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Quarkonium-hadron interactions in perturbative QCD
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The next to leading order quarkonium-hadron cross section is calculated in perturbative QCD. The
corresponding leading order result was performed by Peskin more than 20 years ago using the operator
product expansion. In this work, the calculation is performed using the Bethe-Salpeter amplitude and the
factorization formula. The soft divergence appearing in the intermediate stages of the calculations are
shown to vanish after adding all possible crossed terms, while the collinear divergences are eliminated by
mass factorization. Applying the result to the Upsilon system, one finds that there are large higher order
corrections near the threshold. The relevance of the present result to the charmonium case is also

discussed.
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I. INTRODUCTION

Twenty five years ago, Peskin [1] and Bhanot and Peskin
[2] showed that in the heavy quark limit, the interaction
between a hadron and a heavy quark bound state could be
described in perturbative QCD, and calculated the disso-
ciation cross section of the quarkonium by a hadron to
leading order (LO). According to their calculation, which
was based on operator product expansion (OPE), the J/
dissociation cross section by a hadron was found to be very
small and in the order of wbarn in the threshold region.
Later the result was rederived and the target mass correc-
tion calculated [3—6], but the qualitative result remained
the same. Initially, such a small cross section strongly
supported that the J/¢ suppression seen in relativistic
heavy ion collision at Super Proton Synchrotron was a
consequence of QGP (quark gluon plasma) formation [7].
On the other hand, other approaches, such as the quark
exchange model [8,9], the meson exchange model [10—
16], the QCD sum rule method [17-19], and other non-
perturbative methods [20], predicted a much larger cross
section of few mbarn. The discrepancy is particularly large
near the threshold region [21]. Although the model calcu-
lations themselves have large uncertainties and model
dependencies, it is generally believed that such discrep-
ancy exists because the QCD LO calculation, especially
near threshold, is valid only for a very large quark mass,
larger than that of the bottom quark. However, no system-
atic analysis has been worked out in this context, as the
formalism based on the OPE is quite complicated even in
the LO.

A few years ago, Oh, Kim, and Lee [6] used Bethe-
Salpeter amplitude and factorization formula to reproduce
Peskin’s result on the dissociation cross section. Because
this method is relatively simple, it opened the possibility to
calculate the higher order correction, which will be carried
out in the present work.

*Email: songtsoo@yonsei.ac.kr
"Email: suhoung @phya.yonsei.ac.kr

1550-7998/2005/72(3)/034002(24)$23.00

034002-1
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There are two types of initial and final states in the NLO
calculation. One is ® + ¢ — Q + O + ¢, and the other is
®+g— Q0+ Q0+ g, where ® is a quarkonium. In the
course of the calculations, collinear divergence, infrared
divergence, and soft-collinear divergence appear. Infrared
divergence disappears after adding the one loop diagram
with Q + Q final state, while the collinear divergence is
eliminated by mass factorization. Dimensional regulariza-
tion in the MS scheme is used throughout this work,
including the parton distribution function. The counting
scheme, introduced by Peskin, to systematically study
heavy bound states is used and applied to NLO. In addition,
the large N, limits are taken throughout this work.

In Sec. II, the Bethe-Salpeter amplitude and the LO
calculation are reviewed. In Sec. III, the elementary cross
section of ® + g — Q + Q + ¢ is calculated and mass
factorization is introduced. In Sec. IV, the calculation for
the ® + g — Q + O + g process is presented. The effec-
tive four-point vertex is introduced in Sec. V. It is then
shown how the infrared divergences disappear when the
relevant crossed terms of Born and one loop correction are
included. Mass factorizations in the process ® + ¢ — QO +
Q + g are presented separately when the emitted gluons
are hard and soft in Sec. IV and V, respectively. In Sec. VI,
the result is applied to the upsilon dissociation cross sec-
tion. Limitations when applied to the charmonium case is
also discussed briefly. Appendix A summarizes the 2 and
3-body phase space. Appendix B contains the derivation
and the list of angular integration used in the present work.
Appendix C gives detailed calculations of ® + g — O +
0 + g diagrams. Appendix D gives some comments about
order counting.

IL LO (® + g — Q + Q) CALCULATION

Here, the LO result, rederived by OKL [6] using the
Bethe-Salpeter amplitude, is presented again for
completeness.

The Bethe-Salpeter equation, represented diagrammati-
cally in Fig. 1, is written as
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FIG. 1. The Bethe-Salpeter equation for quarkonium.
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X(K+py+py, K)iA(K)y V(K +py), (1)

where Cp = (N? — 1)/N,, iA(K) is the quark propagator,
and {V(K) the gluon propagator.

In the heavy quark limit, the K, contour integration is
dominated by the residue at kg = —m — K? /2m + ig over
thatatky = —qo — m — K>/2m + ie. In this limit, V(K +
p>) becomes three dimensional,

1
V(K + P2)|K0:_m_122/2m = m 2)

If ¢,,(g, p) is defined as,
]%iA(pl)rn(Pl, —p2)iA(—p,y) = &M(C], p), (3

where ¢ = p; + p,, p = (p, — p2)/2, the Bethe-Salpeter

equation becomes
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in the heavy quark limit and in the g rest frame.
€, = 2m — mg is the binding energy of the quarkonium.
If we assume ¢,.(q, p) to have a structure of

1+7 y,g# 52~ (| pl), the Bethe-Salpeter equation reduces

to the nonrelativistic Schrodinger equation for the
Coulombic bound state,

. - &PK 1
(o4 P/mIPD = £Cr | o051 zp UK+ 7D, )
whose spatial form is
1 2c
B (R CRC
M

where u = m/2 is the reduced mass.
At the same time, the Bethe-Salpeter vertex reduces to

=2
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Figure 2 is the leading order diagrams for quarkonium
dissocation ® + g — Q + Q. Among them, the first three
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FIG. 2. Leading order diagrams for ® + g — Q + Q. The two lower diagrams are suppressed in large N, limit.
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diagrams are of the same order in the large N, limit, while
the last two diagrams are suppressed by 1/N.. Such N,
countings are easily obtained using the double quark line
representation for the gluon lines, since one notes that
compared to the first two diagrams, the third diagram has
additionally a quark loop and two factors of g. This alto-
gether gives a factor of N.g?, which scales as O(1) in the
large N, limit, as the coupling g scales as 1/(N,)"/2. In
contrast, the last two diagrams do not have an additional
quark loop while they have the two additional factors of g,
and hence are suppressed by 1/N,. compared to the third
diagram. Technically, this can be rephrased in terms of
color matrices, as the last two diagrams carry the color
factor T°T¢T? = —T“/(2N.) and hence is suppressed by
1/N, compared to the third diagram [6].

The counting scheme in scales starts from noting that the
binding energy €, = m(N,g?/16m)* ~ O(mg*). This sug-
gests from Eq. (5) that the three momenta of the heavy
quarks are of O(mg?). The next important step is to take the

external gluon momentum |I€| and its energy k° to be of
O(mg*), which are smaller than the typical heavy quark
|
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momentum of O(mg?) inside the bound state. This is the
essence of the factorization in the present approach,
namely, the separation scale is taken to be of O(mg*) so
that the bound state property of O(mg?) can be taken into
account as Wilson coefficients. Then, from the energy
conservation  mgq + ko = 2m + |p,|?/2m + | p,|>/2m,
one has [1]
K=kl ~ O(mg").  (8)
Counting in the NLO process ® + ¢(g) = Q + O +
q(g) are obtained similarly by assuming that the incoming
and outgoing parton momentum are of O(mg*). That is

1511 ~ |Bal ~ O(mg?),

51l ~ 152l ~ O(mg?), k) =1k, ~ K3 = |k,| ~ O(mg*),

)]

where k; is the incoming quark (gluon) momentum, and k,
is the outgoing quark (gluon) momentum. Under this order
counting scheme, quark propagators are expanded as be-
low.

-

1+9° 1 1+9° Bk
Mp+p=FY L 1Y Bk P
2 kytie 2 mlky +ig)* 2mky + ie
1+9° =1 1+9° —p-k p
Mp-p=tr LIS Rk, P
2 ky—ie 2 mky — ig) 2mky + ie
1=y =1 1-9" —p-k p (10)
A(=p+k) = 27k S P 5+ ¢ —,
0 — ig 2 mky —ie)* 2mky — ie
1—9% 1 1-9° Bk —p
2 kytie 2 mlky +ig)* 2mky+ ie
Here,. p is the on-shell momentum of heavy quark. The first ‘be in the Coulombic 18 state,
term is of 1/mg* order, and the next two terms are 1/mg?> .
order. The third diagram of Fig. 2 seems to be a higher Vi (p) = ia)*32 /7 f’gp =, (13)
order than previous two diagrams with respect to the (la,pl* + 1)

coupling g. But they are of same order under the above
counting scheme. Detail is given in Appendix D.

Using the Bethe-Salpeter amplitude Eq. (7) and the
heavy quark propagators Eq. (10), the leading order am-
plitude may be derived as

me(> 0Y(p)
Mg = =g [t (T
op(p) .\ i—
+ ko P g”)&””u(l?l)
Dj
1+ 1—v
Xy Tu(p). (D)
The total cross section then becomes
27g2 (A — 1)3/2
To_g(N) = 25 g2 = (12)

a, ’
3N T2

where A = ¢ - k| /mg, and the quarkonium is assumed to

and a, = 1677/(g*>N,.m) is the Bohr radius. The coupling g
and the heavy quark mass m are determined by fitting the
measured quarkonium spectrum, such as ¢ and ' for the
charmonium states, with those of the Coulomb bound
states. Details of the derivations are given in Ref. [6].

