PHYSICAL REVIEW D 72, 033002 (2005)

Semileptonic B — 7 decays from an Omnes improved nonrelativistic constituent quark model
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The semileptonic B — 7rl* v; decay is studied starting from a simple quark model which includes the
influence of the B* pole. To extend the predictions of a nonrelativistic constituent quark model from its
region of applicability near g2, = (mz — m,)? to all g> values accessible in the physical decay, we use a
novel multiply subtracted Omnes dispersion relation, which considerably diminishes the form-factor
dependence on the elastic 7B — 7B scattering amplitudes at high energies. By comparison to the
experimental branching fraction we extract |V,,;,| = 0.0034 = 0.0003(exp) = 0.0007(theory). To further
test our framework, we also study D — ar and D — K decays and find excellent results £ (0)/f%(0) =
0.80 + 0.03, B(D® — 77 e*v,)/B(D° — K et v,) = 0.079 = 0.008. In particular for the D — 7 case,
we reproduce, with high accuracy, the three-flavor lattice QCD results recently obtained by the Fermilab-
MILC-HPQCD Collaboration. While for the D — K case, we successfully describe the data for
F(g®)/f7(0) recently measured by the FOCUS Collaboration.
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L. INTRODUCTION

Exclusive semileptonic decays of B mesons are of great
interest, since they can be used to determine the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements |V,;,| and
|Vl In the latter case, heavy quark symmetry greatly
simplifies the theoretical understanding of the hadronic
transition matrix elements and thus the overall theoretical
uncertainty on the decay process is under control [1]. The
measurement of the exclusive semileptonic decay B —
ml" v, by the CLEO Collaboration [2,3] can be used to
determine the CKM parameter |V,,|. This exclusive
method provides an important alternative to the extraction
of |V,;| from inclusive measurements of B — X, /" v;. For
semileptonic decays of charmed or bottom mesons into
light mesons there are no flavor symmetries to constrain
the hadronic matrix elements, and as a result, the errors on
|V, are currently dominated’ by theoretical uncertainties
[1]. An accurate determination of |V,,| with well-
understood uncertainties remains one of the fundamental
priorities for heavy flavor physics.

The transition amplitude for the exclusive semileptonic
b — u decays factorizes into leptonic and hadronic parts.
The hadronic matrix elements contain the nonperturbative,
strong-interaction effects and have been extensively eval-
uated within different approaches. Thus, several lattice
QCD (first in the quenched approximation [4-9], and
more recently using dynamical configurations [10,11]),
light-cone sum rule (LCSR) [12-16] and constituent quark
model [17-25] calculations have been carried out in recent
years. Each of the above methods has only a limited range

"The current best value for |V,,| comes from neutrino pro-
duction of charm off valence d quarks (with the cross section
from perturbative QCD), rather than from semileptonic D
decays.
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of applicability, namely: LCSR are suitable for describing
the low squared momentum transfer (¢2) region of the form
factors, while lattice QCD, because of the limitation on the
magnitude of spatial momentum components, provides
results only for the high ¢® region. Constituent quark
models may give the form factors in the full ¢> range,
but they are not closely related to the QCD Lagrangian®
and therefore have input parameters which are not directly
measurable and might not be of fundamental significance.
Thus, it is evident that a combination of various methods is
required.

Watson’s theorem for the B — 71" v; process allows one
to write a dispersion relation for each of the form factors
entering in the hadronic matrix element. This procedure
leads to the so-called Omnes representation [26], which
can be used to constrain the ¢ dependence of the form
factors from the elastic 7B — 7B scattering amplitudes
[27]. In Ref. [27], once-subtracted dispersion relations
were used, and though promising results were found,
they suffered from sizable uncertainties because of impre-
cise knowledge of the wB — @B phase shifts far from
threshold. A recent reanalysis of the Omnes representation
in this context [28], has shown that the use of multiply
subtracted dispersion relations considerably diminishes the
form-factor dependence on the elastic 7B — 7B scatter-
ing amplitudes at high energies, and more importantly
points out that the Omnes representation of the form fac-
tors can be used to combine predictions from various
methods in different g> regions.

In this paper we study the semileptonic B — 7t v,
decay. We take advantage of the findings of Ref. [28] and
use the predictions of LCSR calculations at g> = 0 to

%A rigorous derivation of this approach as an effective theory
of QCD in the nonperturbative regime has not been obtained.
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extend the predictions of a simple nonrelativistic constitu-
ent quark model (NRCQM) from its region of applicability
[near g2,, = (mp — m,)?] to all g> values accessible in
the physical decay. We also use the available lattice QCD
data to test our approach. We use a Monte Carlo procedure
to find theoretical error bands for the form factors and the
decay width. From our estimate of the decay width and the
branching ratio measurement of Ref. [3] we obtain

IV lihis work = 0.0034 = 0.0003(exp) = 0.0007(theory).
ey
To further test this simple framework, we also study the
D — 7 and D — K decays, for which there exist precise

experimental data and for which the relevant CKM matrix
elements (|V,,4| and |V |) are also well known. We find

f+(0) = 0.63 = 0.02, f7(0) =0.79 = 0.01,

fx@0) +
70 0.80 = 0.03, )
0, ~=pt
BD'— 7 e'v,) — 0.079 + 0,008,

B(DO — K et Ve) this work

The plan of this paper is as follows. After this introduc-
tion, we study the semileptonic B — 7 decay in Sec. II.
First we set up the form-factor decomposition (Sec. 11 A),
discuss the valence quark approximation (Sec. II B) and the
role played by the B* resonance (Sec. IIC). The Omnes
dispersion relation and its application to this decay is
addressed in Sec. IID and in the appendix. Finally, in
Sec. ITE we use our framework to determine |V,,;,|, paying
special attention to estimating the uncertainties of the
determination. In Sec. III we study the D — 7 and D —
K semileptonic decays and finally in Sec. IV we present
our conclusions.

