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Post-Newtonian gravitational radiation and equations of motion via direct integration of the
relaxed Einstein equations. III. Radiation reaction for binary systems with spinning bodies
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Using post-Newtonian equations of motion for fluid bodies that include radiation-reaction terms at 2.5
and 3.5 post-Newtonian (PN) order (O[(v/c)’] and O[(v/c)’] beyond Newtonian order), we derive the
equations of motion for binary systems with spinning bodies. In particular we determine the effects of
radiation reaction coupled to spin-orbit effects on the two-body equations of motion, and on the evolution
of the spins. For a suitable definition of spin, we reproduce the standard equations of motion and spin-
precession at the first post-Newtonian order. At 3.5 PN order, we determine the spin-orbit induced reaction
effects on the orbital motion, but we find that radiation damping has no effect on either the magnitude or
the direction of the spins. Using the equations of motion, we find that the loss of total energy and total
angular momentum induced by spin-orbit effects precisely balances the radiative flux of those quantities
calculated by Kidder et al. The equations of motion may be useful for evolving inspiraling orbits of

compact spinning binaries.
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I. INTRODUCTION AND SUMMARY

This is the third in a series of papers on motion and
gravitational radiation in the post-Newtonian approxima-
tion to general relativity (GR). In paper I [1], we developed
a method of direct integration of the relaxed Einstein
equations, whereby we wrote the Einstein equations as an
inhomogeneous flat-spacetime wave equation together
with a harmonic gauge condition and solved them formally
in terms of retarded integrals over the past null cone of a
given field point. We obtained formal solutions both for the
far-zone gravitational waves and for the near-zone fields
needed to obtain equations of motion. We then developed
the near-zone fields in a post-Newtonian expansion, in
powers of € ~ (v/c)?> ~ Gm/rc?, where v, m and r repre-
sent typical velocities, masses and separations in the sys-
tem, and G and c are the gravitational constant and speed
of light (both set equal to unity henceforth). Each power of
€ represents one ‘‘post-Newtonian” (PN) order in the
series (€!/2 represents one-half, or 0.5 PN orders). The
near-zone metric was evaluated through 3.5 PN order in
terms of instantaneous, Poisson-like integrals over distri-
butions of perfect fluid.

In paper II [2] we specialized the equations of motion to
binary systems of nonrotating, suitably spherical balls of
pressureless fluid, whose size is small compared to their
separation, and derived the two-body equations of motion
through 2.5 PN order and including the 3.5 PN terms
(calculation of the 3 PN terms is ongoing). Through
2 PN order, the equations of motion are conservative, and
our results were in complete agreement with calculations
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of others [3—8]. The 2.5 and 3.5 PN terms represent the
effects of gravitational-radiation damping and their post-
Newtonian corrections. We showed that they lead to losses
of orbital energy and angular momentum that correctly
match the losses calculated from the gravitational-wave
flux to infinity [9,10]. They are also consistent with a recent
calculation of 3.5 PN terms in the equations of motion
using the post-Minkowskian approach [11].

In addition to the formal question of deriving suitably
well-defined equations of motion in general relativity, a
problem that dates back to the earliest days of the subject,
this work is motivated by practical considerations. The
operation of a network of ground-based, kilometer-scale
gravitational-wave interferometers, and the research and
development toward a space-based interferometer have
made it critical to obtain highly accurate theoretical mod-
els for the evolution of and gravitational-wave emission
from two-body systems. One of the leading candidate
sources for detection by interferometers is the inspiral of
a binary system containing black holes or neutron stars,
and the preferred method of detection, optimal matched
filtering, requires theoretical ‘“‘template’” waveforms that
are accurate to fractions of a wave cycle over the poten-
tially thousands of cycles in a “chirp” signal whose fre-
quency and amplitude increase with time as the binary
inspirals. This is why calculations to high PN order are
needed.

However, the two-body equations of motion of paper II
(and indeed of all high-PN-order calculations done to date)
have a shortcoming—they assume nonspinning bodies.
But spin may play a critical role in binary inspiral, particu-
larly involving black holes. Spin-orbit and spin-spin cou-
pling leads to precessions of the spins of the bodies and of
the orbital plane, the latter effect resulting in modulations
of the amplitude of the gravitational waveform received at
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a detector. Furthermore, spin effects contribute directly to
the gravitational waveform, and to the overall emission of
energy and angular momentum from the system [12,13].

From the point of view of gravitational-wave data analy-
sis, spin complicates matters by increasing the number of
parameters that must be estimated in a binary-inspiral
matched filter; this can significantly decrease the accuracy
with which any parameters can be measured, and can
increase the computational burden [14—18].

Thus, it is desirable to have as complete a theoretical
picture as is reasonable of the effects of spin in relativistic
binaries. Formally, spin effects first enter at the 1 PN level.
By analogy with quantum mechanics, the spin-orbit con-
tribution to the energy is of order L - S/ r3, where L is the
orbital angular momentum. This can be reexpressed
roughly in the form 8E ~ (mrv)(mRV)/r} ~ (m?/r) X
(R/r)vV ~ €Ey, where R and V are the radius and rota-
tional velocity of the spinning body, and Ey ~ m?/r is the
Newtonian orbital energy [19]. Indeed, the 1 PN effects of
spin have been derived by numerous authors from a variety
of points of view, ranging from formal developments of the
GR equations of motion in multipole expansions [20,21],
to post-Newtonian calculations [22], to treatments of line-
arized GR as a spin-two quantum theory, with the concom-
itant spinning-body interaction potentials [23,24]. For a
review of these various approaches, see [25].

The resulting two-body equations of motion can be
written in the form

m
a = _ﬁn‘i‘apN +aso+ N

(1.1)

where a = a; — a, is the relative acceleration, and where
the 1 PN point-mass and spin-orbit contributions are given

by
apy = —%{n[(l +3n)v—202+ n)%—%nﬂ}

—22- 77)”}’ (1.22)
a0~ 3 : {MLN (45+38) - vX (4S+3§)

+%m X (4S+3§)}, (1.2b)

—Xy, r=[xl,n=x/rrm=m +my, n=
_Vz,i':dr/d[:n‘v,5=51+52,
|

where x =x;
mymy/m*, v = v,

nm
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f = (mz/ml)sl + (ml/m2)52, and I:N =x Xv. The

1 PN equations of spin precession are given by

. 3
= ML s (24 3)
2m1

(1.3a)

S,=01=2). (1.3b)
These equations assume a specific definition of the center
of mass and spin of each spinning body, given by x; =
mi' [, p*xd’x, and S} = S;(1 +1vi +3my/r) — v, X
(v; X S;), with analogous expressions for body 2, where
p* is the so-called “conserved” or baryonic density
[Eq. (2.1)], m, is the baryonic mass, and S| = fl px X
Vd>x, is the baryonic spin, with X = x — x;. The spin-orbit
terms in Eq. (1.2b) and the spin precession equations (1.3)
derived by our method are in complete agreement with
earlier derivations [25].

