scale dimension 1, the local LC projection
operators are to be taken for n + 1. Let us remind that in
Schwinger-Fock gauge %A, (%) = 0 the field strength is
related to the gauge potential, ki"F,, (k%) = —(1 +
Kd/IK)A,, (KX).

Second, although any tensor of second rank can be split
into a symmetric and an antisymmetric part, it is impos-
sible to yield an input parametrization for the matrix

element in (3.9) with only one set of LCDAs Yf:)ln(ﬁ)

associated with the symmetric and another set Y,(ATa)|n(19)
associated with the antisymmetric coefficients. The reason
is that the input parametrization has to vanish if addition-
ally contracted with ¥*. Therefore, both LCDAs interfere
for the g, term.

Third, as mentioned above, concerning expression (3.14)

we do not know the explicit structure of the projection

D (w'la")p']

operator T(,u,[oz)ﬁ]ln Furthermore, a projection operator

~ (1) (wla)B'] (—IPX)

n=1

(ula)Blin+1 (Vv g + 8 v (VD) YY), (9).
(3.14)
[
TEZ%]T,,B ! does not occur since an € structure on the right-

hand side is forbidden for pseudoscalar mesons.

Finally, looking at the expressions (3.9), (3.11), and
(3.13), we observe again that a huge number of LCDAs
of definite twist vanishes, thereby having in mind that an
additional free index u besides I" comes into play. In the

pseudoscalar case only the highest twist part Y(S ) and in

the vector case only Yijl)n occur (also here Yijl)o = 0); in the

axial vector case, despite being more complicated, only the
LCDAs Y(4| and Y(6| occur. Since the on-shell constraint

reduces the number of independent DAs by two, we sup-
pose that in the skew-tensor case only two additional
independent DAs may occur.

Independently, there occurs another possible set of tri-
local vacuum-to-meson matrix elements and their corre-
sponding LCDAs, denoted by (), which are related to the
three-particle operators G(%)F,,(9%)y*%'T'h,(0). Ac-
cording to their tensor structure they are analogously de-
fined as the bilocal ones, Eqgs. (3.5), (3.6), and (3.7).
Therefore, we note only their form in terms of Mellin
moments as follows:

1Px)

(O1g()F ., (97)y# 2 y5h, (0)|B(v)) = if M (v5) Z Q9 (), (3.15)
P)
Ol@F (9272 Y5V ah, <o>|B<v>>—1fBM<vx>z e @) 5 el o) - o)
(3.16)
OIG(RF ., (95) Y5 y5ioagh, (OIB(v)) = 2if M (v3) Z —P x) ”W‘f] o (9. (3.17)

Obviously, the matrix elements of Egs. (3.15), (3.16), and (3.17) are related to those of Egs. (3.8)—(3.14) by identities of

Dirac matrices. In particular, these relations read

OlgRF (IR YHX" y5Y o1, (0)|B(v)) = —(O0IG(R)F o, (90)X" y5h, (0)| B(v))

+ gM{0Ig(D)F , (90T 51020 hy (0)|B(v)),

01g(R)F ., (9%) Y37 y5h, ()| B(P)) = —g**(0Ig(R)F ., (ID)F" y57 21, (0)| B(v)),

(3.18)
(3.19)
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O1g(R)F ., (9%)y*X" 510451, (0)|B(v)) = (8% 28" 5

This leads to relations for the corresponding LCDAs which
allows us to express the ()’s via the Y’s. From Egs. (3.19)
and (3.20) we receive the following two relations,

Q5,3 = 3Y§ () + Y, (9), (3.21)
Q) (9) =2Y\) (9 + Y, () + YE (), (3.22)

corresponding to expressions Y, and Y, in Eq. (A42).
However, since we cannot manage the tensor of third
rank in Eq. (3 18), two further relations concerning

(3) ' (9) and Q (19) are missing.

The matrix elements containing F,,,(9%)v*x” follow
immediately from the expressions (3.8)—(3.14) by multi-
plication with v*. Regarding this we should remark that,
contrary to the expressions just derived, the corresponding
result has not the same structure as it would follow from
the bilocal operator.

B. Twist decomposition: nonlocal representation in
terms of distribution amplitudes

From the local results, we yield the corresponding non-
local representation by going back to integral expressions.
|

(01g(%)ysh,(0)|B(v)) = lfBMf du o (u)e 1%,

~)<[¢<2>—¢A>]<u> [t - 5;‘>]<w>)}ew"*,

O1G(D)ys7ahy (0)|BW)) = if sM fo 1 du[va%)(u)

<O|q(f)7510aﬂhv(0)|B(v)> = 2lfl_?]‘/[

PHYSICAL REVIEW D 72, 034023 (2005)

— 8" 58" OIGR)F 1, (9D)F” 5721, (0)| B(v))
+ier g (01G(R)F ., (905 y 11y (0)|B(v)).