II. SEMILEPTONIC B — 7 DECAYS

A. Differential decay width and form-factor decompo-
sition

Using Lorentz, parity, and time-reversal invariance, the

matrix element for the semileptonic B — 7~ [* v, decay

can be parametrized in terms of two invariant and dimen-
\
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sionless form factors as’

2 2
V18w = (pn + = g™ ") )

my — m2
g ) (3)

where g#* = (pgp — p,)* is the four-momentum transfer
and my = 5279.4 MeV and m,, = 139.57 MeV are the B°
and 7~ masses, respectively. The physical meaning of the
form factors is clear in the helicity basis, in which f* (f°)
corresponds to a transition amplitude with 1~ (0™) spin-
parity quantum numbers in the center of mass of the lepton
pair. For massless leptons (I = e or w), the total decay rate
is given by

— G%Tlvub|2
1927

&ﬁwmmwwmvw
0

(B — 7 I"y)

with g2, = (mg — m,)?, Gp = 1.16637 X 107 GeV 2
and (%) = (m + m2 — g)? — dmym? = 4m3|p I,
with p . the pion three-momentum in the B rest frame.

Measurements of the B lifetime, 75 = (1.536 =
0.014) X 107! s and of the B — 7~ [* v, branching frac-
tion, Be,(B®— 7 17r) =(1.33£0.22) X 107 [1]
lead to

Fep(B® = 771" w)) = (87 = 1.5) X 107 s7!
= (5.7 £ 1.0) X 1074 MeV, (5)

[=eor pu.

B. Nonrelativistic constituent quark model: Valence
quark contribution

Within the spectator approximation, considering only
the valence quark contribution and assuming that the B
and 77 mesons are S-wave quark-antiquark bound states, a
NRCQM (with constituent quark masses m; and m; =
m, = m,) predicts [29]:

E., —§)|V#|B(mpg, 0))va Bl |E, () + E,([+3) +m, . R my, .
<7T( T Q)| | (mB )> _ “° b() _)mb u( _?) _)mz gl |l|) Zz;](‘l_i_ sp g )V#(l,q)
JAmgE, 4w\ 2E,(0) 2E,(+ §) m, + mg,
_ P+l (6)
> y (D +my)(E, (1+3)+m,)
V# i _ (E, b
Co=
E,(D+my,  E(+§)+m,)

with E, = \/m% + §°, Eb,u(lz) = 1/’”;2;,“ + i my, the spectator quark mass (m, in this case) and d)fél”(k) the Fourier

Note that the axial current does not contribute to transitions between pseudoscalar mesons.
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transforms of the radial coordinate space B, 7w meson wave
functions, which describe the relative dynamics of the
quark-antiquark pair.*

To evaluate the coordinate space wave function we have
used several nonrelativistic quark-antiquark interactions.
Their general structure is as follows [30,31]:

1 - —r/r, —r/ry
Vi(r) = — w1 — e )-i-)\rp—A-i- ap—— ¢ 5
m,-mj rro
2T 7r2/x0
/ _ ,r/re =
a0 =T 8} 5 )

with & the spin Pauli matrices, m; the constituent quark
masses and

®)

dm.m; \-B
xo(m,-,mj)=A<ﬂ> .

m,+m]

The potentials considered differ in the form factors used
for the hyperfine terms, the power of the confining term
(p = 1, as suggested by lattice QCD calculations [32], or
p = 2/3 which gives the correct asymptotic Regge trajec-
tories for mesons [33]), or the use of a form factor in the
one gluon exchange Coulomb potential. All interactions
have been adjusted to reproduce the light (7, p, K, K*,
etc.) and heavy-light (D, D*, B, B*, etc.) meson spectra and
lead to precise predictions for the charmed and bottom
baryon (A p, 2 ps 2050 Bepr Bopr Sepr Qep and Q7))
masses [31,34] and for the semileptonic AY — AYI™ 7,
and BY — B v, [35] decays.

Typical NRCQM valence quark predictions for the f*
and f° form factors are depicted in Fig. 1. The ALI
potential from Ref. [31] has been used’ and for comparison
quenched lattice results are also plotted. Preliminary un-
quenched lattice calculations have been presented recently
[10,11], but no significant difference between quenched
and unquenched calculations is observed [36], within rela-
tively large statistical errors. In addition, LCSR provide
accurate and theoretically well founded results in the g> =
0 region. Thus, we have a LCSR value [13]

LCSR: f*(0) = 0.28 = 0.05 9)

which is also plotted in Fig. 1.

Figure 1 clearly shows the deficiencies of the NRCQM
valence quark description of the B — 7l" v; semileptonic
decay. It fails over the full range of ¢> values. Close
to gZ.x, where the nonrelativistic Schrodinger equation
should work best, the influence of the B* resonance
is clearly visible [19]. At the opposite end, close to

= 0, where |g| = 2.5 GeV, predictions from a non-

They are normalized to [ dkk?|pZ7(k)|> = 1.
>The sensitivity of the results to the quark-antiquark non-
relativistic interaction will be discussed in detail later.
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FIG. 1 (color online). NRCQM valence quark f* and f° form
factors from the ALI1 interquark interaction [31]. Lattice data
points are taken from Refs. [7] (UKQCD) and [8] (APE) and the
LCSR estimate at g> = 0 is given in Ref. [13].

relativistic scheme are clearly not trustworthy. As a
result, a value for the width T\jeou(B® — 7 1* ) =
2.4(1v,,,1/0.0032)> X 10~ '* MeV is obtained, which is
around a factor of 2 smaller than the CLEO measurement
quoted in Eq. (5).