The hadronic cross section is obtained by folding the
partonic cross section with the parton distribution function,
using the factorization formula,

1
oon(A) = ﬁ) dxo'(bfparton(X/\) Q)Dparton(x’ 0), (14)

where x is the momentum fraction of a parton, and Q is the
separation scale. As has been stated earlier, the scale Q is
set to be the binding energy, which is of O(mg®), then it is
natural to include the “‘bound state‘“ properties obtained
from the momentum scale of O(mg?) in the Wilson
coefficient.

At this point, it should be noted that the factorization
theorem in Eq. (14) is valid only when the mass of the
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quark is very large, so that the binding energy of O(mg*)
becomes larger than the typical hard scale >1 GeV.
Otherwise, the two standard sets of corrections will not
be small. Namely, the higher order correction to the per-
turbative cross section will not converge and the higher
twist effects will not be negligible.

If the heavy quark is not sufficiently heavy, the time
scale involved in forming the bound state will not be short
enough compared to the typical time scale involved for the
bound state to interact with the external partons, and hence,
the contributions from multiple gluonic interactions will
not be negligible. Such multiple gluonic effects correspond
to the higher twist effects. Moreover, even if one calculates
the Wilson coefficients for such higher twist effects, noth-
ing much is known about the higher twist distribution
functions inside the hadrons, and the corresponding
contribution to the hadronic cross sections cannot be
calculated.

The perturbative cross section of the leading twist also
has its own problems when the quark mass is not heavy
enough. To begin with, to implement Eq. (14) at the
separation scale Q = €,, one needs the parton distribution
function D 0n(x, €) defined at that scale. Moreover, the
perturbative calculation for the leading order cross section
T ®—parton (XA, €) may not be convergent. Nonetheless, all
such questions can be answered by the explicit NLO
calculation, which will provide a quantitative estimate of
the correction to the LO cross section, and also determine
the valid energy range of the LO cross section.

The binding energies for both the charmonium and the
Upsilon systems are around 0.75 GeV, and the aforemen-
tioned corrections are potentially not small. However, by
applying our formal NLO calculation to the Upsilon sys-
tem, we will investigate the convergence and the valid
energy range of the leading twist cross section. As for
the parton distribution function, we will use the parton
distribution function by Martin, Roberts, Stirling, Thorne
(MRST) at its minimum scale Q> = 1.25 GeV?, and in-
vestigate its uncertainty due to the variation in the scale to
larger values.

III. NLO PROCESS ® + ¢ —Q + Q + ¢

A. Collinear divergent elementary cross section

Figure 3 represents the lowest order diagrams involving
the quarks, ® + g — Q + Q + ¢g. The invariant matrix

k1
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element for this process is given by

1
M = gu(k Tulk)) —
NLO—g g”( 2)7’1/ u( 1)(k1 — k2)2
mol > _ . 0p(p)
- ki — ky) - ——=—g"
g Nc|:(1 2) it
i) 1, 1ty i
+ (ki — kZO)a—gj }U(Pl) Cyigh
pj 2
1_
X 27°Tau(p2). (15)
The averaged square in D-dimension is
— 212 €,\2kig —ky — €
M2 = 4. 2 So 10 20 0
T e ) R e
X _1+M+(D_4)M_
2 2k1'k2 4k1‘k2
(16)

It may be modified to the following covariant form,

— 211 €N/2§ + i — 2mge
2 — 4.2 6 o [ORSF)
|M| NLO—q - T'ﬂ'g m (qu,) (E) —(§ n 12)6
1 2+ a2 (§ + u)?
X|—=————(D—4 |,
[ 2 (2mg)?f ( ) 2f }
(17)

where § = 2q - ki, i = —2q - k, and { = =2k, - k,.

The parametrization of the three body phase space fol-
lows Ref. [22]. The initial and final momenta are set to the
following

q=(E,0,..,0,0,|p|sing, | plcosp — ki),
k= (k10,0,...,0,0,0, k),
p1=(E0,...,0, —kyysinf, sinf,, —k,,sind; cosh,,
— kycosb)),
p2=(E»0,...,0,0,|p|sing, | p| cose),
ky = (kyg, 0, ..., 0, ky( sinf, sinby, kg sinf coss,, ko cosh,).
(18)

FIG. 3. Next to leading order diagram with initial quark ® + ¢ — Q + 0 + q.
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The following new invariant variables are introduced,

t = (ki — p)) —m?=—

uy =(q = pa)* —mg —m> = —2q - p,, (19)
S4E(k2+p1)2—m2=2k2'p1=s+t1+u1,

2k * po,

where s = (g + k).
E,, kio, E ... may be expressed in terms of the invariant
variables s(5), f;, uy, s4.

E_s-l—ul-i-m%p k _s+t1—mfp
q R —— 10— —>»
2\/s4 + m? 2\/s4 + m?
E_S4+2m2 E tl+M1+2m2
1 - — 2 = -
2\/s4 + m? 2\/s4 + m?
Sy o Ay +1)?—4dm?s
koo = |pl =

2fsa +m> 2\/s4 + m?
cosg = t15q— s(uy +2m?) + (s, — s + 2m2)m%b. 20)
(s + 1, —md)\J(t, + uy)? — 4m?s

Using these relations, Eq. (17) is expressed by five
variables s(§), 11, u;, 6, 6,, because

= (q - k2)2 - m(zl)
= 2kyo(—E, + (Ipl cose — kyg) cost;
+ | pl sing sin#, cosh,),

= (kl - kz)z = _2](1()](20(1 - COSHI). (21)
|

d’ ., 281 5/2 1
2 ONLO—¢ _ . g4m2(2m¢)4<2> S4 |:
m

dtldul ? (477) S4 + m2

D—4
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The differential cross section for the three body decay is
d20' B 1 1 M—D+4
y <§u1t1 - mi6 — m2§2>(D4)/2

A<2M2

$2

SD*3

(s4 + mZ)(D/z)— 1

X f " d0,sin39, f " d0,5inP 46, 1M
0 0
(22)

The derivation is given in Appendix A. When 6; = 0,
f=0 and the term 1/ in Eq. (17) gives collinear diver-
gence. Defining 1/ as below,

1

i+ &

160 = /#dﬁlsinD‘%Gl fwdﬁzsian“%
0 0
and expanding it with respect to D — 4

. 1 ; j
JL) = ml(}lﬂ + I(()LJ) + O0(D — 4), (24)

the differential cross section of ® + g — Q + Q + ¢q is
regularized as below,

(=1 +2(5 + mae )Y — 25(5 + 2mge, )11

+482mp e 000) = 2m3 10 + 4md e, 100 — I8 + 2(5 + mee )Y — 25(5 + 2mg e, )1

s4\/s’u1t1 — m%t% — m=$

242

+ 482mg e, 1570 + (yE + In

Am$ s, + m?

)(—1&1»1” +2(5 + mge )1

1
— 28(§ + 2mg 60)1(3’15) + 4§2m¢601(j’16)) — 519’13) + mg 601(71’14):|. (25)

From the list of integration in Appendix B

) 2 127 1
=" -7 (26)

where X = —(u; + m3,)/(s + t;), which is 1 — ky/kj in
the quarkonium rest frame. The definition of a, A, and B
are given in Appendix B. The terms proportional to
1/(D — 4) come from collinear divergence, and are elim-
inated by mass factorization.

B. Mass factorization

Collinear divergence is eliminated by mass factoriza-
tion, which moves the divergent contribution to the parton
distribution function. When one parton is seen with finer
scale, it is not seen as one parton, but a sum of several

Icollinear partons as shown in Fig. 4. In other words, parton
distribution function has scale dependence, and the col-
linear parton with transverse momentum less than the scale
should be included in the parton distribution function. Only
the parton with larger transverse momentum is included in
the perturbative calculations. Therefore, collinear partons
should be subtracted from the perturbative calculation. In
the MS scheme, mass factorization is defined as

L d*Fno-i _ o dPonio-i a; lﬁpu(x) _2
dtydu, dtyduy, 27 Jo x 7T\D—4
Q* \nd*b1r0-,
+ v+ In —, 27
YE I1477',11.2> didu, @D

where § = x§, f; = xt;. The parenthesis signifies the
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with finer scale

<
R

FIG. 4. Scale dependence of parton distribution function.

integration of transverse momentum from zero to momen-
tum scale Q. o1 o—; 1S the next leading order cross section

of quarkonium and parton i. oy o—; 1S the reduced cross
|
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section after mass factorization, which is finite. o ; is
the leading order cross section of quarkonium and parton j,
and 61 o-; = 0o j. Pj; is the splitting function of parton
to parton j. Inthe ® + g — Q + Q + ¢ process,

N2—171+(1—x)7?

Pl == [ ~ } (28)
is needed. The LO differential cross section is
 d2b10-; 27 €,\5/2 §x — 2mge€
>2 LO—j __ 2.2 4f €o (O] .

—_— = 2 — -
dtldul 3Ncg m ( m(b) <m> (.S/‘X)4 (Sx
+Hx+u +m2)D_2 !

: el (b2 -1)
Sut; — méiz— m2$? (D—4)/2. 29)
Y TR

The LO differential cross section can be obtained from
substituting Eq. (11) into Eq. (A10) in Appendix A.

