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We present a top-condensation model in which the CP symmetry is spontaneously broken at the
electroweak scale due to the condensation of two composite Higgs doublets. In particular the CP-violating
phase of the Cabibbo-Kobayashi-Maskawa quark-mixing matrix is generated. A simpler model where
only one quark family is included is also discussed. In this case, for a general four-fermion interaction
(G;, # 0), the particle spectrum is the one of the one Higgs doublet model.

DOI: 10.1103/PhysRevD.71.095014

L. INTRODUCTION

Top-condensation models [1-6]" are interesting candi-
dates for a realistic theory of electroweak symmetry break-
ing (EWSB). They are a particular case of models of
dynamical EWSB [13], where the electroweak (EW) gauge
symmetry is broken due to the condensation of fermion-
antifermion bilinears. In top-condensation models the con-
densates are made of known fermions, mainly of the top
quark. In the minimal models no new particles are postu-
lated. The fundamental degrees of freedom are only fer-
mions and gauge bosons. No fundamental scalar fields
such as the standard model (SM) Higgs field are present.
On the other hand the spectrum of the theory includes one
or more composite Higgs particles. They are fermion-
antifermion bound states and play a similar role as the
fundamental Higgs particles in the SM and its extensions.

Besides the well-established SU(3) X SU((2); X U(1)y
gauge interactions a new four-fermion interaction is postu-
lated. It provides the dynamics responsible of EWSB and
the generation of SM fermion masses at the same time.
Note that in general two different sectors are necessary for
these purposes. In technicolor, for example, technicolor
gauge interactions trigger EWSB while extended techni-
color interactions are required to generate fermion masses.
Because of the nonperturbative nature of the new interac-
tion some approximation is needed. Calculations at first
order in the 1/N expansion, where N = 3 is the number of
colors are often made, obtaining a version of the Nambu-
Jona-Lasinio (NJL) model [14]. Next-to-leading order cal-
culation are also available [15,16].

The four-fermion term postulated in top-condensation
models is generally seen as an effective interaction. At
some high energy scale A an asymptotically free gauge
interaction becomes strongly-coupled. For energies below
A the new interaction is effectively described by operators
constructed with the fields corresponding to the light
(Mparicle < A) degrees of freedom of the theory. At low
energies the most important nonrenormalizable operators

'See also [7-12] for more phenomenological aspects.
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are the ones having the lowest mass dimension. Therefore
dimension-six four-fermion operators are considered.
Normally only four-fermion operators made of (pseudo)-
scalar fermion bilinears are taken into account. They are
the ones leading to (pseudo)scalar composite fields. Axial
vector and vector fermion bilinears are ignored. Note,
however, that the distinction between (pseudo)scalar and
(axial)vector bilinears is ambiguous due to Fierz identities.
The new interaction must violate the flavor symmetry, i.e.
must be nonuniversal, in order to generate the observed
fermion mass pattern. Topcolor models [17] are examples
of a theory of this type. In a second scenario the four-
fermion interaction term acquires a more fundamental
status. It is assumed that the SM with the Higgs sector
being replaced by a general dimension-six four-fermion
interaction is a (nonperturbatively) renormalizable theory
[18]. This is the case if one or more non-Gaussian ultra-
violet stable fixed points are established beyond the point-
like approximation [18]. In this note the four-fermion
interaction term is used as a starting point. Therefore,
besides the four-fermion and the SM gauge couplings,
the scale A at which the whole Lagrangian is defined, is
also a parameter of the theory.

For A much bigger than the electroweak scale, comple-
mentary to the NJL approach a perturbative renormaliza-
tion group analysis can be made [4,19-23].2 This method,
which incorporates the SM gauge interactions, provides
reliable values for the top-quark and Higgs-boson masses.
In this approach the information that composite Higgs
doublets appear at the scale A is encoded in the composite-
ness condition. To have a very high scale A is, however, not
very attractive because the theory suffers from fine-tuning
in exactly the same way as the SM. Another important
point is the one related to the distinction between funda-
mental and composite Higgs particles. If the composite-
ness scale A is very high, the composite nature of these
particles cannot be directly verified by experiments in the
near future. A more interesting possibility is to have a scale

*In this case, however, the 1/N expansion is difficult to justify
[15,16].
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A not very much higher than the EW scale, A ~
5-10 TeV. In this case no fine-tuning problem appears.
Besides, the generation of the scale A could be explained
from dimensional transmutation. This would solve or avoid
the hierarchy problem. A perturbative renormalization
group analysis cannot be justified in this case. Topcolor
assisted technicolor [24], and top-quark seesaw [25,26] are
examples of theories of this type. In these theories the NJL
approach is widely used.

In this paper, we present a top-condensation model in
which, together with the EW symmetry, the discrete CP
symmetry is spontaneously broken. A CP-conserving four-
fermion interaction term including the three quark gener-
ations is considered. Under certain conditions the CP
symmetry is spontaneously broken and the CP-violating
phase of the Cabibbo-Kobayashi-Maskawa (CKM) matrix
is generated. Besides, realistic mixing angles and quark
masses are obtained. Leading order approximation in the
1/N expansion is adopted. A more detailed treatment of
the model is presented in [27].

The first model with spontaneous CP violation was
considered by T.D. Lee in 1973 [28], the same year that
M. Kobayashi and T. Maskawa published their important
paper [29]. In the Lee model (or its generalization for the
case of 3 quark families) two fundamental Higgs fields are
considered. For certain values of the parameters of the
model the CP-symmetric effective potential has a
CP-nonsymmetric minimum. As a result the model has a
number of CP-violating interactions, namely W* boson
exchange (as in the SM), charged and (flavor violating and
flavor conserving) neutral Higgs boson exchange. Flavor
changing neutral currents (FCNCs) are present in this
model already at tree level. This requires a mechanism
for their suppression in order to avoid conflict with experi-
mental data.

