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Ny hypergravity in three dimensions
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We construct hypergravity theory in three-dimensions with the gravitino i,,, r"mnA with an arbitrary
half-integral spin n + 3/2, carrying also the index A for certain real representations of any gauge group G.
The possible real representations are restricted by the condition that the matrix representation of all the

generators are antisymmetric: (77)48 =

—(TT)BA. Since such a real representation can be arbitrarily large,

this implies X, hypergravity with infinitely many (X,) extended local hypersymmetries.
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I. INTRODUCTION

It is well known that a graviton in three-dimensions (3D)
has zero physical degree of freedom. This is because the
conventional counting for a symmetric traceless tensor for
transverse components in 3D gives zero: (3 —2)X
(4 —2)/2 —1=0. Similarly, the gravitino also has no
physical degree of freedom: (3 — 3) X 2 = 0. Therefore,
the multiplet of supergravity has O + O physical degrees of
freedom.

This fact leads to the interesting concept of “hyper-
gravity”’ [1] in 3D with a gravitino with spin 5/2 or higher
[2]. In 4D, on the other hand, it is difficult to formulate
consistent hypergravity, due to the problem with the free
indices of a gravitino field equation whose divergences do
not vanish on nontrivial backgrounds (Velo-Zwanziger
disease) [3].

In contrast, this situation is drastically improved in
3D due to the zero physical degree of freedom of the
gravitino. The first hypergravity theory in 3D was given
in [2], where it was shown that consistent hypergravity
indeed exists with the gravitino ¢, ..., carrying spin
n + 3/2, where the indices m, - - - m,, are totally symmet-
ric 7y-traceless Lorentz indices. Interacting models
of higher spin gauge fields with extended hyper-
symmetry in anti—de Sitter 3D also have been developed
[4].

Independent of this, there has been a different de-
velopment about 3D physics related to Chern-Simons
theories [5-8]. It had been known for some time that
arbitrarily many (X,) supersymmetries [9—12] can be ac-
commodated in supersymmetric Chern-Simons theory.
Typical examples are OSp(pl|2;R) X OSp(ql2;R) [9]
or SO(N) [10] which can be arbitrarily large. In our
recent paper [13] we have shown that the gravitino, cou-
pling to locally supersymmetric Chern-Simons theory
in 3D, can be in the adjoint representation of any
gauge group G, with the relationship N = dimG,
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instead of limited groups, such as OSp- or SO-type gauge
groups [9,10].

In this paper, we combine these two developments
in 3D. Namely, we generalize massless hypergravity [2]
further to a system, where the gravitino ¥,,,, 1...,,[”“‘ carries
the real representation index A of an arbitrary gauge group
G, such that the matrix representations of all the generators
are antisymmetric. Since such a representation can
be arbitrarily large, this means that we have “R,
hypergravity” with infinitely many extended hypersymme-
tries. In the next section, we first will give the action
I, which is a generalization of our previous system
[13] to the new system where the gravitino has the index
structures i, ,, 2...mn"‘. We next consider additional Chern-
Simons actions I, and /55, where I, is a Lorentz Chern-
Simons term, while /55 is a Chern-Simons term starting
as G A B+ ... with the field strength G =dB + BA B
and its vector potential B. Fortunately, the invariance of
the total action I, = I + Iy, + I under hypersymme-
try is confirmed under a slight modification of the hyper-
symmetry transformation rule.

II. TOTAL LAGRANGIAN AND X,
HYPERSYMMETRIES
A

Our field content of the system is (e,", ¥y, ...,
A B, CLlL Ay, ) which is similar to [11,13]. The
fields A/, B, ', and C,/ are all vector fields in the adjoint
representation. As in the cases of [11,13], the B field is
coupling minimally to the gravitino, A field forms a Chern-
Simons term starting with F' A A, the C field is needed for
the vanishing field strength G = dB. For the consistency of
coupling, G = 0 is required, necessitating the C A G term
in the Lagrangian. The structure of the system is parallel to
[11,13], but their meaning will be clearer, when our
Lagrangian is fixed by (4) later.