After mass factorization, the reduced differential cross
section is

2

Pono-o 27 1 €N/2 1 [mi(§+1) s 1 s
2 NLO—¢q _ < 40202 4 €o 1) 1 4 —705 49 10,60y ¢ In 4
dtydu, 3 (477')28 m(2ma) <m> S+ [ T 54+ mz( Mo ) ($X)3\ Q%(sy +m?)
RN 2(§ + MeE,) n 52 A 2s 2§(§ +/2mq> €,) in 52
0 3 2 2 0 3 5 2 2
(5X) Q°(s4 + m?) (§X) (§X) Q°(s4 + m*)
4mg €, 5> 2
(1,5)= ®Co 4 (1,6)*
+1 —-1)- In +1 —-1]] 30
0 =1) =T (g 1) ¢

where I(()l‘j)* =a(A + B)fl(()l’j)/ﬂ' = a(&X)jI(()l’j)/W.

One should also note that the cross sections to NLO in
Eq. (30) and to LO in Eq. (12) have the same large N,
scaling as the coupling constant g scales as 1/4/N..

The threshold of differential cross section in (30) is § =
2mgé€,. This comes from the quarkonium wave function
(13). However, the physical threshold is § = 2mge€, + €2.
The term €2 was ignored because g is of O(mg*). We
circumvent this problem by substituting €, + €2/2mg

for €, in the differential cross section.

C. Dalitz plot

Figure 5 is the Dalitz plot, which is drawn under the
following two conditions.

sg =8§+u +1,+mi =0 31

—2uys + (s + m(zb)(tl +up) |2
§\J(t + uy)? — dsm?

| cosy|? = =1, (32

where y is the angle between g and p,, or g and p; + 122 in
center of mass frame Eq. (A8). The elementary total cross
section

|
is obtained by numerically integrating Eq. (30) over
the Dalitz plot. Furthermore, the hadronic cross section
is obtained by folding it with the quark distribution
function.

s+t+u =0

ui1
t1=8"/2(=1~ 1-4nt/s) ti=s"/2(—1+/ 1-4m7%s

t1

Dalitz
Plot

FIG. 5. Dalitz plot for ® + g — Q + 0 + q.
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IV.HARD PARTOFTHE® + g—Q+ Q0 + g (15) are ignored because they are higher order in g com-
PROCESS pared to the rest of the diagrams in the present counting
scheme, where the momentum of the internal gluon, which
A. Soft and/or collinear divergent elementary cross binds heavy quark and antiquark, is of O(mg?) [from
section Eq. (5)], and that of the external gluon is of O(mg®*)

Figure 6 represents the diagrams for the process ® +  [from Eq. (9)]. Details are given in Appendix D.
g— 0+ 0+ g. Among them, diagrams (13), (14), andl The invariant amplitude in the quarkonium rest frame is

vA(a, a‘ﬁ(l?) 7 v 1 1 v v v
Mg = [(— k1>(—gAgo — + ———(goks + gikt — ¢ Akzo))

ap 00k ki - ko
ap(p) » 1 1 ¥(p)
+ ko ) 8088 — — 0Ky + ghkt — g"ky) | + (ki — k
( 9P 2><gogo ko ki ko (8ok5 + gkt — & 10)) (k1o 20) op,

L1 L1 1 ) ) Mg _ I+ A= Y000
X (‘g}\gok_lo - 8)8; Ko + k- ks (87kt + gfk2)>:|82‘/Nfu(P1) 2 yigh 2 [T, T Tu(py). (33)

< 1 > < 2 > K < 9 > < 10 >
pl k1 k2 ﬁ
1
q | P
p
k1 P2 pl 1 P
q
k2 Kkl
d Kl -p2 k2§
_p2
k1
kl
< 4> 11 < 12 > pl
< >
pl pl
QQQQQL.
q t K2 q k2
-2 d -p2
) P —p2 k1

< 6 > k 1
k2 < 13 > P < 14 >
a7 k1

k2 pl

pl q K2
. ") q QQAQQR

2 P2

-p

k q
k
< 7 > < 8 >
pl k1 < 16 >

q < 15 > / pzl

k1 pl 3 k2 —p2
k1
q k1 K2
k2 —p2

FIG. 6. Next to leading order diagram with initial gluon ® + g — Q + 0 + g.

|
ge]
\e)
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The detailed derivation of this result is given in Appendix C. It was checked that the following current conservation
conditions are satisfied.
MVA MVA MVA _
4uMyio-g = k1uMyio-g = kaaMyi 0, = 0.
The averaged squared amplitude is

— v 5/2 1 2mepe, \[(2me)* 1
M2 B ) 6 _ ®Co P
IMINLo-g = =5 78 m’*(2ma) <m> <(s' Yay G+ u)6>[ 2 §4

D—2/2§ 2ui u* &2
— <,+—+—+—>—D
2 u $ S i

+

s

D —2 /(2 + i?)?
< Su

5 + 282 + 22+ §a )| (34)
2mq)t

The first line is of order 7, the second line of order #°, and the third line of order 7/~ !.

The differential cross section from the first line is

-11 -11 -12)  j(-13 -14)  J(-15
2:# 4m2(2m¢))8<2>5/2 S4 [(1_2%?50)(]( )_1( )_]( )_I( )_1( )_I( )>+2m’q2>601(1,6)}

8 g . ” 2 Z Z
3 (4m)3 54+ m? § §0 §0 $ §4 §$3 §? §

(35)

where J@9) is defined as follows,
sin®730,sin? 40,

L. T . T . 1 T T
J(l"]) = f dQISIIlD_Sal [ d0231nD_492T = [ d01 [ dﬂz — 7 7. )
0 0 () () 0 0 (a — acosh))' (A + Bcos#; + Csinf; cosf,)’
and, A = —2E ky, B=B,and C = C. The products of invariant variables are decomposed as below.
1 1 1 1 1 1 1

= - ~ - - 36
G+a)a a8 (+nf E+a)Ps +aps +a's ($+a)ss (30

The first line has no divergent term.
The differential cross section from the second line is

2 ¢ 2 2 282 2
28 1 g2 (2m )6< )/2 Sa__[ o 35§—8mgye, D—-2 S4\/su1t1 mgty —m=$ )D—4J(O’2)(—s+2mq>€0>
3 (4m)? m)  sy+m? $5 D=3\ drsulJsy tm2 &
+ 1<0,1><_3S+/§m4’60>+ 1<0,2><_2S/+Sm®60>+ 1<0,3><_2§ +/‘3"”4’60>+4mf12’6 1092109 £ 4o e 1(0@} 37)
N N N N

J©2) is the soft divergent term, because it is proportional to 1/i2, which is 1/k3, in the quarkonium rest frame.
The differential cross section from the third line is

710 1 5/2 1 Sar[Surty —ma3 2 —m*$* N2 /5 —2 1
—8tm*(2m )4( > . <—+75+1n 4\/ — +—>—7T<s e
3 (47} sgt+m* | \D—4 A 255, + m2 2) a § §(x—1)

§—2mgpe, 1 2mge, 1 1 ) 1 1 1
— -2 +(5+4 +2 +2m
I E R e A T (s'x>6>

S Sx s’
§—2mge€, 2m €, 2mg€, ) . ,
+ — P J(()l’l) LA I(1 D4 ?2) g I(()l‘z) — 21(()1’3) +(5§+ 4mq,6,,)l(()1‘4) —S$(s+ qu,e,,)l(()l‘s) + 2m¢60s21(()1‘6) }

(38)

(L) i -
where J**/ is expanded with respect to D — 4 B. Mass factorization in hard gluon emitted region

JLi) — 1 JwD 4 g0 4 o(D — 4), (39) The Dalitz plot for ® + g — 0 + Q + g is the same as
D—4""1 0 D +qg— Q+ QO+ q. But it is separated as soft gluon
emitting region and hard gluon emitting region as shown
2 1 2 2 1 in Fig. 7. The boundary line is s, = A which is an arbi-
-~ - (40)  trarily small value. That is, if s, is smaller (larger) than A,

a (A+ B)J a (§(X—-1)) . X
it corresponds to the region where soft (hard) gluon are
1/(D — 4) term of Eq. (38) is collinearly divergent. emitted. Because all infrared divergences exit in soft gluon

and

J(l J)

Additionally 1/a(1 — X) term gives soft divergence, be-  emitting region, hard gluon region has only collinear di-
cause both a and 1 — X are proportional to k,y. Thus this  vergence. This collinear divergence is eliminated by mass
term gives soft-collinear divergence. factorization.
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2 dza'NLO—g =2 dZO'NLO—g _a [ @P ) 2 s+tl+ul=0 sttl+ul= A\ ut
dtldul dtldul 27 0o X &g D—4 t1
Q* \nd*d10
+ yp +1In K , 41
VE 47T,LL2> di,du, @1
where P,,(x) is a gluon to gluon splitting function, and -
may be separated into hard part and soft part, which are region

proportional to # function and & function respectively [22].

2 2
Py(x) =N.O(1 — x — 5)<—+—— 4+ 2x — 2x2>
I—-x x

11 Ny
+ N.6(1 — 2Iné + — —
5 x>( nd + 3NC)

=0(1 —x — 8P, + 8(1 — x)Ps,. (42)

We ignore the factor proportional to Ny(the number of
light quark flavor) in the soft part, because it is suppressed
in the large N, limit. The boundary of hard and soft mass
factorization is x =1— 4. & is related to A by 6§ = FIG. 7. Dalitz plot for ® + g— Q + 0 + g.
A/(§+ 1)), because x =1— 6 means s, = 6(5 + 1)).