There are two potential problems in models of sponta-
neous CP-symmetry breaking at the EW scale. The first is
the one related with FCNCs. It can be shown [30,31] that
the requirements of spontaneous CP symmetry breaking at
the EW scale, absence of FCNCs at tree level,3 and a
realistic CKM matrix cannot be simultaneously satisfied.
Therefore, models presenting spontaneous CP-symmetry
breaking at the EW scale have tree-level nondiagonal
Yukawa coupling matrices. In order to have a realistic
model, a suppression mechanism is needed. The second
potential problem is a domain wall problem which arises in
a cosmological context. The effective potential has in
general degenerate minima corresponding to complex con-
jugate vacuum expectation values (VEVs). At the EW
phase transition domains with different signs of the VEV
phases are formed. These domains are separated by walls
with energy density much bigger than the closure energy of

*Here we refer to the general case without assuming any
discrete symmetry.
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the universe (after taking into account the effect of the
universe expansion) [32]. If one considers this problem to
be a serious one, some solution must be found in order that
spontaneous CP symmetry breaking at the EW scale is
viable.

This paper is organized as follows: we begin in Sec. Il by
presenting the minimal scheme in top-condensation mod-
els. We continue, in Sec. III, with a model having a four-
fermion interaction term which includes only quarks of the
third family. Section IV corresponds to the central part of
this paper. Here we consider a model with a four-fermion
interaction term including the three quark families. In this
model the CP symmetry is broken by the vacuum. In
Sec. V the conclusions are given. In Appendix A the
calculation of the effective potential in the leading 1/N
expansion is sketched. In Appendix B convenient basis
changes for the auxiliary fields are given. In
Appendices C and E composite-field two-point functions
are calculated for the models of Secs. III and IV, respec-
tively. In Appendix D some definitions used in Sec. IV are
given.

II. MINIMAL SCHEME

We start with the simplest Lagrangian leading to EWSB
in the context of top-condensation models. CP is in this
case a symmetry of the Lagrangian and of the vacuum. In
top-condensation models the SM Lagrangian without the
Higgs sector is considered. In its place a four-fermion
interaction term made of SM fermions is postulated:

U ; 1 i)a
.E = Z\Pkl‘y#D/_Lq,k - ZZ(F'(U')V )2 + £4f, (1)
k i

where the first sum is over all left- and right-handed
fermions of the theory and the second contains the 3
Yang-Mills terms of the SM-symmetry group, SU(3), X
SU(2); X U(1)y. The Lagrangian L is locally invariant
under this symmetry group. In the simplest model [4] the
four-fermion interaction term L, is given by

Ly = G (p1p)iriyr), (2

where ¢, = (t,, b;)", and t and b are the top and bottom
quark fields. The SU(3). and SU(2); indices are sup-
pressed. A color-index contraction in each parenthesis
and a SU(2),-index contraction between ¢, and i, are
understood. The coupling constant G, has mass dimension
m~2. The theory is defined at the scale A with all heavier
degrees of freedom integrated out. All momentum integrals
of the theory are regularized using A as a spherical cutoff.

In order to study the vacuum of the theory, it is very
convenient to use the auxiliary field formalism [33,34],
especially if one goes beyond the minimal scheme as we do
in the next sections. The formalism is also useful for
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studying next-to-leading order corrections in the 1/N ex-
pansion [15,16,35].* Let us introduce a scalar auxiliary
field H which possesses the same quantum numbers as
the fermion bilinear 7z, , i.e., the quantum numbers of the
Higgs doublet field in the SM. The term L is replaced by
£aux:

Ly— Loyy=-myH'H — g(§1xH + h.c.), (3)

with real mass parameter m%, and Yukawa coupling con-
stant g,. The Lagrangian L, depends on the auxiliary
field H only quadratically. One recovers Ly, with G, =
g?/m%, either integrating out the field H from the generat-
ing functional in the path integral formulation, or imposing
the constraints over the nondynamical field H (Euler-
Lagrange equations).

The vacuum of the theory is obtained by minimizing the
effective potential related to the field H. From Appendix A
we have the effective potential in the N — oo limit:

) v/z N A2

Verr(v') = i " g2 |,

K2dk? log (k2 + g2v"/2),
“4)

with HTH = v/2/2. From the minimum condition which
involve the first derivative of V4 with respect to v’ one
gets the gap equation

2 2 2 112
J( . &N (A k=dk

- = 0. 5

v (mH 82 ]0 2+ g12v12/2 ®)

This equation has in general two solutions. A symmetrical
one located at v/ = 0, and, if G, > G, = 87m*/NA?, a
second one with v’ # 0 which breaks the EW symmetry.
Evaluating the second derivative of V (v') at these two
points it can be seen that the nonsymmetrical solution
corresponds to the minimum of the effective potential if
G, > G In this case the corresponding value of v’ (or
equivalently of m,) at the minimum is given by the solution
of

m; 27,2
Gt<1 - P IOgA /mt> = Gcrit’ (6)

with m? = g?v'?/2. Note that in order to fulfill the last
equation having m? < A2, fine-tuning of G, is needed.
Thus, if G, > G;; the electroweak symmetry is sponta-
neously broken to the U(1) electromagnetic one. As in the
SM, three Goldstone bosons appear and the Higgs mecha-
nism provides the gauge bosons with masses.

The fourth degree of freedom ¢ of the auxiliary field H
describes a scalar top-antitop bound state. The inverse
propagator of the field ¢ is given by

“To see the connection between the formalisms with and
without auxiliary fields in the case of one auxiliary field, see
[36]. In this paper the effective potential is calculated
diagrammatically.
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. igiN
1F¢,¢(P2) = 16t772 (P2 - 4m,2
A? kK dk?
< e ()
o [(p+k)?+ m7)(k> + m7)

The propagator has a pole located at p*> = (2m,)?. The
model predicts in this approximation a scalar bound state
with a mass equal to twice the top-quark mass.” The
auxiliary field H plays a similar role as the Higgs field in
the SM. For this reason we call it (composite) Higgs field in
the following.