C. Nonrelativistic constituent quark model: B*
resonance contribution

A NRCQM description of the decay process should be
feasible in the neighborhood of ¢2,.. Indeed, this is the
case for the semileptonic B — DIp; and B — D*lp; de-
cays, recently studied in Ref. [29] with the same NRCQM
as here. The difference here is that, as first pointed out in
Ref. [19], in the chiral limit and as m;, — oo, the decay
B° — 77" v, should be dominated near zero pion recoil
by the effects of the B* resonance, which is quite close to
@2« In the picture of Ref. [19], the one we will adopt here,
the B* contribution plays a role only near g2,,, since it is
strongly suppressed by a soft hadronic vertex. This is in
sharp contrast to phenomenological parametrizations of f+
which assume it dominates over the full range accessible in
the physical decay [4]. The B* effects of the type consid-
ered here are not dual to the valence quark model form

ES
€BB

o=—T N\

q}/l fB %
B

FIG. 2 (color online). B* resonance contribution to the f*
form factor for the semileptonic B — 7 decay.
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factors and must be added as a distinct coherent contribu-
tion to heavy quark decay near g2, [19]. We will focus on
the f* form factor, which determines the decay width for
massless leptons, and we evaluate the contribution to it
from the diagram depicted in Fig. 2. It leads to a hadronic
amplitude (normalizations as in Ref. [29])

© 2
. ” (.8 T atq,/myN . 5,
_ZTM:_lgB*Bw(CIZ)Pw(l - 7 QV = )l quB*(qz)
q° — my.
(10)

with mp = 5325 MeV, and fp and gz, the B* decay
constant and the strong B*B7r dimensionless coupling
constant for a virtual B* meson, respectively. On the B*
mass shell, the hadron matrix elements fz-(¢*> = m3.) =
fp and gp-p,(q> = m3.) = gp-p, reduce to the ordinary
B* decay constant and coupling of a pion to B and B*
mesons. The latter is related, in the heavy quark limit, to g,
the coupling of the vector and pseudoscalar heavy-light
mesons to the pion [37,381°

2 = <2g V;“*’"B )(1 +0(1/my). (1)

From Eq. (10) we get

2)\/7fB (q )

B*

1
;o]e(qz) = Eg B7r (12)
There is no direct experimental determination of gg3,,
because there is no phase space for the decay B* — Br.
The available experimental results for D* — D7 [1] can be
related to gg+p,, through heavy quark symmetry. There is
no direct measurement of fp- either. In Ref. [29] we
computed, within the same NRCQM approach as the one
outlined here, both gp«p.. and fp-, and we found a value of
9.1 £0.9 GeV for the product of both quantities, which
appears in ;'Ole at g = m%.. Lattice QCD simulations

have measured fp- [39] and gp-p, [40] to be

fp =190 £ 30 MeV
= [85'BafB JLav-qcp = 8.9 £ 2.2 GeV

where we have added errors in quadrature. Thus the lattice
prediction for the product gp-p..f 5 is in remarkable agree-
ment, within 3%, with our NRCQM estimate in [29]. In
what follows we will use the value and error for the product
estimated from the lattice data and use the NRCQM of
Ref. [29] to determine the g* dependence of g5, (g*) and
F5(g?), as we will discuss below. There are other recent
estimates for gp«g, ([41,42]) and fp- ([43]), but given the

®We use the normalization f»= 131 MeV.
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existing uncertainties, all of them are compatible with the
lattice values quoted in Eq. (13).

As mentioned above, we use the NRCQM framework to
estimate the ¢> dependence of the product of
F5-(g®) 855 (g%). Since the NRCQM always uses on-shell
meson wave functions, all ¢> dependence will arise from
the kinematical factors relating the quark model matrix
elements and the hadron form factors. For instance, from
Eq. (13) of Ref. [29] we find a rather mild ¢ dependence

J?B*(qz)\y; = fp/mp-. (14)

In the same manner, we use Eqgs. (50) and (51) of Ref. [29]
to determine the g> dependence of gpp,., setting the
B-meson four-momentum P'* = (mg, P' = 0) and the

B*-meson four-momentum P* = gt = (myz — E,, P =
—§), and off-shell mass given by \/¢%, 13| = VEZ — mZ,
and E,, determined from ¢ as usual (E, = (m3 + m2 —

g%)/2mp). Thus, finally we evaluate

\/q_ mp8p prf B JLan— QCD
\/Mp* m%;* - q

where G- (¢%) = 8p5-(¢%)/ 85 5~ is a dimensionless had-
ronic factor normalized to one at ¢> = m3., which ac-
counts for the ¢> dependence of B — B*7 amplitude. In
Fig. 3, we show the influence of the B* resonance within
our NRCQM and compare our results to those obtained by
Isgur and Wise from the Gaussian constituent quark model
of Refs. [18,19]. Our model for the B* contribution com-
pares well to that of Ref. [19], though the latter decreases
faster owing to the use of a harmonic oscillator basis. The
inclusion of pole clearly improves the simple valence

quark contribution and leads to a reasonable description
of the lattice data from ¢2,, down to ¢ values around
15 GeV2. The low g2 region is still poorly described within
the current model since relativistic corrections there should
be large.

The hadronic amplitude of Eq. (10) also leads to a small
contribution to the f° form factor. Though it also improves
the description for the highest ¢ values, it is not large
enough and it is necessary to consider the influence of the
lightest 0T B resonances [27] (for instance a resonance
around 5660 MeV [44]).

pole(qz) - GB (q2) (15)

D. Omnes representation

Here we use the Omnés representation of the f* form
factor to combine the NRCQM predictions at high g¢?
values, say above 18 GeV?, with the LCSR result at ¢> =
0. In this way we obtain the full ¢g> dependence of the form
factor and thus can determine the |V,,| CKM matrix
element from the integrated semileptonic width. As shown
in the appendix, the (n + 1)-subtracted Omnés representa-
tion for f* reads:
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FIG. 3 (color online).
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Left: The solid line denotes the AL1 NRCQM B* pole contribution to f* [Eq. (15)], while the dashed line

stands for the B* contribution to f* obtained within the Gaussian constituent quark model of Refs. [18,19]. We also plot the G-
hadron factor introduced in Eq. (15) and the valence quark contribution to f* depicted in Fig. 1. Right: Valence quark and valence
quark plus B* — pole (denoted as NRCQM) contributions to f*. We also plot lattice QCD and LCSR f* data from the same references

as in Fig. 1.

I () = (l’[[ﬁ(ﬁ)]aﬂq”)
=0
X exp{]a(qz; q3. 9%, q2)
X[ - a }
k=0

1 [+eo ds S(s)
I (qz;qzw“,q%)=—f :
° 0 T )y (5—q3) - (s—q2)s—q°

n q2 _ qZ
jEk=04j — Dk

with ¢> < sg = (mp + m,)* and g3, - - -, g3 €] — 0, s[.
This representation requires as an input the elastic 7B —
7B phase shift §(s) in the J = 17 and isospin I = 1/2
channel plus the form factor at (n+1) ¢> values
(g3, 43, -+, q2) below the 7B threshold.