(3.20)

\
The fractions in n transform thereby to a second integral

according to
1d
fduu/ W() w).  (3.23)

Moreover, we have to respect that not all summations
include the zeroth moment. Rewriting such sums by the
exponentials minus the missing moment we use the follow-
ing formula:

n—r+1

fl du(e P — 1)p(u) = fl du e_i“P’z<¢,&(u)
0 0

ﬁ?<yw)me

We thereby yield expressions all multiplied by the same
exponential which will be essential, later on, for compari-
son with the distribution amplitudes of dynamical twist.

The twist-decomposed two-particle distribution ampli-
tudes read in the nonlocal representation

(3.25)

The corresponding nonlocal twist-decomposed three-particle distribution amplitudes are given by

1 . -
OIGE)F ., (955 ysh, (O)|BW)) = if M5, ﬁ Duuy Y (uy) e+ 910Ps,

(O1G(R)F ,, (95)Z Y5 Y o, (0)| B(v)) = if sM [ Du; {(v T = €ua WD) Y w) — 3,0, Y5 ()

2( x)

_fldw

(3.26)
Ufo X 1 ldw [u .
([w?;;] ﬁ du(go(T?’)(u)—f W8<W>¢(T3)(w)>e el 3.27)
(3.28)
<[Y(4) (6) (4) + Y(G)]( )
ROVIER IV &+WWWN‘WW% (3.29)
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1 Ldw _/u . -
Ol (9927, OIBW) =~ faMeupsv s [ @u,(wy(u,.)_ [ s u2>>el<"'+1’“z>"x.

The nonlocal DAs corresponding to the tensor case (3.17)
are missing here.

Since, up to now, we did not apply the on-shell con-
straint, the results (3.25)—(3.30) can be compared to the
well-known DAs for the 7 meson [12]. Of course, up to
mass factors which we did not consider, the lowest twist
DAs coincide. However, due to the factors n/(n + 1) for
the moments of higher twist, Wandzura-Wilczek-like com-
binations and, due to missing zeroth moments analogous
combinations occur. Furthermore, as was mentioned in the
introduction, the dynamical higher twist contributions are
related to geometric twist of the same as well as lower
order.

IV. RELATIONS BETWEEN DISTRIBUTION
AMPLITUDES OF GEOMETRIC AND
DYNAMICAL TWIST

This section is devoted to exhibit the relations between
the DAs of definite dynamical twist on the one hand and of
definite geometric twist on the other hand. Thereby we get
also relations among the DAs of definite geometric twist
due to the heavy quark limit. (Of course, these relations
could have been obtained by applying the on-shell con-
straint on the expressions (3.5), (3.6), and (3.7) in the
bilocal case and (3.9), (3.11), and (3.13) in the trilocal
case as well.) By construction, both types of DAs coincide
at leading order but, in general, differ at higher order.

First, let us present these relations for the two-particle
DAs in terms of Mellin moments by comparing expres-
sions (2.15), (2.16), and (2.17) with expressions (3.5), (3.6),
and (3.7), respectively:

(D+|n = _goﬁﬁ)nr
1 B (2) 2 4.1
E(q)+|n - (I)—|n) - 2( + 1)( Aln ¢A|n)
Lo+ dp) =60, L@, — D) = o
5 +|n —|n ¢p|n 5 +n —In) — §D7~|n-
4.2)

Equations (4.1) as well as (4.2) lead to independent rela-
tions for ®.. Because of the on-shell constraint in the
heavy quark limit, the matrix elements of an axial vector
operator is related to the matrix elements of a pseudoscalar
and a tensor operator. Consequently, we find:

©)] 3)

(I)+|n - _90,(42|)” = ¢T|n €0P|n (43)

(3.30)
[
1
- _ @ 4y — ©) (©)
q)_ln - n+ l(qDAln ngDAln) (QDTln Pln)
4.4)

Because of these relations, it is sufficient to consider only
either the axial vector operator or the pseudoscalar and
skew-tensor operator without losing information about the

heavy quark Mellin moments ®.,. Also the relations

between the Mellin moments gofl)n, gofl)n, gofl)n and

(©)

@r,—as well as their dependence on ®..,—may be
read off quite simply. Especially, one finds
0=~ D, (4.5)
1
¢£\4|)n = —(I)7|n + ;((I)+|n - (I)*ln)) n=1 (4.6)
1
gofl)o S +f dulnu(d L (u) — ®_(n)),
0 4.7)

n=0.