III. THIRD-GENERATION CASE

We generalize Eq. (2) for the case in which the four
chiral fields of the third family of quarks interact. We
consider the most general (dimension 6) gauge-invariant
four-quark interaction term involving the four chiral fields
that can be written as a sum of products of fermion bi-
linears with the quantum numbers and Lorentz structure of
the SM Higgs boson

Ly = G, (rip)(Tgipr) + Gy br)(bripy)
+ [Ge® (Wi br) (Wl 1) + h.c.] ®)

aw_ (0 —1
e =(9 )

Because of the hermiticity of the Lagrangian G, and G, are
real. One can set G, also real (or positive) by redefining
one of the right-handed fermion fields. In this way the
interaction term L 4 possesses only real coupling constants
and the complete Lagrangian is invariant under a conven-
tional CP transformation.®

Repeating the procedure followed in the previous sec-

tion we introduce n spin-zero auxiliary fields H®. The
term L, is replaced by

where

n
Lo =—> my HOTHY + Ly 9)
i=1

with
n

£Yukawa == Z(ggl)l//LtRH(l) + gg)eahl/jibRHb(l)* + h.C.),
i=1

(10)

where ggi) and gg) are the real Yukawa coupling constants

and m?, are mass parameters associated with the auxiliary
1

5If one modifies L, in Eq. (1) in order to provide all the 6
quarks with masses in such a way that L4 can be rewritten with
help of only one composite Higgs field (see below), then the
mass of the bound state remains almost unaffected = 2m,.

“We ignore here the QCD 6-term.
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fields. The relations between the coupling constants in the
two formulations of the model are given by

n () (r n (r) (r)

_ 8 8 . 8y 8p
Gt - ) Gb - )
2, 20
L gi”gﬁ,’)
Gy = .
; mH,

In order to parametrize the space of couplings G, it is
enough to consider n = 2 . We restrict ourselves to n =
2 in the following.

From Appendix A we obtain the effective potential in the
N — oo limit:

. 4 N
Ve (HV, H?) = Z m%_]iH(t)TH(l) -
=12 ™

A2
X f k2dk>logdet(k> + A),  (12)
0

with the 2 X 2 matrix A given by

A g(l)g(J) eabHa(i)*Hb(j)* )

gg)ggf)H([)TH(j)

gD Ot HG)
g(l)g(l) EabHa(i)Hb(j)

13)

where summation over the indices i and j is understood.
The ground state of the theory is found by minimizing
the effective potential with respect to the auxiliary fields
H" and H? . Because of the gauge invariance it is possible
to gauge any field configuration into the following form:

HW = ﬁ
(%)

with v/, w', z/ = 0. In the following v/, w’, 7/, ' denote
the classical fields and the corresponding nonprimed sym-
bols denote their VEVs,

@)= (§)

In order to preserve the electromagnetic U(1) symmetry,
the VEV z must be zero. Besides, if the phase 7 is not a
trivial one, the CP symmetry could be spontaneously
broken. This happens if, once nontrivial quark masses are
generated, the coupling constant G, in the fermion mass
basis is complex.

Next we minimize the effective potential with respect to
the variables v', w', 1/, and z’. We shall restrict ourselves to
the parameter subspace with 7/ = 0 and search for local
minima in this region. It is possible to show [37] that for
7' # 0 there is no local minimum (at least for m, # m,).

H® = <T> (14)
Z/

(H®) = (J;) (15)
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The following conditions are sufficient in order to have a
local minimum at a point with z’ = 0: (16)
aV,
@) —a;ff =0, ford=1v w7,
I Vet
aZ/Z

(it is convenient to use z”%instead of 7’),

(b)

>0,

(c¢) The 3 X 3 Hessian matrix associated with the vari-
ables v', w’, and 7’ is positive definite.
The conditions (a) evaluated at the point v/ = v, w' =
w, ' = m, and 7/ = 0 are given by

NA?
v[m%,l iy D (1 e logAz/m )

q=tb

X ((,53511))2 + gl cosnﬂ =0, (17)

NA
\’V|:n’lH2 - 8—

_Zb<1 - logAz/m )

<(g(2))2 + gf;)g(qz) ” cosnﬂ =0, (18)

2
. Z (1 ’Xq logA?/m? >g§l)g£]2) sinp =0, (19)
b

q=t,
where

WV, @we

o 5t o |

The first derivative of the effective potential with respect to
2 is given by

m., =

q (20)

Wer 5 2 2)y2
Py My, — 8772 thb< logA /m )(g )
N N A? k2dk? v?
872 ﬁ) (K2 + m?)(k* + m?) 2
X (Vg — g g2 1)

Using Eq. (18), with w # 0, the last expression can be
written as

aa‘;ffsz =57 qub<1 ~ % logA?/m >g5})g§2) cos7
LN [M K2di> v
87> Jo (K> + m?)(K* +m3) 2
X (g"g? — g g (22)
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Because we are studying the possibility of having spon-
taneous CP symmetry breaking, the interesting case is
when both auxiliary field doublets condense (v, w # 0)
and G,, # 0.” We look for a local minimum of this form.
However, using G,;, # 0 we immediately note that Eq. (19)
can only be fulfilled if

siny = 0. (23)

Thus, Higgs VEVs are all real and CP is a symmetry of the
theory.

The first derivative conditions Egs. (17) and (18) deter-
mine the top and bottom quark masses. These equations
can be fulfilled by choosing the adequate values of the
mass parameters mz and mj, . In a similar way as for
the minimal scheme, these conditions are fine-tuned if
my, < A,

Considering only terms of order A2 in Eq. (22), condi-
tion (b) is equivalent to

(g(l) @+ (1) 572))cosn > 0. 24)
For given couplings g ), the last inequality can be fulfilled
by choosing the sign of cosm properly.

Finally we check condition (c). The Hessian of the

effective potential with respect to v/, w', and 7’ is given by

GzVeff NA2 m2 A 1) ()
= 1 -~ log( = +1
20,30, 87 2. ( A? Og( ))gq 8
q=tb
w/v -1 0
Xcosy|l =1 wv/w O
0 0 vw
A? dxx
2m2 ———
8772 qzt:bj; M4 (x + m)?
?  gePcosn 0
X g(l)g(Z) cosn (g(2))2 o | (25)
0 0 0
with 8, = v/, w/, '. To obtain Eq. (25) the first derivative

conditions were used. Considering condition (b) which
determines the sign of cosn = =1, one can see that the
last matrix has 3 positive eigenvalues.