We would like to stress that from a theoretical point of
view the Omnes representation is derived from first prin-
ciples: the well-established Mandelstam hypothesis [45] of
maximum analyticity and Watson’s theorem [46]

fr(s+ie) T(s+ie) _

— 2i5(s) >
ft(s—ie) T(s—ie) e § 7 S an
8ris .
T(s) = e2i0s) — 1),

Omnes ideas have been used successfully to account for
final state interactions in kaon decays [47]7 and in
Ref. [27], a once-subtracted Omneés representation (sub-
traction point g3 = 0) was applied to the study of semi-
leptonic B — 7 decays. In the latter work phase shifts were
evaluated by solving the Bethe-Salpeter equation in the so-
called on-shell scheme [48], with a kernel determined by
the direct tree level amplitude from the lowest order heavy
meson chiral perturbation theory Lagrangian [38], together
with the tree diagrams for B* exchange which involve the
leading interaction with coupling 2. Such a model accom-
modates the B* as a 7B bound state and should acceptably
describe phase shifts close to threshold. It led to promising
results for £ [27], but theoretical uncertainties on the
form factor were not negligible, since to compute the
Omnes factor J5 [Eq. (16)] requires elastic phase shifts
far from threshold.® To include the effects of higher reso-
nances on 8(s) requires input of the masses and couplings
of such resonances. We therefore make many subtractions
in the Omnes dispersion relation to suppress the impact of

"There, however, multiple derivatives evaluated at a single
point are used as input instead of subtractions for different g2
values.

8Higher resonance effects on phase shifts cannot be neglected
far from threshold. In Earticular the LCSR result at g> = 0 hints
that at least an extra J* = 1~ resonance, located around 6 GeV,
has to be included in the once-subtracted Omnés relation scheme
[27].
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FIG. 4 (color online).

Solid line: f* form factor from a 6-subtracted Omnés representation, Eq. (19). Triangles denote the input

subtraction points of the Omnes dispersion relation (five points obtained from our AL1 NRCQM plus the Ref. [13] LCSR result at
g% = 0). Lattice data are from Refs. [7] (UKQCD) and [8] (APE), and the AL1 valence quark plus B*-pole contribution to f* is also
shown (denoted fygcqwm)- Finally, +o lines show the theoretical uncertainty bands on the Omnes form factor inherited from the errors

in Eq. (13) and from the quark-antiquark interaction model dependence (see Sec. II E for details).

S(s) at large s. This will leave a systematic effect in our
results, but this should be less than that coming from the
NRCQM plus B* pole used as our main input.

As the number of subtractions increases the integration
region relevant in Eq. (16) gets reduced and, if this number
is large enough, only the phase shifts at or near threshold
will be needed. Note that close to threshold the p-wave
phase shift behaves as

S(s) =n,m— pla+--- (18)

where n, is the number of bound states in the channel
(Levinson’s theorem [49]), p is the 7B center of mass
momentum and a the corresponding scattering volume.
In our case n, = 1 if we consider the B* as a 7B bound
state. Here, we will perform a large number of subtractions
so that approximating 8(s) = 7 in Eq. (16) will be justi-
fied. The Omnes factor J5 can then be evaluated analyti-
cally and we find for g* < sy,

1

_ 2
Sth — 4

fHgH=

n
[ (@) (sm— gD, n>1.
=0

19

Next we use the above formula to combine the LCSR result
at ¢> = 0 and those obtained from our NRCQM in the high
g* region and presented in the previous section. Thus we
have used the f* NRCQM (valence + pole) predictions
for five ¢? values ranging from g2, down’ to about
18 GeV?:

*From Eq. (6), we see that the arguments of the meson wave
function are |I| and |/ + G/2|. For ¢g> = 18 GeV?, half of the
transferred momentum, |G|/2, is about 0.4-0.5 GeV, which is of
i
antiquark interactions, V(r), have been adjusted to reproduce
the meson binding energies, they effectively incorporate some
relativistic corrections and hence one might expect this effective
nonrelativistic framework to provide reasonable meson wave

functions for momenta of order (72);/5,,. This could explain

why the NRCQM describes the lattice data (right panel of
Fig. 3) from high values of g*> down to values of ¢* even smaller
than 18 GeV?2. Nevertheless, we find it surprising that the non-
relativistic constituent quark model works as well as
it does [20].

the same order as (F ) Since the nonrelativistic quark-
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(23.574,4.1373),
(21.804, 2.5821),
(21.116, 2.1969), (20)
(20.173, 1.7916),
(18.290, 1.2591)

(¢?/GeV?, f1(q?) =

together with the LCSR result of Eq. (9) at g> = 0. When
one uses a large number of subtractions, as is the case here,
the a; exponents become large and there are huge cancel-
lations [note the normalization condition given in
Eq. (A7)]. This is the reason why above, and to ensure
numerical stability, we have quoted five significant digits
for the NRCQM input. We are aware that uncertainties are
larger than a precision of five digits, and we will carefully
take this fact into account below. Results are shown in
Fig. 4. As can be seen there, we obtain a simultaneous
description of both lattice data in the high ¢ region and the
LCSR prediction at g> = 0. In this way, starting from a
nonrelativistic valence quark picture of the semileptonic
process (Sec. 11 B) with all its obvious limitations, we have
ended up with a realistic description of the relevant form
factor for all g> values accessible in the physical decay.

A final remark concerns the use of the simplified Omnes
representation of Eq. (19) instead of the exact one of
Eq. (16). For instance, if we use five subtractions (we
drop the NRCQM point at g> = 21.1 GeV?) and the full
Omnes representation'® of Eq. (16), we find tiny differ-
ences from the results shown in Fig. 4. These differences
are negligible (below 1%) above 10 GeV?, and though
larger, still quite small (around 5%—7% at most in the
5 GeV? region) below 10 GeV?.