Our most important ingredient here, however, is the
representation of the gravitino ¢ and the gaugino A.
The indices m; - - - m,, are totally symmetric Lorentz in-
dices carrying spin n + 3/2 as in [2], and the gravitino has
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the additional constraint of 7y tracelessness as in [2]:

ymlwﬂmlmzmm,,A =0. (1)

The superscript A is a “collective” index for any real
representation of an arbitrary gauge group G, satisfying the
condition

(THAB = —(TT)BA (I=12---,dimG) (2)

for the generators T’ of G. Typical examples of represen-
tations satisfying (2) are

(1) Vectorial representation of SO(M): A=a,B=
b, (TI)AB — (Tl)ub — _(Tl)ba.
(i) Adjoint representation of YG: A=J,B=
K, (TTyAB = — flK,
(iii) Totally symmetric m vectorial indices of

SOM): A=(ay--ay),B= (b by,

ol .5 la)
G015 " O,

= —(Thbr=bwaran, 3)

(Tl)al byt = —‘,—m(TI)(all

Note that the indices A, B are collective indices in the case
(iii). This case is analogous to the totally symmetric
Lorentz indices m; - - - m,, on the gravitino [2].

We propose an action Iy = [d’xL, with the
Lagrangian

1 1 —
L= _ZER((U) + EG#VP(‘/IM(,L)ADV(U), By, ")

1 1
+58€"7C,1G,, + S ghet P (F A,

1 1 —
— ggf”KA,u,IAVJApK) + Eghe(/\(n)A/\(")A), (4)

where the suffix (n) stands for the totally symmetric n
Lorentz indices m; - - - m,, in order to save space. The g
and & are real coupling constants but are related to each
other for certain gauge groups, as will be seen shortly in
(25). The third CG term is a kind of BF term used in
topological field theory [14], while the last line is a hyper-
symmetric Chern-Simons term with the gaugino mass term
[10]. In the case when the suffix A needs a nontrivial
metric, we have to distinguish the superscript and subscript
[15].

The covariant derivative on the gravitino has also a
minimal coupling to the B field:
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RMWI...,”A = D”(w’ B)lerl"'rnA o D,,(a),B)lﬁWI...r"A
1
ot 0
A 1(TI\AB B
10 0 Wy T 8B Ty, ]
_(,Uﬂ—’ll), (5)

in addition to the nontrivial Lorentz connection term as in
[2]. The field strengths F, G and H are defined by

F,'=0,A"—0,A,"+ gf" A, A K,

G,'=d,B' —0d,B, +¢gf""B,’B~,

H,'=09,C'~d,C, +2gf B 'C ¥
=p,Cc,'-D,C,.

(6)

As is clear from the Lagrangian (4) and field strengths
(5) and (6) we need the B field for a nontrivial minimal
gauge coupling to the gravitino. On the other hand, the C A
G term in (4) is necessary, in order to yield the field
equation G = 0 [16] for consistency for gravitino field
equation, avoiding Velo-Zwanziger disease [3]. The pres-
ence of the constant % in the F A A Chern-Simons term
shows that this Chern-Simons term can be set to zero by
taking the & — 0 limit. For these reasons, the two vectors B
and C are indispensable, while A field can be truncated.
Even though all of these three vectors carry the adjoint
index I, only A and B transform as a gauge field for the
group G, while the C field is not a gauge field but is simply
in the adjoint representation, as is reflected in their field
strengths (6). These points are completely parallel to the
earlier works in [11,13].

We adopt the 1.5-order formalism, so that the Lorentz
connection w in the Lagrangian is regarded as an indepen-
dent variable, yielding its field equation

A

Wprs = Wprs = E(Cmrs -

Cer + Csrm)’

Cos = e, — dye,™ — 2+ D@, )"y ", ).
(N

Or equivalently, the torsion tensor is
Tu"=+ Qn+ D, y" "), (8)

with the dependence on n, in agreement with [2].
Our action I is invariant under hypersymmetry
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dge, = +(2n + 1)(E(n)Aym¢(")A),