In summary, we considered the model defined by (8)
with G, # 0 when both auxiliary fields condense breaking
the EW symmetry but respecting the U(1) electromagnetic
symmetry. This occurs if Eqgs. (17) and (18) are fulfilled.
For m, < A these two equations are fine-tuned. The sign
of cosp = *1 is determined by condition (24). Further-
more, spontaneous CP symmetry breaking does not occur.
The spectrum of the model is calculated in Appendix C.
We found that only 4 of the 8 degrees of freedom related to

"We briefly discuss the case G, = 0 below.
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the two auxiliary Higgs doublets are relevant at low ener-
gies. Three of them are Goldstone bosons and the fourth is
a physical Higgs particle with mass = 2m,. At energies
much lower than A this model cannot be distinguished
from the one which has only one auxiliary Higgs doublet
from the beginning [in this case the condition G,G, = G?b
must hold, see Eq. (11)].

The case of having G, = 0 is qualitatively very differ-
ent because the Lagrangian possesses a Peccei-Quinn U(1)
symmetry. In this case it is possible to introduce two
auxiliary fields in such a way that one couples only to
the field 7z and the other only to the field by (2 Higgs
doublet (2HD) model type II). If G, G, > G;; both
auxiliary fields condense and one obtains a particle spec-
trum as follows: In the neutral sector two scalars with
masses equal to 2m, and 2m,, a Goldstone boson, and
an axion appear.8 In the charged sector one obtains a
charged Goldstone boson and a charged particle with
2(m2 4+ m3).

We see that for both the case of having G,, = 0 and for
G,, # 0 (at least when both auxiliary fields condense), the
number of parameters at low energies is two. Once one
fixes them, e.g. the quark masses, the model is completely
specified. For the case G,, # 0 one would like to under-
stand why the number of parameters is only two and not
three. The reason is that in order to satisfy Eqgs. (17) and
(18) simultaneously (with G,;, # 0), the following relation
must hold:

mass =

1
(G, + G) — (GG,

crit

— —G2) =1+ O(m2/A).
Gcrit

(26)

For a given G,, ( # 0), the values of G, and G, which
fulfill the last equation describe a hyperbola.

IV. SPONTANEOUS CP SYMMETRY BREAKING

In order to generate the CP-violating phase of the CKM
matrix and thus reproduce the observed mechanism of CP
symmetry violation, quarks of the three generations must
be included in the four-fermion interaction. We are inter-
ested in the situation in which the CP symmetry is sponta-
neously broken by the vacuum. Therefore, our starting
point is a CP-invariant Lagrangian with the four-fermion
interaction given by a generalization of Eq. (8):

Ly = Gj(ipup) i) + G,kl(l//lLd]R)(lei//kL)
+ [G/]sz ( iL jR)(‘pkLulR) + h.C.], (27)
where the coupling constants G and the quark fields up, dp,

W = (ug, d;)" have indices i, j, k, [, which go from the
first to the third quark generation. The Lagrangian L

8 An axion at the electroweak scale is experimentally ruled out.
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includes four-fermion terms which mix quark fields of
different quark families.

Because we demand the Lagrangian to be CP-invariant,
all the coupling constants G in L4 are considered to be
real. In this case the number of parameters of Eq. (27) is
171,° where we do not count the cutoff A which is also a
parameter of the model.

We now rewrite the interaction term, Eq. (27), in terms
of auxiliary fields which have the quantum numbers of the
SM Higgs doublet field as we did in the previous sections.
We do not consider completely arbitrary couplings G. For
simplicity we restrict ourselves to the subset for which the
theory can be described by means of only two auxiliary
fields, HV and H®. In terms of these auxiliary fields the
four-fermion term L4 is replaced by

[\S]

-£4f - ‘Eaux = Z m%-liH(iHH(i) + £Yukawa: (28)

i=1
where
: )7 i (@) - .
LYukawa = - Z(gkll lpkLMlRH(l) + hkll EablszleHb(l)*
i=1
+ h.c.), (29)

with g and h) 3 X 3 real matrices. The relations between
the real coupling constants in the two formulations of the
model are given by

n o FEAGIAG
8ij 8k , hij hy
Giju =D == Giyy= ——,
r=1 H, r=1 H,
(30)
NG
1 — Z tj kl
ijkl 2 -
=i Mu,

In consequence, we restrict ourselves to a model with
36, essentially the four 3 X 3 Yukawa matrices, parameters
(plus the cutoff scale A).

We are now confronted with the following problem. We
want to find the values of the parameters of the model such
that the vacuum of the theory breaks the EW symmetry in
the observed way (spontaneous CP symmetry violation
keeping the electromagnetic U(1) symmetry unbroken).
Besides, the generated CKM matrix and the quark masses
must correspond to their measured values. However, the
relation between the 36 parameters of our model and the
quantities to be reproduced is rather complicated. In order
to find an analytical solution we introduce a self-consistent
approach to the problem.

First, we assume that the minimum of the effective
potential (denoted by nonprimed symbols) is given by a
field configuration with nontrivial values of v, w, and 7

° After requiring hermiticity of the Lagrangian there are 45
independent couplings G, 81 couplings G’, and further 45
couplings G”.
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( # 0, ) and with z = 0:

v wel”
=) w=(F) ey
VEVs of this form are necessary in order to have a theory
with spontaneous CP symmetry breaking and unbroken
U(l),,, symmetry.

Inserting the Higgs VEVs in the Yukawa interactions,
Eq. (29), one gets the quark mass term:

2
Ln=- Z(ggl)ﬁkL”m<¢0(’)> + h,({’l)ddelR<¢0(t)>*
=1
+ h.c.), 32)

with HO = (%9, =) The quark mass matrices for
the up- and down-type quarks in the last equation are in
general nondiagonal. In order to diagonalize them we
perform the following chiral rotations:

— uq,l — u .,/

Up = Wij”jR’ u;; = UijujL’ (33)
— d j! — 77d !

diR - Wijde’ diL - UijdjL:

where the primed fields denote the fermion fields in the
mass basis and U*, U4, W*, W4 are basis transformation
matrices. The CKM matrix is given by Vegy = Ut U9, In
the new basis the quark mass matrices, which are now
diagonal and real are given by

welm
\/z »

v 5y we'l
My =AY =+ AP

V2 V2
(0

where the Yukawa couplings in the mass basis AP A 4 are
defined by

M, = Aﬁ,”% + A2
(34)

g = v AW, fori=1,2, 35
hD = giaPTwdt, fori=1,2. )
We emphasize that the Higgs VEVs in Eq. (34) are still not
determined.