Equation (4.5) reflects the normalization ®.y = 1 and,

with (4.3) and (4.4) we get o) = o\ = —1, o) =
Expression (4.7) is obtained by taking into account
Egs. (4.5) and (4.6) and using 1’Hospital’s rule.

By making use of Eq. (2.12), we are able to obtain the
corresponding nonlocal expressions as follows:

0. () = 02w = P — oD,  48)
O_(u) = — () - f Y D (w) — oW w))
= —(@P ) + % (w)). 4.9)

The last relation looks like a (geometric) Wandzura-
Wilczek relation but with missing nonintegrated leading-
twist term or, stated otherwise, the difference ®, — ®_ is

a pure WW-term in the difference ¢(2) - gof),
D () — D_(u) = — (o7 (w) — ()
v [ e - of

Obviously, normalization of the LCDAs corresponds to
Burkhardt-Cottingham-like sum rules:

ﬁ)l dud_(u) = j: du® (u) =1,

'(w)).  (4.10)

(4.11)
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1 1
ﬁ) dup®(u) = ﬁ dupP(w) = —1,

. 4.12)
[ ducp@(u) =0.
0

The representation of the DAs of geometric twist by those
of dynamic twist reads (omitting trivial ones),

) = 3@ TP W), @13)
W= @@= b @), @14

e =~ )+ [ (@) = @)
4.15)

Integrating both sides of (4.15) over the range 0 = u = 1
and observing (4.11) the result (4.7) is reobtained.

Now, let us present the relations between three-particle
DAs of definite dynamical and geometric twist in terms of
double Mellin moments by comparing expressions (2.18),
(2.19), and (2.21) with expressions (3.9), (3.11), and (3.13),
respectively. In case of the third order tensor structure we
have no projection operator as required in the expression
(3.14) at our disposal. Therefore we are unable to present
the full set of relations between DAs of dynamical and of
geometric twist. But, according to the definition of the DAs
of geometric twist we know at least that relation which
results from the identity, 5EZ 15%3;)8%],

operator TE:}EQ%? ], which has to be compared with the

corresponding expression in Eq. (2.20).
Thereby, we finally obtain the following relations:

of the projection

Ty, (9) = Y (9), (4.16)
Wypn(9) = Y (9) = Y0 (9 + Y3, (9, @17
Xya(9) = Yi5,(8)
_ ©) n ) @ (6)
= Y9+ 2(n + ])[YAZIn = Yo~ Y
+YP 1(9), (4.18)

Y (®) = Y

gl (D) + Yﬁi)n(ﬁ)

n @ _ @ A
[y Y Y

_ (6)
- 20n + 1) A2|n Alln A2|n + YAlln](ﬁ)'

(4.19)
Looking at Eq. (2.20) we observe that at most two relations
connecting Wy, (¢) and Y,,(9) with some higher twist

contributions Y(TTl)n(t‘}), T=5 are missing. Inverting
Egs. (4.16)—(4.19) the LCDAs of geometric twist are

PHYSICAL REVIEW D 72, 034023 (2005)

simply expressed in terms of LCDAs of dynamical twist.
Thereby, only relations (4.18) and (4.19) are nontrivial
leading in the same manner as for the inversion of relation
(4.4) to vanishing zeroth moments:

1 1
5 (Y0, (9) = Y, (9) = 5 (W1, (9) = X,1,(9)
+ 2 : ! Yau(®), n=1.
(4.20)

The nonlocal expressions are again obtained by recon-
verting the double moments to integral expressions:

Wy () = Y (uy), 4.21)
W) = Y ) = YP ) + YR (), (4.22)
Xa(w) = YO ) = Yalw) — Y (wy), (4.23)
Yalu) = YO ) + YO (u;
A(uz) Az(ul) P (ul)
_ 1w @ ©) ©)
= _E[YA2|n - YAlln - YAZIn + YA1|n](”i)
L ordw L @ ©) ©)
+ 2 j V[YAZM o YAlln - YA2|n + YAlln]
uy
X (w, uy), (4.24)

with Y4(u;) being a pure WW term. Omitting the trivial
relations, the inversions read,

SO 0) = YE) = 5 (W) = X)) + Y, )

4 / Py ), (4.25)

uy Uy
Y(f;j)(ui) = YA(Mi) - XA(ui)y (4.26)
Y(;)(Ui) = ‘I'A(ui) - \PV(ui)‘ (4.27)

In the same manner as for the bilocal case we obtain
Burkhardt-Cottingham-like sum rules,

1
f DM[YA(L”) = O,
0

! (4.28)
|| D) + Y w) =0
In addition, due to vanishing of Q(T%(ﬁ) = 2Y(‘f|)0(19) +
Yfl)lo(ﬁ) + Yffz)lo(ﬁ) and Yijl)o(ﬁ‘), we get
1 1
/ DuYP ;) = 0, f Du; 0 (u;) = 0,
0 0 (4.29)