Turning now to radiation-reaction effects, it is clear that
no spin contributions can occur at the 2.5 PN order corre-
sponding to the leading-order damping effects. The sim-
plest way to see this is to recall that, in a certain gauge, the
2.5 PN radiation-reaction acceleration may be expressed in
the form
2 d_s,w
5t
where #/ is the trace-free moment of inertia of the system,
and where we sum over repeated spatial indices. But since,
to lowest order, £/ contains no velocities, it cannot contain
spin terms at lowest order, even if the bodies are rotating; in
other words, spin terms will be of higher, 3.5 PN order.
Similarly, in calculating S; from X X a, 5 py it is also clear
that no spin terms can arise at lowest order. Hence, the
leading contributions of spin in radiation reaction must be
at 3.5 PN order.

We therefore make use of the 2.5 and 3.5 PN equations
of motion for fluid systems derived in paper I and calculate
the equations of motion and spin-precession for two spin-
ning bodies. These are our central results: the 2.5 PN
contributions to radiation reaction are given by the stan-

dard ‘““point-mass” result
—) - V<v2 + 3)} (1.5)
r r

and the spin-orbit contributions to radiation reaction are
given by

aé.s PN — (1.4)

8 m’[. , 17
32.5PN=57]r3[}’n<3U +?

B35 pN_so = — F{T[(uouuzsm +4537 >LN-S+<285v2—245i2+211%>I~4N-§}

1
+X[<87v2—675f2 0L m
r

1 1
— gfv X §<375v2 —195/% + 640ﬂ> +on X S<31v4 — 260022 + 2454 —
r

I
—nx §(29v4 — 40027 —

2
2451 + 211020 — 101927 — 80"“—2)}.
r r r

2
T—)LN S-I—4<6v — 752 —41 )LN §}——rv><5<48v +15/2 +364— )

2

245377 2m+fm—>
3r

(1.6)
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The point-mass, 3.5 PN contributions are as given in
paper II, Egs. (1.2) and (1.3d). We also find the
radiation-reaction contribution to spin precession

5115.5 PN-SO _ 0, 5‘%5 PN-SO _ 0.

1.7)
Although the latter result arises effectively from a cancel-
lation of many terms, it should really come as no surprise.
Our bodies are assumed to be axially symmetric, and as
such, should not couple to gravitational radiation on the
basis of their rotation alone. Their precessions could lead
to gravitational radiation and to back reaction if, for ex-
ample, they were rotationally flattened, but those preces-
sions and the flattening are themselves 1 PN-order effects,
and so should result in radiation-reaction effects of at least
4.5 PN order, beyond the level at which we are working.

We have verified that these equations lead to a loss of
total energy and total angular momentum that matches
precisely the energy and angular momentum flux at infinity
from binary systems of spinning bodies, as calculated by
Kidder et al. [12,13].

In the conventional terminology of spinning bodies in
general relativity, the center of mass of each body is
specified by a so-called “‘spin supplementary condition”
(Appendix A), given by a parameter kggc Whose value is
typically zero, one or 1/2. Our center-of-mass definition
corresponds to the value kggc = 1/2. Appendix B displays
the final equations of motion corresponding to the ‘“‘cova-
riant” spin supplementary condition (SSC) given by
kssc = 1.

The remainder of this paper provides details. In Sec. II
we derive the equations of motion and spin precession to 1
and 2.5 PN order, and demonstrate explicitly the absence
of observable radiation-reaction spin effects at 2.5 PN
order. In Sec. III we complete the derivation to 3.5 PN
order, and verify the agreement with energy and angular
momentum flux. A variety of technical matters and detailed
equations are relegated to appendixes.

II. POST-NEWTONIAN AND 2.5 PN EQUATIONS
OF MOTION

A. Foundations

‘We wish to analyze a binary system consisting of balls of
perfect fluid that are sufficiently small compared to their
separation that tidal interactions (and their relativistic gen-
eralizations) can be ignored, but that are sufficiently ex-
tended that they can support a finite rotational angular
momentum, or spin. At Newtonian order, the result is
essentially trivial: the equation of motion for body 1 is
d’x,/dt* = —m,x/r> + O(mR?/r*), where R is the char-
acteristic size of the bodies. Spin plays no role whatsoever,
because the Newtonian interaction does not depend on
velocity. But at post-Newtonian order, there are velocity-
dependent accelerations of the schematic form muv?/r?,
and thus, taking into account the finite size of the body
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and expanding about its center of mass, one could antici-
pate acceleration terms of the form (mVR)v/r* ~ Sv/r.
However, the combination of finite size and spin introduces
an ambiguity in the definition of the center of mass of each
body. At Newtonian order, the center of mass is defined
naturally by x, = m, ' [, pxd®x, where p is the density
and where the integral is over the body in question. But at
post-Newtonian order, depending on the choice of “den-
sity”” used, there could be correction terms in the center of
mass of the form m ™! [ pv?xd®x ~ vS/m. Because ““cen-
ter of mass” is an arbitrarily chosen point, these differ-
ences have no physical content in the end, as long as results
are expressed in terms of measurable quantities (such as
the total energy of the system, or the radar range to the
surface of the body), but they do result in equations of
motion with different explicit forms. This has given rise to
the concept of SSC, a statement about which center-of-
mass definition is being used; this concept is discussed in
Appendix A.

Because we intend to work to post-Newtonian orders
that include 1, 2.5 and 3.5 PN terms, we need to define
centers of mass and spins in a way that is physically
reasonable, calculationally simple, and easily transform-
able to definitions based on other criteria. In post-
Newtonian theory, the simplest density available is the
so-called conserved density, given by

p* = py=gu’, 2.1)
where p is the mass-energy density as measured by an
observer in a local inertial frame momentarily at rest with
respect to the fluid, g is the determinant of the metric, and
u® is the time component of the fluid four velocity. Making
the reasonable assumption that p is directly proportional to
the baryon number density, then, by virtue of conservation
of baryons, we have that (pu®).,, = 0, where the semicolon
denotes covariant derivative, and the index a is summed
over all spacetime values. This is equivalent to the exact
continuity equation

ap*/at+V - (p*v) =0, (2.2)
where v/ = u'/u® is the ordinary (coordinate) velocity of
the fluid. The use of p* in defining such quantities as center
of mass is convenient because of the fact, based on the
equation of continuity, that

2 f P (6 X f(x, X)) P! = ] (6 X)W -V F(x, X',
2.3)

for any suitably regular function f(x, x’) and for integra-
tion over a complete body.

