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Gravitational field of a spinning radiation beam pulse in higher dimensions
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We study the gravitational field of a spinning radiation beam pulse in a higher-dimensional spacetime.
We derive first the stress-energy tensor for such a beam in a flat space-time and find the gravitational field
generated by it in the linear approximation. We demonstrate that this gravitational field can also be
obtained by boosting the Lense-Thirring metric in the limit when the velocity of the boosted source is
close to the velocity of light. We then find an exact solution of the Einstein equations describing the
gravitational field of a polarized radiation beam pulse in a spacetime with arbitrary number of dimensions.
In a D-dimensional spacetime this solution contains [D/2] arbitrary functions of one variable (retarded
time u), where [d] is the integer part of d. For the special case of a four-dimensional spacetime we study
effects produced by such a relativistic spinning beam on the motion of test particles and light.
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I. INTRODUCTION

A metric for the gravitational field of a massive source
moving with the velocity close to the velocity of light is
known for many years. This metric was discovered by
Aichelburg-Sexlin 1971 [1]. It can be obtained by boosting
the Schwarzschild metric. In the so-called Penrose limit,
when the boost becomes infinite while the energy remains
finite, the boosted Schwarzschild metric takes the form of a
gravitational shock wave. The properties of such solutions
and their generalizations, as well as related references can
be found in a recent book [2].

There are several reasons why such boosted solutions
are of interest and can be helpful. In recent years the
Penrose limit attracted a lot of attention in the string theory
after demonstration that the theory can be exactly solvable
in this limit [3]. In the type IIB supergravity a certain
gravitational plane-wave solution constitutes a maximally
supersymmetric background for the IIB string. In the light-
cone gauge the string theory o-model on the plane-wave
background is reduced to a free massive two-dimensional
model. This model, similarly to what happens in a flat
background, is solvable and can be easily quantized.
Moreover, there exists a duality relating type IIB super-
strings in the maximally supersymmetric plane-wave back-
ground to a four-dimensional JN" = 4 super Yang-Mills
theory.

Another application is related to studying mini black
hole formation in a high-energy collision of two particles
(for general discussion, see e.g. a review in [4]). This
problem was motivated by theories with large extra dimen-
sions. For two highly relativistic particles the gravitational
field of each of them, as observed in the center-of-mass
frame, can be approximated by the Aichelburg-Sex]l met-
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ric. Eardley and Giddings [5] used this approximation to
estimate the cross section for black hole production. This
paper also discusses black hole formation in the presence
of extra dimensions. Generalization of these results for
higher-dimensional head-on and not head-on collisions
can be found in [6—8]. The paper [6] discusses the for-
mation of an apparent horizon for the head-on collision
from the point of view of the hoop conjecture. A discussion
of the higher-dimensional generalizations of the hoop con-
jecture can be found in [9].

If a black hole is created in the non head-on collision of
two ultrarelativistic particles, one can expect that it would
be rapidly rotating and the angular momentum of the black
hole will be important for its further evolution [5,10-13].
The cross section for the production of a rotating higher-
dimensional black hole and a black ring was estimated in
[12].

If colliding ultrarelativistic particles have spin, one can
expect new effects connected with a spin-orbit and/or spin-
spin interaction. In order to study these effects one needs to
know the shock-wave solutions describing the gravitational
field of particles with spin. A natural way to obtain such
solutions is to boost the Kerr metric. The lightlike boost of
the Kerr black hole in the direction parallel to its spin was
discussed in [14,15]. It was shown later that the method
used in the paper [15] contains an ambiguity. This ambi-
guity was fixed in more recent publications. By using
different approaches a solution for the boosted Kerr black
holes was obtained and studied in [16—20]. The papers
[19,20] discuss also a general case when direction of the
boost differs from the spin direction. Relativistic boosted
metrics for higher-dimensional rotating black holes were
obtained in [21].

In the derivations of the lightlike boosted Kerr metric it
is usually assumed that a rotation parameter a is fixed,
while the mass M tends to zero, in order to keep fixed the
energy, E = yM. Here y = (1 — v?/c?)~"/2 and v is the
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velocity of the black hole. Thus in the Penrose limit the
angular momentum J = aM also vanishes. This means
that at a finite distance from the black hole the field
(curvature) becomes weak in the comoving reference
frame. For this reason in order to obtain a boosted Kerr
metric in the Penrose limit it is sufficient to start with a
Lense-Thirring weak field solution.

For a discussion of black hole formation in the relativ-
istic collision of particles with a spin, it is important to
study another limit when their internal angular momentum
(spin) does not vanish when y — oo. The aim of this paper
is to obtain such solutions and describe their properties. We
start by considering narrow pulselike beams of electromag-
netic radiation (Section II). We assume that this radiation is
almost monochromatic and is either right or left circularly
polarized. We describe this beam in the geometric optics
approximation assuming that the duration of the beam L
and the radius of its cross section @ are much larger than
the wavelength A. Since our aim is studying the gravita-
tional field created by such sources both in four and higher
dimensions, we perform the calculation of the stress-
energy tensor and the angular momentum of the beam
pulse in flat spacetime with the number of dimensions D =
4.

In section III we derive the gravitational field of the
beam pulse of spinning radiation in the linear approxima-
tion. In Appendix A it is demonstrated that the same metric
can be obtained in the Penrose limit from the Lense-
Thirring metric, provided during the limit process the
angular momentum J, as well as the energy E are fixed.
In a four-dimensional case such a boosted solution is
characterized by 2 parameters, £ and J. In the higher-
dimensional case the number of angular momentum pa-
rameters J; is greater than one. It coincides with a number /
of independent biplanes of rotation orthogonal to the di-
rection of motion. For a D-dimensional spacetime [ is the
integer part of the ratio (D — 2)/2.

For a fixed angular momentum the solution at a finite
distance from the source does not reduce to its weak field
limit. For this reason in general case a boosted weak field
solution is not sufficient for the generation of the exact
solution of the beam pulse of spinning radiation. In the
second part of the paper we derive such an exact solution
and study its properties. We present the exact solution in
Section IV. A proof that the presented metric is Ricci-free
outside the source is given in Appendix B. The form of the
metric differs slightly for even and odd number of space-
time dimensions. The obtained solution contains / + 1
arbitrary functions of one variable (“retarded time” u)
which determine the profiles of the distributions of the
energy and of the angular momenta of the beam pulse.
The special case when D = 4 is discussed in Section V. In
Section VI we discuss motion of particles and light in the
gravitational field of the beam pulse of spinning radiation.
We focus our attention on the four-dimensional case and
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demonstrate that the effect produced by the spin creates a
force on a particle similar to the usual centrifugal repulsive
force, while the energy produces the attractive
“Newtonian™ force. We discuss possible applications of
the obtained results in ‘“Summary and Discussions”
(Section VII).