1
ﬁ Du(Y ) + Y () = 0;
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the last relation is consistent with expressions (3.10) and
(3.11). From these relations we obtain

1 1
] Duy ¥y ;) = 0, f Dus(W4(u7) + X)) = 0.
0 0

(4.30)

Again, relations (4.28), (4.29), and (4.30) may be consid-
ered as normalization conditions of corresponding LCDAs.
Furthermore, in complete analogy to (4.7), from relation
(4.20) together with (4.28) and (4.30) we get,

1 1
3 [, DOl = )
= [1 DM{WA(MZ') + [1 Dl/li IHMIYA(MI, MQ). (431)
0 0

For the remaining LCDAs ng)(ui), Qf)(ui), and
Q;S)(u,»), because of their similarity with the bilocal
LCDAs, one gets relations analogous to Egs. (4.1)—
(4.15) with the ¢’s replaced by ()’s (at higher twist).

V. CONCLUSION

Two- and three-particle LCDAs of definite geometric
twist have been introduced and discussed in the case of B
mesons. Comparing them with the corresponding LCDAs
of dynamical twist [17] we were able to derive relations
between these different types of DAs as well as those
relations which are due to the heavy quark limit halving
the number of independent DAs. Some of these relations,
especially those for &, — ®d_ and Y, are of pure
Wandzura-Wilczek type. In addition, since some zeroth
Mellin moments vanish various sum rules of Burkhardt-
Cottingham type appeared. Concerning conventional
LCDAs, the expressions (4.11) are just the well-known
normalization conditions whereas relations (4.28) and
(4.30), to our knowledge, have not been considered in the
literature. This appears surprising since, quite similar to the
derivation of the normalizations ®., =1 from
Egs. (2.15), (2.16), and (2.17) in the limit ¥ — 0, relations
(4.28) and (4.30) could have been derived from
Egs. (2.18)—(2.21), adopting the light-cone gauge.

In principle, applying the heavy quark symmetry analo-
gous relations for heavy vector mesons could be obtained.
However, these relations would be more complicated than
those considered here. Concerning the two-particle LCDAs
they could be obtained from the already known relations
between geometric and dynamic twist for the p meson [34]
by applying the on-shell constraint.

The derivation of these new DAs makes use of projec-
tion operators onto local light-cone operators of definite
twist, sandwiched between vacuum-to-meson matrix ele-
ments. Therefore, it was necessary to work with (double)
Mellin moments and resum afterwards into nonlocal
LCDAs. The twist-decomposed three-particle LCDAs for
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third rank tensors are missing since the corresponding twist
projectors were not available.

The projection operators onto local operators of definite
twist, given here on the light cone, are also known off the
light cone [31]. This opens the possibility to consider, at
least in principle, mass corrections analogous to an earlier
study for p-meson DAs [24]. Of course, such corrections
will interfere with and, therefore, supplement the mass
expansion in HQET. Concerning B mesons such correc-
tions could be obtained, at least partly, from an earlier
consideration of 77-meson DAs by Lazar (see, Ref. [29],
page 68).

We expect that the discussion of the relations between
LCDAs of dynamic and geometric twist improves the
understanding of B mesons. In addition, since the
LCDAs of geometric twist behave reasonable under renor-
malization, this approach may help to extend the study of
renormalization properties of leading-twist LCDA & (u)
[19] also to the nonleading ® _ (u) and three-particle ones.

In a subsequent paper, we are going to establish relations
between two- and three-particle DAs forced by the equa-
tion of motion. In order to do so the knowledge of two-
particle DAs off the light cone is required. A first step in
that direction has been made in Appendix A where the
parametrization of vacuum-to-meson matrix elements is
considered off cone.
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APPENDIX A: DERIVATION OF INDEPENDENT
DISTRIBUTION AMPLITUDES OF DYNAMICAL
TWIST IN THE HEAVY QUARK LIMIT

In this appendix we derive, in the heavy quark limit, the
linearly independent kinematic structures—together with
Lorentz-invariant DAs in x space—which are compatible
with the tensor structure of the various bilocal and trilocal
light-ray operators when sandwiched between vacuum and
B-meson state. Thereby, for the sake of convenience, all
the Dirac structures (1.5) are taken into account, consider-
ing ysio,pg and its dual io,g = (—1/2)€,p,1Ysic™* on
equal footing. Because of the on-shell constraint (1.3) and
because of the well-known relations on Dirac matrices we
are enabled to derive all these parametrizations from a
single general ansatz. By flavor symmetry, that parametri-
zation is valid for any heavy meson. In addition, since in
HQET spin symmetry relates pseudoscalar and vector
mesons, a single ansatz is sufficient for both.