Accordingly, we will define the baryonic mass, center of
mass and baryonic spin of each body in our system to be
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mAEfp*d3x, (2.4a)

A

X, = mglf pxd’x, (2.4b)
A

S, = eiﬂ‘f p vk d3x, (2.4¢)
A

where ¥ = x/ — x, and #/ = v/ — v/,. For future use we
will also define a tensorial spin quantity
si=2 ] pEivdddx, ST = elksk,
A (2.5)

i ijk qik
S ersy,

N =

where [ ] around indices denotes antisymmetrization. We
will demonstrate in Appendix A that this definition of
center of mass corresponds to the SSC value kggc = 1/2.
With these definitions, the baryonic mass m, is constant,
and the velocity, acceleration and rate of change of spin of
body A are given by

v, = mglj pivdix, (2.6a)
A

ay, =m,! f pad’x, (2.6b)
A

dsi /dt = Eijk/ pxla*dx. (2.6¢)
A

Note that, because f 4 p*xd’x = 0, we do not need the
“barred” version of the acceleration in Eq. (2.6¢).

B. Baryonic equations of motion and spin precession

We begin by working to 1 and 2.5 PN order, reproducing
a number of well-known 1 PN formulas for spinning
bodies, and establishing some results that will be useful
when we go on to 3.5 PN order. Since we are only inter-
ested in radiation-reaction aspects of spin, we can ignore
the 2 PN terms in the equations of motion; these produce
only PN corrections to the spin equations of motion.
Incorporating the 2 PN terms would require a more accu-
rate definition of spin, including PN corrections. Such a
framework has not been developed to date and is beyond
the scope of this paper. Initially, we derive everything in
terms of our baryonic definitions of center of mass and
spin, then later, we transform to more relevant definitions.

We use the continuum equations of motion derived in
paper 11, Egs. (2.23), (2.24a), and (2.24b), with all quanti-
ties expressed in terms of the conserved density p*. They
are given by

d’x'/d? = U' + aby + a5 pr (2.7

where
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a{,N = U — v UY — 4UU — 30U

3
14V + 8uivilil & 5(I)’l’ - Py + EX”, (2.82)
' 6 G L@ 0
ham =311 32T ) £ 2T s 200
4 . ® )
+ Ui Tk — xoiik Tk (2.8b)

3
where commas denote partial derivatives, overdots denote
partial time derivatives, and (n) above quantities denotes
the number of total time derivatives. The potentials used
here and elsewhere in the paper are given by the general
definitions

S(f) = fp*(t, XX 5

|x — x'|

X(f) = /p*(t, xf(t, x")|x — x'|d>x, (2.9)

Y(f) = f (X1, x)x — X' PP,

with specific potentials given by

U=3(), Vi=3@) & =I(?, q){k=2(v/vk),
O, =3(U), X=X(1), X=X X =X?,
X,=X(U), Y=Y(). (2.10)

The multipole moments of the system I/, Tk and J4/,
and additional moments that will be relevant at 3.5 PN
order are defined in Appendix C. In Eq. (2.8b), we have
eliminated terms that are purely functions of time whose
main effect is to generate an overall center-of-mass motion
for the system that is irrelevant for our purposes. This is
discussed in Appendix D.

We now multiply the equation of motion (2.7) by p* and
integrate over body 1, expressing the variables x and v as
X =X, + X and v=1v, +V, where A = 1,2, depending
on the body in which the point lies. To get the acceleration
of body 1, we divide the result by m;. We use Egs. (2.4) and
(2.6) to simplify where possible. We expand the various
potentials in powers of X/r, and keep terms proportional to
¥ X X, as well as “internal” terms proportional to ©2, and
p* /7. The random part of the “#>” terms can be thought of
as pressure contributions to the internal structure, so we no
longer are treating the bodies as purely pressureless. We
make extensive use of virial relations derived in
Appendix E to simplify expressions dependent on the
internal structure of each body. We also assume that the
bodies are approximately spherically symmetric in their
own rest frames (we ignore centrifugal and Lorentz-boost
flattening, which will be higher-PN-order effects), so that
integrals of internal expressions with an odd number of
spatial indices (corresponding to odd-/ spherical harmon-
ics) can be set to zero. We also ignore internal body terms
that vary as x?, which represent quadrupole and higher
“tidal” effects, and which vanish as the bodies’ sizes
tend to zero.
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The Newtonian term gives ak, = —m,x},/r>, where, in this paragraph, we denote xi, = x} — xi, r = |x |, and n =
X,/ r. To illustrate the approach, we show two examples of the terms that arise at 1 PN order, namely

. 1 ®( I i (8 —3nin/
p VU dx = ——fp*(v%-i—Zvl v+ 02)d3x[fp (x—x) d3x’+m2f12 + MY ( nn )—i-}
1 mp J1 ~

m 1 |X—X'|3 r r
i . . 'k k .. . .
v x, 2T moxt, ST vkmy(8Y —3nind)
_ LV i 2 X1y 24 1mpXyy, O VM
="LH| —mu}=3 - - : (2.11)
mi r m r nmy r
and
. - 1 . p*! my, m, _
_ p*UU,tdfix:__ p*d3x - d3x”+———3x-x12+.._
my J1i mp; Ji 1 |X — X | r r
px =X)L, myxt,  mpX (8 — 3nin))
X Xt 5~ 3 +...
1 x = x| r r
QF mox! QO myxt, mixi
2 1 My
_ Y 312 192 312 _ 2412’ (2.12)
my; r m; r r

where T, QY, Q| and H{ are defined in Appendix E.
These entirely internal, structure-dependent terms can be
eliminated via virial relations; however they can and do
generate spin terms at 1 PN and 3.5 PN order. Detailed
expressions for these virial relations may be found in
Appendix E.