After hard part mass factorization, Eq. (38) becomes

22 1 e \3/2 1 §—2mge€ 1 §2
= 402(2 4 o PCo In 4 +J(1,1)*
3 @ 8 2me) <m> S+ t1|: P! —X)j(PQz(s4 +m2) 0

§— qu)Go 1 3421 (1,1)% 2m®60 1 sézl (1,2)*
+ 7/3 ” (h’lﬁ + IO > - %) ” D) <1n 5] B + IO )
§ SX\ "Q%(sq + m?) §7 (8X) Q°(s4 + m*)

1 52 1 §2
192 In 4 n 1(1,3)*> 444 (1‘ 1 n 1(1,4)*>
e,y ) = 6 i) (g

2

1 )
+ 1Y) = 2mge, 52 In— 24—+ "9} | 43
0 oS (s M5y + m2) 0 )

53
Q*(s4 + m?)

where Jél‘l)* =a(A + B)J(()l’i) Jm=alX — l)J(()l’i) /. After mass factorization, collinear divergence 1/(D — 4) of Eq. (38)
is removed.

1
+ §(§ + 2mgpe,) B <ln

V. SOFT PART OF THE & + g — Q + Q + g PROCESS

A. Differential cross section for soft gluon emitted part

In the hard gluon emitted region, the differential cross section is the sum of Eqgs. (35), (37), and (43). But in the soft gluon
emitted region, f — 0, i — 0, and s, — 0. In this limit, only soft and soft-collinear divergent terms contribute and the
differential cross section becomes

d*o’ A e 20 1 €,\5/2§ —2mge€
2 =8(s+1 + ds,§* == Ym?me)(=2) 208 (s + 1y +
dndu, = Ot ”’)ﬁ 48 Giduy 3 @yt Eme (5, @ olrhtm)
1 A\/fultl—m%l,t%—mzs'z 1 2 2 A\/fultl—m%bt%—mzs'z 1
X| ————7yg—In T —=+ 5+ <75+1n 5 ~ +—>
D—4 4 ms 2 (D—4)? D-4 dau’ime(S+1) 2
A [§u ty —m3 12 —m*§? A.[Su ty — m3 12 — m?§? ¢
+In2 J ot +21In y ol "
dmmu’s drmu’s S +1)me
A\/Eultl —m3 5 —m>§? 2 0
+Q2yp+in tyrtye——+=| 44
Qyg+1) T pima G 1) Yt YET g 2} (44)
where
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B+ B+ C* B—B + C*
0= 2Li2<——> - 2Li2< M >
A-VB + A+B
P B+ L. A+\/B2+C2 45)
ivB 2 \/BZ+C2

and we used the limiting values A% — B> — C? —
m(b/m a(A + B) — §53/(2m?), and (A + B) /(A? —

— C?) — [§m/mg($ + ;). For the definition of soft
gluon differential cross section, refer to [22]. In Eq. (44),
the first line in the square bracket comes from soft diver-
gence, and the others come from soft-collinear divergence.
These soft divergences may be eliminated by adding the
mixed term of the Born diagram and its one loop
corrections.

B. Effective four-point vertex

Before considering the one loop correction, it is helpful
to introduce the effective four-point vertex. This vertex is
attached to a quarkonium, a gluon, a heavy quark, and a
heavy antiquark line and defined as

a m dy(p) |BI?
M) = —g [T - L 0 + (Lt e
9 Al+yy a1
X ;p(p)g”’} Zyov’gf’“ 27°Ta. (46)
Pj

It is just the leading order invariant amplitude given in
Eq. (11), except that ky, is substituted by |p|*>/m + €.
Although |p|?>/m + €, = k, to LO, it is not so in general.
Using this effective vertex, the matrix element for the
process ® + g — Q + Q + g represented in Fig. 6 can

ki
ay
q pi—ki q
\_pz
yk2 y
b

PHYSICAL REVIEW D 72, 034002 (2005)

be reproduced by five diagrams shown in Fig. 8.
Specifically,

M{w/\(a’b) _ —glft(pl)['yATbA(Pl + kz)M,uV(a)(kl)

+ MP O (k) A(=py — k)Y T Ju(p,)
A0
= g ()M (k)T T o (pa),
20 T 1€
(47)

where M#Y@ (k) = M*¥ (k,)T*.
M, is the same as M, with (k;, a, v) and (—k,, b, A)
exchanged.

v0

My = g Ea(p )M k)T, T (py).
—kyp t ie

(48)

M3 is a diagram which emits a gluon from the external
gluon leg.

MY = —ig fabea(p )M (k) — ky)v(p)

1
X ——————[(ky + ky),8"*
( —k )2 [( 1 2)(rg
+ (k) — 2ky)" g + (=2ky + k) gl (49)
The sum of all diagrams is exactly the same as Eq. (33).

M{LVA(u,b) + Méu//\(a,b) + M:;;.V/\(a,b) szx(\)(a (:) (50)

Introduction of this effective vertex has some benefits. It
makes the calculation much easier and one does not need to
consider the inner structure of the four-point vertex, which
is very complicated when considering the one loop
corrections.

(c)

FIG. 8. Diagrams for ® + g — Q + O + g using four-point vertex. (a), (b), and (c) are diagrams for M,, M,, and M5 respectively.
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C. One loop correction

Several comments are in order before considering the
one loop correction. In dimensional regularization,

I'(D/2) _
wP/2i [( q)"

D; is the dimension which regularizes the infrared diver-
gence, and D, the ultraviolet divergence. A is the cutoff
of the momentum integral. Generally this integration is
zero. But we have left over a = 2 case, because it shows
clearly the cancellation of infrared divergence and ultra-
violet divergence separately. Second, in contrast to the
order of typical loop momentum appearing in Eq. (5),
which is of O(mg?), we set the order of gluon loop mo-
mentum in the one loop corrections to be of O(mg*). This
is to explicitly separate the soft part that cancels the soft
divergence coming from emitted gluons of O(mg*).
Keeping these comments, all divergences may be elimi-
nated systematically.

Diagram (1) of Fig. 9 is the one loop correction of heavy
quark and antiquark external lines. The product of the on-
shell heavy quark propagator and its self energy is

AD,—Za
D1/2 - B

ADU—Za

Do a 51)

D

dPk
iAp)S(p)=—ig® f G A

+k)y, Alp )T T

k> +ie
14y, [ dPk
— 2TuTa 0
' 2 J@emP
4m? 1 1

X .
(py+h)?>—m?+iepi—m?>+ick’+ie

(52)

§/k1 5%1(1

<3>

:@b& pl pl
q ~ R S

,@/kl P2

PHYSICAL REVIEW D 72, 034002 (2005)

We assumed that p; is slightly off-shell, and used the
heavy quark propagators as in Eq. (10). Moreover, A(p, +
k) is replaced by [A(p; + k) + A(p, — k)]/2. Then one
has

. . ara 1+ Yo de
iA(p)2(py) = ig?T“T Y W
1
X
(ko + ig)(kg — ie)(k* + ig)
) 1 AP—4
* (4m® T 5
AD74 1+ Yo
- T°T* . 53
In the &, contour integration, the residue at k, = ie or at

ko = —ie makes the one loop correction purely imaginary.
Therefore, in these cases, the mixed term of LO and its one
loop correction vanishes. The self energy of the antiquark
is the same except that (1 + y,)/2 is replaced by (1 —
v0)/2. However, it has the same contribution to the differ-
ential cross section, because spinor wave function u(p,) is
proportional to (1 + y,)/2, while v(p,) is to (1 — y4)/2 in
the heavy quark limit.

As can be seen from Eq. (53), the renormalization
constant of the heavy quark mass has no divergence.
Only the renormalization constants of the heavy quark
and antiquark fields have both ultraviolet and infrared
divergences. The differential cross section from the mixed
term of Born diagram and the same diagram but with the
self energy insertion to the external heavy quark or anti-

<4> o \K1 © \KI
0, |
pl pl
q P2 q 91 2
pl pl
-2 —p2
d 1 o9
IS fua I f
<5>
&\\kl
lip
pl 4 pl
—p2 —p2
q P T
Y7

FIG. 9. One loop corrections.
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quark line is Note that the result was divided by 2, because half of the
LotV 2 52 divergence is used for the renormalization constant of the
§2 =_ 5 g*m*(2mg )4< ) external quark antiquark wave function. It may be checked
dtydu, 3 (4 ) m that the above infrared divergence cancels the soft diver-
— 2mgpe€, gence of Eq. (44).
x> §4 s+ +u) Diagram (2) of Fig. 9 is the external gluon line correc-
1 1 tion. The self energy of the external gluon is
X - (54)
4 Dy—4

[(2K* + 2k - ky + 5k3)g4y + (4D — 8)kok, + 2D — 4)(koky, + k, ko) + (D

1 dPk
25k = ;N0 [

@mp
1
- 6)k1aklu]m
o 1 . 1 dPk (6 — 8/D)k2 (2)62 —2x + S)k%
_2ﬁmyg”ﬁdﬁﬂmm{wtwu—w«&w*wkwm—n&ﬁw} 4

Here, we ignored quark loop contribution, as it is suppressed in the large N, limit. Terms proportional to k;, and k;, will
vanish due to the current conservation condition of the LO amplitude. Assuming k; to be slightly off-shell, the gluon self
energy may be expanded with respect to k3.

k2 _ 1. 2x(1 — x)(— k2) N 1 _ 1 2x(1 = x)(—k3) N
(k* = x(1 = x)(—k3))? k2 k* ' (K — x(1 —x)(—kD)>  k* kS
(56)
Keeping only the 1/k* terms,
Y 10 AP~ AP
) = ov0g, Bt L] 57
(4mP2T(D/2) 3 | D;—4 Dy —4
The differential cross section obtained from multiplying this and the Born cross section is
d?oBV2 20 1 €,\5/2§ — 2mge 501 1
2 == m22me)(—2) 28 (s + )+ ouy) > — : 58
dndu 3 @aptm @me) ( ) § (sHtn+u)el 5 =4 D, -4 (58)

Again, the result was divided by 2 for the same reason.