Using the last definitions, the relations between the
composite fields H) and their constituent quark fields

are given by:

| L\t 4 31 G
HO0 = — m_z(a;A$>Tug +dy At dy),
H.
; 36
~(i) L ot Y Ot g1 Y
(b — —m—z(uR/\u VCKMdL - MLVCKM/\d dR)’
H.

i

for i = 1, 2. Besides, the interaction term Ly, 1S given
in this basis by
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2
-LYukawa = - Z(ﬁi)\fj)u%d)o(l) - EQVCKMAS)Td%¢+(1)

+ d_ivéKM (1) /¢ (0 + d/ (l)Td/ ¢0( i)
+ h.c.), (37)

with ¢+(i) = ¢—(i)*'

Combining Eqs. (34) and (35) and using the fact that the
matrices g and 2" are real, it is possible to write the
Yukawa couplings in the weak basis, g, h), as a function
of the Higgs VEVs, the quark masses, and the basis trans-
formation matrices:

2
g = i[Re(UuMuWuT) — cotyIm(U"M,W"1)],

@ =
& wsinn

J2

hV = —[’Re(UdeW‘”) + cotn Im(UM wit)],
v
h? = — \/_

wsinm

— = Im(U*M, W),

Im(UM W4t). (38)

We have in this way transformed the original problem
into one which can be solved in a self-consistent way: We
must find values of v, w, and 7, to which we associate the
Yukawa couplings given in Egs. (38), such that the result-
ing effective potential has its minimum at the same values
v, w, and 7 (besides z = 0). For this purpose we can vary
the basis transformation matrices U*, U9, W*, and W¢.
These are arbitrary unitary matrices which must obey the
condition U"TU? = V.

The effective potential related to the four-fermion inter-
action (27) is given in Appendix A. A detailed analysis of
the local minimum conditions given in (16) is presented in
[27]. The conditions obtained in order to have a model
presenting spontaneous CP symmetry violation, realistic
quark masses, and the observed CKM matrix are:

(i) The first derivative conditions associated with the
variables v’ and w’ which are given by

Az 6 2 Az
my = g Z(l _P log< 1))
% <E(l) fRe(E(O) in )) )
(v,w,1,0)
NAZ & m? A?
2 77" " i
mi, =2 ;(1 e log<m% 1))
X (E@) Re(2<?)ein’)> . (39)
(v,w,1,0)

where the 6 X 6 matrices 3 are given in
Appendix D. These conditions can easily be ful-
filled by choosing suitable mass parameters m%,

For m, << A both conditions require fine-tuning.
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(i) Complex Higgs VEVs are obtained only if the
factor ¢, defined in Appendix D, is different from
zero. In this case, the first derivative condition
associated with the variable 7’ leads to:

cotn = — 40)

b+c’

where the real factors a, b, and ¢ are given in
Appendix D. It can be seen that for ¢ # O this first
derivative condition also requires from fine-tuning

if m, <A.
(iii)) The alignment condition % > ( takes the follow-
ing form:
Ty T2 T lmbe) >0
i=uct
j=d,s b
(41)
with the 3 X 3 matrix T and I(m?, m?) given in
Appendix D.

(iv) The Hessian matrix associated with the variables

v/, w/, and %' must be positive definite. The

Hessian matrix is given by

62Veff | CIV/\2
96,00, Um0 4z26in?y
—-1/v* 1/vw 0
X 1/vw —1/w* 0
0 0 _1 ab
N 0A;;
v 2 2y 04
iy .Z:l 1, m3) a0,
i
OA -
Ji
— , (42)
a0}1 (v,w,71,0)
with 6,, 8, = v/, w’, and 7'. The first derivatives of

the 6 X 6 matrix A are given in Appendix D. There
are no quadratically divergent terms in Eq. (42)
(c = 1/A?). They cancel after imposing the fine-
tuned first derivative conditions.

Once one has a set of parameters g, h(?, mg; which
fulfills the previous conditions, the corresponding cou-
plings G are obtained using Eqgs. (11). For a detailed
analysis of these conditions using a quark mass expansion
see [27].

The composite-field two-point functions, which allow us
to find the composite Higgs masses, are calculated for the
charged and neutral sectors in Appendix E. Besides the
three Goldstone bosons, there are three neutral and one
charged composite Higgs bosons. In this approximation we
find that one neutral Higgs mass is ~2m, and that the rest
of the Higgs masses are much smaller. We think this is a
consequence of the crude approximation we adopted and
not a property of the theory. For further comments see our
conclusions.
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V. CONCLUSIONS

In this paper we considered a top-condensation model
with spontaneous CP symmetry breaking. We started with
a CP invariant four-fermion interaction defined at some
scale A which involves quarks of the three generations.
We restricted ourselves to the case in which the four-
fermion interaction can be rewritten with the help of two
auxiliary fields. The minimum of the effective potential is
obtained in a self-consistent manner. This leads to the
relevant conditions on the parameters of the model in
order to obtain a realistic CKM matrix, including the
CP-violating phase, and the quark masses. The following
conditions are found: (i) first derivative conditions related
to the variables v/ and w' [Egs. (39)], (ii) the condition for
spontaneous CP symmetry breaking ¢ # 0, (iii) the pres-
ervation of the electromagnetic symmetry condition, and
(iv) the second derivative conditions. A more detailed
treatment of these conditions including an analysis using
a quark mass expansion can be found in [27].