In the combination of 1 PN terms 4V’ +1X!
in Eq. (2.8a), the time derivatives generate accel-
erations inside the potentials. To the order needed for
our purposes, we must therefore substitute the Newtonian
and 2.5 PN continuum terms for those accelerations
and carry out the same procedures for the integrals as
described above. Those Newtonian and 2.5 PN acceler-

ation terms inserted into 1 PN expressions will then gen-
|

myn'

. 3 .
(Clll)pN =7[5?+4%_ ‘U% +4V1 *Vy — 211% +§(V2 'n)2j| _%(Ul - U2)l(3V2 ‘n _4V1 'l'l),

Ier.ate respective 1 PN and 3.5 PN point-mass and spin-orbit
contributions.

Turning to the 2.5 PN terms, Eq. (2.8b), the integrations
lead to no explicit internal or spin terms; however for our
3.5 PN accurate work, the multipole moments and their
time derivatives must be evaluated to 1 PN order, and in
those 1 PN corrections, spin terms will appear (see
Appendix C).

The resulting equation of motion for body 1 is

. mzni i i i
aj = ——5—+ (a))pn + (a})so + (@})25 pns
r

(2.13)

where

(2.14a)

. iy o ~ < 3 o o ) , (3 .. ~
(a})so =5 (87 - 3n’n-’>[2(v§S{" — {8 —SisT - véSéﬂ — 2250 = 3nink) (v, — v»f(ESa" + ZS’zk), (2.14b)
r r

)

. 3,009 1 .0 O Tmy O om0
(ai)2spen =§xfl<]’f - §5”I"k> +2v1 1V — gr—;n’lkk - 3?n‘n/nk1/k,

where SY = S /m,, and where the “mass” m, in the
Newtonian term is now given, to PN order, by the baryonic
mass plus § ), which corresponds to the total mass-energy
of the body.

We calculate the precession of the spin in a similar
manner. Starting with dS} /dt = €% [, p*%/a*d’x, we ex-
pand about the baryonic centers of mass, keeping terms
that depend on X X v, dropping internal terms with odd
numbers of spatial indices, and throwing away terms that
vary as R? or higher. Notice that, even in Newtonian theory,
such (m,/r*)(m;R?) terms occur, and represent standard
quadrupole coupling; in the Earth-Moon system, these lead
to the precession of the equinoxes. However, as we wish to
deal with compact bodies, we shall ignore such effects. At
1 PN order, the only terms in Eq. (2.8a) that contribute are

(2.14¢)

|
those that have explicit velocity dependence. The result, at
1 PN order is

(S = "2 [ 5511 m) = 38002 ) = 2068, v

+ (v; — 20,)i(S, - n)} 2.15)
Strangely, however, there is a 2.5 PN contribution to the
spin equation of motion, arising from the v-dependent term
in Eq. (2.8b), and given by

4) )

($1)y5 py = Si T4 — S T, (2.16)

However, we notice that, since the spin is constant to

084027-5



CLIFFORD M. WILL

lowest order, then, to 2.5 PN order, the right-hand side of
Eq. (2.16) is a total time derivative, and thus can be moved
to the left-hand side and absorbed into a redefinition of the
spin. In any case, it is clear from the argument made in
Sec. I that this is a spurious effect, because there is a gauge
in which the 2.5 PN terms in the equation of motion have
no explicit velocity dependence. This 2.5 PN gauge, some-
times called Burke-Thorne gauge [26], may be obtained
from our gauge by the coordinate transformation

A ) 20
e L AN S E s LA

Applying this transformation to our definition of baryonic
spin Eq. (2.4¢), and recalling that p*d®x is an invariant
quantity, we find that

©] (3)

(Sli)BurkefThome = Sll - Sll Ijj + Sj] Iij- (218)

Hence, absorbing the 2.5 PN terms into the definition of the

spin is equivalent to defining our spin in the Burke-Thorne
\
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gauge. Although this redefinition eliminates 2.5 PN terms
from the spin precession, it will have consequences at
3.5 PN order.

C. Post-Newtonian conserved quantities

It is useful to verify that, at 1 PN order, the equations of
motion and spin precession we have found admit suitable
conserved quantities for energy, angular momentum and
momentum or center-of-mass motion. Taking the equa-
tions of motion (2.13), (2.14a) and (2.14b), contracting
with m;v;, summing over both bodies, and using the
equations of motion to extract time derivatives (see
Appendix F), one obtains a conserved total energy. Doing
the same procedure with a cross product with m;x;, and
combining with the spin-precession equations, one obtains
a conserved total angular momentum. Finally, multiplying
by m;, summing over both bodies and extracting time
derivatives, one obtains an expression for the system center
of mass. These 1 PN-conserved quantities are given by

1 1 mm 3 3 m 1 mmi 1 mm
Ezimlv%—i L 2+§mlv?+§m1v%72+§ ! 2_1 L 2(7V1'V2+V1'nV2'n)+(l;‘2), (2193)
1 1 1 1
J=m(x; Xv)) 1+7v%—7@ —fm1m2(7x><vz+v2-nxl><n)+S1 1+7v%+3@
2 2 r 2 r 2 r
1 1
—ov X XS+ 2 (- X\ xmnxs)+(1=2), (2.19b)
2 r 2r
L, 1m 1 R
I= mlxl(l +§U1 _§7> +§V1 X Sl + (1 \—2), (219C)

where, to the 1 PN order needed, the masses shown are the
total masses of each body, given by m; + %Ql and m, +
%Qz. The first thing to notice about these conserved quan-
tities is the absence of a spin-orbit contribution to the total
energy. This well-known result is merely a consequence of
our choice of SSC. Converting from our SSC to the cova-
riant SSC, for example, gives the standard spin-orbit term
(see Appendix B). These conserved quantities can also be
derived from global definitions of energy, momentum and
angular momentum, as discussed in Appendix G. It is
straightforward to verify, by taking a time derivative of
Eqgs. (2.19) and substituting the 1 PN equations of motion
(2.14a) and (2.14b) and spin precession (2.15), that £, J and
I are constant to 1 PN order.

D. The proper spin

The total angular momentum J, Eq. (2.19b), has been
written in a form that appears to have an orbital piece, plus
1 PN corrections, a spin piece, plus 1 PN corrections, and a
final, spin-orbit piece. Although the split is somewhat
arbitrary, it is useful in that, if we identify the “proper”
spin of each body by the collection of “spin” terms in
Eq. (2.19b), then Eq. (2.15) is equivalent to the standard
spin-precession Eq. (1.3). In addition, we found that, in our

‘gauge, there was a 2.5 PN contribution to the spin-
precession [Eq. (2.16)], but since that contribution was a
total time derivative to 2.5 PN order, it could be absorbed
into a redefinition of the spin. We therefore define the
proper spin of each body to be

i i ! my) _ 1 i
Sl = Sl(l + EU% + 37) - E[Vl X (Vl X Sl)]
G ;B
— S Vi + S{ 1,
S, =(1=2), (2.20)

With this definition, the spins S, satisfy Eq. (1.3), with no
2.5 PN contributions.