Diagram (3) of Fig. 9 is the quarkonium external line correction. For the quarkonium external line, there is no direct
one loop correction in QCD. But we assume that its one loop correction is the same as that of heavy quark and antiquark
lines in Eq. (54). This assumption can be proven to be true from noting that the quarkonium is the bound state of a
heavy quark and an antiquark, and therefore its field operator is a composite operator composed of a quark and an antiquark
field.

Diagram (4) of Fig. 9 is another type of one loop correction. However, it vanishes and has no contribution.

. Pk —i
Mﬁu)/m = g’ omP 2+ is M(P1)[7 A(py — k)YPA(py — ky + Mg, (k) + y"A(py — k)M g, (K A(—p,
—k)yP + yPA(p, + k)MﬂM(k)A(—Pz +k)y" + Mg, (K)A(=py + ky — k)yPA(=py + k) y"1Tv(p,)
1+ '}’0 ) ’yo dP~ 1k —> Glﬁ(p) 1 1 1
= 3C M( ) i :U« T4y )f <__ _ 4 _ ):
s N, o 78 b2 2 )D ] ap ki |k|2 k10|k| k10(|k| + klO)

(59)

Finally, diagram (5) of Fig. 9 is the vertex correction. Soft-collinear divergence of Eq. (44) is eliminated by these
diagrams. Such cancellation can be anticipated, because the soft-collinear divergence of Eq. (44) and the cross section
coming from multiplying diagram (5) with a Born diagram are coming from the different cutting of a two loop diagram for

034002-12



QUARKONIUM-HADRON INTERACTIONS IN ... PHYSICAL REVIEW D 72, 034002 (2005)

the self energy of the quarkonium with no infrared divergence. The amplitude becomes

a de — C C
M = g j Gy LMk + kA= pa = Ky + YT Alpy + OMiia(k + k)Ju(p2)

( Zkl - k)ﬁgv + (kl - k)a + (kl + Zk)ygaﬁ
(k2 + 18)((/(1 + k)? + ig)

B . dP1k
3 mCDNcM(pl) l ,u 70 T ( )[(2 )D 1
2keyo 2L + kig(2kio — KD 52 g}, — 2k; X4 - (K + ky)gl

J op

4|k|2(k10|k| + k- k1)
=2k W(p) k8,0 — kyolkio — |7€|)7831(,f) gh + 20k — ky); "”g}f’) - kgl
41kl (g + 1k (yolkl + K - Ky)

(60)

Two terms of the last equation are residues at ky = —|1€| + ie,and at kg = —k;y — |1€ + 1€1| + ig, respectively. In the
second term, k + k; was substituted by k. If each momentum is set to be

q = (m(p, 0,"',0, O, 0, O), kl = (kl()’ 0,"',0, 0, 0, klO)r P11 = (E1,0,~",0, 0, |[_5|Sin01, |ﬁ|C0501),
ps = (E,,0,--+,0,0, —|p| sinf, —|p| cosh; + kyp), k= (ko,0,--+,0, IIEI sinf sing, IIEI sinf cos¢, IIEI cosf), (61)

then,

1+ S dP 1k K2

(V5 _ Yo i n Y0 1 10
M., N, : T S s——= -
” maNi(p1) V8T U(pz)](ZW)D_l [2|k|2(k10 + kD (klkyo + k- k)

- dP(p) op(p) 1 o . 0U(p)
><(k1 0t ko ) gl sing, | (©2)
p j 2kyg(kyo + |kl) ap

where g,, means transverse direction with respect to 121. It is manifest that the current conservation condition k{ M Ef,),v =0
is satisfied from Eq. (62), because Eqs. (53) and (57) are intrinsically zero. The differential cross section from M"?, after
multiplying it with the Born diagram, is

d>oBV> 29 1 2 2 2
§2 g m2(2m¢)4<%> #Sﬁﬁ-tﬁ-ul)[ -

dtldul 3 (4 )2 (D_4)2 D—4

Sujty —mir —m?$% Sujty —mi 2 —m?§? Suty —mi 2 —m?§?
X yE+1n‘/ > + —1n2‘/ > —(27E+1)1n\/ >
47 ume 2 47 me 47 me
2 Suity —mi 2 —m?§? 1
T ’ 1 \/ 1h »
———yi—yp+ +1n +yp—=| 63
6 YET VE Dy —4 A u’me YE 2 (©3)

|
The double pole 1/(D — 4)? is canceled with that of  where the renormalization scale is set to the heavy quark

Eq. (44). mass. By = 4L N, in the large N, limit.
The sum of soft differential cross section Eq. (44) and
the terms obtained by multiplying the Born term and its

D. Coupling constant renormalization and soft part one loop correction Egs. (54), (58), and (63) still has col-
mass factorization linear divergence, where Eq. (54) should be doubled be-

The ultraviolet divergence in one loop correction may be ~ cause of the quarkonium external leg correction. This
removed by renormalization of the Coupling constant g. remaining divergence is removed by the soft mass factori-

zation in Eq. (42), which corresponds to substituting the

ag 2 d t of Eq. (42) proportional to 8(1 — x) into
o1+ & Ty +1 64 second part of Eq. prop X
&b g[ 8 (D —4 VE n >ﬁ01| ©4) Eq. (41) becomes divergence-free.
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d’c’ d>oBV 20 1 €,\5/25§ — 2mge §
) ) _ 4.2 4f €o DCo 2
S = — m-(2m —) ———06(s+ 1t +uy)|In“6 + 21IndIn —Iné
drydu, diydu, 3 @m2® (2ma) (m> 4 (s 44 1)[ Mg
2 / 2
ms ms T ® 11 m
In? . + In—— —1+—+4+—1In— | (65)
mg (S + 1)) me(§+1) 3 2 6 Q
d2 BV . d2 BV1 dZ BVS
where dtl‘;.ul is the sum of dt:rdul through dtf’dul . ' B
Below is the summary of the elementary total cross section for ® + g— Q + O + g.
) —— m2 222 Lok !
—5:(s—A—/(s—A)>—4m?s) = , o .
O-NLO*g = lln'l/*2 [ ’ dll [ ! dM1S2 + lll'n/*2
A=0 8% J—s(s—a+/s— A2 —ams) A—s—1, fidup A—0S§
—5(1—~/1—4m?/s) A—s—t d2os d?>oBY
x [ : dt, f ‘ du1<s’2 e ) (66)
—$(1+/1—4m?/s) - dtidu, dtydu,

Here, §2 j:l‘(;:] is the sum of Egs. (35), (37), and (43). The

first line and the second line depend on A (or &). But their
sum is independent of it, because it appears as the lower cut
in the first line and as the upper cut in the second line. The
results are shown in Fig. 10.

VI. UPSILON DISSOCIATION CROSS
SECTION

As an explicit application, the above result is applied to
the upsilon dissociation cross section. The two independent
parameters of the theory are determined by fitting the
physical masses of my(5) and my g to the energies of
the Coulomb bound states. Specifically, from the relation
My@s) — My(s) = 3/4€,, the binding energy is found to
be 750 MeV. Also, the bottom quark mass is found to be
5.1 GeV from equating it to (my(5) + €,)/2. The coupling

constant g is then found to be 253 from g°>=

167/N_ \J€,/m.

0.08
0.06
0.04
0.02

0 L

(mb)

T
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-0.04 r

~0.06
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The left and right graphs in Fig. 10 represent the ele-

mentary total cross sections of ® + ¢ — Q + O + ¢ and
® + g— Q+ QO+ g, respectively. In both graphs, there
are regions of energy where the cross sections become
negative. These negative cross sections originate from
mass factorization, where finite parts of the differential
cross section have been subtracted out and put into the
definition of the distribution function. Therefore, the cross
section becomes physical only after folding the elementary
cross sections with the parton distribution functions (PDF)
and adding them to the LO contribution.