E. Determination of |V,;|: Error analysis

The CKM element |V,,| can be determined by compar-
ing the experimental decay width [Eq. (5)] with the result
of performing the phase space integration of Eq. (4) using
the form factor f* determined in the previous subsection.
Here, we will pay special attention to estimating the theo-
retical uncertainties. We have two main sources of theo-
retical errors:

(1) Uncertainties in the constituent quark-antiquark
nonrelativistic interaction.—To estimate those, we
will evaluate the spread of integrated widths ob-
tained when five different potentials (AL1, AL2,
AP1, AP2 and BD, in the notation of Ref. [31])
are considered. The forms and main characteristics
of those potentials were discussed in Egs. (7) and
(8). As mentioned in Sec. II B, all interactions have
been adjusted to reproduce the light and heavy-light
meson spectra and lead to precise predictions for the
charmed and bottom baryon masses [31] and for the
semileptonic AY) — AfI7p, and E)— El Iy,
[35] decays.

1%We use the model of Ref. [27] to obtain the phase shifts.
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(2) Uncertainties on [ g pfp*] and on the input to the
multiply subtracted Omnes representation.—Errors
on [gpp.fp* ], quoted in Eq. (13), affect the B* pole
contribution to f* [see Eq. (15)] and also induce
uncertainties in the NRCQM prediction for the five
points used as input to the Omnes representation in
Eq. (19). Quark-antiquark potential uncertainties,
discussed in the previous item, also induce uncer-
tainties in the Omnées input. The errors on the g> = 0
data point (LCSR), quoted in Eq. (9), should also be
taken into account.

To take these uncertainties into account, we proceed in two
steps:

(1) We fix the quark-antiquark potential to the ALI
interaction as in all previous subsections. By means
of a Monte Carlo simulation, we generate a total of
1000 ([g5 S 5 Jan—qcps f T (0)csr) pairs'' from
an uncorrelated two-dimensional Gaussian distribu-
tion, with central values and standard deviations
taken from Egs. (13) and (9), respectively. For
each of the 1000 pairs we build up the six points
that we use in our Omnes scheme [Eq. (19)] and thus
find 1000 different determinations of f* over the
whole ¢ range accessible in the B — 7 decay. For
each value of ¢°, we discard the highest and lowest
16% of the values obtained for the form factor, to
leave a 68% confidence level band which forms part
of the theoretical uncertainty shown in Fig. 4. Since
the output distributions are not Gaussian in general,
this accounts for possible skewness.

Performing the phase space integration for each of
the 1000 form-factor samples and again discarding
the highest and lowest 16% of the values, we find

(B — 7 I"y)

5 = (0.507%1%) X 1078 MeV.
|Vub|

2

(2) We fix the ([gp pmf5 ILav—qcps £ (0)Lcsr) pair to
their central values and compute the decay width

with each of the five quark-antiquark interactions
discussed above. From the spread of output values,
we find

I'B°— 7 ["v)

5 = (0.50 = 0.15) X 1078 MeV.
Ivubl

(22)

Adding both sources of error in quadrature, we get

B — 7 I"v)

TTaE = (0.50 = 0.20) X 1078 MeV (23)
ub

""We have checked that the errors quoted in the following are
already stable when 500 event simulations are performed.
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Partially integrated branching ratios [see Eq. (26)].

B0 = ¢*> <8 GeV?)/1073

B(8 = ¢g> <16 GeV?)/1073

B'— 77Ty,
B(g* = 16 GeV?)/1073

CLEO [3]
This work

43+1.2
4.3 + 0.7[exp] = 1.2[theory]

4.1 £ 0.7[exp] = 0.4[theory]

6.5+ 1.3 25+ 1.0

4.9 + 0.8[exp] = 1.2[theory]

and comparing to the measurement of the width in Eq. (5)
we find

V.o linis work = 0.0034 = 0.0003(exp) * 0.0007(theory).
(24)

The CLEO Collaboration [3] obtains from studies of the
B® — 717" v, branching fraction and g? distributions, us-
ing LCSR for 0 = ¢> <16 GeV? and lattice QCD for
16 GeV? = ¢% < Glaxs

[VisleLeo = 0.0032 = 0.0003(exp) =599 (theory).  (25)

We see that both determinations of |V ;| are in an excellent
agreement and that in both cases the error is dominated by
uncertainties in the theoretical treatment. We have also
calculated partially integrated branching ratios,

Blgi=q*<qd) = r ey

(26)

otal ( RO =
BB — 7" ) fqg i
ai

Theoretical uncertainties partially cancel in the ratio
i Z% dq*(dl'/dg?)/T. Our results are compiled in Table I.
1

There it can be seen that they compare reasonably well
with those quoted in Ref. [3].

Finally, at each value of g> we also compute the
spread of values obtained for the f* form factor when
the five different quark-antiquark interactions are used.
This procedure gives us a further theoretical error on
f7(g?) at fixed ¢ and by adding it in quadrature to that
obtained previously from uncertainties on the
(g S5 JLai—qeps ST (0)Lesg) pair, we determine the
theoretical error bands shown in Fig. 4.

III. SEMILEPTONIC D — 7 AND D — K DECAYS

As a further test of our predictions for the B — 7 semi-
leptonic process, we present results for the D — 7 and
D — K decays for which there are precise experimental
data [1]:

Bexp(DO - 7Tie+Ve) = (36 + 06) X 1073, (27)
Fep(D? — 7 e v,) = (5.8 = 1.0) X 10712 MeV

Beyp(D’ — K~ e"v,) = (3.58 £ 0.18) X 1072,

(28)
PP’ — K e*w,) = (57 £3) X 10712 MeV,

with lifetime 70 = (410.3 = 1.5) X 107 s and |V 4| =
0.224 + 0.003, |V,,| = 0.9737 = 0.0007.

In the last two years there has been renewed interest
in these decays. The first three-flavor lattice QCD results
[50] have appeared, superseding the old quenched ones
[8,9,51], and the BES [52] and CLEO [53] Collaborations
have new measurements of the branching ratios

BES: B(D* — 7 e*v,) = (3.3 = 1.3) X 1073,
B(D®— K etv,) = (3.8+0.5) X 1072

(29)

B(D’ — 7 et v,)

CLEO:
B(D’— K etv,)

= 0.082 = 0.006 = 0.005.

