
PHYSICAL REVIEW D 71, 086004 (2005)
Effective theory approach to brane world black holes
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We derive static spherically symmetric vacuum solutions of the low-energy effective action for the two
brane Randall-Sundrum model. The solutions with nontrivial radion belong to a one-parameter family
describing traversable wormholes between the branes and a black hole, and were first discovered in the
context of Einstein gravity with a conformally coupled scalar field. From a brane world perspective, a
distinctive feature of all the solutions with nontrivial radion is a brane intersection about which the bulk
geometry is conical but the induced metrics on the branes are regular. Contrary to earlier claims in the
literature, we show these solutions are stable under monopole perturbations.
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I. INTRODUCTION

The brane world provides a fresh perspective on the
nature of gravity. We will consider the simplest possible
scenario possessing a warped bulk geometry, the two brane
Randall-Sundrum model [1]. This consists of a pair of four-
dimensional positive- and negative-tension Z2 branes
bounding a five-dimensional bulk with negative cosmo-
logical constant. In addition to the graviton, the spectrum
of low-energy gravitational degrees of freedom includes a
massless scalar field, the radion, pertaining to the separa-
tion of the brane pair along the extra dimension. The low-
energy dynamics may then be described by a four-
dimensional effective theory [2–6], amounting to a spe-
cific scalar-tensor theory of gravity.

In this article, we derive static spherically symmetric
vacuum solutions of the brane world effective theory. In
addition to the well-known black string solution with triv-
ial radion [7], we find a one-parameter family of solutions
with nontrivial radion. These solutions describe traversable
wormholes between the branes, and a black hole. For the
latter, the geometry induced on the branes is equivalent to
that of the extremal Reissner-Nordström solution, even
though there is no electromagnetic charge present. The
singularity for this solution is timelike, in contrast to the
spacelike singularity of the black string, raising new pos-
sibilities for the end state of gravitational collapse on the
brane. All the solutions with nontrivial radion are found to
possess a brane intersection at a finite radius, about which
the bulk geometry is conical but the induced metrics on the
branes are nevertheless regular.

One method for solving the brane world effective theory
is to recast it in the form of Einstein gravity with a con-
formally coupled scalar field [2], for which the static
spherically symmetric vacuum solutions are already
known [8–12]. However, here we will instead pursue a
more direct method based around a solution-generating
symmetry transformation. We start in Sec. II by consider-
address: p.l.mcfadden@damtp.cam.ac.uk
address: n.g.turok@damtp.cam.ac.uk

05=71(8)=086004(10)$23.00 086004
ing the special case of tensionless branes compactified on
an S1=Z2 orbifold, for which an exact solution of the bulk
geometry may be found. Then in Sec. III we proceed to the
physically relevant scenario of branes with their canonical
Randall-Sundrum tensions. Finally, in Sec. IV we analyze
the stability of the effective theory solutions under mono-
pole perturbations. We show that both the black hole and
wormhole solutions are stable, contrary to earlier claims in
the literature on Einstein gravity with a conformally
coupled scalar field.
II. TENSIONLESS BRANES

For tensionless vacuum branes compactified on an
S1=Z2 orbifold, the bulk warp is absent and so the ground
state is independent of the fifth dimension Y. Ignoring
gauge fields, we introduce the bulk ansatz

ds25 � g�	�x�dx�dx	 ��2�x�dY2; (1)

where x�, � � 0, 1, 2, 3, parametrize the four conven-
tional dimensions. Inserting this ansatz into the five-
dimensional pure Einstein-Hilbert action and integrating
over Y, we obtain the four-dimensional effective action

S � m2
P

Z
d4x

�������
�g

p
�R; (2)

where mP denotes the Planck mass. The corresponding
equations of motion are

�R�	 � r�r	�; (3)

�� � 0: (4)

Since the branes are located at constant Y, the metric g�	
appearing in the effective theory may be identified with the
induced metric on the branes.

Any five-dimensional Ricci-flat metric provides a solu-
tion of the four-dimensional effective theory. For example,
starting with the five-dimensional black string, we obtain
the four-dimensional Schwarzschild solution with constant
�. Alternatively, we could take the product of Euclidean
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Schwarzschild and a flat time dimension as our five-
dimensional metric. This gives a four-dimensional effec-
tive theory solution with nontrivial radion:

ds24 � �dt2 �
�
1�

2m
R

�
�1
dR2 � R2d�2

2; (5)

� �

����������������
1�

2m
R

s
: (6)

At R � 2m, the size of the fifth dimension shrinks to zero
and the branes intersect. The bulk geometry about this
point is conical, as may be seen by setting R �
2m� �2=8m and expanding to leading order. This gives

ds25 � �dt2 � 4m2d�2
2 � d�2 �

�2

16m2 dY
2: (7)

For 2�Y� � Y�� � 8�m the geometry is regular at R �
2m, however in general there is a conical singularity.
Nevertheless, all the curvature components remain finite
and a straightforward analytic continuation to � < 0 is
feasible. The bulk geometry then describes a double cone
wherein the fifth dimension collapses down to zero size
before opening up again on the other side.