E. System center of mass and transformation
to relative coordinates

Choosing our coordinates so that the ““center of mass”
quantity I vanishes, and defining the transformation from
individual to relative coordinates to 1 PN order by

x| = 2y 4 oxt, X5 = — i oxt, (2.21)
m m
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we obtain

S ) o1 L
Sx' =—77—m v2—ﬂ X! ——le’/kv/(sk— £,
m 2 6m

(2.22)

where §m = m; — m,. These transformations do not af-
fect the Newtonian term in the acceleration, of course. In
the 1 PN and spin-orbit terms they will only produce 2 PN
effects, which we ignore. The multipole moments that
appear in the 2.5 PN terms in the equation of motion
(2.14c) must also be converted to relative coordinates,
keeping any PN and spin-orbit corrections generated by
Egs. (2.21); this is treated in Appendix C. In addition, in the
2.5 PN terms, multiple time derivatives of the multipole
moments will generate accelerations, for which the 1 PN
relative equations of motion including spin-orbit terms
must be substituted; in explicitly 3.5 PN terms, the
Newtonian equation of motion suffices.

Calculating the relative acceleration a = a; — a, using
Egs. (2.13) and (2.14), and converting to relative coordi-
nates, we obtain the equations of motion given by
Egs. (1.1), (1.2), and (1.5).

In terms of these relative coordinates, the energy and
angular momentum of the system to 1 PN order including
spin terms then take the form,

1 3 1
E=pu —vz—ﬂ—i-—(l —377)1)4—i-—(3-i-77)1)2ﬂ
2 r 8 2
1 m 1 /m)\2
+ g2+ (= 2.2
25T 2<r> }’ (2.232)

J= ,LLI:N{l +%(1 - 3n)vi+(3+ 77)%} +S

1 p

5 om X [n X (45 + 3], (2.23b)

where u = nm is the reduced mass. Notice that we do not
keep the 2.5 PN contribution to J arising from the conver-
sion from baryonic spin to proper spin using Eq. (2.20),
since E and J are only well defined up to 2 PN order. In
Sec. IIIC we will use these expressions together with the
3.5 PN equations of motion to compare E and J with the
corresponding fluxes of radiation to infinity.

III. 3.5 PN EQUATIONS OF MOTION

A. Equation of motion

To obtain the 3.5 PN contributions to the equations of
motion including spin terms, we take the 3.5 PN fluid
expressions shown in Appendix D, multiply by p*, and
integrate over body 1. We follow the same procedure as in
Sec. II B, expanding potentials about the baryonic centers
of mass of the bodies, keeping point-mass terms, internal
self-energy terms, and spinlike terms (terms linear in X U )
and discarding tidal-like terms. Many terms in Eq. (D4)
make only point-mass contributions, such as terms of the
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form r2xK(d’I*/dt7), xIU(d> I /dr), v?vi(d*T*/dt*),
UU(d*I/dr), and so on, because they do not have the
proper mix of x and v to generate a spin. However terms
such as r2v*(d® I* /dt%), x' U(d* T | dt*) or ®(d> T** /d13)
will generate spins.

Some of these terms generate contributions of the form
of an integral that is purely internal to body 1 multiplied by
a multipole moment; examples include T"/x¥d5 I'*/dr’,
Qfvid Tk dr*, HIvka® Ti%/di. Virial relations must
then be applied to these internal integrals, to see if any
spin terms arise. But in the virial relation (E3) involving
T ’l’ and Q’ij , spin terms occur one PN order higher, hence
there will be no contributions from these terms to the
acceleration at 3.5 PN order. On the other hand, the virial
relation (E4) involving H ¥/ does have a spin contribution
at the same order, so those virial-induced terms must be
kept.

To lowest order, the mass multipole moments J%/- and
their derivatives do not contain spin terms, however the
current moments /- do contain both point-mass and spin
terms at lowest order.

In addition, the combination of 1 PN terms 4V’ + 1 X'/ in
Eq. (2.8a), will generate accelerations whose 2.5 PN terms
will produce 3.5 PN point-mass and spin terms that must be
included. We must also reexpress the 1 PN spin-orbit terms
of Eq. (2.14b) in terms of the proper spin of Eq. (2.20); the
2.5 PN contributions there will generate 3.5 PN terms in the
equation of motion. Finally, in the 2.5 PN accelerations of
Eq. (2.14c), we must include the 1 PN corrections to the
multipole moments as well as the 1 PN terms in the
equations of motion that are generated by the many time
derivatives; these corrections will also contain spin contri-
butions (Appendix C).

The result for the 3.5 PN acceleration of body 1 is an
expression too lengthy to reproduce here. The point-mass
terms reproduce Eq. (4.2) of paper II, apart from small
differences resulting from our use of the gauge transfor-
mation (D2) to remove purely time dependent terms from
the 2.5 PN and 3.5 PN equations of motion. After trans-
forming to relative coordinates and obtaining the relative
acceleration, our point-mass terms match the correspond-
ing expressions of paper II precisely. The expression in-
volving spins is equally lengthy.

Calculating a} — a), using Egs. (2.14a)—(2.14c) and our
3.5 PN terms, substituting Eqgs. (2.21) and the time-
derivatives of the multipole moments (C2), and expressing
the spin results in terms of the total spin S and the spin
quantity &, we obtain the final relative equation of motion
terms as given in Egs. (1.2), (1.5), and (1.6),.