To obtain the total cross section, we used the
MRST2001LO PDF [23] for the LO result, and the
MRST2001INLO PDF [24] for the NLO. We used the
PDF calculated in the MS scheme, because our perturba-
tive calculations, including the subtractions in the mass
factorization, were performed in the MS scheme. If differ-
ent schemes were used in the perturbative calculation and
in the PDF, the scheme dependent finite pieces would not

1.2
--(a)

-- (b)
--(c)
— (a)+(b)+(c)

1 -

0.8
0.6

< 0.4

~—

0.2

0 1 1 -

T
e
o

-0.2

-0.4

sart S (GeV)

FIG. 10. The left figure is the elementary cross section for ® + ¢ — Q + Q + ¢ and the right figure is that for & + g — Q + Q +
(g). In the right figure, (a) the dashed line is the Born term given in Eq. (12). (b) The dash-dotted line is the hard gluon part, namely, the
integration of the sum of Eq. (35), (37), and (43) over the hard part of the Dalitz plot plus the integration of the “Ind”’ dependent part of
Eq. (65) over the soft part of the Dalitz plot. (c) The dotted line is the soft plus one loop correction, namely, the integration of Eq. (65)
excluding the “Iné” dependent part over the soft part of the Dalitz plot. The solid line is the sum of (a), (b), and (c).
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2
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FIG. 11.

corresponding ratio between NLO and LO results.

match, and the result would be inconsistent. In the original
scheme of Peskin, the scale of the PDF was be taken to be
the binding energy of the system, which is 0.75 GeV in the
present system. However, in the present example, we will
take it to be 1.25 GeV?, which is the minimum Q2 scale in
the MRST PDF.

The left graph of Fig. 11 shows the total dissociation
cross section to LO and to NLO. The ratio between the
cross sections calculated to NLO and to LO, plotted in the
right graph of Fig. 11, shows that perturbative QCD ap-
proach is acceptable only in a limited region of energy and
large corrections exist in the threshold region.

The separation scale of 1.25 GeV? is low, making it
questionable whether one can apply the present formalism
to the Upsilon system. On the other hand, one cannot take
the separation scale to be arbitrarily large in this example,
as one would invalidate all the counting schemes and the
nonrelativistic approximations used in deriving the for-
mula. Nevertheless, to asses the uncertainties associated

(mb)

0 1 I’I 1 1 1 1 1
0 5 10 15 20 25 30 35 40

sart S (GeV)

PHYSICAL REVIEW D 72, 034002 (2005)

NLO/LO

20 25 30
sart S (GeV)

35 40

The left figure is the Y(1S5) + nucleon total cross section to LO (dashed line) and to NLO (solid line). The right figure is the

with taking the scale of the PDF to be low, we modified the
scale Q% of PDF to 2.0 GeV?, and compared the result to
that obtained with Q> = 1.25 GeV2. As shown in Fig. 12,
the total cross section changes by less than 10% for /s <
25 GeV. As shown in the right graph of Fig. 12, 25 GeV is
also the upper limit of the window of energy region where
the ratio between NLO to LO is minimal. Hence, although
the scale dependence is non-negligible in the present ex-
ample, the uncertainties are within the estimated errors
coming from the perturbative expansion.

We also applied the present calculation to the J/i
dissociation cross section. But in the J/i case, the soft
plus one loop correction has a large negative value making
the hadronic cross section negative. This suggests that the
formalism breaks down for the charmonium system. As the
quarkonium is heavier, the relative contribution of this
negative part is smaller. Therefore, we conclude that a
charm quark is not heavy enough to use the present formal-
ism in the present form.

0 1 1 1 1 1 1 1
11 15 19 23 27 3 35 39

sart S (GeV)

FIG. 12. The left figure is the Y(1S) + nucleon total cross section with Q% = 1.25 GeV? (straight line) and with Q% = 2.0 GeV?
(dashed line). The right figure is the ratio between NLO and LO when Q% = 2.0 GeV?2.
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VII. CONCLUSION

We have reported on the NLO calculation for the quark-
onium parton cross section in QCD. All the collinear
divergences have been shown to cancel through mass
factorization and the soft divergences among themselves.
The result constitutes an exact QCD calculation at the NLO
in the formal heavy quark limit.

Explicit application to the Upsilon system shows that
there are large NLO corrections especially near the thresh-
old, as has been originally anticipated by Peskin [1].
Nevertheless, we have identified a window of energy range
where the NLO are under control, such that the perturba-
tive QCD results are reliable. Moreover, we have identified
the origin of large corrections and assessed the uncertain-
ties through the magnitude of the higher order correction.

The application to the charmonium system confirmed
that the discrepancies existing between the LO QCD result
and the hadronic model result on the charmonium disso-
ciation cross section by hadrons especially near threshold
are partly due to large higher order corrections in QCD.
Nevertheless, since the separation scale is in the order of
the binding energy, a thermal mass of few hundred MeV
for the partons will be enough to soften the NLO correction
and to make a perturbative treatment meaningful at finite
temperature.
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1 5 121> |D—
]dDP25+(P% —m?) = 5 [dpzod|P2|2|Pz|D 1dQp 567

X (p3y = |pal* — m?)
_ FD/2-1
'(D/2 - 1)

X dezdcosx(E% - m2)(D*3)/2

X (1 — cosZy)P=4/2, (A3)
where we have used the formula
T I'(D/2 +1/2)
Dy = —_ A4
ﬁ, s TG (A4)

and
dQD—Z = sinD_3b?lsinD_462 ce Sin00_3d01d¢92 e dGD_z

27TD/271 b3
=" " inP36,d6,,
roa—-nm 19

the cross section becomes

(A5)

D+ 1 FD/2-1
2% @mP2T(D/2—
— m2)P7I2(] — cos?y)P=H28(s + t; + uy)|M|?,

(A6)

o=

D dezdcos/\/(E§

where (g + k; — py)?> —m? = s+ t; + u,.
In the center of mass frame of ¢ and &y,

No. M02-2004-000-10484-0. q=(Ep0, -+, 0 ki), k= (kip, 0, -+, 0, =kyp),
P2 = (E5, 0, -+, |plsiny, |pl cosy), (A7)
APPENDIX A
and
Here the phase space of 2-body and 3-body decay are
reviewed. The initial flux F is g oSt P _ ntu
PR - T A BT
F=4 cky)” — mimy = 2§, (A1)
\/q ! 7k 13 @+ uy)? - dsm?
and the total cross section of 2-body decay is pi= 2./s ’
~bt4 dP dP 2u;s — (s +m%)(t, +u
o=Ft_ f ’L’){lf D25+ (p? — m2)s+ cosy = L ( )t F ). (A8)
2§ (2m) (2m) S\t + uy)? — 4sm?
X (p3 —m*)2m)P8P(py + pr — q — k)IMI? From the above relations, the Jacobian from u, #; to
~D+4 dP E,, cosy is
£ D25+ (p3 — m2)s*
2§ Q2m) NG
5 AT dE,dcosy = dtidu,. (A9)
X ((g + ky — pp)* — m*)| M| (A2) S\t + uy)? — dsm?
Because | Then the differential cross section is
d’o 77 1 \D/2[ Suyt; — ma 2 — m2§27(D—4)/2 —
2 = — e (s + 1 + uy)IMI%. A10
> dndu, T(D/2-1) (47T> [ 282 } (s 1+ u)lM| (A10)

Next, the 3-body phase space is
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—2(D—4) 4P dD dPk _
_M P2 P1 2 2
o=t [amt [ampt [amypi® (Phm)3" (0} = m2)5" (2)QmP8(q ko = py = p2 k)l
1 M—2(D—4)

depdep5+(p%—m2)5D(q+k1 —pz—p)dekdepl(S*(p%—m2)5*(k§)5[’(p—kz—pl)lll_/llz.

(Al1)

Y (2m)?P3
In the above equation, new variable p is introduced and D-dimensional p integration and D-dimension delta function of
p are inserted into phase space. The last line is the same as the two body phase space, and it becomes

— P2 TG = 1) (p2 = )P
2 T3 ()P

f d6,sin>=39, /”sinD—402|M|2. (A12)
0

Moving to g and k; center of mass frame, the differential cross section for three body decay is

d*o 11 w2 fSugy, — mi — m2§2\(0-4)2 sP3
.2 _ 1 141 Dl 4 do D— 39 do D— 40 M
N dtldul ) (47T)D F(D _ 3)( §2M2 ) (s4 + mz)D/z 1 f 1Sln 1[ zsm 2| |
(A13)
APPENDIX B

Here the angular integration which is used throughout this work is derived. The required angular integration has the form

1 ™ ™ sin®730,sin? 40
(i) = D-3 D—4 — 1 2
I do 0 do 0) = deé do . |
f isin ! ] 2510 2fi(i + §) ]0 ! ﬁ) 2(a + bcosh,)i(A + Bcosh; + Csin, cosf,)’
(B1)
where
A =2E (kig — kag) + 2kjo(kig — | pl cose), B = 2ky(|pl cose — kyp), C = 2ky|pl sing, a = —2kyokn.
(B2)
D denotes that it is D-dimensional angular integration. If b = —a, A> = B> 4+ C?, the solution has an explicit form
[22,25].
Gp_  2m  TD2-i-DI(D/2—-j-DID - 3)F i i D_,A-B (B3)
D (2a)i(24) T2(D/2— 1)I(D —i—j—2) e R DY I
F , is the hypergeometric function.
I'(c) _ _
Fis(a, b, c;x) EF(b)F(c—b)/ dit®= (1 — 1) b7 1(1 — )¢, (B4)
which has the following properties
Fiy(a, b, c;x) = Fy,(b, a, c;x), F15(0,b,¢c;x) = 1. (B5)
In the present case b = —a, and A> # B?> + C?. First, considering Ig‘l),
(1 1) d0 d0 sin D_3015inD_402
! 2a(1 — cos@ )(A + Bcosf, + Csm01 cosb,)
d¢91 d02 nP736,sin”10, Wdﬁl ﬂdﬂz sin®~38,sin? 46,
a(A + B) (1 — cosf) a(A +B) Jo 0 (1 —cosh)
A +B
1 - " = 11 + 12, (B6)
A + Bcosf; + Csinf, cosf,

where [ is separated into infinite part /; and finite part /, in 4-dimension.
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From Eq. (B3)