II. BEAM PULSES OF CIRCULARLY
POLARIZED RADIATION

A. Beams of circularly polarized electromagnetic field
in a four-dimensional spacetime

Let us discuss properties of the polarized radiation. We
consider first the electromagnetic field A, in a flat four-
dimensional spacetime. We choose the first two coordi-
nates to be null x' =u=r—§¢, x¥>*=v =1+ & and
denote the other spatial coordinates x, a =3, 4. In a
Lorentz gauge (Af, = 0) the electromagnetic field obeys
the equation

OA, = (49,0, + 03)A, = 0. (1)

Here 95 = 3 + 93. A solution for a circularly polarized
monochromatic plane wave propagating in &-direction has
the form

A, = Ale, exp(—iwu) + &, exp(iou)]. 2)

Here A is a real amplitude and e, is a complex null vector

(¢, is its complex conjugate) in the biplane (x*, x*),

orthogonal to the direction of wave propagation. One can
— ,t+ — L,

choose e, =€, 0re, =e,, where

fl * iéi). 3)

The superscripts + and — correspond to the right and left
circularly polarized waves, respectively.

If ‘A is not a constant, but a slowly changing function,
(2) is an approximate solution provided w is large. If
VA ~ o ' A then (2) gives a solution in the geometric
optics approximation provided A/@ < 1, where A = @!
is a wavelength. We assume that JA depends on x| =
(x*, x*), is localized in the vicinity of x| = 0, and vanishes

outside the radius R = ,/x7 ~ ¢ [22].
The field strength F,,, = A, , — A, ,, can be written as
F,, = Fu exp(—iou) + j:;w expliou), 4

where the complex tensor F,, has the following non-
vanishing components

Fua=iwAe,, Fav=e,A,—¢e, A, (5

The metric stress-energy tensor of the electromagnetic
field is

1
tllf :FMAFVA_ZS/;FD(BFQB. (6)
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The stress-energy tensor for a monochromatic wave be-
sides a part independent of u contains also a rapidly
oscillating contribution ~ exp(*2iwu). This contribution
vanishes after averaging over the time interval L >> A and
can be neglected. Thus one has the following expression
for the averaged stress-energy tensor

[';/L = zm[f#/\j:‘v)\ - %6l;ffaﬁj:aﬁ:|’ (7)

where N[a] denotes a real part of a.

It is easy to check that the components t,,,, and #,,, vanish
identically. The components of ¢,,,, ,, are of the order of
A?/I? and also can be neglected. The leading nonvanishing
components of 7, are

tow = 20> A2, (8)

Lyg = iwﬂﬂ,b(éaeb - eaéb)' )]

The stress-energy tensor (9) obeys the relation ¢,,, = 0.
The energy of the beam-pulse is defined as follows

E= ]dudxltw. (10)

Since the averaged stress-energy tensor t,, does not de-
pend on u, the energy E of the beam is divergent. In order
to deal with a realistic system with finite energy it is
sufficient to assume that the beam pulse has a finite dura-
tion L >> A in time. To deal with this situation one can use
the geometric optics approximation (2) and allow A to
depend (slowly) on u. We adopt a simpler approach.
Namely we assume that during the time interval u €
(=L/2, L/2) the stress-energy tensor is given by (8) and
(9), and vanishes outside this interval. We denote by T,
the corresponding stress-energy tensor. It can be written as

T,U,V(ur XJ_) = X(M)LI;LV(XJ_): (1 1)

where
Y = 7 O+ L/D) = 9= L/2), (1)
and 9(u) is the Heaviside step function. Thus one has
E= [dudxlTW = Lfdxﬂm,. (13)

Using this relation we obtain
E = 2NLw?, (14)

where N = [dx A? is a normalization constant depend-
ing on the amplitude A.

In the Minkowski spacetime one can also define the
conserved angular momentum J,, of the system. This
can be done with the help of the angular momentum tensor
(23]

MSP = xOT8 — xPTY (15)
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as follows
Jb = j dudx | M. (16)
Using (9) one obtains
Jup = iy ey = 210)) (17)

For simplicity we assume that the beam pulse is axi-
symmetric. In this case the components of the spin tensor
Juas Jva Vanish. The components J,,,, may be nontrivial but
they are not relevant for further analysis because their
contribution to the gravitational field (the uv component
of the metric) is of higher order with respect to the con-
tribution produced by the energy of the beam.

In a four-dimensional spacetime the tensor J,, can be
used to define the vector of spin. Denote by n a unit vector
in the direction of the wave propagation. Then the vector of
the spin is Jn, where

E
J= SabJab = i—sabeaéb. (18)
(0]

This vector is directed along the beam axis and its value is

J== E (19)
1)
for the right ( + ) and left ( — ) polarization, respectively.
For a monochromatic wave which is not a state with a
given helicity, but is a superposition of the right and left
polarized radiation, the energy E and the total angular
momentum J are

E=wU"+J7), J=J"—J". (20)

Similar calculations with similar conclusions can be easily
done for a high frequency monochromatic beam pulse of
gravitational radiation.

B. Higher-dimensional case

Consider now the higher-dimensional generalization of
the results obtained in the previous section. We again use
the coordinates u =t — ¢ and v =t + ¢ as the first two
coordinates, x! = u and x2 = v, and denote the other

spatial coordinates by x%, a = 3,..., D, where D is the
number of spacetime dimensions. We shall also use a
vector notation x; = (x3,...,xP). The vector potential

of an “axially symmetric’” monochromatic beam can be
written as

A, =A,=0, 2D

D
A(u,R) = > &[b(R)e” ™" + by(R)e"].  (22)
§=3

Here A denotes a vector with components A,. €, are real
polarization vectors normalized as (€, €y) = &,y. The
coefficients b, are complex functions of x|, b, are their
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complex conjugates. As earlier we consider a beam of
radiation and assume that these functions vanish at R =

— [i2
@, where R = ,/x7 .

Computation of the energy and the angular momentum
of the beam is analogous to the calculations performed in
the previous section. It yields

E =2Lw? / dx leSES, (23)
Jab = ZKss/é?é?/’ 24)
K,y =ilLw f dx, (bby — b,by). (25)

As earlier L is the duration of the beam pulse.

The matrix K,y is a real antisymmetric (D — 2) X (D —
2) matrix. There exists an orthogonal transformation O
which brings it to a block-diagonal form where its only
nonvanishing components (for a suitably chosen numera-
tion) are K34 = —Ky3, Ksg = —Kgs, etc. (see [24]). If D is
odd the last row and column of the above matrix vanish.