B. Spin precession

We now want to calculate the precession of the proper
spin S; to 3.5 PN order. A time derivative of Eq. (2.20)
gives
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L m 1. .
kY =sg<1 +v%+372>——v’1(vl $))

myr

7>_ ai(vi-S)) — U1(31 Sy)

@) w0
—S{ T+ 81T — S I + §{ T,

+Sl1<2V1 tay -3

3.1

We repeat the method of Sec. II B to determine the con-
tributions of 3.5 PN fluid terms to the time derivative of the
baryonic spin S, by calculating €% [, p*%/al s \d3x.
Only terms in a% s,y [Eq. (D4)] that have explicit v

dependence will contribute a spin term. Notice that, as
|

n*m? d

(S1)35en =TE 2
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we have discussed, the 2.5 PN contribution to S} cancels
the relevant terms in the last line of Eq. (3.1). For a;, which
appears in the 1 PN terms in Eq. (3.1), we must substitute
the 2.5 PN equations of motion; for S’ in the final 2.5 PN
terms in Eq. (3.1) we must substitute the 1 PN precession
equations; finally we must use Eq. (2.20) to convert from
S, back to the proper spin S, to the appropriate order.
The result is the 1 PN spin precession of Eq. (1.3), plus a
lengthy 3.5 PN expression. However, using the fact that, to
lowest order S 1 = 0, together with the identities listed in
Appendix F, it is straightforward to show that our lengthy
3.5 PN expression is in fact a total time derivative, given by

j 2
<L{Sl[(14 —13a)v>— (10 + 15a)i? —3(27 + 11a)ﬂi| +nS, 'n[15(4 —a)v? —25(4+3a)i?
r

10 1 1
-7+ 37@’”} VS, V(40 + 25a)} ——nS, ~V[(18 ~ 14a)u ~ 609+ 100)” ~ 334+ 161@’"}
r r r

1 5
—5VvS, -n[(26 —20a)v? — (66 + 45a)i? — g(50 + 59@&}),
r r

where @ = m,/m,. As such, it can be moved to the left-
hand side and absorbed into a meaningless, 3.5 PN term in
the redefinition of the spin. As a result, we find, to little
surprise, that radiation reaction makes no contribution to
the precession of the spins [for a physical justification, see
remarks following Eq. (1.7)].

C. Comparison with fluxes of energy and
angular momentum

The fluxes of energy and angular momentum in gravi-

tational waves from a binary with spin-orbit interactions
\

[S)

(3.2)

\
were derived by Kidder ef al. [12,13], and are given by

dE . . dJ . .
— =FEy t+ Eqo, —= + ;
ar N SO di In t Js0

(3.3)
where we include only the lowest-order “Newtonian’ and
1 PN spin-orbit contributions. After transforming from
Kidder’s kgsc = 1 formulas, Egs. (3.25a), (3.25¢), (3.28a)
and (3.28c) of Ref. [13], to our kggc = 1/2 using the
transformation x — x — (v X £)/2m, we obtain for the
fluxes,

, 8 n’m* .
EN=_E = (121}2—11}"2), (3.4a)
2.3
Egp = —% nm [LN S<27f2 —370% — 12T> + Ly §<18f2 — 1902 — 8m>} (3.4b)
7o r r
2.,,3
iy — _§nf3n EN<2vz_3fz_2ﬂ>, (3.4¢)
5 r r
. 4 9°m> (2 m 1
Joo=—2 T2 2 2y (S — &) ——in X (TvX S+ 5v X §)
5 7 [3r 30r
1 4
+%nx (n X S) 6)"2——7v2+2m + (n X &)[ 6i* — 60?2 M
r 3 r 3r
+ifv><[(n><5)<§ﬂ+24 2—30r>+5(n><§)<§m+4v2—5f2>}+v><[VX5<18i2—12v2—23—3ﬂ>
r r

1

+V><§15i2— v—7 + LDy 530i2—18v2—% + £(20i% — 1302 »_Pm . (3.4d)
3 r 3 3 r

We now calculate the time derivative of the energy and
angular momentum expressions (2.23), and substitute the
equations of motion, including 1 PN, spin-orbit, 2.5 PN and
3.5 PN spin-orbit terms, along with the 1 PN spin-

‘ . . .
precession equations (recall there are no 3.5 PN contribu-

tions to the spin precession). After recovering the fact that
all 1 PN point-mass and spin-orbit contributions cancel,
leaving E and J conserved to that order, we find that the
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changes in E and J due to 2.5 PN and 3.5 PN spin-orbit
radiation reaction are obtained from the following expres-
sions,

E = pv- (ayspy + 235 pn—so).

J = pux X (ays px + @35 pN-s0)-

(3.5)

Initially, the results do not match the flux expressions
above. However, by making use of the identities listed in
Appendix F, we can show that the difference between the
expressions in all cases is a total time derivative. These can
thus be absorbed into meaningless 2.5 and 3.5 PN correc-
tions to the definition of total energy and angular momen-
tum. Thus we have established a proper energy and angular
momentum balance between the radiation flux and the
evolution of the orbit, including spin-orbit effects.

IV. CONCLUSIONS

We have derived the equations of motion for binary
systems of spinning bodies from first principles, including
the effects of gravitational-radiation reaction, and incorpo-
rating the contributions of spin-orbit coupling at 3.5 PN
order. We found that the spins themselves are unaffected by
radiation reaction. The resulting equations of motion are
instantaneous, dynamical equations, and do not rely on
assumptions of energy balance, or orbital averaging.
They may be used to study the effects of spin on the
inspiral of compact binaries numerically. We have fo-
cussed attention on effects linear in the spins, correspond-
ing to spin-orbit coupling; the effects of spin-spin coupling
can in principle also be calculated with our approach.
These issues will be the subject of future work.
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APPENDIX A: SPIN SUPPLEMENTARY
CONDITIONS

When we deal with systems containing spinning bodies,
the fact that the bodies have finite size introduces an
ambiguity in the definition of each body’s center of mass.
This has given rise to the concept of SSC [20,21], which is
a condition whose role is to fix the center of mass. One
defines the antisymmetric tensor S%”, given by

PHYSICAL REVIEW D 71, 084027 (2005)

s = 2[ (xlm — fo)T”]Od3x, (A1)
A

where 7%F is the source stress-energy pseudotensor that
appears in the ‘“relaxed Einstein equations” given by
Ohef = —1677*8, and is a combination of the stress-
energy tensor of matter and terms quadratic in the gravi-
tational fields h*# (see Sec. ITA. of paper I), and where x/
is to be identified with the world line of the center of mass
of the body. The center of mass is then fixed by imposing
the following condition:

S3 — ksscSivy =0, (A2)
where kggc typically has the values 1, 1/2 or 0. The value
kssc = 1 corresponds to the so-called covariant SSC,
SXVMAV = 0.

In this paper, our baryonic center-of-mass definition
xi = [, p*x'd’x corresponds to kssc = 1/2, which can
be seen as follows. From Eq. (G3a), we note that, to the
appropriate order, 7%° = p*(1 +1v? — 1 U). Calculating
57 following the methods outlined in Sec. II, and including
the spin term generated by [, p*x'v2d’x, we find directly
that S = 1S7/v), and thus that kssc = 1/2.