(30)

Both collaborations have also determined the form factor
atg> =0

BES: f(0) = 0.73 = 0.14 = 0.06,

f;(O) = (0.78 = 0.04 = 0.03, (3D
/#(0)
=093 +0.19 = 0.07
f%(0)
+
0
CLEO: fi( ) = (0.86 = 0.07J:8'8?1 + 0.01. 32)
fK(O) '

In the following we will apply the NRCQM developed
for the B — 7 decay to the description of these D-meson
semileptonic transitions. All formulas of Sec. II can be
used here with the obvious replacements: B — D, B* —
D* for the D° — 7~ [t v, process, and B— D, m— K,
B*— D¥ for the D°— K [Ty, process. We will
use mpo = 1864.6 MeV, mp- = 2010 MeV,
2112.1 MeV and mg- = 493.68 MeV.

mD: =
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SEMILEPTONIC B — 7~ DECAYS FROM AN OMNES ...

PHYSICAL REVIEW D 72, 033002 (2005)

Er [GeV]

4 T L T | ! : : | ,
fNrRoQM ——
3.5F o
3r NP, S
+1 ...........
207 FMH Fit
2k f+ (FMH) ——
BES &
1E f* (APE) 2+
b e BT =
0.5 i’*@" o
| | |
—0.5 0 0.5

FIG. 5 (color online). Valence quark (dotted line) and valence quark plus D*-pole (solid line denoted fﬁRCQM) contributions to f*
for D — 7 semileptonic decay. In both cases the AL1 quark-antiquark interaction has been used. Triangles ([8]) and circles ([S1])
stand for the lattice QCD quenched results obtained by the APE and UKQCD Collaborations, respectively. We also plot the three-
flavor lattice QCD results [50] from the Fermilab-MILC-HPQCD Collaboration (FMH, diamonds), the best fit (dashed-dotted line) to
this latter set of data points [Eq. (5) of Ref. [50]], and the determination of f* at g> = 0 (squares) by the BES Collaboration [52].
Finally, the *£ o lines stand for the theoretical uncertainty bands, inherited from the errors in Eq. (34) and from the quark-antiquark

interaction model dependence.

A.D— 77[1_11

Since there is phase space for the D* — D decay to
occur, the gp«p, hadronic constant has been experimen-
tally measured (CLEO [54])

epps =179 %03+ 1.9, (33)
Taking fp- = (234 + 20) MeV from Ref. [39], we find'?
(gD DS D JExp-La = 4.2 = 0.6 GeV (34)

where we have added errors in quadrature. In Ref. [29] and
using the same set of NRCQM'’s, we found a value of 4.9 =
0.5 GeV for the above product, in reasonable agreement
with Eq. (34). The value quoted in Eq. (34) determines the
D*-pole contribution, above g> = 0, to f* and adding it to
the valence quark contribution we obtain the results shown
in Fig. 5. We find excellent agreement between our de-
scription of the form factor and that provided by the un-
quenched lattice simulation of Ref. [50]. As can be seen in

2Note that the lattice QCD simulation of Ref. [55] measured
gppr = 18.8 2.3 = 2.0 in good agreement with Eq. (33).

the figure, the D*-pole contribution is dominant above
g* = 1.5 GeV? and it remains sizable down to 0.5 GeV?.
We do not see the need to Omnes improve the NRCQM
description of the decay since it is quite good for the whole
g* range. On the other hand, we see that the pion energy
ranges from m . up to about 1 GeV, which was also the
maximum value for £ in the five NRCQM data points
used in the subtracted Omnes representation for the semi-
leptonic B — 7 decay depicted in Fig. 4. This reinforces
our belief in the reliability of our determination of |V,,|
presented in Sec. IIE. Considering our theoretical uncer-
tainties [errors on Eq. (34) and the spread of results ob-
tained when different quark-antiquark interactions are
considered] together with the experimental uncertainties
on |V,,| quoted above, we find

[ ihis work(D0 — 7 et Ve)
=[5.2 £ 0.1(exp:|V,4l) = 0.5(theory)]
X 10712 MeV (35)

in good agreement with Eq. (27). We also obtain
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FIG. 6 (color online).
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NRCQM predictions for the ratio f*(g?)/f*(0) for both D — 7 (left) and D — K (right) semileptonic

decays. For comparison we also plot experimental results from the FOCUS Collaboration [56]: pole fit for the D — 7 decay (myo. =
1.91 fg;ﬂ GeV) and direct measurements of the form factor for different g> values, in the D — K case. In this latter case, the * o lines
stand for our theoretical uncertainty bands, inherited from the errors in Eq. (34) and from the quark-antiquark interaction model

dependence.

£1(0) = 0.63 = 0.02 (36)

compatible within errors with both the BES (0.73 = 0.15)
and the Fermilab-MILC-HPQCD (0.64 = 0.07) results.

Finally in the left plot of Fig. 6, we compare the
NRCQM predictions for the ratio f*(g%)/f*(0) with a
pole form recently fitted to data by the FOCUS
Collaboration [56].

B. D — Kl

Since there is no phase space for the D — DK decay,
we will estimate the g+ pg coupling from the value quoted
for gp-p, in Eq. (33). The parameter g defined in Eq. (11)
describes the strong coupling of charmed mesons as well as
of beauty mesons to the members of the octet of light
pseudoscalars. We will assume flavor SU(3) symmetry
for this basic quantity in the heavy quark chiral effective
theory, and thus we will use [57]

29 /mphiipy [
gk ~ S NTDIDL e L fr 153+ 16
fx \Mp* Sk

(37

where we have taken fy/f, = 1.2 from Ref. [58], and
have kept some SU(3) flavor breaking terms in the masses
of the charmed vector mesons and in the kaon decay
constant. Taking fp. = (254 = 15) MeV from Ref. [39],
we find

[&p:pkfD: IsuG)-Law = 3.9 £ 0.5 GeV. (38)

Our results for this decay are shown in Fig. 7. Several

comments are in order:

(1) We find reasonable agreement with the three-flavor
lattice QCD results [50] up to kaon energies of the
order of 1 GeV, which cover the whole ¢> range
accessible in the physical decay. Discrepancies with
lattice data are now more sizable than in the D — 7
case and lattice unquenched data favor values for
[8p:pkfp: Isu(3)-Lan Smaller than the one used in our
calculation [see Eq. (37)]. Theoretical errors for f*
are, in this case, mostly due to the uncertainties on
[&p:pkfp:IsuG)-Lan- Nevertheless, we would like to
point out that uncertainties on the value of gp:pg
might be larger that those quoted in Eq. (37), since
flavor SU(3) corrections to the relation gp:pgx =
28 /mpmip: [fx could be large (m;/m, >
md,u/ mc)-

(2) The contribution of the vector resonance is less
important than in the B — 7 and D — 7 decays,
since the D7 is located relatively far from \/gZ,.