The transformation O obeys the property OTO = I,
where T is a transposition, and / denotes a unit matrix.
The matrix O transforms an old orthogonal basis € into a
new one, €/, = O’ &,. In the new basis, where Ky has the
block-diagonal form, pairs of vectors {€;, &,}, {€s, &4} and
etc. define so-called biplanes of rotation. The number of
these rotation planes is [ = [(D — 2)/2], where [a] is an
integer part of a. We enumerate the rotation planes by an
index i = 1, ..., [. We denote by e; a complex null vector
spanning the ith biplane,

1
ei=—é,- +lél . 26
\/§(2+1 2i4+2) (26)

These complex vectors are normalized as

(el', ej = (éi’ éj) = O, (e,», éj = 5,1 (27)
If D is even, the transverse part (22) of the vector

potential can be rewritten in the form

(D-2)/2
A= [(a,-e,» + Eiél’)e_lwu + ((iié[ + Ciei)e""”],
i=1
(28)
where a;, c¢; are complex functions which are expressed in
terms of b, as

1
Ciz—bi +lbl .
\/§(2+1 2+2)
(29)

1
a; = —(= b i —ib i ,

If D is odd, there exists an extra term in (28) corresponding
to the contribution of a (real) polarization vector e, or-
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thogonal to all the rotation biplanes. We denote by b the
corresponding amplitude coefficient.

Let us define the angular momentum J; in the ith biplane
as J; = 2K ;1 1)i+2)- Then by using (23)—(25) it can be
shown that the following relations hold

E= wZ(J,.+ +J7) + E, (30)

Ji=J" =

1 [

3D

J5 = wL[dXJ_CiEi’ Ji = wadXJ-aidi’ (32)

Ey =2Lw? f dx | byb,. (33)

E, = 0if D is even. Formula (30) is a generalization of the
relation (20) between the energy of the beam and its spin.
Quantities J;= correspond to “left” and “right” polariza-
tions in the ith biplane.

III. GRAVITATIONAL FIELD OF A BEAM PULSE
IN THE WEAK FIELD APPROXIMATION

We look for the gravitational field of a source which
moves with the velocity of light in a flat D-dimensional
spacetime. The source is a beam pulse of circularly polar-
ized radiation. For brevity we call such a source ‘“‘gyra-
ton.* The gyraton is supposed to be stretched along the
axis of the motion and it moves rigidly, i.e., it preserves its
profiles both in the longitudinal and transverse directions.
As earlier we use coordinates x* = (u, v, x%), where x9,
a=73,..., D, are the transverse coordinates, and x,; is a
vector in the transverse direction. The gyraton is moving
along the £-axis in the positive direction. We assume that
only nonvanishing components of the stress-energy tensor
of the gyraton are T,,,(u, x| ) and T,,,(u, x | ). This tensor is
divergence free if 9¢T,,(u, x ;) = 0.

Let n,, be the Minkowski metric

45 = mdvids’ = —dudv + . G4

In the linear approximation the gravitational field is g, =
Nuv T hyy, where the field perturbations 4, obey the
equation

uve uv

Oh,, = —kT

y73% myr

(35)

- 1
hyy = hy, — En"”h' (36)
Here k = 167G, G is the higher-dimensional gravitational

coupling constant, and
0= —40,0, + A, A=d3. (37)

For a beam pulse of radiation 7% = 0. Thus, in the
Eq. (35) instead of &, one can put ,,. Notice also that
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if h,,(x ) is a solution for T,,(x ) then for an arbitrary
function x(u), function x(u)h,,(x,) is a solution for a
source x(u)T,,(x)). We shall use this property to con-
struct solutions for a source with time u dependent profiles.
For the moment we consider a source T, =1,,(X )
which does not depend on u. To obtain #,, one needs to
solve the equation

Ahy,, = —kt,,(X). (38)

Denote by G(x,x',) the Green’s function for the op-
erator A in the transverse space

AG(xy, x)) = 8(x —x/)). (39)

Denote p = [x; — x/,| then

Gxx)) =7 ;25(’]’ ! (40)
Here
1
f()(p) = lnp; fn(p) = - n’ n= 1) (41)
np

n = D — 2 is a number of the transverse directions, and
Q,,_, is the volume of the unit sphere $"~!
27Tn/2
Q, | ==——.
I'(n/2)

A solution to the Eq. (38) is

(42)

h(x1) = —K f dx', Gollx, — X', Di(x)).  (43)

For a narrow beam of radiation the integration is performed
over a region of the size ~I. If R = |x ;| > [ one has

/
Iy — x|~ R — X X1) (44)
R
By keeping the leading and subleading terms one obtains
« ' (R)
h,uV(XJ_) = - Q——l |:fn—2(R)T,u,V - %xba-,uvb :|;
(45
where
Ty = /dxltw(x), (46)
O pva = /dxltw(x’)x”. 47
Using relation (13) one finds that
T = E/L. (48)

Since ¢,, is a derivative of a function vanishing at infinity,
its integral 7,, vanishes. The conservation of energy im-
plies the identity [ dx 10, x’x* = 0 and the property
T uab = — T upa- Therefore,
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1
Ouab = Oqub = — EJab/L’ (49)

where we used the definition (16).

We use the freedom of rotation of the transverse coor-
dinates x in order to relate the coordinates to the biplanes
determined by the antisymmetric tensor J**. We enumerate
the biplanes by the index i = 1, ..., [, and assume that after
a proper rotation brings the antisymmetric matrix J,, to its
canonical form, the new coordinates x; = x**! and y; =
x%*2 belong to the ith biplane. As earlier we denote by J;
the corresponding component of the angular momentum.
In these coordinates the metric in the weak field approxi-
mation takes the form

I
ds* = —dudv + Z(dx% + dy?) + €dz® + 2®du?
=

1
+ 2du ZA,.(y,.dx,. — x;dy;), (50)
i=1
KkE
b =- 20, Xw)fp_4(R), (51)
P S S (52)
i 40, , iXi\u RD—2°

In the even-dimensional spacetime € = 0, and in the odd-
dimensional one it is equal to 1. According to the above
definitions

i
R? = Z()cl2 + ylz) + €72, (53)
=

It should be also emphasized that we restored the depen-
dence on u in the solution (50) by introducing the profile
functions y(u) and y;(u) corresponding, respectively, to uu
and ux;, uy; components of the stress-energy tensor of the
beam. As we explained earlier, this can be done simulta-
neously in the source and the field components. To pre-
serve the meaning of E and J; as a total energy and total
angular momentum components we must require the fol-
lowing normalization conditions

fdu/\/(u) = fdu/\/,-(u) =1 (54)

It is convenient to rewrite the metric (50) in a different
form. Let us introduce polar coordinates (7;, ¢;) in the ith
biplane,

X; = r; COS¢I‘, yi = r; Sin(;'),-. (55)

Then the metric (50) takes the form
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1
dsden = —dudv + > (dr} + r}d¢?) + edz® + 2®du?
i=1

A I
+ D2 ZJiXi(M)r%dfﬁid”’ (56)
=

where A = k/(2Qp_3).
In the special case of the four-dimensional spacetime the
metric (56) is

ds®> = —dudv + dr* + r*d¢? — 4G[2E x(u) Inr du
— Jx1(w)deldu. (57)

In four dimensions R = r and J is the internal angular
momentum (spin) of the beam.