From the perspective of the four-dimensional effective
theory, this amounts to an analytic continuation of � to
values less than zero. Changing coordinates to R � m�1�
y=2� 1=2y�, (5) and (6) become

ds2 � �dt2 �
M2

y4
�1� y�4�dy2 � y2d�2

2�; (8)

� �
1� y
1� y

; (9)

where M � m=2 and y takes values in the range 0 � y <
1. The brane intersection has been mapped to y � 1. As �
passes through zero, the effective action (2) changes sign
but the equations of motion are unchanged.

III. RANDALL-SUNDRUM BRANES

For Randall-Sundrum branes, the effective action may
also be written in the form (2) (see Appendix A). However,
due to the presence of a bulk warp, the induced metrics on
the positive-tension (plus) and negative-tension (minus)
branes are no longer identical. Instead, they are given in
terms of the effective theory metric g�	 and the radion �
by

g�1��	 �
1

4
�1���2g�	; g�2��	 �

1

4
�1���2g�	; (10)

where brane one is the plus brane and brane two the minus
brane for �> 0, and the converse holds for �< 0. At a
brane intersection, � changes sign and a plus brane is
continued into a minus brane, and vice versa. In this
fashion, the direction of the bulk warp is preserved.
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The action (2) has the symmetry

g�	 ! �g�	; � ! �=�; (11)

for any constant �> 0. In the tensionless case, this just
amounts to a trivial rescaling of the coordinates. However,
in the Randall-Sundrum case, we see from (10) that this
symmetry has a nontrivial effect on the brane metrics,
provided � is itself nontrivial. Thus, given any one solu-
tion of the effective action (2) with nontrivial �, we may
generate a full one-parameter family of solutions.

Applying this procedure to (8) and (9), we find the one-
parameter family of solutions

ds2 � �
�
�dt2 �

M2

y4
�1� y�4�dy2 � y2d�2

2�

�
; (12)

� �
1

�

�
1� y
1� y

�
: (13)

The metric on the first brane is

ds2 �
�1� y0y�2

1� y20

�
�

dt2

�1� y�2
�
M2

y4
�1� y�2

� �dy2 � y2d�2
2�

�
; (14)

where y0 � ��� 1�=��� 1�, and satisfies jy0j< 1. It is
easy to see that the metric on the second brane is identical
to that on the first, up to an inversion of the y coordinate:
this is because the effective theory metric (12) is preserved
under y! 1=y, whereas from (13), � ! ��. Hence from
(10), a y coordinate inversion transforms brane one into
brane two, and vice versa.

The nature of the solution is determined by the parame-
ter �. For �> 1, the conformal factor �1
��2=4 is al-
ways greater than zero, and so the causal structure of the
brane metrics is identical to that of (8). For� � 1 however,
the conformal factor possesses zeros and so we obtain
different causal structures.

Explicitly, for 0<�< 1 (y0 < 0), the solution (14) is
defined in the range 0< y< 1=jy0j and describes a naked
singularity at y � 1=jy0j. As we are interested in solutions
that are regular we will not pursue this case further. For
�> 1 (y0 > 0), the solution is defined in the range 0 �
y <1, and describes a traversable wormhole in which the
flat asymptotic region at y � 0 is joined to a second such
region at y! 1 by an Einstein-Rosen throat at y � 1 with
no event horizon. In the case where � � 1 (y0 � 0), it is
useful to substitute y � M=�r�M�, giving

ds2 � �

�
1�

M
r

�
2
dt2 �

�
1�

M
r

�
�2
dr2 � r2d�2

2: (15)

This geometry is equivalent to that of the extremal
Reissner-Nordström black hole, even though no electric
charge is present. The Carter-Penrose diagram is given in
Fig. 1.
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FIG. 1. Conformal diagram for the BBMB black hole. Dotted
lines represent trajectories where r � const. The vertical dashed
line represents the central timelike singularity.
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Historically, the solutions (14) and (15) were first dis-
covered in the context of Einstein gravity with a confor-
mally coupled scalar field; in particular, the black hole
solution (15) is known as the BBMB black hole after its
discoverers Bocharova, Bronnikov, Melnikov [10], and
independently Bekenstein [11,12]. The traversable worm-
hole solution was first derived in [8] and has been dis-
cussed more recently in [9]. That the same solutions
reappear in the present context simply reflects the fact
that it is possible to rewrite the brane world effective theory
(2) in a different conformal gauge (see Appendix A), in
which it takes the form of gravity with a conformally
coupled scalar field. The conformal scalar field is given by

 �
���
6

p �
1��

1��

�
�

���
6

p �
y� y0
1� yy0

�
; (16)

and so takes the form

 �
���
6

p M
r�M

(17)

for the BBMB black hole. However, deriving the solutions
of gravity with a conformally coupled scalar involves
performing a conformal transformation on the solutions
of gravity with a minimally coupled scalar, a more involved
calculation than the solution-generating method presented
above.
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We now turn to consider the bulk geometry of these
solutions. In the case of branes with tension, it is not
possible to reconstruct the exact bulk geometry from a
solution of the four-dimensional effective theory alone.
However, the behavior of the radion does provide us with
an understanding of the interbrane separation.
(Specifically, this is given by d � 2L tanh�1j�j.) In the
case of the traversable wormhole (�> 1), where � !