Furthermore, the general structure of matrix elements
for bilocal operators {0|g(x)I'%,,(0)|B(v)) may be obtained
from the trilocal operators (0|g(x)F ,,,(3x)['1,,(0)| B(v)) by
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multiplying it with v#x” /(vx), ignoring the dependence on
¥x and renaming the obtained DAs. Of course, also matrix
elements built with the dual field strength can be obtained
this way. The consideration of trilocal operators is neces-
sary for the study of Wandzura-Wilczek relations in the
framework of dynamical twist. For the same reason it is
necessary to know as much as possible about the kinematic
structure and the DAs off the light cone. Therefore, we
restrict our consideration to the light cone only at the end.

Let us begin with the trilocal operators. In order to be

able to apply the on-shell constraint (1.3) we choose to
|

(FuvYsVpiOap) = 8alu81p8poll + 8olu&8ila8ppZS + 8ola8pIn&rpZs +

VuXyV[aXp]
(vx)?

where Z¢ == v7X; + (x7/vx)Y;, i = 1,..., 10, with X; =
X;(vx, v2, x%;9) and Y; = Y,(vx, v%, x%; ) are altogether
20 linearly independent, Lorentz-invariant three-particle
amplitudes of equal dimension and parity; furthermore,
in this appendix, the bracket notation (2.5) is used without
the factor 1/2.

Because of the on-shell constraint (1.3) and the well-
known identities of gamma matrices, the various matrix
elements for different Dirac structures can be related to
(A1). In particular, it holds

<F;U/'Ypia-aﬁ> = (1/2)6a,30'7<F,u1/’)/57pi0-0’T>r (AZ)
(FuvYsYa) = (i/6)€aporF ., yPid7T),  (A3)
<F,u,1/75> = Ua<FMVYS7a>» (A4)

<F,u1/’)/510-aﬁ> = Up<Fyv757pi0-aB> + z(va<FyV75713>

= va(FuYs5Ya)) (A5)
(Fruv¥a) = (/0 €qpor(F,ysyic™,  (A6)
(Fup) = vFu¥a) (A7)

(Fpuiag) = V/{F 1,710 ) + 20eF,u,75)
=~ VlFya)): (A8)

Relation (A2) avoids the introduction of dual amplitudes
and by Eqs. (A3)—(AS8) the parametrizations for all the
basic Dirac structures (1.5) can be derived from the general
ansatz (Al).

Up to now, these parametrizations do not respect those
dependencies due to the identities for the gamma matrices.
In fact, it suffices to require the Chisholm identity,

gﬂUZIITO + gk[p,gv]rg)‘[ag;g]gpa<7 Zg +
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parametrize the following matrix element:

OIg()F ., (9x) 57,1060, (0)|B(v))
= (ifBM)<F,uV75’Vpia-aB>-

Here and in the following, matrix elements are simply
represented by the different parts of their operators, also
omitting the various variables. The most general ansatz for
the independent kinematic structures which can be built for
a tensor of rank five with two pairs of antisymmetric
indices reads

Ylpty]

VlaXp]
zg+
vx  Srla8Blota ox

.UK.U/\ .UKx/\ xkv/\ 2 KA )
)

8plu&vials

zg+~ Lz + 222 7
x 7 vx 8 27

(vx)

(A1)

yryly® = (g7 g P — ghaghP + ghPg )y,
+ier"*Brysyg,

for the left-hand side of (A1),

<F/.LVFYS’Ypia-aﬁ> = gﬂp<FMV75‘YII> - gap<FMV757ﬁ>
- iEpaﬁa<FMV70>- (A9)

This requirement results in a linear system of algebraic
equations for the DAs X;, Y; with unique solution:

Y; =7y
Yg = —Xg =175
Xe =Y, =Xg =Yy =X =Y,p=0;

Yo = —X7 =X,
(A10)

whereas the remaining eight DAs X, Yy, X, Y, X4, Y4, X,
Y5 are independent ones.