(3) Our predictions for f* at negative values of g2,
which do not enter into the phase space integral,
suffer from larger uncertainties, since in that region
the transferred momentum is larger than 1 GeV and,
as for the B — 7 case, relativistic effects could
became important. One could Omnes improve the
NRCQM to achieve a better description of the form
factor in the negative g* region.

In the right plot of Fig. 6, we compare the NRCQM
predictions for the ratio f*(¢%)/f"(0) with recently mea-
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FIG. 7 (color online). Valence quark (dotted line) and valence quark plus Dj-pole (solid line denoted fﬁRcQM) contributions to f*
for D — K semileptonic decay. In both cases the AL1 quark-antiquark interaction has been used. Circles ([51]) and diamonds ([50])
stand for the lattice QCD quenched and unquenched results obtained by the UKQCD and the Fermilab-MILC-HPQCD Collaboration (
labeled FMH), respectively. We also plot the best fit (dashed-dotted line) to this latter set of data points [Eq. (5) of Ref. [50]], and the
determination of f* at g> = 0 (squares) by the BES Collaboration [52]. Finally, the = ¢ lines stand for the theoretical uncertainty
bands, inherited from the errors in Eq. (34) and from the quark-antiquark interaction model dependence.

sured data from the FOCUS Collaboration [56] and find N £(0)
satisfactory and reassuring agreement. fx(0)=0.79+0.01, F2(0)
For the integrated width, we find K

=0.80 £0.03 (42)

which compare well to the recent experimental measure-

. 0 LK ety )= -12
[ s work (P — K~ e w,) =[66 * 3(theory)] X 1012 MeV ments in Eqs. (31) and (32).

(39)

which is about 2 standard deviations higher than the value IV. CONCLUDING REMARKS
quoted in Eq. (28).

Equations (27) and (28) lead to (adding errors in quad-
ratures)

We have shown the limitations of a valence quark model
to describe the B — 7, D — 7 and D — K semileptonic
decays. As a first correction, we have included in each case
B(D° — 7 et w,) the heavy-light vector resonance pole contribution. For the
B =K ¢ 1) = 0.101 = 0.017 (40)  semileptonic B — 7 decay, the inclusion of the B* degree

¢ of freedom provides a realistic ¢g> dependence of the rele-

which turns out to be a bit higher, though compatible ~ Vant form factor, £, from g7, down to around 18 GeV?.

within errors, than the recent CLEO determination quoted e then use a multiply subtracted Omnes dispersion rela-
in Eq. (30). For this ratio of branching fractions we find tion, which considerably diminishes the form-factor de-
pendence on the elastic #B — B scattering amplitudes at

high energies, to combine LCSR results at g> = 0 with
NRCQM predictions in the high ¢* region. As a result we
have been able to predict the f* form factor for all g>
in excellent agreement with the CLEO measurement. We  values accessible in the physical decay. We have used a
also find Monte Carlo procedure and analyzed the predictions of five

BMD° — 7 et v,)

= 0.079 = 0.008 41
B(DO — K e Ve) this work ( )
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different quark-antiquark interactions to determine theo-
retical error bands for form factors and the decay width.
This has allowed us to extract from the measured branch-
ing fraction the value |V,,| = 0.0034 * 0.0003(exp) *
0.0007(theory) in excellent agreement with the CLEO
Collaboration determination of Ref. [3]. For the D — 7
semileptonic decay we have found excellent agreement
between our model calculation (valence quark plus
D*-pole contributions) of f* and the one obtained by the
unquenched lattice simulation of Ref. [50]. We found no
need to Omnes improve our calculation in this case. Our
results (D — 7 etw,) =[52*0.1(exp:|V.,l) =
0.5(theory)] X 1072 MeV and f;(0) = 0.63 = 0.02 are
in good agreement with experimental data. Finally for
the D — K semileptonic decay we find good agreement,
in the physical region, between our model calculation
(valence quark plus Di-pole contributions) of f* and
lattice data, from UKQCD [51] and Fermilab-MILC-
HPQCD [50], and also with recent measurements from
the FOCUS Collaboration [56]. Again our results B(D° —
7 etv,)/B(D’— K etv,) =0.079 = 0.008, f5(0)=
0.79 £ 0.01 and f£(0)/f%(0) = 0.80 = 0.03 are in good
agreement with experimental determinations by the CLEO
[53] and BES [52] Collaborations.
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APPENDIX: MULTIPLY SUBTRACTED OMNES
DISPERSION RELATION

Let the form factor'® £+ (s) be analytic on the complex s
plane (Mandelstam’s hypothesis [45] of maximum analy-
ticity) except foracut L = [sy, = (mp + m,;)?, +oo[ along
the real positive s axis, as demanded by Watson’s theorem
[46]. For real values s < sy, the form factor is real which
implies that the values of the form factor above and below

BThe discussion below can be trivially generalized to any
scattering amplitude or form factor with definite total angular
momentum and isospin quantum numbers.