IV. GRAVITATIONAL FIELD OF A RELATIVISTIC
GYRATON: EXACT HIGHER-DIMENSIONAL
SOLUTIONS

In this section we discuss the solution of the higher-
dimensional Einstein equations describing the gravita-
tional field of a relativistic spinning beam pulse of radia-
tion (gyraton). In the general case such a solution contains
[ + 1 arbitrary functions of the retarded time u, where / is a
number of independent biplanes of rotation. The form of
the solution is slightly different for even and odd number D
of the spacetime dimensions. In this section we assume that
D > 4. The case D = 4, which requires special considera-
tion, will be considered in the next section.

In the even-dimensional case, D = 2/ + 2, the solution
can be written as follows [25]

!
ds2,e, = —dudv + ZZ dz'dz' + 2® + B)du?
=

1
+2 Z(W,-dz" + W,dz")du. (58)
i=1
Here
zZ Lo
Wi = —ipiu) 1. R = 2Zz’zz (59)
_ pw) 1 P2
= R20-1) B = RA2 [alﬁ + ,31172}- (60)

7', 7' are complex coordinates and the bar denotes complex
conjugation. The function w(u) and [ functions p;(u) are
arbitrary functions of u. We also use the following nota-
tions

! !
P2=2 Z pHu)7'z, pr= Z pi(w),  (61)
i=1 i=1
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-2 p 1
Q= —, =
7 20-1) o 20-1@i-1)

In the Appendix B we prove that this metric is Ricci-flat
everywhere outside z' = 7' = 0, and hence it is a solution
of vacuum FEinstein equations outside the source.

In order to explain the meaning of u and p; it is
convenient to rewrite this metric in a form similar to
(56). For this purpose we denote

(62)

. r; .
= Leid 63
Z e,

In these coordinates the metric (58) takes the form

I
dsien = —dudv + > (dr} + r7d¢?) + 2D + B)du?
i=

) !
i=1
® and B are given by (60) with
! !
R? = Z 2, P> = Zp,z(u)r,2 (65)
= =1

Let us suppose that the following integrals are finite

m = f dup(u), (66)

ji= [ dupw, (67)
and denote

xi(w) = p,(u)/j;. (68)

By comparing the metric (64) with a linearized solution
(56), one can conclude that m is proportional to the total
energy E of the pulse of radiation, while j; are proportional
to the independent angular momenta J; of the pulse

_ kE . kJ;
20, 50 -4 T a0,y

x(w) = p(u)/m,

m (69)
The functions y(u) and y;(u) describe profiles of distribu-
tions of the energy and angular momenta of the radiation
within the pulse.

In the odd-dimensional case D = 2/ + 3 the solution
has the metric

ds(z)dd = dsl ., + dz%, (70)

where ds?,., is given by (58) and

oz Lo
Wi = _lpim, R2 = 2ZZZZ’ + Zz, (71)
i=1
) 1 P? )
(I)_R2171’ B_R41|:alR2+Blp i|, (72)
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21-3

0= 1) (73)

1
B = 2021 — 1)
The function w(x) and [ functions p;(u) are arbitrary
functions of u, and P? and p? are given by (61) This metric
in the radial coordinates (63) has the form (70) where
ds2,, is now given by expression (64) with

I
R =>r+72% (74)
=

As in the even-dimensional case, the odd-dimensional
solution has [ + 1 arbitrary functions of u which are related
to the energy of the pulse and its angular momenta by (69).

V. GRAVITATIONAL FIELD OF A RELATIVISTIC
GYRATON: EXACT SOLUTION IN
FOUR DIMENSIONS

As we already mentioned, the case of four-dimensional
spacetime is special. In this section we derive a 4 — D
solution for the gravitational field of a gyraton. We use the
following ansatz for the metric

ds’> = —dudv + dx*> + 2®du + 2A,dx*)du,  (75)

where a, b =2, 3, x = (x2, x3), dx* = (dx?)? + (dx?)?,
® = d(x,u), and A, = A,(x, u). Straightforward but
rather long calculations give the following expressions
for the nonvanishing components of the Riemann curvature

1
Ru2u2 = —6%(13 + E(CurlA)z + 81,82142,
1
Ru3u3 = —8§¢> + E(CurlA)z + 8u83A3,
1
Rz = — EazcurlA,
1 (76)
Rz = 3 dscurlA,
1
Rpous = —05;® + Eau(a2A3 + 934;).
Here
curl A = 62A3 - 63A2, (77)
divA = 62A2 + (93143, (78)
AD = (35 + 33)D. (79)

Calculations also give the following nonvanishing com-
ponents of the Ricci tensor

Ry,=—-0Ad+ %(culrlA)2 + 9,divA,
(80)

R, = = €,,0curlA,

| =
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where €, is a2 — D antisymmetric tensor, €,3 = —€3p, =
1.

We suppose that everywhere outside the source at x> =
x3 =0 the spacetime is vacuum. Thus, outside the source
one has

AD =0, divA = 0, curlA = 0. 81
Denote r = +/(x?)> + (x*)%>. Solutions of the Egs. (81)

which are regular at r — oo are

= geabxb. (82)

® = —u(u)lnr, A,
Strictly speaking, ® and A are distributions which obey
the following inhomogeneous equations

AP = =27 u(u)d(x), (83)

curl A = —27p(u)d(x). (84)

It is interesting to note that the equations for @ and A
coincide with the equations of two-dimensional electro-
dynamics. In this analogy @ is similar to the Coulomb
potential of a pointlike charge, while A is similar to the
vector potential for the axisymmetric magnetic field. An
unusual property of these fields is that the value of the
charge and the flux of the magnetic field depend on the
“time” u. In more general terms, this interpretation reflects
a well-known electromagnetic analogy of the gravitational
interaction (see e.g. [26]).
Let us introduce the definitions

p(u) = —jxi(u), (85)

where x(u) and y,(u) are profile functions for the energy
and angular momentum distributions, respectively, obey-
ing the normalization conditions (54). We also put

m=4GE,  j=2GJ.

p(u) = my(u),

Then in the polar coordinates x> = rcos¢, x> = rsing the
metric (75) takes the form

ds* = —dudv + r*d¢* + dr* — 4G(2Ex(u) Inrdu
—Jxi1(w)do)du. (86)

By comparison with the weak field approximation (57) one
can conclude that E and J are the energy and the angular
momentum of the beam, respectively. The metric (86)
belongs to the Kundt’s class of metrics (see e.g. [27]).