Applying these restrictions to (A1), computing (A2) and
the six matrix elements (A3)—(AS8) one gets:

1
<F,u1/75> = _v[,uglf]o'z(zr - EU[qu]UoZZry (All)

1
<FMV757(1> = _ga[,ugv](rzg - Ev[ﬂxv]gaa’ZZr (A12)

<F/1,V75io-otﬁ> = UpepaﬁréLwrZ(]r - U[agﬂ][ugu](rzg

1
— Zl)’
vx Ulutv)V[a8 Blo4

1
Ky Ay, p T o
+ va x'v epaﬁTeKA[MgV]UZS,

(A13)
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<F,uv’}/5’)/pi0-a,3> = Epaﬁfe,z,va'zir + gp[agﬁ][#gu]uzg
1
o VX n8pla8ple L
+ 1 KyA T 79
EU X e-P01.37'GK)\[,u,gV]U' 5
(Al14)
FunYpiOap) = ~8plal€pluveZ] T 1€pap(u811sZs
+ E U[Mx,,]iepaﬁ(,Zf{

1 .
— — g rai€prau8 o ZS,

vx
(A15)
(F it ag) = V[ai€glupeZ] + VP €051, 801025
+ v—xv[’ux,,]ivpepaﬁ[,Zj{
1
+ — vt €180 29 (A16)

vXx
3 1 1 K a
<F,LLV7a> = IG#VCYU'Z(IT + _U_xlgo'[,uev]om)\v )C/\ZS, (A17)

(F o) = i€,,,0VPZ7, (A18)
i.e., one gets eight independent distribution amplitudes.
Since v is dimensionless, all the matrix elements are of
(mass) dimension M?>—two dimensions are due to F v
and one due to the bound state and, therefore, the structure
functions are ~M?. Furthermore, concerning dynamical
twist, the DAs Y; are subleading in comparison with the
DAs X;.

Now, let us truncate expressions (A11)—(A18) with x”.
Thereby, Y, disappears and, effectively, only the following
four combinations remain as independent ones ({) =
v2x?/(vx)?):

\PV:XI_XS_QYS! \PA:XZ_QY4r

(A19)
XA:_X4, YA:Y2+Y4.
As result we obtain:
2
(F ppiys) = <xM - EW)(YA ~X,),  (A20)
<Fp,VxV757a> = (Up,xoz - (Ux)g,u,a)q,A
1
+— - x*g,a)Y
vx (x,u,xa X gy,a) A
52
— - — X4, A21
<x,u. vx U/L>Ua A ( )
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<F;U/XV’)’5i0-aﬁ> = (v,u,x[a - (vx)g,u,[a)vﬁ](qlv - \PA)
1
_ 42 Y
x Cutla = X 8ua)VpiYa

+ guiaXp Wy, (A22)

<F/,cva757pi0-a/3> = gp[agﬁ])‘(x)\v/,c - (UX)gi;)\PA

1
 8oragp), (¥ — Xgu) —Ya

- epaﬁTGLK/\v"x’\‘I’V
— K _ X X
8pla8plkV |\ Xu = 2 Vp |24
(A23)
<F/LVXVYpi0-aB> = _iepaﬁ/\(-x)tv,u. - (Ux)g//.\L)\pA

1
o Ay _ 2,4
i€,0p(x"x, —x g”)v_xYA

+ igp[aEB]MK/\v"x"‘I’V

) x?
+ 1epaﬁkvx<x# _ v—xuﬂ>xA, (A24)

<F,U,vai0-aB> = iGaBKAUK[(XAUM - (‘U}C)gﬁ)(\lf‘/ - \IIA)

A _XZg/\
+ HYAj| - iEMaB)lx)“P‘/,

(A25)

(F X" Vo) = i€,400"x* ¥y, (A26)

(F,x") =0. (A27)

Obviously, according to the antisymmetry of F,,, after a
further truncation with x#, any expression vanishes. In the
course of the computation we have used

1 €,pA V" (X*v, — gh(vX)) — i€, 01" V7
= —leqpa(gheres + ghgngh + g5gnen)x v, 7,

(VuXta = (VX)) Vp] + V78 ulaXp)
K

= gu8118(85 8080 + ghghgh T+ ghghgl)x v, v7,

together with the well-known relations concerning prod-
ucts of e tensors and its contractions, especially,

epaﬁ're;wr = 8po8alu8vlB + plu8vla8plo:

Now, truncating also with v* the matrix elements
(A20)—(A26) simplify considerably:

(Fux"vtys) = —(vx)(1 = Q)D,, (A28)
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<FMVvaM757a> = xaq)l - UQ(U.X)[(I)I + (1 - Q)(I)Z])
(A29)

(Uaxﬁ - U,onz)q)l
—(1/2)€ g (F X" Vi),
B Iz
(A30)

(F X" vt ysio,g) =

(Fpxvhy,) =0 =(F,x"v"), (A31)

Wlthq)l :\I,A + YA’(I)Z :XA -
we obtain

<F,u,1/xV’ylL‘YS> = (‘U.X)(Yz + QY?’),

Y,; truncating with g#¢,

(A32)

<F,u,VxV’y/L’)’57a> = anl - Uoz(vx)[Yl - (YZ + QYB)])

(A33)
<FMVxV7MYSanB> = (vaxB - U,Bxa)Yl
= —(1/2)€4pir(F X" y*io" ),
(A34)
(F X" y#yq) = 0 =(F,,x"y"), (A35)
with Yl =2qfv+q’A+XA, Y2=3\I}A+XA, Y3 =
3Y, — X,
Despite the different definitions of the DAs ®;,i = 1,2
and Y, i = 1,2, 3, we observe a striking similarity in the

structure of the two kinds of matrix elements (A28)—(A30)
and (A32)-(A34).