PHYSICAL REVIEW D 72, 033002 (2005)

the cut are complex conjugates of each other: f*(s +
ie) = f*(s — i€e)*. For s = sy, the form factor has a dis-
continuity across the cut and develops an imaginary part
fr(s+ie)— ft(s —ie) = 2iImf(s + ie). Cauchy’s
theorem implies that £ (s) can be written as a dispersive
integral along the cut and performing one subtraction at
so < sy one gets:

f(s) = fT(s) +
sEL,

s =58y [te dx Imf*(x)
e

x—s) x—s (Al

th

So < St

Depending on the asymptotic behavior of f*(s) at the
extremes of the cut L, more subtractions may be needed
to make the integral convergent. For the time being, let us
assume that one subtraction is sufficient. The well known
Omnes solution for the above dispersive representation is
[26]

. s—59 [t dx 8(x)
0(s) = f (So>exp{ p- f x—Sox_S}’ (A2)
SEL, 5o < St

with 8(s) the elastic 7B — 7B phase shift'* in the J* =
1™ and isospin 1/2 channel [see Eq. (17)]. O(s) gives the
physical form factor since,

(1) For s = sy, we have

06t@=f%wwqrﬂﬁyﬁr dx

T X — S
SOBPLER|
X— S s — S
S — 8

= 0] £ ) exp)
o
% inm dx  6(x) H
sw X~ SoX— S

where P stands for principal part of the integral.
Thus we have O(s + ie) = O(s — i€)*, the function
O is real for s < s, and has neither poles nor cuts,
except for that required by Watson’s theorem: L =
[s4, +00[. The discontinuity across this cut is given
by O(s +ie) — O(s — ie) = 2iImO(s + ie) and
by construction O(sy) = f*(so). Thus, both f*(s)
and O(s) satisfy the same dispersion relation
[Eq. (A1)] and therefore both functions can differ
at most by a polynomial with real coefficients,

(A3)

14ObViously 8(s) has to be defined as a continuous function
of s.

033002-12



SEMILEPTONIC B — 7 DECAYS FROM AN OMNES ...

which should vanish at s = s,. But, this polynomial
is zero since:
(2) The function O(s) satisfies Watson’s theorem:

Ols +i€) _ ists) — f(s +ie)
O(s — ie) fris—ie)’

Performing n + 1 subtractions, one can produce a rank
n + 2 polynomial in the denominator of the dispersive
integral of Eq. (A1). Indeed, for s € L

ffs)=r (s)+(S_S0)(S_S1)"'(s—sn)

+ 00 dx
8 f (= s)x — s

So,"',Sn<Sth

Imf™ (x)

(.X - sn) X =S
(AS5)

>

with the rank 7 polynomial P, (s) determined by the n + 1
equations P,(s;) = f*(s;),i=0,1,-,n,

= j#k=05j ~ Sk
(A6)

Note that a;(s) are rank n polynomials, which satisfy

n

Z a;(s) = L

j=0

(AT)

On the other hand for s > sy, we have from Eq. (17)
+ + 4
logf*(s + ie) — logf* (s — ie) = logM
(s — ie)
= 2id(s)
= 2iIm[logf* (s + ie€)].
(A8)
Thus in analogy to Eq. (AS), assuming that the form factor
does not vanish in C — {sy,},"> or neglecting the contribu-

tion from the log cut if it has a finite branch point different
from sy,, we can write

(s = s0)(s —s1) - (s —s,)

logf*(s) = P,(s) +

T
+oo dx S(x)
stm (x—sp)x—s) - (x—s5,) x— 5

sEL (A9)

with

SNote that, we have already treated s = sy, as a branch point.
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Pos) =S a;(s)logf* (s)). (A10)
=0

From the above equation one readily finds the (n +
1)-subtracted Omneés representation given in Eq. (16).

Finally, we would like to draw the reader’s attention to a
subtle point. In Eq. (A1) we have assumed that f* has no
poles. However we know that if the scattering amplitude
has a pole at sz = M3 — iMgxI'; on its second Riemann
sheet (resonance) or on the physical sheet (bound state with
Ik = 0" and M% < s,.), it might show up as a pole in the
complex plane of f* [see Eq. (12)]. On the other hand, the
S matrix depends on exp(2i8), and thus one has the free-
dom to add factors of mr, for m an integer, to the phase
shift without modifying the S matrix. However, the Omnes
representation of the form factor will definitely depend on
the specific value chosen for the integer m.

To fix this ambiguity, we will assume that at threshold
the phase shift should be 8(sy) = n,m, where n,, is the
number of bound states in the channel, while 6() = k77,
where k is the number of zeros of the scattering amplitude
on the physical sheet (this is Levinson’s theorem [49]).
This choice for the phase shifts also takes into account the
existence of poles in the scattering matrix. We demonstrate
with a simple example in which a p-wave T matrix is
proportional to (s — sy,)/(s — M% + iMgI'g). The phase
shift is given by

s>s, (ALl

8(s) =7+ Arctan[ MRFf }

s — Mg

with Arctan € [—ar, @r[. This satisfies §(o) = 7 and, if

Mgl < |s — M%], it also leads to 8(sy,) = 7 or O for a

bound state or resonance, respectively, in accordance with

Levinson’s theorem. For simplicity, let us also assume
I'k < Mp. In this circumstance we can approximate

8(s) = w1l — HM% — s5)] = wH(s — M%)  (A12)
where H() is the step function. Since
s—sg [t dx 6(x) +oo dx
f — = (s = s0) —
T s X So X s Max(Ay[h,M)z?) X So
1
X
X—s

= 1o Max(sth’ MIQQ) — S0
{Max(sth, Mlze) - S }’
(A13)
we find that the Omnes solution from a once-subtracted
dispersion relation, Eq. (A2), reads
Max(sth, MI%) — S0
Max(sg,, M2) — s

O(s) = f*(so) (Al4)

It has a pole at s = M3 for a resonance or at s = sy, in the
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case of a bound state. For the case of a resonance with a
finite width, the pole will move to s = M% + iMg['. On
the other hand, for a bound state, going beyond the ap-
proximation 8(s) = 7 [see Eq. (18)], the form factor will
be sensitive to the exact position of the pole (s = M%),

(1]
(2]

(4]
(5]

(71
(8]
(9]
[10]
[11]
(12]

(13]
[14]

PHYSICAL REVIEW D 72, 033002 (2005)

since the effective range parameters (scattering volume,
...) will depend on M.
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