One can also show that the relationship between the
centers of mass for each value of kggc is given by

k—Kk

()@ = ()® + ——=S{@H®.  (A3)
For further discussion of the role of the SSC in PN calcu-

lations, see [13,25,27].

APPENDIX B: EQUATIONS OF MOTION WITH
SPIN IN THE COVARIANT SSC

We now transform our key equations to a form in which
the centers of mass of the bodies are defined by the
covariant spin supplementary condition, kggc = 1. That
transformation is given by

1
x{P =x + —v XS, (B1)
Zml
where the variables on the right-hand side are in terms of
kssc = 1, and where S; is the baryonic spin. For the
relative coordinate, the transformation, to 1 PN order, is
1
x/D =x+_—vX§ (B2)
2m
where & is again the baryonic spin variable. Converting
from the baryonic spin to proper spin and keeping only the

2.5 PN correction from Eq. (2.20) (the PN corrections will
not be relevant for this purpose), we have

1 1 SR G
XD =x+ —vXE———vXET*+ —yx (& TM)e,
2m 2m 2m

(B3)
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where & now represents the proper spin variable. We
substitute this transformation into the Newtonian,
PN, spin-orbit and 2.5 PN terms in the equations of
motion, Eqgs. (1.1), (1.2), and (1.6), keeping only PN
spin-orbit terms, 2.5 PN terms, and 3.5 PN spin-orbit

terms. Where accelerations arise, eg. in transforming the
\

ago =%{6%£N (S+E-vXUAS+38)+3m x2S+ g)},

nm (im

a35pN-SO = — 5—4{—[<120v2 + 28072 + 453 ﬁ)I:N
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velocities in the spin-orbit terms or in the 2.5 PN terms,
we must employ suitably accurate expressions, in order
to generate all appropriate 3.5 PN spin-orbit terms.
The result is to change the form only of the 1 PN
spin-orbit and 3.5 PN spin-orbit terms, which now
become

901 _
[(871} — 675 — - T)LN S+ 4<18u2 —150i2 — 66T>LN : g}
r r

2 !
S S<48v2 + 151 + 364—) v 5(2911}2 705/ — 772T)
r r

1
+5nXx S<31v4 — 260072 + 245/ — S vt 5377 — + 3 —>

!
LR §<115v4 — 1130022 + 12955 — o

(B4a)
S+ (1201}2 + 280/ + 458ﬂ>EN : .f}
r
689 ,m m 4 m?
r r r2
44 m?
2™ | 849 2T+?’f—2>} (B4b)

The spin-precession equations are not affected by this SSC transformation, since we are working to linear order in spins.

The energy and angular momentum in this SSC take the form

_ o m 3, a1 2!
E ,41,{211 r+8(1 3n)v +2(3+n)v .

I m_, 1/m?2 1.

a5 () + e g —
J=,U,I~JN{1+1(1—3n)v2+(3+n)g}+

é”;{ n><[n><(4$+2§)]—v><[v><§]} (B5b)

The spin-orbit contributions to the energy and angular momentum fluxes, from Eqgs. (3.25¢) and (3.28c) of [13] are given by

2,3

. 8 . ~

70

Jo =757

1
4 9’m? (2 m
{3r

(B6a)

ZMmp 2y S - &) - —r—n><(7v><5+5v><§)+—n><[(nXS)( —13—711 P >

+ (X &) 9#2—8v2—§?>}+fv><|:( X5)<§ﬂ+24v —3Or>+5(n><§)<§7+4v2—5f2>}

+v><[ S<18r2—12 2—§ﬁ>+v><§<18i2—§v2—9—>}

L 92
+ 5L [ (30#2 — 1802 - =

By following the same steps as in Sec. III C, calculating the
time derivative of E and J, substituting the relevant con-
tributions from the equations of motion and spin preces-
sion, and extracting total time derivatives from the result
(using kggc = 1 versions of the equations in Appendix F),
we verify that the losses of orbital energy and angular
momentum are completely equivalent to the fluxes above.

——>+§<35r — 199 —
3 r

(B6b)

73]

APPENDIX C: MULTIPOLE MOMENTS

The multipole moments that appear in the radiation-
reaction terms in Eqgs. (2.8b) and (D4) are defined by the
general expressions (F1). Because the quadrupole moment
T appears in the 2.5 PN terms, it will be needed to 1 PN
order, while the remaining moments will be needed to only
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the lowest, Newtonian order. Substituting the relevant expressions for 7¢# from Eqs. (G3), and carrying out the standard

procedure as in Appendix G, we obtain

. i 1 1, 7 . o
Ji = mlxl{(l + 5v%) - M(—x” - Zr25”> + Sk + (1=2),
r

> X
Tk = 1 (1 2 0),
JU = et mvixy! + 2 S)) + (12 2)
Jiik = ei“b<m1v?x‘1’jk + %x(liji’)b> +(1=2),

.. P 1 myny,
szkl — mlvl]xkl - _
141 2

+ 280 + (1=22),

(ChH

niixkl + %mlmzr(n"ﬂd — 8K — pk§l + pik§DI 4 kgDl — 2§k gD 4 2§11 §H)

where parentheses around indices denote symmetrization. Note that higher-order moments, such as J%/* or M*Xiii appear
only in 3.5 PN terms that were transformed away in Appendix D, so their explicit forms are not needed.
Converting to relative coordinates, using the 1 PN correct transformation in the leading term of J"/, we obtain

. - 1 1 7 . o
I = nmx’-’(l + E(l - 3nv? — 5(1 —2n) T) + Enmzré‘” + i gMkyk,
r

Iijkl — nm(l _ 37])Xijkl,

JU = —ndmLix/ — ne“xUAY?,

Jik = —p&mxik,

Jl‘]k — nm(l _ 37])L&X'lk + 5 nelahx(]kgu)b’

Mijkl = nm(l _ 3n)<vi~f _ % T,ﬂ‘j)xkl _ énmzr(nijé‘kl + pklgii — ni(ké‘l)j _ nj(k(sl)i + 25i(k5l)j _ 25ij5kl)
r

+ 2tk gDy,

where Ly = x X v is the orbital angular momentum per
unit mass, &Y = (my/my)Sy + (m;/my)Sy and AV =
m(SY /my — SY /my) = (m/5m)(&' — SV).

Time derivatives of the moments may be calculated
using the relative equations of motion in place of i/;
1 PN equations including spin contributions must be used
in the leading term in J%/, while Newtonian equations are
sufficient for the remaining terms. Since spin effects in the
moments and their time derivatives are already at 1 PN
order, the spins themselves may be treated as constants.