The four-dimensional metric g, is linear in £ and J.
However /=g and g#” contain terms proportional to J 2,

The form of the metric (86) is invariant under the
following transformations

u* = Lu+ b, vt =Ly,

X' (w) = L7 (" = b)/L), (87)
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X W) =L x((w* = b)/L), (88)

where L and b are constants.
Equation curlA = 0 implies that at least locally

A = V0. (89)
Let us denote
2=0-9,0. (90)

Then for the Ricci-flat metric the nonvanishing compo-
nents of the curvature can be written in the following
compact form

Ryqup = — 92,3 1)

Let us emphasize that the obtained vacuum solution is
valid only outside the beam pulse. On the beam axis it is
singular. One can formally define an effective stress-energy
tensor for the solution (86) as

_ 1
T,, = (87G) l(RW -3 gWR) 92)
It can be shown that the Ricci scalar is identically zero.
Thus, the only nontrivial components of the stress tensor
are

Tuu = Ex(u)8(x) + 7GJ? x7(u)8*(x), 93)

J
Tua = ZX](”)Eababa(X)' (94)

To obtain these relations we used (80) and (82) and took
(84) into account. The term 8%(x) on the right-hand side of
(93) indicates that in the presence of spin one must con-
sider spatially distributed sources. In the weak field ap-
proximation the second term on the right-hand side of (93)
should be omitted. Then 7, T, take the form of compo-
nents of the stress-energy tensor of an infinitely narrow
beam with the energy E and the angular momentum tensor
J ab = % EabJ .

VI. PARTICLES AND LIGHT MOTION IN THE
FIELD OF GYRATON

In this section we describe briefly the gravitational force
of a relativistic gyraton acting on particles and light rays.
We restrict ourselves by considering only the case of four
dimensions.

Nonvanishing Christoffel symbols for the metric (86) are

2 / /
ry, =2p'n()+ 22 1, =£ 14 =L
r r T
_2 _2r o _1 ro_
Ui=—" Th=—F Ty=s Ty=-r
95)

where u(u) and p(u) are given by (85). In this section we
shall use a notation a’ = 9,a.
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Since I'};,, = 0 one can choose u as an affine parameter.
We shall use this choice. The equations of motion in the
two-dimensional plane orthogonal to the direction of the
motion are

B =g =, (96)
/ 2 >
¢+ 5+ qi”zo. 97)

Because of the axial symmetry of the metric the second
equation allows an integral of motion which we denote by

Po

& — — (p _2170)' 98)
r
This integral of motion is a quantity connected with the
conserved angular momentum. The radial equation can be
written as follows
— )2
E_=p)l 99)

r I

r' +

Instead of the last equation of motion for v(u) it is more
convenient to use its integral which follows from the
normalization condition

guvXx” =€, (100)
where € = 0 for light rays and € = —1 for particles. This
equation gives

—v' + 2%+ 2 —2ulnr +2pd' = €. (101)
Using (98) it can be rewritten as

»?

—v’—r—2+ r? —2ulnr = e (102)

For u = p = 0 the equations of motion can be easily
integrated. Using an ambiguity in the integration constant
the trajectory for this case is

Po

I s’ (103)

that is, it is a straight line passing at the distance from the
center (impact parameter) equal to py.

In order to illustrate the action of the relativistic gyraton
on the motion of particles and light rays, let us consider a
special case when initially their equation of motion in the
plane perpendicular to the direction of motion was

b = ¢y =0,

For this case py = 0. Using Eq. (98) one can see that when
a gyraton passes near the particle it effectively imparts an
angular momentum to it which is proportional to p(u). The
radial equations show that the ““mass” term w(u) produces
an acceleration directed towards the center, while the
angular momentum term effectively produces an accelera-

r = ry = const. (104)
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FIG. 1. The relativistic gyraton with m = 0, j = 0.7 passes
through the center of a set of particles initially located at the
radius 1. The gravitational field of the gyraton is turned on
during the interval ( — 1/2, 1/2) (two solid circular curves).
During this interval the particles position is twisted. After this
the particles are moving radially outward with a uniform speed.

tion directed away from the center, which is similar to the
usual centrifugal force. Consider a set of particles located
on a circle of initial radius r, orthogonal to the direction of
motion of the gyraton. As a result of action of a gyraton
moving though the center of the circle, the trajectories of
the particles are twisted and later either converge to the
center or expand. The character of the motion depends on
which term in the Eq. (99) dominates. The pictures 1-6
illustrate this.

We consider a special case when both g and p have the
same steplike form. Using an ambiguity (87) in the choice
of the coordinate u we can write

p(u) =my(w),  plu) = —jx(u), (105)
xw)=901/2 —u)+3H1/2+u) — 1. (106)
The step function y vanishes before u = —1/2 and after

u=1/2, and is equal to 1 between these values. It is
normalized so that

1/2 1/2
f x(w)du = ]
-1/2 -1/2

x> (uw)du = 1. (107)

II ‘E‘
[ [ T T 7777
I Y I I
I

FIG. 2. Motion of particles for the gyraton parameters m =
0.25, j = 0. For this case there is no twist, and particles move to
the center with constant radial velocity. They pass the center, r =
0 after the gyraton, and passing the caustic starts their expansion.
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FIG. 3. A special case (m =1, j = 1) when the centrifugal
repulsion compensates exactly the Newtonian attraction.

For this choice the gravitational field of the gyraton
affects the particles during the interval (— 1/2, 1/2).
Figure 1 shows the motion of the particles forming the
circle for m = 0 and j = 1. The initial radius of the circle
is chosen to be 1. The coordinate u grows from the right to
the left. In this and next figures, two solid circular lines on
the surface correspond to the moments # when the gravi-
tational field of the gyraton is switched on (uy = —1/2, the
right circle) and the moment when it is switched off (u#; =
1/2, the left one). Between these two moments the parti-
cles trajectories are twisted. After switching off the gravi-
tational field the particles are moving radially with some
positive constant radial velocity.

Figure 2 shows the motion of the particles for the other
special case m = 0.25, j = 0. As the result of the attraction
to the moving gyraton the radius of the circle (which was
originally equal to 1) shrinks from its original value. After
u = 1/2 the particles have a constant negative radial ve-
locity. They pass the point r = 0 some time after the
gyraton was there. After a conical caustic at this point
the circle starts its linear expansion.