The spectrum of the theory corresponds to the one of the
2HD extension of the SM. The Higgs particles are quark-
antiquark bound states. The related composite fields are
given (at the scale A) by Eq. (36). Thus, due to the
hierarchy of the Yukawa couplings, the composite Higgs
particles are made mainly of the quarks of the third gen-
eration having their wave functions only a small light-
quark component. In our approximation only one (neutral)
composite Higgs has an acceptable mass value ( = 2m,).
The other two neutral and the charged composite Higgs are
unacceptably light.'” We think this could change beyond
the 1/N expansion used here. For example, for A > Apw
a perturbative renormalization group approach where the
SM gauge interactions are taken into account leads to much
bigger composite Higgs masses [19-23].

Spontaneous CP symmetry breaking at the EW scale
presents two potential problems, namely, tree-level FCNCs
[30,31] and a domain wall problem [32]. We just comment
(in relation to the first potential problem) that in the context
of top-condensation models it is not understood why
FCNCs are suppressed (if we simultaneously generate
quark mixing angles) independently of having spontaneous
or explicit CP symmetry violation.

We also treated a simpler top-condensation model where
only quark fields belonging to the third generation are
included in the four-fermion interaction [see Eq. (2)].
This Lagrangian is used as an intermediate step in theories
like topcolor assisted technicolor [24] or top-quark seesaw
[25,26]. We found that in the general case (without an extra
Peccei-Quinn symmetry), the spectrum of the theory cor-
responds to the one of the SM with the composite neutral
Higgs particle having a mass ~2m,. Further modes asso-

Theories like topcolor assisted technicolor provide a mecha-
nism for increasing the value of the composite Higgs boson
masses.
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ciated with masses of order A are present. A is, however,
the upper limit of the validity range of the model. For this
reason these modes cannot be interpreted as particles. In
this simpler model spontaneous CP symmetry breaking
does not occur.
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APPENDIX A: THE EFFECTIVE POTENTIAL

We present in this appendix the effective potential for n
scalar auxiliary fields H coupled to 3 quark generations.
We consider the leading order contributions in the 1/N
expansion, i.e. in the N — oo limit keeping GN fixed,
which is equivalent to the fermionic determinant approxi-
mation. The Lagrangian is given by

n
L= L= > myH"MHO + Lyygue  (AD
i=1

4

where L,;, contains the quark kinetic terms and
n

Lyuawa = — Z(g;fl)l,l/kLumH(’) + hg;l)fab‘//ZLleHb(l)*
i=1

+ h.c.), (A2)

with complex parameters gﬁ(’? , hgfl), and real mass parame-
ters m%li. No kinetic term for the auxiliary fields H® and no
quartic term of the form (HT H)? are present. The effective
potential is given by

d*k
@2m)*
X logdet(D~{HY, k}),

Ve {(HD}) = m%{iH(i)TH(i) — i
(A3)

where D! is the fermionic propagator in momentum
space, and is a function of the scalar fields H) and the
momentum k. After calculating the fermionic determinant
one obtains

Verr (H}) = m3 HOTH®
N

AZ
—— | Kdk*logdet(k* + A), (A4)
87 Jo
with
gt WOt

A= ( — pit ) gab gra@ ggoG) -~ 0t () I )

g0t ) gab paiys ppoi)* )
(AS)

where summation over the indices i and j is understood.
The effective potential is, of course, gauge invariant.
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APPENDIX B: CHANGE OF AUXILIARY FIELD
BASES

In this appendix we define new bases for the auxiliary
fields in the neutral and charged sectors. We choose the
new bases in such a way that the Goldstone bosons become
basis vectors. The advantage is that in each sector, neutral
and charged, one of the basis vectors of the two-point
proper-vertex matrix is already an eigenvector with
associated eigenvalue equal to zero, i.e. a pole of the
propagator.

The Goldstone theorem tells us how to express the
Goldstone fields as a function of the scalar fields. They
are given by the infinitesimal displacements of the vacuum
under the transformation generated by the broken gener-
ators. The charged and neutral Goldstone boson fields are
given by

PHYSICAL REVIEW D 71, 095014 (2005)

In the four-dimensional neutral sector we define the new
basis by

GDI Red)O(I)
2 o(1)
" | — p| Imo
2| R Red"® | (B3)
G Im ¢°(2)
where the orthogonal transformation matrix R is given by
w 0 —vcosy —wsiny
1 i —
R——_ - 0 w wsing veosn | (B4)
w+w2|lv 0 wcosp  wsing
0 v —wsinyp wcosy

The field G is the normalized Goldstone boson given in
Eq. (B2). In this new basis the mass term of the neutral
bosonic fields is given by

G* « v¢i(1) + wein¢i(2), (B1) . QD;
—'Z m%IiH(i)TH(i) D - 5( ol 0% 93, G)M 23 ,

G « Im(vg®V) + we=ing0@) (B2) =l G
where the fields ¢*?, ¢= are components of the Higgs (B5)
fields H = (%0, ¢p=D)T, with

|
wimy + vimy 0 vw(mg, — my ) 0
_ 2 0 wzm%,] + 1;2;11%1,2 0 vw(m%{l — mi,z) . (B6)
V2 + w?| vwmg, — my) 0 vimg + wimg, 0
0 vw(mg; — my) 0 vimy + wimg
Now we turn to the charged sector formed by two charged fields. The new basis is defined by
o=\ _ 1 we'm  —v \[ = B7)
G™) v+ w? we )\ =@ |

where the charged field G™ is the normalized charged Goldstone boson given in Eq. (B1). In this new basis the mass term

for the charged scalar fields is given by

_ Z m%,iH(i)TH(i) o —
i=1,2

2,2 2,2 N2 — 2 -
(¢* G*) wimy -l;v mH% vwze z(mHl zmsz) <¢; >
2,2 —i —
v+ w vwe Mmy —my)  vimp + wimy,

G- ) (BY)

We also give the Yukawa couplings, Eq. (A2), in these bases. The neutral boson interaction terms are given in the

fermion mass basis by

¢1

Vo + w?

G
— —ﬁ’\/—iMuiysu’ + ...,
v: + w?

it (K,Pg + KiP)u' —

L Yukawa—neutral —

¢

Vo2 + w?

2 3
/(s _ et I _ ¢ =/ /
i (iK,Pg — iKiPL)u Nt V2M u

(B9)

where the dots represent analogous terms for the down sector. For the charged sector we found
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qDvLei'r]
Vo + w?