A A AT A 2N
OoWum,--m,” = T0,€n.m T =@, V€ oy, + D

o

— g(TI)AB’)/VEml...mnBI‘AI I — +DM((I% B)Gml---m,,A _ g(TI)AB')’VEm]---mHBI‘AI 1

v
5QA,ul — —(T[)AB(E(H)A ’)/M)l(")B),
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! A NABR I B
wmy) Ettmyeeom ) T 8T B €y,

uv

BQB,uI — _(TI)AB(E(H)A,yVRSZ)}B) _ h(TI)AB(E(n)A’yM/\(")B), 9)

8QC 1 — +(T1)AB(E(n)A{pM(n)B) _ I’l(TI)AB(E(n)A‘yM)t(n)B),

w

1 A 1 _ :
S (T e FQF L, + Gyl + q,,")— F@n+ D "y i, P)A

+2ATITD 5 7 R

where H le is the “hypercovariantization’ of H /wl :

I:IL,V = H,U.VI - (TI)AB(JM(H)AlPSIn)B) + 2h(TI)AB

X (Z[m(n)A')’lv]/\(n)B)» (10)
similar to supercovariantization [17-19]. The R is the
Hodge dual of the gravitino field strength (5):

e3Y)

1
A— L~ -1 A
= +2€ € /"”Rpo(n) .

In accordance with (1), the parameter of hypersymmetry e
|

I ]
should have an extra constraint:

12)

m A —
Y 1€n1]1n2~~-m,, =0.

The confirmation of action invariance under hypersym-
metry is very similar to usual supergravity [17-19] or the
case for n = 0 in [13]. There are in total ten different
categories of g or h-dependent terms (sectors): (i) g¥G,
(i) gRH, (iii) gy*R, (iv) ghFA, (v) ghGA, (vi) ghHA,
(vii) ghA?, (viii) ghy? A, (ix) hi?* R, (x) gyRA. Among
these, the antisymmetry of 77 is frequently used in the
sectors (i), (iii), (iv), (v), (vi), (viii), and (ix). Other
cancellation patters are more or less parallel to [13].

The closure of gauge algebra is similar to [13], as

[6o(€1), 8p(€2)]=8p(€) + 8G(€) + Sp(€3) + S (™) + 6, + 6+ 57\,

Em=+2n+1)(€, y"e, "),

30" = —E Yt AT = €40, =220+ 1)(T(E, A,

(13)

N=—gea,t, ANM=-geB,t, AN'=—grC,’— (T, &),

where 8p, 86, 69, 61, are the translation, general coordi-
nate, hypersymmetry, and local Lorentz transformations,
while 6, 65, and 8; are the G gauge transformations

SaA,l =, A + gfKA,TAK,

8iB, = aMZ\’ + gf”KB#’fXK, (14)

8-C,l=a,A +gf%B, A",

As usual, the closure of on shell hypersymmetry can be
confirmed by the use of the field equations:

I = H =0

I -
F - Y, GMV ] Mmv

nv

15)

R A =0.

7z

(16)

The special case when the gravitino carries no group
index recovers the result by Aragone-Deser [2]. Also, the
case n = 0 with the adjoint group index maintained is the
R, supergravity with the spin 3/2 gravitino with the adjoint
index A =1 [13].

|
There is a technical subtlety associated with the field
equation of w and the torsion (8), which was not stressed
well in [2]. The w field equation from our Lagrangian is
ol 1

1
= ——eTl, * — —ee[,“Ts]

SwM” 4 2

1 _
- g GMPU(¢p(n)A Yrs lpa'(n)A)

1 — .
= Sy s =0, (A7)

pr(n—1)

where T, = T,,,”. By multiplying this by e *, we get the
expression for T,, which in turn is substituted into (17) to
eliminate the Tu term, as

Tp(rm =+ (Jp(n)A Ym lpa'(n)A)

_ 6ne—1GTAwe[plm(JTla-l(n*l)Alpr](n—l)A)‘ (18)

Interestingly enough, the last term antisymmetric in [pow]
can be shown to be proportional to the first term in (18) by
the peculiar algebra
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-1 1) I A -1
3e GT/\ e[p|m(¢,r|{r|(n_1) lﬂ,\m(n )A)
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1 _ — _
=—Z¢ 3ETAw6,00'(1)eluywe,um(’ﬁ-’rv(n—l)Aw)\lﬁ(n l)A)