Let us now consider the case of bilocal operators. The
matrix elements (I') can be read off from the relations
(A28)—(A31), taking advantage of the similar tensor
structures and assuming the two-particle DAs not to de-
pend on 9. After division by vx one gets

(ys) = —(D, + D_)/2, (A36)
(YsVa) = —va P, + 2(’6“ (@, — D),  (A37)
vX)
. V,Xg — UgXy,
<751‘7aﬁ> = #(QM -®)
= —(i/2)€4pa(ic™), (A38)
(Vo) = 0=(1), (A39)

where, for the sake of convenience, we introduced
®. (vx, v x%) = (1 — Q)D, = O))(vx, V2 x?), ie., the
additional x> dependence from Q) = v?x?/(vx)? has been
included into the definition of the new DAs.

Now, let us restrict onto the light cone x> — %> = 0.
Then the linearly independent LCDAs, which do not de-
pend on x?, will be written with a “hat,” i.e., X(vx; ),
Y(vi; 9) and so on. The kinematical coefficients of rela-

2
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tions (A20)—(A27) are shortened, and the distribution
amplitudes are reduced as follows:

¥ =)21_)25, ¥ —Xz, X =_X4,
Y ! A (A40)
YA=Y2+Y4,
b, =V, +7, D, =X,-T, (A41)

(IA)_ = )?2 + )24 + Z(Yz + ?4)
(A43)

Making use of these conventions and the restriction to
the LC, the above derived representations of the various
matrix elements completely coincide with those obtained
by Kawamura et al. [17] using the trace formalism, cf.
Egs. (2.7)—(2.10) and (2.2), (2.3), and (2.4) in the trilocal
and bilocal case, respectively, (cf. Sec. II). Hence, we
named the invariant DAs already in accordance with that
reference.

APPENDIX B: ON-CONE PROJECTION
OPERATORS ONTO GEOMETRIC TWIST

In Sec. III we made use of (local) projections onto LC
tensor operators of well-defined geometric twist. The gen-
eral procedure of decomposing nonlocal QCD tensor op-
erators, either on cone or off cone, into a sum of such
operators having definite geometric twist has been devel-
oped in a series of papers [27-31]. There, it has been
shown that this twist decomposition crucially depends on
the tensorial structure of the operator under consideration
and that it can be obtained by using appropriate projection
operators. That procedure makes use of the representation
of nonlocal tensor operators into a series of local ones and
the decomposition of local tensor operators with respect to
irreducible representations of the Lorentz group. The pro-
cedure simplifies if light-cone operators are under consid-
eration. Since local and nonlocal LC expansion are related
mutually we can freely choose if we calculate the twist
decomposition in the local or the nonlocal representation.

The local LC tensors which are to be decomposed into
tensors of definite twist are given, according to the repre-

sentations (3.4), by KET]%(U, %)(PX)". In the following they

are denoted as

N, (x), 0 410 (%), Mo gy (%), M o p)in (%),

(BI)

in the (pseudo)scalar, (axial) vector, antisymmetric, and
symmetric tensor case, respectively. Below, we present the
corresponding local LC projection operators. The LC pro-
jection operators for tensors of third rank are available only

034023-14
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in the totally symmetric case, but this is of no relevance
here.

The most compact representation of the LC projections
makes use of the “interior” derivative [38] acting on the
light cone,

, (B2)

x=X

i, =la+ @, —Leo
{ 70

which, together with %,, X =1+ (x9)) and X,z :=
%gd, — X,05 spans the conformal algebra so(4,2). In
that order, these operators are the generators of special
conformal transformations, translations, dilations, and ro-
tations, respectively. Especially, it holds

[&op )NCB] = goz,BX + onﬁ’ (B3)
[X’ ia] = )Za’ [Xaﬁip,] = g,u,aiﬁ - g,u.,Bjéou (B4)
[Xr &a] = _&a’ [Xaﬂay,] = g;wz&,B - gy,,B&a- (BS)

From this it follows

(X - 1)&[axﬁ] = —(X + l)i[aflﬁ], (B6)

d(ajzﬁ) = i(adﬁ) + Xgaﬁ- (B7)

The various LCDAs of definite geometric twist as well
as their moments are labeled by 7 = 77 + r [30]. Thereby,
7 is that part of the twist which corresponds (or would
correspond) to the totally symmetric tensor operator, and
r=20,1,..., labels higher order contributions due to the
actual symmetry type characterizing the irreducible repre-
sentations of the orthochronous Lorentz group which ap-
pear in the decomposition of the light-cone operators. In
fact, for the operators ¢ (9)['¢(0) with T' =1, y,, io,p
we obtain 7 = 3,2, 1 + 1, respectively, namely, if the
minimal twist of Mg is 7¢ then the minimal twist of
Mg is 79 + 1. In principle, there may occur different
LCDAs of the same twist 7 accompanying equal kinemati-
cal structures. This takes place for tensors of higher rank
but will not be made explicit here, i.e., only their sum will
be given.