1=� for the flat asymptotics y! 0 and y! 1, we see
that the interbrane separation is asymptotically constant. In
the case of the BBMB black hole (� � 1), the interbrane
separation becomes infinite both at radial infinity (y � 0)
and at the event horizon r � M (y � 1). From a brane
world perspective, this of course presents no phenomeno-
logical difficulties. Similarly, in the context of gravity with
a conformally coupled scalar field, Bekenstein has argued
that the divergence of the scalar field (17) at the event
horizon does not lead to any physical pathologies [12].

For both the wormhole and the BBMB solution, �
vanishes at y � 1, indicating that the fifth dimension has
shrunk to zero size and the branes are intersecting. Since
the bulk geometry is locally flat in the neighborhood of any
given point, an approximation to the true bulk geometry
about the collision point is provided by neglecting the
brane tensions and using the Ricci-flat bulk ansatz (1)
from the previous section. Substituting (12) and (13) into
(1), and expanding about y � 1� �=4M

����
�

p
, we obtain to

leading order

ds25 � ��dt2 � 16M2�d�2
2 � d�2 �

�2

64M2�3 dY
2:

(18)

The bulk geometry about the collision point is again coni-
cal (see Fig. 2), but now the conical deficit angle depends
on � as well as M. Thus, given a particular asymptotic
brane separation at spatial infinity (fixing �), there is one
specific value of the mass M that removes the conical
singularity in the bulk geometry.

Since the brane geometry for the BBMB solution (15) is
equivalent to that of the extremal Reissner-Nordström
solution, it is interesting to note that there have already
been numerical attempts to find the bulk geometry corre-
sponding to a fully general Reissner-Nordström geometry
on the brane [13]. This work was motivated by the obser-
vation that the Reissner-Nordström geometry solves the
projected Einstein equations on the brane [14], equivalent
to the Hamiltonian constraint equations of general relativ-
ity, thus providing suitable initial data for evolution into the
bulk. However, the four-dimensional effective theory ap-
proach considered here is far more constraining than that of
solving the projected Einstein equations. We have found
that in fact only the extremal Reissner-Nordström geome-
try is feasible, and even then the bulk geometry will
possess a conical singularity for general values of the
mass parameter. Our approach additionally allows the
-3



FIG. 2. The bulk geometry about the brane intersection. The
dashed lines indicate that the fifth dimension is orbifolded on an
S1=Z2.
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‘‘tidal charge’’ parameter of [14] to be reinterpreted as the
conformal scalar charge of the BBMB black hole (which is
equal to its mass [11]).

Finally, we observe that it is possible to obtain black
hole solutions for which the brane separation at the event
horizon is finite by detuning the brane tensions slightly
from their Randall-Sundrum values. This follows from
recent work [15] in which a black hole solution was found
for conformal scalar gravity with a cosmological constant
and a quartic self-interaction term. From [2], we see that
this is simply the brane frame effective theory for the case
where both branes carry additional cosmological constant
terms. For example, if we work in the plus brane gauge,
then the Lagrangian density for a cosmological term on the
minus brane produces a quartic self-interaction term for
 � since

�����������
�g�

p
�� �

�����������
�g�

q
� ��4

��

36
: (19)

If the cosmological constants satisfy �� � ��� > 0, the
resulting field equations were shown to have a static solu-
tion with extremal Reissner-Nordström-de Sitter geometry
and a nontrivial conformal scalar field. In the case that
cosmological constants vanish, this solution reduces as
expected to the BBMB solution (15). However, for nonzero
cosmological constants, the solution possesses both an
inner, an event, and a cosmological horizon. The brane
separation at the event horizon is now finite, as it is at the
cosmological horizon. The simple pole of the conformal
scalar field, corresponding to infinite brane separation, is
then hidden from view between the inner horizon and the
event horizon (which coalesce in the BBMB limit of �
 !
0).

IV. STABILITY

A. General case

In this section we analyze the stability of the BBMB and
traversable wormhole solutions under linear monopole
perturbations of the metric and the radion. Such perturba-
tions are a distinctive feature of configurations with a
scalar field, and moreover, are the most likely to display
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any instabilities that may be present. This is because the
effective potentials for higher-order multipoles generally
contain centrifugal barrier terms.