2

— +e—1EmTA(JpT(nil)Alp”/\(n—l)A) — +(JpT(n*I)A’ymT/\lplT/\(n_l)A)
— +(ZPT(n_I)A,ymT,y/\lﬂo—)‘(n—l)A) _ (JPT(H_I)A,mea_T(n—l)A) + (JPT(n_l)A,y’rlpg_m(n—l)A)

=~y 0",

Here use is made of the important constraint (1) for drop-
ping the first and last terms in the penultimate line in (19).
This combines the last term in (18) with its first term, with
its coefficient changed from unity to (2n + 1).

It is sometimes convenient to note the difference in the
transformation of the Lorentz connection between the first-
and second-order formalisms:

(i) First-order:

0p®Wyurs =0, (20)

(i1) Second-order:

A
s]u(n) )
G ')’MR,S(,,)A)]' (21)

urs

1
Bo@purs =5 (n+ D2(e™4y;, R

These two are equivalent to each other on shell under (16),
as in the 4D case [17-19].

We mention the consistency of gravitino field equation
(18) in our system, associated with so-called “Velo-
Zwanziger disease” [3]. This is about the problem with
the divergence of the gravitino field equation on curved
backgrounds or nontrivial field strengths frequently en-
countered in 4D or higher. Fortunately in 3D, the covariant‘

19)

\
divergence of gravitino field equation (16) vanishes, as
desired:

? 1
0= DM(E EMPURpUmI“-mnA>

1
=+ g E'MVP('yrsl:bpm] ---mnA)R,uvrS(w)

1
+ —netvr
2ne v

A t
iyl R vty (@)

1 .
S8 (T Py, Gt = 0. (22)

In particular, G /w] = (0 (15) and the dreibein field equation
R, (w)=0 < R,"(w)=0 (23)

are used. The latter is associated with the peculiar identity
in 3D:

R, (@) = +45; PR ;7N (w) — 8,176 ;7 R(w), (24)

due to the vanishing of the conformally invariant Weyl
tensor C,,,” = 0 [5].

As usual in 3D, the coefficient of the Chern-Simons term
should be quantized [5] for a compact gauge group whose
m3-homotopy mapping is nontrivial, e.g.,

Z (for G= An’ Bn’ Cn’ Dn(n = 2, G # Dz), Gz, F4, E6’ E7, ES))

m3(G)={Ze&Z (for G= S04)),

0 (for G = U(1)).

Especially for a compact gauge group with 73(G) = Z, the
quantization condition is [5] [21]

gk = 8mh (k=0=1,%2,---). (26)

Under this condition, the two initially independent con-
stant g and s are now proportional to each other.

II1. ADDITIONAL CHERN-SIMONS TERMS

Because of the peculiar property of 3D, we can further
add some Chern-Simons terms to our initial Lagrangian
L. The first example is the Lorentz Chern-Simons term
Ig, = [d’xLg, [5], where

(25)

1 1
Ly = 5 a€H Ry, (0)0, + 5 0 01410,07)
(27)

Here « is a real constant. This Lagrangian also was pre-
sented in the context of topological massive gravity [5].
The w field equation is now modified by Ly, with «, as

8l 1

5wlurX 4

1
el * — 3 ee[r“TS]

1 _
- g 6Mp0('1[’p(n)A Yrs (/I(T(n)A)

1 — _
- E ne,upo'(lppr(nil)A lpa’s(n I)A)

+ a€etP?R,,, (@) = 0. (28)
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However, the new term is proportional to the Riemann
tensor R,,"(w), and it vanishes because of (24) and the
dreibein field equation (23) which is not modified. In other
words, the last @-dependent term in (28) vanishes, leaving
the original algebraic field equation for w. Accordingly,
the torsion (8) stays intact, and we can still use the first or
1.5-order formalism for w. Consequently, the invariance of
the total action I, = Iy + I, is still valid despite the
presence of Ip,,.