+

£Yukawafcharged =

G
— ———=#'(V2M,VexmPL —

Vo2 + w?

where P; and Py are the left and right projectors. The
matrices Vegums Mq, and K, are 3 X 3 in flavor space.
Verm = UTUY is the CKM matrix, the matrices M,
with ¢ = u, d are the diagonal fermion mass matrlces
from the up and down sector, and the matrices K, are given
by

— vein AE,Z),

K, =wAy (B11)

with ¢ = u, d.

APPENDIX C: TWO-POINT FUNCTIONS FOR THE
THIRD-GENERATION CASE

In this appendix we calculate the masses of the neutral
and charged composite Higgs for the case of one family of
quarks and Gy, # 0 considered in Sec. III. We do the
calculation in the auxiliary field bases defined in
Appendix B.

Let us first calculate the composite Higgs masses in the
neutral sector. As we saw in Sec. IIl the theory is
CP-invariant. As a consequence the CP-even (¢! and
¢3) and the CP-odd (¢? and G) fields do not mix and the
4 X 4 two-point proper-vertex matrix is a block diagonal
matrix. The Feynman diagrams we have to calculate are
shown in Fig. 1. Using the first derivative conditions in the
calculation, the nonvanishing two-point functions are

; 2) — IN 2 27(m2- n2) — I A2
lr‘pz,@z(p ) = m[P q;qul(mq,P ) —2A
<y (1 ) 1og(A2/m2)>
q=tb
wh v (1,
X <— —+ 2vw>)\ Ag’cosmt,  (C1)
vooow
Toa(p?) = g p? S 20212 p?), (C2)
GO 872 (v? + w?) S U
t,b
" ¢ ¢ ¢
—_ — — — X —_ — — — R —_ —
FIG. 1. Feynman diagrams contributing to the neutral two-

point proper vertices of auxiliary fields in the case of one quark
family. The fields ¢ and ¢’ stand for the four bosonic fields ¢!,
02, @3, and G.

i@ (K! VexmPL —
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VexmK ) PR)d'

VermV2M Pr)d' + h.c., (B10)
[
il 2 6(p?) =L 2N V2m K, I(m; p?),
(28} 87T2(U2 S q q
(C3)

in the CP-odd sector, and

. iN
Toroph = m[q;(pz — 4K p?)

SISy ( v © log(A2/m? ))

q=t,b
wh v (1),

X (7 + W + 2vw>)xq Ay cosmi,  (C4)
1" 2) — IN 2 2 —4 2 1
l <p3,¢p3(p ) - 87T2(U2 T qu m (P m ) (mq, ))

(C5)

T 1 s(p? P —4
1 ol (P ) 87T2('U T W2) qzl‘h\/rm (P mq)

X K I(mg; p?), (Co)

in the CP-even sector. The integral I(m2; p?) is given by

167 [ dl 1
i JQ@m)t (@ =m)U+ pP—m]
(C7)

I(m*; p?) =

The masses of the bound states are given by the values of
p? at which the proper-vertex matrix has vanishing eigen-
values. From Egs. (C2) and (C3) we see that at p> =0 a
zero eigenvalue with associated eigenvector G, the neutral
Goldstone boson, appears. In the CP-even sector the

b

FIG. 2. Feynman diagrams contributing to the charged two-
point proper vertices of auxiliary fields in the case of one quark
family. The fields ¢ and ¢’* denote the charged fields ¢* and
G,

095014-10



SPONTANEOUS CP SYMMETRY BREAKING AT THE ...

(¢!, ") entry of the 2 X 2 matrix is of order'' A2 and
therefore, for p> << A2, much bigger than the other matrix
elements. In the first approximation the smaller eigenvalue
of this matrix is given by il" s s (p?). From Eq. (C5) we see
that the propagator has a pole at p*> = (2m,)?. The other
|

PHYSICAL REVIEW D 71, 095014 (2005)

two eigenvalues, associated with a CP-even and a CP-odd
field, are of order AZ.

Now we treat the charged sector in an analogous way.
For the two-point proper vertices, represented by the dia-
grams of Fig. 2, we obtain

. iNA2 wd 3
iTy (PP = 8772(11 ) (1 — log(Az/mz)XT + — + 2vw>)\ﬁ,l))\£,2) cosm
q=tb
IN
+ m{[(l?z —m} — my) (K} + K;) + 4mm, K, K, )[(m?, m3; p?)
+ (K? — K2)(m? log(A%/m?) — m? log(A%/m2))}, (C3)
: 2 V2iN 2 2 2 2 2.2
il'y+6-(p?) = m{[l? (m,K, + m,K,,) — (m,K, — myK,)(m; — mp)|[(m7, my; p*) + (m,K, — m,K)
X (m7 log(A?/m7) — mj log(A?/m3))} (C9)
. IN
ilg+ - (p?) = m{[l?z(mtz +m2) — (m? — m3)2 ) (m?, m2; p*) + (m? — m?)(m? log(A?/m?)
— mj log(A?/m3))}, (C10)
with
2 4
I(m2, m3; p?) = tom a1 1 (CL1)

i Q@m* (P = m)[( + p)* — m]

We have here a similar situation as in the neutral CP-odd sector. The (¢, ¢ ) element is of order A% and the other
elements of the matrix vanish at p?> = 0. Therefore, the two poles are located at p> =0 and at p> = O(A?).