Starting with the effective action in the form (2), for
which the equations of motion are (3) and (4), we will take
(12) and (13) as the background solution for g�	 and �

respectively. The perturbed metric ĝ�	 and scalar field �̂
may then be written

ĝ �	�y; t� � g�	�y� � �g�	�y; t�; (20)

�̂�y; t� � ��y� � ���y; t�: (21)

It is convenient to analyze the perturbations in a gauge in
which the scalar field perturbations decouple from those of
the metric. This gauge is

��
�������
�g

p
gyy� � 0; (22)

�gyt � 0; (23)

where spherical symmetry additionally implies �gy� �
�gy� � 0. A simple calculation suffices to show that this
choice of gauge is always permitted. Perturbing the scalar
field Eq. (4), we find

@����
�������
�g

p
g�y��0 �

�������
�g

p
g�	@	��� � 0; (24)

where a prime denotes differentiation with respect to y. Yet
with our choice of gauge,

��
�������
�g

p
g�y� � ��y gyy�

�������
�g

p
�

�������
�g

p
g��gyy�g�y

� ��y ��
�������
�g

p
gyy� � 0 (25)

and so the scalar field perturbations do indeed decouple
from those of the metric. In fact, the scalar field perturba-
tions are the sole dynamical degrees of freedom: once their
behavior has been determined, that of the metric perturba-
tions follows automatically as we will see.

To put the perturbed scalar field equation into
Schrödinger form we change variables to

x � M
�
1

y
� y� 2 lny

�
; (26)

�� �
y
M

�1� y��2 ei!t; (27)

where  is a function of x. Then,

@x � �
y2

M�1� y�2
@y (28)

and (24) assumes the form

��@2x � V� � !2 ; (29)

where the potential
-4
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V �
2y3

M2�1� y�6
: (30)

Since this potential is positive definite over the entire
region of interest 0< y<1, there are no bound states
satisfying the boundary conditions  ! 0 as y! 0 and
y! 1. Thus !2 > 0 and there are no exponentially grow-
ing unstable modes. Since the parameter � has disappeared
from the perturbed scalar field equation, this conclusion
holds for both the wormhole and the BBMB solutions.

To analyze the corresponding metric perturbations, let

�gtt � a�y�ei!tgtt; (31)

�g�� � c�y�ei!tg��: (32)

We then use the equations of motion in the form

�G�	 � �r�r	 � g�	��� (33)

[by taking the trace and using (4) one may check that this is
equivalent to (3)]. Perturbing the yt equation to linear
order, we find

a�y� �
��y2 � 1�c� y�y2 � 1�c0 � �y�y� 1�2��0

y2 � y� 1
:

(34)

We may then substitute this into the yy equation. After
using the perturbed scalar field equation, we obtain the
following second order ordinary differential equation
(O.D.E.) for c, sourced by �� and ��0:

0 � y4�y2 � 1��y2 � y� 1�c00 � 2y3�y3 � 3y2 � 1�c0

� �y2 � 1��2y3 �M2!2�y� 1�4�y2 � y� 1��c

� 4�y3�y2 � y� 1���� 6�y4�y2 � 1���0: (35)

At y � 1 the coefficient of c00 vanishes leaving us with the
boundary condition c0 � �2��� at this point.
Everywhere else, the equation is regular. We conclude
that the metric perturbations are well behaved, and that
both the BBMB and wormhole solutions are stable under
monopole perturbations.

We note that this result contradicts an earlier result in the
literature [16]. There, the stability of the wormhole solu-
tion is examined in the Einstein frame conformal gauge
(see [2]), in which the action takes the form of gravity with
a minimally coupled scalar field. However, in this confor-
mal gauge the scalar field diverges at the brane intersection
leading to a singular Schrödinger potential in the perturbed
scalar field equation. To deal with this singular potential
correctly, it is necessary to impose boundary conditions at
the singularity (as we will see in greater detail in the next
section). As this is not done, the analysis of [16] is incom-
plete. In contrast, the analysis presented above utilizes the
�R conformal gauge in which the perturbed scalar field
equation is manifestly nonsingular.
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B. BBMB black hole

It has likewise been claimed in the literature on gravity
with a conformally coupled scalar field that the BBMB
solution is unstable to monopole perturbations [17]. As this
stands in contradiction to the results of the previous sec-
tion, we will now reexamine the stability of the BBMB
black hole in the brane frame conformal gauges (see
Appendix A), in which the action takes the form of gravity
with a conformally coupled scalar field.

The background metric g�	 for the BBMB solution is
given by (15) and the corresponding conformal scalar field
by (17). For r > 2M, the scalar field takes values in the
range 0< <

���
6

p
and so we are in the plus brane confor-

mal gauge. Then at r � 2M,  �
���
6

p
and the branes inter-

sect. Nonetheless, there is a smooth continuation to
r < 2M for which  takes values greater than

���
6

p
, indicat-

ing that we have matched onto an interior solution in the
minus brane conformal gauge.