Now, we state all generic nonvanishing local on-cone
operators of definite geometric twist up to tensors of sec-
ond rank [31,32]:

(42 2y — [l 57
M = lsls") +
sin ) { @B " n(n + 12(n + 2)

f(aaﬁ)i(”&” +

J’_ N
n?(n + 2)? n(n + 2)?

(n=1),

(d dgF*5" + %,%5d"d") —

)?(adﬁ)é‘/-“’ +
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(%) = N, (%), (B8)

1

(79+0) [ ~
o -
) (n + 1)

aln d, 540 ,,(%), (B9)

0l (5) = (5’; -

aln

ﬁ (&ai“ + i(1/(~1'U4)>0;L|n(i);

(B10)

O(To +2) (%) =

aln X’aaﬂo,uhz(-%)’ (I’l = 1): (B11)

1
(n + 1)?

M(T°+1)(§E) I

2 i (se_ !
[aBn (n+ D(n+2) “\"B (n+2)7

X Ak + xgdle )>f”]M[W]|n(i),
(B12)

b P

(70+2) (= — [ slmgv]l
Mg, %) = (3[a S5

4
n(n +2)
s 2

(n+1Dn+2)

2 ¥ [n30] -
! mx[“aﬁ]d )M[mm(x), (n=1),

(B13)

dp, 8]

2
M(T(WLS)(X.) — )?

w1 G d
[aBlln n(n +1) [“<(SB] n2 (d g3

+ fﬁ]&[“))&”]M[wun(i), (n=1), (Bl4)

1

(1o+0) 1=y __
Miapin® = o D2 22

(aB)In dadﬁxﬂxVM(,uvﬂn(x)y

(B15)

2 ~ 1 ~
(ro+1) =y (v _ a
M(“B)"‘(x) n(n + l)d(a<5ﬁ) (n + 2)? (dp¥

+ fm&(“))f”)M(,wnn(i), (n=1), (B16)

2 i
CERCE R
2(n +1)
n(n + 2)?

~ ( ~ ( ~
d.o B’;x”) ) B’;dw

nn+1)
Sapird” + 5aﬁ3"‘”}M<w>|n(f)’

B17)

n(n + 2)?
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2
M) = ooy (3 — 7w @+ 508%) JM (D, = 1) B18)
\
Ao+ ) = 1 Rty dqr &”M( (), the undecomposed operators:
(ap)ln n2(n + 1)2 Iz (B19) - ~

n=2) MDY@ = (PN, (B20)
Let us remark that the restrictions in n, appearing in (T) ~ (P N
Egs. (B13) and (B14) as well as Eqgs. (B16)—(B19) are 04,D) = (Pajy O1n) (%), (B21)
automatically fulfilled due to the definitions of these ex-
pressions, i.e., the zeroth and first moments, respectively, e ~ ([ ur] .
vanish by construction. Furthermore, the second term in [aﬁ]ln(x) - (,P[aﬂ]ln M[MV]M)(X)’ (B22)
the right-hand side of Eq. (B12) and the last term of
Eq. (B14) vanish—they are written only because of analo- @ (T)( ) _
gous terms in case of the symmetrlc tensor. Finally, we M( B)ln (&) = (Plapin M(pnin)(%)- (B23)

should mention that M[T"Jr2 (¥) contains two and
(70+2) All
M(a B)In(x) contains five independent components corre-
sponding to irreducible representations of the Lorentz
group which, in principle, could be accompanied by inde-
pendent DAs. But in that paper we associate only one and
the same with them. Any other expression corresponds
only to a single irreducible representation.
Obviously, these operators of definite twist are obtained
by applying the corresponding projection operators ’Pi,T),

Tia)n“, TE;%Z], :PE;)(B/)LIn) (including the fractions in n) on

In addition, they obey the common property of projections:

~(r)I'n!

@POP = s P (B24)

Tmax A~ (7_)

P =1

T=Tmin

(B25)

In order to prove these properties the conformal algebra
and the relations (B6) and (B7) have to be used.
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