This is based on the 1.5-order formalism, but the invari-
ance 8yl = 0is much more transparent in the first-order
formalism. This is because in the first-order formalism, the
Lorentz connection is invariant under hypersymmetry as in
(20), and therefore the invariance 8,1/, = 0 is manifest.

Note that the fact R,,"”*(w) =0 does not make the
Lorentz-Chern-Simons term (27) trivial, because of its
last term w A w A w, as in the usual Chern-Simons term
in 3D [5]. Additionally, since the Lorentz group SO(2, 1) in
3D is noncompact, there is no quantization for the coeffi-
cient « [5].

Another interesting Chern-Simons term is of the GB
type Igp = [d°xLgp, where

1 1
Lop= /36W<GWIB,,I —38 f”KB,/BVJB,,K) (29)

In order to maintain the invariance of the total action [, =
Iy + I, + I5p under hypersymmetry, we need to shift the
C field transformation rule by 8B, as

SQCMI — +(T1)AB(E(n)A¢,U«(n)B) _ h(TI)AB(E(”)A’yM)\(”)B)
— g 'B(8yB,Y). (30)

Since the C field appears nowhere in L, other than the CG
term, and the variation of /55 has only 6,B, the modifi-
cation above is sufficient for the invariance of I,,;. The B
field equation seems to get modified by the S term, but
actually not, because of the C field equation G’ = 0.
The quantization of the B coefficient for any gauge
group with 75(G) = Z is
gt = 8mP €=0=1,%x2,---). 31
This restricts the originally independent constant S to be
proportional to g.

IV. CONCLUDING REMARKS

In this paper, we have presented Y N-extended hyper-
gravity with the gravitino of spin n + 3/2 in an arbitrary
real representation satisfying the condition (77)A8 =
—(T")BA of any gauge group G. Since such representation
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can be limitlessly large, we have arbitrarily large extended
local hypersymmetries, which we call X, hypergravity. The
number N of hypersymmetries is specified by the dimen-
sionality of the representation of the index A. For example,
the adjoint representation A = [ yields N = dimG, or the
vectorial representation A = a of G = SO(M) yields N =
M.

Our result is a generalization of the work by Aragone-
Deser for gravitino with arbitrarily large half-integral spins
[2] to the system where the gravitino is in an arbitrary real
representation such that the generators are antisymmetric.
Compared with [2], our system has also additional struc-
tures, such as the topological CG term and the hypersym-
metric Chern-Simons term. When the gauge group is trivial
as G = I, our graviton-gravitino sector is reduced to [2],
while the CG and the Chern-Simons term still remains as
an Abelian case. On the other hand, if we keep G to be
nontrivial, while putting n = 0 with the spin 3/2 gravitino,
we get the generalization of X, supergravity [13] for more
general representations than the adjoint representation.

We have further generalized our system, by adding two
more Chern-Simons terms /g, and /5. We have seen that
the hypersymmetric invariance of the total action [, =
Iy + I, + Igp is restored, by a slight modification of the
C field transformation rule. Even though the field equations
imply that R,,,""(w) = 0 and G,,’ = 0 on shell, the ® A
o A w for the former or B A B A B for the latter has non-
trivial contribution as the surface term, as usual in Chern-
Simons theory. We also have seen interesting relationships
among the coupling constants g and / by the quantization
of the coefficients of the relevant Chern-Simons terms for
any gauge group with 73(G) = Z.

In this paper, we have given Chern-Simons formulations
with no more fundamental bases. However, it may well be
the case that our theory has foundations, such as super-
particle, superstring, or supermembrane theory. As a matter
of fact, it has been known for some time that a Chern-
Simons theory in 10D can be derived from the second
quantization of superparticle theory [22]. Therefore, it is
not too far fetched to expect that our X, hypergravity has
also such extended objects as its foundation.

Even though the field strengths in our system vanish
upon their field equations, they might have more signifi-
cance than expected. In fact, a similar situation is found in
so-called loop quantum gravity theory [23] or more gen-
erally, in topological field theories [14], where vanishing
field strengths play nontrivial roles due to topological
effects on the boundary. In our system, it is very peculiar
that the local gauge symmetry can be arbitrarily large, and
accordingly local hypersymmetry also can be arbitrarily
large (Xy) as well.
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