10 T 2
L =-L2_—= B7
'""A+B aA+B) D-4 ®7
and
1 1 7 1 A+B
L~———— dcosé deé 1— +0(D—4
2 a(A+B) /_1 cos 1/0 2(1—c0s01)[ A+ Bcosf, +Csin0100502} ( )
1 +
__ 7 [ dcosf, [ _ A+B }+®(D—4)
a(A+B) J-11—cosb, V(A + Bcos6,)? — C?sin6,
T cost=+1
=7ln[(A + B~ (1—cosf,)(B2 + C>+ AB) + (A + B)[(4 + Beosd )2 + Czsinzﬁl} +O(D—4)
a(A+ B) cosf;=—1
T (A+B)?
= 1 +O(D —4). B8
aarB g 0P~ (BS)
As a result,
2 (A + B)?
M =_7 +1In +O(D — 4). B9
D T 4A+B)|D-4 "A-BP-C ( ) (B9
Ig’j) with higher order j is derived by differentiating 18,1) with respect to A.
R G VAR
0 — ‘ B10
b -DrdaTtP (B10)
Below are the summary of the results. (the subscript “D’’ is omitted for simplicity).
2 1
I(],O) — _7T , (Bll)
a D—4
. T 2 (A+ B)? D—47 ,A—=VB*+C* 1 ,A+VB>+(C?
[ = +In + In — =l
a(A+ B)\D — 4 A2 — B> —? 2 A+ B 2 A-BX¥ 2
B+ B? + C? A— B+ C?
+ 2Liy[ ————=) = 2Li)[—————— | | + O((D — 4)?)), (B12)
A VBT C A+B
2 (A + B)?
02 =__7 +1 +0(D - 4)), BI3
aarpr\p-a Mg ToPY (B13)
2 (A + B)? 2A(A + B) A? + B+ C?
03y =_7 +1 +A+BE S = 340D 4)
a(A+B)3 D—4 A2_32_c2 A2_32_c2 ( )(A2_BZ_C2)2 ( )
(B14)
2 (A + B)? 2A(A + B) A2+ B + C?
JR e — 1 +(A+B?5—————+(A+B)
a(A+ B)*\D — 4 A2 —B>—-C*| A>—-B>-(? ( )(Az—BZ—CZ)z ( )
2A% + 6AB? + 6AC?
—11/3+ O0(D — 4)), B15
AT gr g /300 - 9) B15)
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2 (A + B)? 2A(A + B) A2 + B>+ C?
09 =7 I +A+BR— 2 T LA+ B
TRl Vo R ey ) oy s Ry ey oy
2A(A% + 3B%2 + 3C?) 4A%(B? + C?) 1
+ (A + B)* —25/4+ 0(D — 4)), B16
3(A2 _ B2 _ C2)3 ( ) |:(A2 _ B2 _ C2)4 (AZ _ BZ _ C2)2:| / ( )> ( )
D — 2_ [ At 204 HB) |y g AT
a(A+B)6<D—4 [Az—BZ—CZ} A% — B? — C? (A — B> — C?)?
2A(A% + 3B? + 3C?) 4A%(B? + C?) 1
+ (A + B)® + (A + B)* +
( ) 3(A2_B2_C2)3 ( ) |:(A2_BZ_C2)4 (AZ_BZ_C2)2:|
3243 2A(3A%2 + B2 + C?)
+ (A + B) — —137/30 + O(D — 4) ). B17
( ) |:5(A2_BZ_C2)5 (AZ_BZ_C2)4 i| / ( )> ( )
109 and 119 may be obtained from [22] and by the same method,
A+VB2+C?
O — ™I A—\/BZ+C2) (B18)
VB + C?
2
102 — e (B19)
2mA
0y =_—— "= - B20
(AZ _ BZ _ CZ)Z ( )
27(3A%2 + B2 + C?
joy = 2T B FC) (B21)
3(A* — B® — C?)
27A(A? + B + C?
1039 = =7 2( e ) (B22)
(A2 — B> — C?)
27(5A% + 10A%2(B* + C?) + (B> + C?)?
1(0,6) _ 77( 2( : ) - 5( ) )’ (B23)
5(A* — B> — C?)
(-11) _ 2B B2+ C*+AB [A+VB*+(C?
I'~HY = 7Ta<— B 5+ 5 P ln|: — = 2:|>, (B24)
B2+ (B*+ () A—+/B2+ C?
12 . 2(AB + B? + C?) B . A+ VB?+ C? (B25)
2) = o _ ,
((32 +C)A2 - B2 - C?) (B> + C? [A - \/BZTCZD
2ma(A + B)
o1y =_-"" - B26
(AZ _ BZ _ C2)2 ( )
2mwa(3A% + 4AB + B*> + C?
jora = 2maCGA T aAB B+ C) (B27)
3(A2-B>—- ()
27a(3A3 + 5A%B + (3A + B)(B? + C?
-1 _ 2mal ; g i 4)( ) (B28)
3(A2-B>—- ()
4 3 2 2 2 2 2)2
[-16) — 2ma(5A* + 10A°B + (10A% + 6AB)(B* + C?) + (B> + C?) )‘ (B29)

5(A2 _ B2 _ C2)5
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APPENDIX C

Here the detailed calculation of Fig. 6 is presented. M| through Mg correspond to tree diagrams (1)—(8).
M 1 is

M) = (i9)%a(p)T u(p1, pr — DiA(py — @)y, TA(=ps = k), TP v(p,)

g _ 1+9° 1—9° ~1 Pr ks P&, P&
= g’ ~ #p1) vig" — T"Tbv(pz)w(p)[g‘ig‘}—— 8988 —g) A g0 } (C1)
C

2 k k%() m k20 A m k20

The first line in the bracket is of 1/(mg*) order, and the second line is of 1/(mg?) order from Eq. (9). As will be shown
later, the sum of 1/(mg*) order terms from M, to My vanishes. As a result, the 1/(mg?) order becomes the leading order.
M2 is
MﬁflA = (ig)*a(p)y\T"iA(py + ko), T*iA(g — p)T (= P2 g — P2)v(p2)

_ 2 Mo 1+9° 'ml_VOTbTa 001 n o P2 o Py o 0Pk
g ‘/Ncu(pl) Y8 3 v(p,)| 8585 - ¥(p) + (8088 P20 ngA—mk%O P(p)
0 —1 3¢(P)

v8) ky 9p

+ kz)} (C2)
The third line in the bracket comes from the expansion of the Bethe-Salpeter amplitude.

(Pl,l?l)

Ly(py+ky —po+ k) =T,(p + ky, Py + ky) = I,(p1, p1) + T -k, (C3)
R o (P Py
Uy(=pag—p2) =T, (b1 — ki + ko, py — ky + ky) =T, (P1, p1) + # (—ky + ky), (C4)
I . ol (p1, P1) >
Lulpy = ki =p2 = ko) = Tu(py = ku py = ki) = (1o po) + =5 (k) (C5)

M3 is
M,S?/)\ =(ig)?i(p1)YT?iA(p1 + k)T, (p1 + ko, —po + k1)iA(= pa + k1) y, Tv(p2)

me ., 1+9° 1—y e+1p,2/m Dok Prki— Pk
=g2‘/N i(p)——vig" T”T“v(pz)[ngA—ltﬂ(p)Jrgo 0(— Ay L A2
c

v8
2 k10k20 A mk%o mk10k20

Poikio—k Pk 2p, -k kio — koo 0(p) -
)t/f(p)+< 2;’710 2 +g%¢) ni’ 0_ 2°><//() gm( DL () +H10_220 lpip-kzﬂ

k%o kiokao kiokao mkokao kiokyy 0P
0 0 S B Bk —
5 Mo _ L+y il =Y pra o k10 Paky | Parki— Pk, P1 kz)
— g | » 7T +
g Ncu(pl) 5 gt v(po)| 8088 ———— kwkw Ly(p)+8%5( - i, . mkgo ¥(p)

kio—k k ky + k kio—kyg 0
+(gyg())\p2] K0 7K 4 0 ﬁ Pijkio— 20>¢(p) g0 0<w¢(p)+ 10 ~ K20 ¢(P) ﬂ (C6)
m  kiokyg m kiokyg kiokao kyokyo  9p

Notice that |p,|?> = |p,|> — 2p; - (k; — k,) from the order counting of Eq. (9). The last line in the last equation comes
from the expansion of the Bethe-Salpeter amplitude in Eq. (C3).