Figure 3 illustrates a case when the Newtonian attraction
is exactly compensated by the ‘‘centrifugal’’ repulsion
generated by the rotation of the gyraton. After passing
the gyraton the particles remain at the same radius r =
ro = 1.

In the general case either Newtonian attraction or cen-
trifugal repulsion dominates. Figs. 5 and 4 illustrate these
two options.

The ““centrifugal force” term is proportional to 3. It
means that in the absence of the Newtonian attraction, u =
0, the outward acceleration of particles at smaller radius is
bigger than the acceleration at bigger radius. Consider the
evolution in time of two circles, one with the original
radius ry and the other with r; < r(. Since the final positive
radial velocity is bigger in the second case, a surface 3,

FIG. 4. The case when both of the parameters m and j do not
vanish, but the attraction dominates (m = 1.5, j = 1).
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FIG. 5. The case when both of the parameters m and j do not
vanish, but the repulsion dominates (m = 0.7, j = 1).

representing the second circle motion (light surface at
Fig. 6) crosses from the inside the (darker) surface 3 at
some moment of time u.

In a general case such points of intersection form a
caustic curve u = U(r). If the interval during which the
field of the gyraton is switched on is much smaller than the
time formation of the caustics one can define the function
F as follows. Denote by

2= f * dux(u). (108)

For the step function y given by (106) j = j. By integrat-
ing the radial Eq. (99) over a (short) interval when the
interaction is switched on and assuming that during this
interval the radius remains approximately constant one
obtains the following relation

)

7] m
Al =L -2

rO ro

(109)

Here A[r'] is the change of the radial velocity. In the same

[ | [T 11
L L L W W W W o o 7
WV W W o WY

FIG. 6. A special case when the repulsion dominates (m = 0,
Jj = 0.6). After the gyraton passes throughout the center, the
particles located at the inner circle r; = 0.8 get higher positive
radial velocity than the particle which initially were located at
ro = 1.0. The inner particles (their world sheet is shown by a
light surface) cross the outer particles (darker surface). At the
moment of the intersection a caustic is formed.

PHYSICAL REVIEW D 71, 104034 (2005)

approximation

j2
Alp] ==. (110)
o
We assume that particles before the gyraton passing
nearby were at a fixed radius. After the gyraton has passed,
the equation of the particle motion is

)
m
r=F(ro,u) =ry+ <]—3 — —)u.
7'0 ro

(111)

The condition for caustic formation is 9, F = 0. By solv-
ing this equation one obtains the following condition for
the caustic line formation

4

r
=U(ry) = ——2—. 112
u (r()) 2]2 — m}% ( )

Substituting this relation into (111) one obtains
_ ro(3j2 — 2mr3) (113)

27 —mr}
The Eqgs. (112) and (113) describe the caustic equation in
the parametric form. Since r must be positive, r=
3j2/(2m). When r, is close to the limiting value

\3j/~2m u becomes
9j

U=
We remind the reader that the above estimations are
given in a special frame where the duration of the pulse
is 1. Using the scaling law (87) it is possible to rewrite the
results in an arbitrary frame where the duration of the pulse
is L. It is sufficient to notice that under this scaling m and r
do not change, while ]~—> ]/ VL. In particular, under this
transformation the relation (112) remains invariant.
Equation (109) allows one to make the following general
conclusion. Centrifugal repulsion compensates the
Newtonian attraction when

j_ _NGJ

P
O JmL <EL

It should be emphasized that a realistic beam pulse of
spinning radiation has a finite cross section, so that the
formulas and approximations used above should be addi-
tionally tested for their consistency.

(114)

(115)

VII. SUMMARY AND DISCUSSIONS

Let us summarize the obtained results. The beam pulses
of spinning radiation besides energy have also internal
angular momentum. As a result, the metric for the gravi-
tational field of such relativistic gyratons in addition to the
Newtonian part contains nondiagonal terms responsible for
the gravitomagnetic effects. In the weak field approxima-
tion the gravitational field of the relativistic gyraton is
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related to the boosted Lense-Thirring metric in the limit
when the boost parameter is infinitely large. Since the
angular momentum in this limit remains finite, the weak
field boosted solution is not sufficient to generate an exact
solution. In this paper we obtained the exact solutions for
the relativistic gyraton in an arbitrary number D of space-
time dimensions. These solutions contain [D/2] arbitrary
profile functions of one parameter u. They describe the
energy density, w(u), and angular momentum density,
pi(u), along the beam.

When a relativistic gyraton passes near a particle, the
motion of the latter is affected by the Newtonian attraction
generated by the energy w and by an induced ‘“‘centrifu-
gal*“ force, generated by the angular momentum of the
gyraton. We explicitly demonstrated this for the four-
dimensional case but this conclusion is of general nature.

The condition (115) for the radius where repulsive and
attractive forces are equal is obtained for classical sources.
It is interesting to apply it (at least formally) to the case of a
single quantum. For the quantum with wavelength A and
spin s one has E = /i/A and J = sk and the condition

(115) takes the form
A
ro ~ Slpl Z

Here Ip; = ~/liG is the Planck length. At the threshold of
the mini black hole production when both the center-of-
mass energy of particles and their impact parameter have
the Planckian scale, this relation shows that the spin-orbit
interaction becomes comparable with the Newtonian at-
traction for a quantum with L ~ A.

In case when both particles have a spin, besides the spin-
orbit interaction there exists also an additional spin-spin
interaction. One can expect that both effects might be
important in the Planckian regime and change the esti-
mated cross section of mini black hole formation. In order
to study this problem one needs to find the metric for
ultrarelativistic particles with a spin. The solutions ob-
tained in this paper for the relativistic gyraton can be a
good starting point in this investigation.

(116)
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APPENDIX A: BOOST OF A COMPACT SOURCE

In the case when y(u) = x;(u) = 8(u) metric (50)—(52)
can be obtained from the metric of a source by the boost.
Consider a compact source in a flat spacetime which is at

PHYSICAL REVIEW D 71, 104034 (2005)

rest in the frame of reference with coordinates x*, such that
' =17 (7 is time coordinate) X2 =&, X =1x% a=
3,...,D. We call x* transverse coordinates and denote
them by the vector x . The source has the mass

M = dedXLToo,

and the angular momentum tensor
Jur = f dédx | (x*T} — x'T§),

where T, is the stress-energy tensor of the source. It is
assumed that the source rotates only in transverse direc-
tions, hence the only nontrivial components of the angular
momentum tensor are J,;,. The number of rotation biplanes
is I = [(D — 2)/2]. As before we work in the transverse
coordinates corresponding to the rotation biplanes, where
J ., has a block-diagonal form, and denote J; the momen-
tum in the ith biplane.