However, the action in the minus brane frame possesses
ghosts, as the relative sign between the gravitational and
kinetic terms in (A7) is incorrect. These ghosts make the
analysis of perturbations in the region interior to the brane
intersection much more subtle. We will find that the gauge
choice employed in [17] permits an unphysical influx of
scalar charge across the event horizon. By contrast, if the
perturbations are analyzed using the decoupled gauge in-
troduced in the preceding section this problem is avoided.
In the decoupled gauge, there is no influx of scalar charge
across the event horizon, and the BBMB black hole is
found to be manifestly stable. (Additionally, use of the
decoupled gauge leads to a regular Schrödinger potential
for the perturbed scalar field equation, unlike the gauge
choice used in [17]). Such subtleties were not encountered
in the previous section as the �R conformal gauge em-
ployed there is automatically free from ghosts.

Working in the brane frame gauges and dropping the
plus or minus labels, the vacuum equations of motion are
given by �

� �
1

6
R
�
 � 0; (36)

G�	 � T�	; (37)

where the energy-momentum tensor for the conformal
scalar field  is

T�	 � @� @	 �
1

2
g�	�@ �

2

�
1

6
�g�	� �r�r	 �G�	� 2: (38)

Taking the trace of (37) we find that R � 0, allowing us to
rearrange (36) and (37) into the form

� � 0; (39)
-5
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�
1�

1

6
 2

�
R�	 �

2

3
@� @	 �

1

6
g�	�@ �2

�
1

3
 r�r	 : (40)

The vanishing of the left-hand side of (40) when  �
���
6

p

corresponds to the divergence of the effective Newton’s
constant, GN � �1�  2=6��1.

The perturbed metric ĝ�	 and scalar field  ̂ may be
written as

ĝ �	�r; t� � g�	�r� � �g�	�r; t�; (41)

 ̂�r; t� �  �r� � � �r; t�: (42)

We will first choose to describe the perturbations in the
decoupled gauge where

��
�������
�g

p
grr� � 0; (43)

�grt � 0: (44)

Defining

x �
r�r� 2M�

r�M
� 2M ln

�
r
M

� 1
�
; (45)

so that

@x �
�
1�

M
r

�
2
@r (46)

[recalling that y � M=�r�M� we see that this x is iden-
tical to (26)], we find upon perturbing (39) that

� � � � ;xx � 2
r;x
r
� ;x; (47)

where the dots indicate differentiation with respect to t.
This may be put in Schrödinger form by writing � �
� =r�ei!t, where  is a function of x, giving

��@2x � V� � !2 ; (48)

where now

V �
2M

r3
�1�M=r�3: (49)

This potential is positive definite over the region of interest
M< r<1. Consequently there are no bound states sat-
isfying the necessary boundary conditions,  ! 0 for x!

1, and hence no exponentially growing instabilities.

The behavior of the corresponding metric perturbations
may then be determined using the perturbed Einstein equa-
tions, as shown in Appendix B. It may be checked that they
are everywhere well behaved, thus completing the analysis.

We now turn to the earlier analysis of [17]. In this work,
the perturbations are studied in the gauge

�g�� � 0 (50)

instead of (43). With this choice, the metric perturbations
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no longer decouple from those of the scalar field in the
perturbed scalar field equation. Writing

�gtt � a�r�ei!tgtt; (51)

�grr � b�r�ei!tgrr; (52)

the perturbed scalar field equation is now

0 � 2r4� � � �r�M�2�
���
6

p
M�a0 � b0�

� 2�r�M��2� 0 � �r�M�� 00��: (53)

The derivatives a0 and b0 may then be eliminated using the
perturbed Einstein equations, as shown in Appendix C.
Following [17], we recast the result in Schrödinger form
by setting

� � ei!t �
�u3 �M3�

u2r
������������������
u2 �M2

p ; (54)

where we have used the shorthand u � r�M, and  is a
function of x [defined in (45)]. This yields a Schrödinger
equation identical to (48), but with a different effective
potential defined implicitly through [18]

V�x� �
u4

r4

�
2M

r2u
�

M2

�u2 �M2�2
�

6M2r2

�u3 �M3�2

�
: (55)

This potential decays as V � 2mjxj�3 for x! �1 (spatial
infinity) and x! �1 (the event horizon). Significantly,
the potential possesses a double negative pole located at
r � 2M: in x coordinates, V ��1=4x2 close to x � 0. As
we have seen, this singularity arose from backsubstituting
(40) to eliminate the metric perturbations from the per-
turbed scalar field equation. (In the decoupled gauge this
step was not necessary and so there we obtained a regular
Schrödinger problem.)