Similarly, M* to M8 are given as below.
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M), = (iglalpy)y, T*iMpy = k)T u(p1 = ki, —p2 — k)iA(=py — k) ya TP v(p2)

0 0 > 12
— 2 me _ 1+’y ',',ul_’y TaTb 00_€+|P1|/m
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+ 4% + P(p) + ( —— t &8 >¢( )
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0 0
— 2 me _ 1+'y '[Ml_'y ThTa 0 0k10_k20
g Ncu(pl) 5 Yig™ v(py)| g»8) ok #(p)

+g2g‘j< 14 '2k1 4P "k —Pz'kz | ):,Z/(p) +( j ())\Pl; kio — kxo +g(,1g§\p i ko — k20>¢( )
mklo mk10k20 k20 m klgkz() m k10k20

 o0fP1” ky+ Py k (r )+k10 kao 3¢(p) ﬂ )
ng/\( mkiokyg ‘P kiokao op VAl

M®) = (i9)a(p)T . (p1, pr — DiA(py — @ yaTPiA(=ps + &)y, Tv(p,)

>

0 j
— .2 Mo 1+ inl Y ThTa 0,0 1 0,0 P2 ki opljg/\ o P2j8v c8
g ‘/Ncu(pl) Y8 7 v(p2)Y(p)| 8249 ‘T + 8,8, i, kL + g5 kg | (C8)

M, = (i9)*a(p))y, T*iA(py — k)yaTPiMg = p2)T (g = pa —p2)v(p2)

0 0
— .2 Mo I+y 1Y TbTa 00 L 0o Pl _ 0,0 P2 0,0P1"
g N, i(py) 5 Vg 3 v(py) ngAkmt/f(p) 088 . g0eh o + g,8) k?o sb(p)
1 ay(p)
T+ glgy L WP k1+k2)} (C9)
ki 9p

MEZ,),A =igi(p)L,(p1. p1 — QiA(p1 — @)y T v(py) zgfabc((kl +ha)sgua +(—2ky + k1), 806 + (—2k) T k2)a80s)

W=k
Mg _ 1+9° il—y " 1

= ()= g ST T ) g (g + (26 )
c 1 2

bk + Pk 2ky:pu+2kp
(=2 +ha)gug T P g SIS fygA},zf(p) (C10)

.- .. —1
Mﬁf,),;\ igi(p)y°TiAg — p)T (g — pas —Pz)U(Pz)mgfabc((h + k2)58 02
1~ ko

+ (—=2ky + ky)8as + (—2k; + k2)r805)

[m L+ . 1—90 1
=g’ N(I)M(pl) 2 Yig'" 2 (7, Tb]U(Pz)m[_<(kl + ka)ogua + (—=2ky + k1)ug 00
c 1

By ky+ Py k 2kyipo + 2kiip
<2k + kg AR, ¢ TR Y VgA)¢<p)+<<k1+k2>ogm
ay(p)
=2k + K)o + (—2K; + K2)a200) ‘”p” (i, —b)} (C11)

Next we consider the others (9-16),
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—i

M !
(k+ py)?* (k+ py — K

: d*k . . )
s = (i8)° /(277)4 YT iA(py + ko) y T¢iA(k + ¢)T ,(k + g, k)iA(k)y°T?v(p,)

X ((k + P2 — 2k1)6g0'1/ + (kl +k+ p2)(rg1/5 + (_Zk - 2P2 + kl)l/goé)

SRR 1 1pI*\ o
=g2\/%u(p1> Ly S Tl [t~ (e - m)%ﬂ C12)

)2 gfcad

d*k —i
MU0 = 3[ TN, (k k — q)iA(k — )y TUA(=py — ko) YT v(py) ——
wvA (ig) Q) Y iA(k) ,u( ) q)iA( q)y iA(=ps DVAT v(py) (k P1)2

—i

X mgfcad((k — 1 —k)s8oy + ki + k= p1)ogus + (=2k +2py — k1),805)
|
m 1+ 40 1 =90 ; 1 2pyi FRY
= & () T yigt LT T u(py)ghgl — | — T y(p) + (€ — - ey (C13)
N, 2 2 kro m m ) dp;

M) = (ig)? j Gy T IAP = k)Y TOUAK + Tk K+ AR T (p2) s

mngdb((Zk +2ps t k)agos + (ky =k — pa)ygas + (—k — py — 2k)58,52)

_afme_ 1+ 1=, 0. L[ _2py n bl al/f(P)

g Ncu(pl) 5 Vi8 5 TT v(p2)gre) ol T (p) m ) o, (C14)
M2 = (ig)® / ok YO TGARIT, (k k — @)iA(k — )y’ T4A(= py + k) y, T*v(py) ———
#vd Q2m)* K ’ (k= p)?

—i

X = —h7 gf 2k — 2py — ka)a8us + ky — k + p1)pgrs T (—k + p1 — k2)58,0)
1 2
0 =12
N T b e TbT“ 1 plj 1pI*\ 9¢(p) C15
g ‘/NCM(PI) 5 vig"— v(p2)gleh — = P(p) — ~w ) Toms | (C15)

—i —i —i

(16) _ 2 oTc Sd
M%) = (ig) f Y TGARKIT, (k k — @)iAGk — @)y Téu(p,) .
urk Qm)? k= p)? (k= pi+ ki — k) (k — ky)?
X ((k = py — ki + k2)58oe + 2ky — 2ky + k — p1)y8es + (=2k +2p) — ki + k3)o8,5)8S
X ((=2ky + kp)pgpe + (ky + kp)egyp + (ky — 2k2)vga/\)

fL ed

1 0 1=
= 82‘In1z,®ﬁ(191) +27 vig™" 7 (7, Th]U(Pz)( 1) ((=2k; + ky) 280 + (ki + k)80
2 J >12
+ (k) — 2k2)vgj)\)|:% (p) — <€ - %) a;ﬁlgf)} (C16)

Because M'¥ ~ M5 are higher order in the order counting of Eq. (9) compared to the other terms, they were ignored.
Summing all amplitudes from M) to M9, the total invariant amplitude is given as
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v alﬂ(p) r v 1 1 v v v
Mrh = [(W ) kl)(‘é’égo_ + (80k5 + okt — 8 Akzo))

20 kl :
ap(p) - 1 1
+ -k AV~
( ap 2><g0g0km k

Mo 1+ vy
X N‘fu(pl) > 0
APPENDIX D

In this appendix, we summarize the present counting
scheme and give details on determining the scaling prop-
erties of certain diagrams. To begin with, the binding
energy of the quarkonium scales as

e = m(N,g?/16m)> ~ O(mg*). (D1)

In the quarkonium rest frame, the energy conservation

condition for the process @ + g, glk;))— O(p)) +

0(ps) + g, g(ky) is

P IpP
2m 2m "’

where € is the binding energy of the quarkonium, and &,
koo are the energies of the incoming and outgoing partons,
respectively. p; and p, are, respectively, the three mo-
menta of the heavy quark and antiquark from the quark-
onium. From this relation, the following order counting can
be deduced.

€ = kip — kao (D2)

|p1] ~ P2l ~ O(mg?), kio ~ kag ~ O(mg*). (D3)

The counting for the internal gluon loop momentum K,
which connects the heavy quark and antiquark within the
bound state, can be deduced from Eq. (5). Since the left-
hand side of Eq. (5) is of O(mg*), K must be of O(mg?). In
contrast, the order of gluon momenta appearing in the
perturbative one loop correction should be of O(mg*).
This is so because the separation scale, which sets the cut
off in the perturbative diagrams, are set to the binding
energy, which is of O(mg*). Within the bound state loop,
the internal energy and heavy quark propagator can be
counted as O(mg*).

ky

1 1 VI,A ALV 2
g hwf&“+&%vk

(C17)

\
From the above considerations, the order of each

Feynman rules can be deduced and the results are listed
in Table I. Bound gluon means that it is the internal gluon,
which produces the Coulomb bound state, and whose
momentum K scales as O(mg?). There are two types of
the three gluon vertex. In the first one, the vertex combines
two bound gluons and one external gluon, while in the
other, it combines three external gluons.

The order of a diagram can be deduced from the above
order counting scheme. For example, the left and the right
diagrams of the Bethe-Salpeter equation in Fig. 1 can be
shown to be of the same order. Compared to the left
diagram, the right diagram has an addition internal loop
[(mg*) X (mg?)*], two heavy quark propagator [(mg*)~?],
a bound gluon propagator [((mg?)~2], and two coupling
constant (g2), which altogether gives order 1, as the left
diagram.

The suppression of diagrams (13), (14), and (15) to the
other diagrams in Fig. 6 may also be explained. Comparing
diagrams (13) and (14) to (9), diagram (9) has additionally
a heavy quark propagator ((mg*)~') and a quark gluon
vertex (g), while diagrams (13) and (14) have additionally
a bound gluon propagator ((mg*)~2) and a three gluon
vertex (two bound gluon plus one external gluon of
[O(mg?)]. Hence diagrams (13) and (14) are suppressed
by O(g?) relative to diagram (9). Similarly, diagram (15)
does not have a three gluon vertex [O(mg?))] nor a heavy
quark propagator [(mg*)~'] but an additional four gluon
vertex (g?) compared to diagram (9), and hence is rela-
tively suppressed by a factor of g2.

In certain cases, the simple counting scheme has to
be implemented with care. As an example, consider com-
paring the order of the first two diagrams to the third

TABLE I. Order counting for various Feynman diagrams

Feynman diagram Order Reference
Heavy quark (antiquark) propagator (mg*)™! Equation (10)
Bound gluon propagator (mg?)~2 Equation (5)
External gluon momentum mg* Equation (9)
Bound gluon momentum mg>
Three gluon vertex (two bound and one external gluons) mg>
Three gluon vertex (three external gluons) mg’
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diagram in Fig. 2. Using our naive counting scheme above,
the third diagram can be shown to be suppressed by g°
compared to the first two diagrams. However, in this case,
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the first two diagrams cancel to leading order in the count-
ing and combine to give the same order as the third
diagram.
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