APPENDIX D: DEFINITIONS USED IN SECTION IV

)l(l)f )\(2) 0 . A(i)‘r )\(i) 0 )
E(O):( < ohor oo 2= M g e | fori=12,
0 A7 A 0 Ay Ay

a = t[Re(W"M

m;
_ZP

i=u,c,t

-y A2 1og(A2/m2):Re(WdTJm(dedudT)Re(UdeWd*)Wd),,,

i=d,s,b

(D1

LU D Im(UsM W) + Im(WEM U R e(UIM W4T

log(A?/m)Re(Wt Re(W"M, Ut Im(U" M, W"T)WH),;

(D2)

b= tr[Im(W“MuU“Jf)Im(U”M Wty + Im(WIM U Im(USM ,WeT)]

Z A'Z log(A?/m?)Re(W*t Im(W*M,U"") Im(U*M,W*H)WH),;

i=u,c,t

- Z A2 1og(A2/m2)Re(WdTJm(WdeUdT)Jm(UdeWdT)Wd),,,

i=d,s,b

(D3)

Uf the factor of A2 in this expression were zero, we had G,, = 0.
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2
ms
c==> p log(A2/m?) Im(W*t Re(W"M,,U"t) Im(U*M,W"*H)W*),;

=u,c,t

- > A2 log(Az/mz)I m(Wt Im(WeM U )R e(UM ,WAtYWY),., (D4)
i=d,s,b

T = v’ A(z)fv )\(1)1' _ )\(I)TV /\(2)1' I(m2 m2) = A? k2dik? D5

— E( w VekmAy w  VekmAg ') (mj, m37) = @ T )’ (D5)

) . A : .
g_A/kU,W’n,O) =3 4 %(E(o)em + E(O)Te_’"), %l(v,w,n,m = w30 4 %(E(O)em + E(O)fe—m)y
w
’ 0A ivw (D6)
a_nll(u,w,n 0) — _(2(0) in — E(O)Te_”l)

APPENDIX E: TWO-POINT FUNCTIONS FOR THE THREE FAMILY CASE

In this appendix we calculate the composite-field two-point functions of the three family case considered in Sec. IV. The
situation is analogous to the one of Appendix C, where only one family of quarks was considered. The values of the flowing
momentum for which an eigenvalue of the proper-vertex matrix becomes zero, correspond to the composite Higgs masses
we are looking for. We use the neutral and charged auxiliary field bases defined in Appendix B. In the calculation we also
apply the first derivative conditions from the minimization of the effective potential. The nonvanishing neutral proper
vertices are given by

: 2 2 2
. o iN dcA* (w v
T e enP) = g ana 0 {Sinzn (y T 2)

6 ~ ~ ~
+ Z m? logAz/m%[wz(Eg) - EE})) + vz(Ef»?) - EE?) . ZUWRe((EE-?) - EE?))ei”)]

3
IR (i PP = = (K)o (K )y (KD KD

(EL)
|
where the minus sign in the last term corresponds to il T o~ 2iN
and the plus sign to iI" > ,». The matrices 3@ are defined il 2(p%) = 872 (v + w2)
by 6
X > (p* = 4mp)mil(mi, m¥; p?),  (E4)
@, (1t &
S0 _ (AM Al 0 )
Mt@ |
0 AaAd 2iN

DG E2)  T6(p?) = s p° > mil(mi, mi; p?), (ES)
S0 _ (AM” 0 ) i 12 872 (0% + w?) ;
Dt G ’
0 APy "
T 3 (P?) = o5 D> (P> —4m])
Further neutral proper vertices are given by £e 8 (v? + 2) Z
, 2iN X \/imiRe[(Ku/d)ii]I(mi’ m?; p?),  (E6)
o 2(p?) = 872 (v? + w?) N
3 il 6(p?) = Szlﬁpz
<SS mm Im(K,), (K] "+ W)

r,s=1g=ud 6
X S V2m;Re[(K, )i ll(m?, m?; p?), (E7
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r=u,c,t r=d,s,b
ffffffffff e s el
s=u,c,t s=d,s,b

FIG. 3. Diagrammatic representation of the contributions to
the neutral two-point proper vertices.

. N :
quD],G(pz) = ! ) p? Zl \/Emi]m[(Ku/d)ii]

8w (v: +w

PHYSICAL REVIEW D 71, 095014 (2005)

FIG. 4. Diagrammatic representation of the contributions to
the charged two-point proper vertices.

where in Egs. (E6)—(E9) K/, stands for K, fori = 1,2,3
and for K, for i = 4,5, 6. The relevant diagrams of the
neutral sector are shown in Fig. 3.

X I(mz, m?; p?), (E8) In the charged sector the two-point proper vertices are
given by
. 2N IN S 2 2 \/_
lr¢2,¢3(p ) = m ;(4}’”1 - p ) 2m,~
X ]m[(Ku/d)ii]](m%; mlzs pz)’ (E9)
J
2iN cA? w?  v?
Ty .- (p?) = —+—+2
Ty p-(p) 87 (v? + w?) sinzn(v2 w? )
iN
T 62 £ ) D {(KEVerm) s (VeuKo) oo [ (m2, m3; p?) + 2m?]
r=uct
s=d, s b
+ (VCKMK})rS(KdVéKM)sr[J(m%: m%, Pz) + 21’}1%] - [(KII VCKM)rs(KdvéKM)sr
+ (VCKMKJ;)rs(VgKMKu)sr]zmrmsl(m%’ m%; Pz)}, (ElO)
T 2) — —iN T 27(m2 112 12 27(m2 112 12
iLg+6-(p*) = 822 + ) > (Ver)ne(Vexa)sdmd (m3, m3; p?) + m3J (m3, m3; p*)}, (EID)
r=uct
s=d, s b
_ —\2iNe'
lF€D+yG7 (pZ) = m Z (VCKM)rs{mr(VgKMKu)er(m?r m%; PZ) + ms(KdVgKM)er(m%’ m%; Pz)}»
r=u,ct
s=d, s b

where J(m2, m2; p?) defined by
J(m3, m3; p*) = mylogA?/m; — mg logA® /m3
= (p* + mi — m)I(mz, m3; p?),  (E13)

vanishes at p?> = 0. The relevant diagrams of the charged
sector are shown in Fig. 4.

In all the two-point proper vertices the quadratic diver-
gences cancel. As expected, the neutral and charged

(E12)

Goldstone bosons correspond to eigenvectors of the
proper-vertex matrix at p> = 0 with vanishing eigenval-
ues. Besides these three Goldstone bosons, there are three
neutral and one charged Higgs particles. The masses of
these particles are roughly ~2m,, with m, a general quark
mass. We find that in this approximation one neutral Higgs
mass is ~2m, and the rest of the Higgs masses are much
smaller.
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