It is claimed in [17] that the quantum-mechanical
boundary-value problem corresponding to the potential
(55) (i.e.  ! 0 as x! 
1) has a spectrum of eigenval-
ues unbounded from below, and hence there exists an
infinite number of exponentially growing instabilities.
However, this is no longer the case once appropriate
boundary conditions have been imposed at the singularity:
consider the general form of the solution about x � 0,

 �x� � A
������
jxj

p
� B

������
jxj

p
lnjxj; (56)

for arbitrary constants A and B. Since � �  =
������
jxj

p
, we

must impose the boundary condition B � 0 at x � 0, dis-
carding the logarithmic solution that would otherwise lead
to the divergence of � . We are then free to rescale  so as
to set A � 1 without loss of generality.

Using these boundary conditions, we may numerically
solve the perturbed scalar field equation by shooting to-
wards the event horizon and towards spatial infinity.
Performing this in the original r coordinates [Eq. (C3) of
Appendix C] for a range of imaginary frequencies � � i!
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corresponding to an e�t time dependence, we may scan the
system for unstable modes. Imposing the additional bound-
ary condition that � vanish at spatial infinity we find that
there is only one unstable mode, with frequency � �
0:219 (see Fig. 3).

For values of � smaller than this the solution always
diverges to negative infinity at the event horizon and at
spatial infinity, and for values of � greater than this, the
solution always diverges to positive infinity at both
boundaries. [Note the potential (55) is even under x!
�x and for bound states in one dimension there is no
degeneracy, so the eigenmodes must have a definite parity.
Hence a divergence as x! 1 implies a similar divergence
for x! �1].

We are then faced with a paradox: in the decoupled
gauge (43) the BBMB solution is manifestly stable,
whereas in the alternative gauge (50) there appears to be
one unstable mode satisfying all the requisite boundary
conditions.

To resolve the paradox, we reinterpret the scalar field
equation (39) as a conservation law:

@�J� � 0; (57)

where the current density
1.2 1.4 1.6 1.8 2 2.2 2.4
r
M

1

2

3

4

5

6

δψ

1.5 2 2.5

-0.8

-0.6

-0.4

-0.2

b

FIG. 3. Radial profile of the un
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J � �
�������
�ĝ

p
ĝ�	@	 ̂: (58)

By Stokes’s theorem, the only way in which the scalar
charge contained in a given spacetime volume can increase
is if there is a corresponding influx of current across the
boundary. Specifically, consider the spacetime volume
bounded by the event horizon and spatial infinity, and the
two arbitrary times t1 and t2. Applying Stokes’s theorem
then gives

0 �

"Z
d�d�drJ t

#
t2

t1

�

"Z
d�d�dtJ r

#
r�1

r�M

(59)

as J � and J� vanish by spherical symmetry. Evaluating
J t we find

J t �
�������
�g

p
gtt� _ �

�������
�g

p
gttgrr�gtr 0

� �r2 sin�
�
1�

M
r

�
�2
� _ (60)

as in both gauges �gtr � 0. For an instability with expo-
nential time dependence � � � �r�e�t, this becomes
1.2 1.4 1.6 1.8 2

2

4

6

8

a

3 3.5 4
r
M

r
M

stable mode with � � 0:219.
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"Z
d�d�drJ t

#
t2

t1

� �4���e�t2 � e�t1�

�
Z 1

M
dr
�
1�

M
r

�
�2
r2� �r�: (61)

Similarly,

J r �
�������
�g

p
grr� 0 � � 0� � ��

�������
�g

p
grr� 0: (62)

Working first of all in the gauge where ��
�������
�g

p
grr� � 0, we

find that"Z
d�d�dtJ r

#
r�1

r�M

�
4�
�

�e�t2 � e�t1�

� ��r�M�2� 0�r�1
r�M; (63)

which vanishes since � 0 tends to zero exponentially
rapidly at both boundaries. [The solutions of the
Schrödinger equation (48) vanish as e�j�xj as x! 
1,
and here � �  =r]. Thus, in the decoupled gauge, there is
no influx of scalar current across the boundaries.

This is not the case for the gauge choice (50). In this
gauge, using (51) and (52) we find"Z

d�d�dtJ r

#
r�1

r�M

�
2�

���
6

p
M

�
�e�t2 � e�t1��b� a�r�1

r�M:

(64)

The physical metric perturbations �gtt and �grr must
vanish at spatial infinity, hence by (51) and (52) we see
that a and b must likewise vanish. Furthermore, b must
also vanish at the event horizon in order for �grr to remain
finite there. [This also follows from (C1), as � and � 0

vanish exponentially at the horizon.] However, a is not
required to vanish at the horizon: its value there is deter-
mined solely by the radial integral of (C2). For the unstable
mode discussed above, a is nonzero at the horizon as may
be seen from Fig. 3. Thus, the exponential growth of this
mode is supported by the influx of scalar current across the
event horizon. Equating with (61), we deduce

a�M� � �

���
2

3

s
�2

M

Z 1

M
dr
�
1�

M
r

�
�2
r2� �r�; (65)

as is confirmed numerically.
We are now in a position to understand why the two

perturbation analyses performed in different gauges yield
conflicting results. One gauge permits an influx of scalar
current across the horizon; the other forbids it.
Exponentially growing instabilities are only possible in
the former case. However, since such fluxes are not physi-
cally realistic, we must instead adopt the latter gauge and
conclude that the BBMB black hole is stable under mono-
pole perturbations. This conclusion is supported by our
calculations in the �R conformal gauge.
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V. CONCLUSIONS