In the weak field approximation the gravitational field of
the source is given by the metric [28]

- ~ 1 _
ds? = —dP +d& +dx} + 2<I><d22 + D—_3(d§2 + dxi))

I
+2dt Ai(yidxi _xidyi)’ (Al)
i=1
where
I
dx} = (dx} + dy}) + ed??,
i=1
i «M(D — 3) (A2)
@ = _— b
(p) 2D -2)Q,_, fp-3(p)
- K J;
Ap)=— L. A
i(p) 20,5 0 (A3)

Functions fp_3 are defined by (41),
P=B+xt =P LR,

and e = 0 if the number of transverse directions is even.

Let us go to a frame of reference which moves back-
wards along ¢-axis with the velocity 8 (we work in the
system of units where the velocity of light ¢ = 1). Let &, ¢,
u=t—§¢& v=rt+ ¢be the corresponding coordinates in
the moving frame,

E=y(¢&— Br), i=y(t— Bo),

where y = (1 — 82)~1/2. By using (A4) one can consider
the limit 8 — 1. In this limit the source is moving with
respect to the new frame of reference with the velocity of
light. Let A, be the Laplace operator in the transverse
directions and

(A4)

N (AS)
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In the limit of infinite boost operators A and A | coincide
up to terms O(y~2). According to definitions of Green’s
functions (39), (40),

Afp-3(p) = Qp_»5(£)d(x}), (A6)

Ay fp-4(R) = Qp_38(xy).
In the limit of infinite boost the following relations hold

}gig}(yfl(p)) = fi(w) +28(u)fo(R), (A8)

(AT)

Qp_
lim(vfo-3(p)) = 8G) 5= fp-4(R). D >4,

(A9)

. X\ . _ Qpo X

gg}@ pD_l) = lim (i fo-s(p) = 80 622 25,
(A10)

which can be found with the help of (A6) and (A7) if one
takes into account that limB_,l('y6(§)) = 6(u).

By using (A8)—(A10) one finds that in the limit of the
infinite boost metric (A1) takes the form (50)—(52) pro-
vided that the mass of the source behaves in this limit as

E
M==
Y
while components of the angular momentum J; remain
finite. To get the gyraton metric (86) from the boost in
four dimensions one has to make an additional coordinate
transformation © = v — 4GElInu/uy, where u, is a
constant.

APPENDIX B: METRIC ANSATZ AND
CURVATURE CALCULATIONS
1. General formulas
We define the metric to be

dS2 = n(ﬂ)(v)w(“)w(”). (Bl)

Here o™ = w(,,“ )dx” are basic forms and N(w)(v) 18 @
nondegenerate matrix with constant coefficients. We de-
note e,y = eE’M)a,, basic vectors dual to the basic forms

e(ﬂ)w(y“ — 5&‘;. (B2)
Let us define
A = €fnenl@mer ~ @upel  (B3)
These coefficients possess the following property
Aw @) = ~ AN (B4)
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The Ricci rotation coefficients are defined as

1
Yo = 5Awmw + Aawe = Aowwl B

The Riemann tensor can be written by using the Ricci
rotation coefficients as follows (see e.g. [29])

R = ~ Y T Yoo
(e _ (o
+ y(V)(#)(E)[y(/\)(p) ‘)’(p)(,\)]
& _ (e)
+ Y(e)(ﬂ)u)y(i)(p) 7(6)(#)(/})7(;)(/\)‘ (B6)

Here (...) () = ez’m(. ..).,,. Finally the Ricci tensor is

Ry = 1" Riumino)- (B7)

2. Even-dimensional spacetime

Formulas for even and odd-dimensional cases are
slightly different. Consider first the even-dimensional
case and denote [ = (D — 2)/2. We shall use two real
coordinates, x! = u and x? = v. The other coordinates
x% a=73,..., D are complex. We shall use the following
notations for this set of complex coordinate x' = /7, x' =
[', where i =3,5...,2l+ 1 and i = i + 1. In this nota-
tion a partial derivative A, denotes the following set of
partial derivatives

A;=dgA  A;=dzA. (BS)

We shall use the same convention for the indices connected
with the basic vectors and forms. We denote

nt =>[808% + 5¢87] (BY)

Using this notation we can write the metric in the form

ds* = —20V 0 + 23 0o (B10)
i

We adopt the following ansatz for the metric. Let us
denote

1
oV = du, w? = Edv — Qdu, (B11)

0® = &0 = dFi + Widu.
(B12)

) = dg“i + Widu,

Here Q = Q(u, {;, ;) and W' = Wi(u, £;, £;). We also de-
fine
W, =W =W,

W;=W,=W. (B13)

The differentials of the coordinates can be expressed in
terms of basic forms as follows
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du = o, dv =2(0?® + QwWD), (B14)
di' = o — WieW, dit = &% — wiaW. (B15)
The corresponding vector basis is
eqy =9, —D+200,, ep) = 20, (B16)
eG) = 9z, eqp = eu = 0z, B17)
D = Z(Wia;,- + Wiaz). (B18)
7

The metric is
ds® = —dudv + 2Zd§idfi + 2<Q —+ ZWiW;)du2

+ 2Z<Wid§i + W;dzi)du. (B19)

Calculations give the following nonvanishing compo-
nents of /\(,U.)(V)(A)

A = Qua (B20)

An@n) = Wap (B21)

Nonvanishing components of the rotation coefficients are

Yo = Ca (B22)
1

Yoo =5 Wap T Wi, (B23)
1

Yoy = 5 Wap = Wia). (B24)

Notice that the rotation coefficients do not vanish only if
their first or the third index is equal to 1. If any of its indices
is 2 the rotation coefficient vanishes. Using these proper-
ties and the definition of the Ricci tensor (B7) it is possible
to show that

Raw) = Row = Rae = 0. (B25)
Nonvanishing coefficients of the Ricci tensor are
Ryn=—-AQ+Z2,-DZ-U, (B26)
1 1
R(l)a = - 5 A Wa + EZya. (B27)
Here A = 5*?9,0, and
Z=n"W,, =S Wi+ W), (B2
7
1
U= E(nacﬂbd + nnPYW,, W 0. (B29)
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To obtain a solution we choose
i

W= _ipiﬁ»

(B30)

R? = 22&'&'. (B31)
Here p; = p;(u) are arbitrary functions of u. We demon-
strate now that for this choice the components Ry of
Ricci tensor vanish.