In this article we have studied a one-parameter family of
solutions of the brane world effective theory corresponding
to traversable wormholes and a black hole. While these
solutions were already known in the context of gravity with
a conformally coupled scalar field, our solution-generating
method is novel and our stability analysis corrects that of
earlier work.

From a brane world perspective, the most pressing chal-
lenge ahead is to find the exact bulk geometry correspond-
ing to the effective theory solutions we have found here. In
addition to knowing the induced metrics on the branes, a
further clue is provided by the conical nature of the bulk
geometry about the brane intersection. One possible strat-
egy would be to take the initial data provided by the brane
metrics and solve for the bulk geometry order by order in a
power series expansion about the brane intersection (an
analogous cosmological example of this is provided in
[19]).

Ultimately, we may be led to question the fate of gravi-
tational collapse on the brane: since the central singularity
of the BBMB black hole is timelike, the causal structure is
significantly different from that of the usual Schwarzchild
black hole.
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APPENDIX A: FOUR-DIMENSIONAL
EFFECTIVE THEORY

In [2], the form of the brane world low-energy effective
theory was shown to be tightly constrained by symmetry
considerations. The underlying five-dimensional theory,
being pure gravity, is naturally invariant under diffeomor-
phisms acting on the bulk. However, it can be shown that a
specific subset of these bulk diffeomorphisms have the
effect of performing a conformal transformation on the
four-dimensional effective theory, while preserving the
induced metrics on the branes. Consequently, the effective
theory must itself be conformally invariant. This con-
straint, along with a knowledge of the static solutions of
the theory, is sufficient to fully determine the form of the
effective action up to two derivatives.

In the absence of matter, the effective action takes the
form

S � m2
P

Z
d4x

�������
�g

p
�� �� � �  �� ��; (A1)

where � � � � R=6 and  
�x� are two conformally
coupled scalar fields related to the positions of the branes
in the extra dimension, Y
�x�, by  
 � eY


=L. In this
-8
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expression L is the bulk anti-de Sitter length and  � > �

as Y� > Y�. The separation between the branes is then
given by d � Y� � Y� � L ln� �= ��. The induced
metrics on the branes, g
�	, are given in terms of the
effective theory metric g�	 by

g
�	 �
� 
�2

6
g�	: (A2)

As required, the effective action is invariant under confor-
mal transformations

g�	 ! �2�x�g�	;  
 ! ��1�x� 
; (A3)

and the brane metrics g
�	 remain invariant by (A2).
We will find it useful to fix the conformal gauge in two

different ways: the �R gauge and the brane frame gauges.
The �R gauge is obtained by setting  � �  � �

���
6

p
in

(A1). Writing  � �  � �
���
6

p
�, the effective action in

this gauge reads

S � m2
P

Z
d4x

�������
�g

p
�R; (A4)

and the induced brane metrics are

g
�	 �
1

4
�1
��2g�	: (A5)

To allow for the possibility of brane collisions, we can
generalize the formalism by relabeling the plus and minus
branes as branes one and two, so that � � � �1� �

 �2��=
���
6

p
now takes both positive and negative values.

The brane metrics are then given by (10), with brane one
being the plus brane for �> 0 and the minus brane for
�< 0. The interbrane separation is d � 2L tanh�1j�j.

The brane frame gauges are obtained by setting either of
 � or � to

���
6

p
, identifying the effective theory metric g�	

appearing in the action with either the plus or minus brane
metric, g��	 or g��	, respectively. In the plus brane gauge,
 � �

���
6

p
, the action reads

S� � m2
P

Z
d4x

�����������
�g�

q ��
1�

1

6
� ��2

�
R� �@ ��2

�
;

(A6)

i.e. gravity plus a conformally coupled scalar field  �

taking values in the range 0 �  � �
���
6

p
. In the minus

brane gauge,  � �
���
6

p
, the action is

S� � �m2
P

Z
d4x

�����������
�g�

p
��
1�

1

6
� ��2

�
R� �@ ��2

�
;

(A7)

where
���
6

p
�  � <1. As (A6) and (A7) are equivalent up

to a sign, the corresponding vacuum equations of motion
are identical; the only difference is the range of the con-
formal scalar field. At a brane collision, where  �

���
6

p
, the
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solution then smoothly matches from the plus brane gauge
to the minus brane gauge and vice versa.
APPENDIX B: METRIC PERTURBATIONS IN
DECOUPLED GAUGE

To analyze the behavior of the metric perturbations in
the decoupled gauge (43) we must evaluate the perturbed
Einstein equation (40) to linear order. Writing

�gtt � a�r�ei!tgtt; (B1)

�g�� � c�r�ei!tg��; (B2)

it follows from the gauge constraints and spherical sym-
metry that �grr � �a�r� � 2c�r��ei!tgrr, �g�� �

c�r�ei!t�g�� and all the other components of �g�	 are
zero. The tr constraint equation may then be solved for a:

a � �
1

3r�3M2 � 3Mr� r2�
�3r�2M2 � 2Mr� r2�c

� 3r2�M� r��r� 2M�c0 �
���
6

p
M�M� r�

� �M� 2r�� �
���
6

p
rM�M� r�2� 0�: (B3)

This equation is everywhere regular. At the event horizon,
r � M, we find a � c and as r! 1 we find a � �c�
rc0. Substituting (B3) into the �� Einstein equation then
provides a second order O.D.E. for c, sourced by � and
� 0:

0 � 3r3�r�M�4�r� 2M��r2 � 3Mr� 3M2�c00

� 6Mr2�r�M�3�r3 � 6Mr2 � 9M2r� 3M3�c0

� 3r3�r� 2M��2M�r�M�3 �!2r4�r2 � 3Mr

� 3M2��c� 6
���
6

p
M�r�M�4�r3 � 2Mr2 �M2r

�M3�� � 2
���
6

p
Mr�r�M�5�r2 � 3M2�� 0:

(B4)

At r � 2M the coefficient of c00 vanishes and we obtain

2
���
6

p
Mc0 � 3� � 2M� 0 � 0; (B5)

thus furnishing a boundary condition for c0 at this point.
Elsewhere, the differential equation is regular: as r! 1,
(B4) reduces to c00 �!2c � 0 at leading order, and at r �
M it becomes c � 0. Thus, once the perturbations of the
scalar field have been determined, it is a simple matter to
solve for the metric perturbations a and c.
APPENDIX C: METRIC PERTURBATIONS IN
�g���0 GAUGE

Here we wish to evaluate the metric perturbations in the
gauge (50). Substituting (51) and (52) into (40) and ex-
panding to linear order, the tr constraint equation yields
-9
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b �

���
2

p
M�r�M���M� 2r�� � r�r�M�� 0����

3
p
r�3M2 � 3Mr� r2�

: (C1)

Substituting this into the �� equation we find

a0 �

���
2

p
M���

3
p
r2�2M� r��3M2 � 3Mr� r2�2

���12M5

� 21M4r� 42M3r2 � 42M2r3 � 20Mr4 � 4r5�� 

� r�r�M��12M4 � 9M3r� 28M2r2 � 18Mr3

� 4r4�� 0 � r2�r�M�2�r� 2M��3M2 � 3Mr

� r2�� 00�: (C2)

(The perturbed Einstein equations in this gauge depend
only on a0, and not a.) Note that in order for a0 to be finite
at r � 2M it is necessary that 3� � 2� 0 � 0 at this
point. Eliminating a0 and b0 from the perturbed scalar field
equation (53), we find

�A�r� �!2B�r��� � C�r�� 0 �D�r�� 00 � 0; (C3)

where

A�r� ��6M2�r�M�2��r3 � 2Mr2 �M2r�M3�; (C4)

B�r� � r6�r� 2M��r2 � 3Mr� 3M2�; (C5)

C�r�� 2r�r�M�3�r4�5Mr3�10M2r2�6M3r�3M4�;

(C6)

D�r� � r2�r�M�4�r� 2M��r2 � 3Mr� 3M2�: (C7)

PAUL L. MCFADDEN AND NEIL TUROK
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This equation is singular when D�r�, the coefficient of
� 00, vanishes at r � 2M. The general solution about this
point is given by the Taylor series

� �2M� �� � P 1��� � j ln� � P 2���; (C8)

where r � 2M� � and the polynomials

P 1��� � k�
�
j� 3k
2M

�
�

�

�
19j� 12k� 32�k� j�M2!2

8M2

�
�2 �O��3�;

(C9)

P 2��� � 1�
�
3

2M

�
��

�
3� 8M2!2

2M2

�
�2 �O��3�;

(C10)

for arbitrary constants j and k. Since the single pure
logarithmic term diverges as �! 0, we must set j � 0
for � to be finite. [This is the equivalent condition in r
coordinates of setting B � 0 in (56).] The remaining solu-
tion branch then satisfies 3� � 2� 0 � 0 at r � 2M,
ensuring that a0 is finite. By rescaling � we can without
loss of generality set k � 1, fixing the form of � about
r � 2M. With these boundary conditions we can then
numerically evolve the solution towards infinity and to-
wards the event horizon.
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