It is easy to check that

W, = 2ilp; i(z{jl)’ (B32)

W;; = —2ilp; i(z{rjl)’ (B33)

W= R%[le, g;;{/ piéij}, (B34)

Wi = ~ R [2lp, &y Pi%} (B35)

It is easy to see that for each i, W;; + W;; = 0, and

hence Z = 0. We also have (outside a singular point R =

0)
A 1\ _ 4m(m—1+1)
(W) - R2(m+l) ’ (B36)
£\ Am(m = D¢
A<R2m> - R2(m+l) ’ (B37)
e 2 2m(m — 1 — 1)
A<R2m> - Rzm[l + = } (B38)
The Eq. (B37) implies
AW, = AW; = 0. (B39)
Thus R(;),) = 0 and R(y)() takes the form
R(l)(l) = —(AQ + U) (B40)

The metric (B19) is a vacuum solution if the function Q

obeys the equation
AQ = —U. (B41)

It is convenient to rewrite expression (B29) for U in the

form
U=U, +U_ (B42)

where

(W + W, ) (Wi + Wi, (B43)
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1
U_ = E(Wi it WD (W5 + Wiy (B44)
The calculations give
U. = ’ R*P2 + 2 B45
+ = W( =) (B45)
Here
P2 =23 pil, (B46)
1=2%p,&il" (B47)
Combining these relations one obtains
212P?
We write a solution Q of the equation
AQ = —U, (B49)
as a sum
0=+, (B50)

where W is a special solution of the inhomogeneous
Eq. (B49) and ® is an arbitrary solution of the homoge-
neous equation

AD = 0. (B51)
Relation (B36) implies that
_ r)
o = 200 (B52)

with an arbitrary function wu(u).
To find a solution of the inhomogeneous equation we use
the ansatz

P2 p2

‘P:alﬁ"f‘blw, (B53)
where
p*=>pi (B54)
Using relations (B36) and (B38) one has
1 P?
A; = 8I(I — 1)a,, B, = 4a; + 4121 — 1)b,. (B56)
Eqgs. (B48) and (B49) give
l 1
a, = (B57)

e R N s

Let us denote
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B =2V + ZZWiWi. (B58)
Since
ZW,-W, = ;;l, (B59)
one has
B = s [a,g—i B } (B60)
where
“«si—n A mnae O

3. Odd-dimensional spacetime

In the case of an odd-dimensional spacetime the calcu-
lations are similar. We shall briefly give the main results
omitting the details.

Let us denote [ = (D — 3)/2. As earlier we use 2 real
coordinates, x' = u, x2 = v. We denote the other coordi-
nates by x%, a = 3, ..., D. They consist of [ sets of com-
plex conjugated coordinates x' = /%, x' =, where
i=35...,21+1 and i=i+ 1, and one additional
real coordinate, which we denote by z, X3 = 7,

In this notation a partial derivative A, denotes the

following set of partial derivatives

A,i = ag”iA’ A,; = aZiA, A,Z = GZA (B62)

We shall use the same convention for the indices connected
with the basic vectors and forms. We denote
b b b b

ne = [6762 + 64871 + 8262

4

(B63)

Using this notation we can write the metric in the form

ds? = —200w@ + 2zw(z’)a—)(i) + (w(z))z' (B64)

The basic forms oV, @, 0¥, and a')(_i) are given by (B11)
and (B12) with Q=0@{,{,z) and W =
W (u, & & z) and

w9 = dz. (B65)
The metric is
ds* = —dudv + 2 d{'d{' + dz*
+ 2Z(Wid§" + W:d{")du
+ 2<Q n ZWiW;>du2. (B66)

It is convenient to denote W, an object which besides the
components W; and W; has one more additional component

104034-14
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W, = 0. Using these notations it is possible to show that
the nonvanishing components of A(,),)x) and ¥ ()1 are
given by relations (B20)—(B24). For the nonvanishing
components of the Ricci tensor one has

R(l)(l) = - A Q + Z,u - DZ - U, (B67)
1 1
R(l)a = - 5 A Wa + EZya. (B68)
Here
D=3 Was+Wap), (B69)
1
A =m"a,0, =2 dpdp + 02, (B70)
i
Z=n"W,, => W;; + W;)), (B71)
7
1 .
U=5n"n" + n"n")Wo,Wea. (B72)
To obtain a solution we choose
i
W = _ipimy (B73)
R? = 22;‘&' + 2. (B74)

Here w(u) and p; = p;(u) are arbitrary functions of u. We
demonstrate now that for this choice the components R ;)4
of Ricci tensor vanish.

It is easy to check that

W, =il +1) {0 (B75)
ij ! Pip@i+3)
- {1y
Wij = =i+ Dpi iy (B76)
i el
Wij= W[(% + Dp; R m&;,}, (B77)
i e
Wi = _W[@l + l)piF - piﬁij} (B78)
W,.=iQ2l+1) {'z B79
iz =L Pi gy (B79)
W;. = —i2l + 1) L'z B8O
iz = Tl Pi gGiry) (B80)

It is easy to see that for each i, W;; + W;; = 0, and
hence Z = 0. We also have (outside a singular point R =
0)

PHYSICAL REVIEW D 71, 104034 (2005)

1 2m(2m — 21 + 1)
A(W) = R2m+1) ’ (B81)
P\ 2m(2m =21 - 1){
A<R2m> - R2(m+1) ’ (B82)
e 2 mQ2m — 21 — 3)'
A(R””) = R [1 + 7 } (B83)
2 2
Z 2 m(2m — 21 — 3)z
A<RTm> = ﬁ[l + e } (B84)
The Eq. (B82) implies
AW, = AW; = 0. (B85)
Thus R(;),) = 0 and R(y)(;) takes the form
R(])(]) = —(AQ + U) (B86)

The metric (B66) is a vacuum solution if the function Q
obeys the equation

AQ = —U. (B87)
The function U defined by (B29) can be rewritten as
U=U, +U_+ U, (B88)
where U. are defined by (B43) and (B44) and
Up = > Wi Wi.. (B89)
The calculations give
(21 + 1)?
U = W[PZ(R2 -2+ 1% (B90)
@+ 1)? 5 5
UO = W Z (B91)
Thus one has
(21 + 1)°P?
TR (52

We write a solution Q of (B87) in the form (B50), Q =
® + W, where as earlier ® is a solution of the homoge-
neous equation and W is a special solution of the inhomo-
geneous one. Relation (B81) implies that

P — (u)

T (B93)

where w(u) is an arbitrary function of u.
To find a solution of the inhomogeneous equation we use
the ansatz [30]

2 2

p
+ blﬁ.

Using relations (B36) and (B38) one has

V= (B94)

a5
RAF2
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1 P?

Al = 2(4[2 - 1)(11, Bl = 4(11 + 4l(2l + l)bl (B96)

Eqgs. (B87) and (B92) give

2r+1) 1
=—-——— = B97
TGy, LT HRI— ) (B97)
Let us denote

B =2V + ZZWiWi. (B98)
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