APPENDIX D: 3.5 PN TERMS IN THE FLUID
EQUATIONS OF MOTION

We start with the 2.5 and 3.5 PN accelerations terms in
the fluid equations of motion, written in terms of the
conserved density p*, Egs. (2.24c) and (2.24d) of
paper II. We then make a coordinate transformation at
2.5 PN and 3.5 PN order to eliminate the purely time
dependent terms. These terms cancel when we compute
the relative acceleration, but contribute to the gravitational-
radiation induced recoil of the system. In other words, we
choose coordinates that are fixed with respect to the recoil-
ing center of mass of the system. This will simplify the
transformation between the coordinates x; and x, of the

(C2)

\

individual bodies and the relative coordinate x, Eq. (2.21),
and will simplify our analysis of angular momentum
(which can depend on the choice of center of mass) The
required transformation is

Xl —x! o+ x5 py + XS5 py, (O
where
_ 2 8. 2 0
Sxh s oy = B Jiii — 3 €4l Jai, (D2a)
, 23 O 2 e 1O
S _ Juikk — Z_ gqij Tajkk — __ MKkjji (D2b
X35 PN 4200 75 € J 30 ( )

However, because of the velocity dependence in the PN
terms in the equations of motion, the change in velocity at
2.5 PN order, v s py = 86X < pyy Will induce additional
3.5 PN contributions in the equations of motion given by

Sal g oy = OVl s o (VU + ViU — UST + Vi + Xii)
1 y y
+ 580} 5 py (X = 8USY). (D3)

When we add these changes to the 3.5 PN terms in
Eq. (2.4d) of paper II, we obtain the final 3.5 PN contribu-
tions to the fluid equations of motion, given by
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) 1 - o o 9 1 - L . . . .
ass py = ﬁ(13r2xk5” — 4r2x 87k — xixIxk) Iik + %(107'2Uk5” + 4(v - x)xk8 — rPvidik — 4xixivk + 3xixkut) Tk

+ E(IO(U < x)vk8Y — xku28U + 2(v - x)v &K + 2xTv2 87k — Sxivivk + dxivivk) Ik

(5)
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(6)

(5)

1 . ‘ NG : . ‘ o O
+ 1—5(5r2UJ — 35x/U + 59X9) I + %(sﬂw +30x'U — 34X — 6x/X1) Tk

) @

+ 9—0(15x/ka" — 6x/ Xk — 30xIX7k — 152Xk — 4y-ik + 5xly-iikl) Jik + gv’(vzﬁfk — vivk) Ik

I : . @ o . o o o
— 30U + 22V — 14X — 1208 X 7K) T + ﬁ(24vaku’l + 120 UK + 120 VR + 54viXik — 720 X0

)

4)

+ 12x/ X% + 60X 7k — 72XbIk — 5Y.iik) Jik — g(6le — 8V — 22X 1) I* + (202U7 — 8UU/ — 8ukVki

(3)

+ 3] — 20y + XJ) IV + 5(2U2U’1 — 8v'v/ U/ — 24UU" — 6v'U + 8V' + 160/ V1]

(3)

+ 3D — 6Dy + X )Tk + g8y VA — 1200050 — 602X UK + 24070 XM — 24X0F — 9x 7K 46X,

(3)

+ 18v Xk — 480! XIH Uk 4 24U X UK + 24U XK — 18D + 631(X/k) — Piik) Tk

1 o - N ™ 1 o , L ©
+ @(le’x/é‘kl — 25xkx! 8 — 92§ §KI) Tkl + E(4x[’v1]5k1 — 2(v - x)8U 8% — 10xkv! 8 Ik

1 . o ) 1 . . o2 1 . b
- E(vzé”ﬁkl + 6viv/ 8k + Svky! §) Tk — E(4U6]k + 10x/ Uk — 5X7%) Tk + E(7X”J — 106/ UF) Tikk

5) 5)

@

1 o ) 4 . . o o ., 1 )
+ 5—4(6fo""1 — Yiikly ikl 4 E(Uﬁ” — ViU — 200" — VIt — X)) Jikk 4 E(Srze"’k + 2xix/ etk

) L © 16 . ) ) S S ) ,
+ 4x/xkeail) Jak — Evakeq/k]q’ + E(Z(v - x)el* — 2xivi €k + Sxiviedik + 12x/ vk el

) @
+ dxkv/ etV Jak — é(2Ueq”‘ + 20/ Ul etk — 4xI Uk et + Xl etk — 4XTkedl] — Ax! Xk edli) Jak

4)

( )
+ %(4vjvkeqij — U2€qik)]qk — ngU,keqijqi + ;Ueqiquk — ;(U’U'j + 20U + Vi + X,ij)eqjquk

)

() (3)

©) 1 ©

Y (6)
iy L L o 1 g Z L caii ok — L cai gain
30 15

840 35 40 24

5) (5)

1 . ) O ) 1 . B 1 . - 1 . @ 2 @
+ ij<€qjqulk _ quk]qjk _ 6qu]qkk> _ %xtjvlkk/j _ Exjj\/lkku _ glekkjj + gvj:]vlljkk

| 2 .6 1. .. ©
+ 8U,z:]vlt]kk + §U,]Ml]kk _ §X’Uk.7vl]k”,

where the relevant potentials are given in Egs. (2.10) and
the multipole moments are given in Appendix C.

APPENDIX E: VIRIAL RELATIONS

Virial relations are statements about the internal struc-
ture of bound bodies that may be used to simplify the
equations of motion. They assume that the body is either
stationary or periodic over a suitable time scale. The
simplest such virial relation, used in classical mechanics,
states that [/2 = 2T + Q, where I = [ p*|x[*d®x is the
scalar moment of inertia of the body, T is the internal

(D4)

|
kinetic energy, and () is the internal gravitational potential

energy. For a stationary body, or when averaged over
several internal time scales, we can set [ = 0, and hence
2T + Q) = 0. Here we generalize this to a variety of ten-
sorial virial relations, including spin effects and effects at
2.5 PN order.

We define the tensorial moment of inertia of body A by

I = f pxix d3x. (E1)
A

Taking a time derivative and setting it to zero yields

084027-12



POST-NEWTONIAN ... . IIL ...

1 =2 [, p*#"9)dx = 0. But from this and Eq. (2.5), we
can conclude that

o 1
fA X’ﬁ/d3x=§SX. (E2)

A second time derivative gives I} =2 [, p*0'v/d’x +
2[4 p*%ia)d®x. For a’, we substitute only the
Newtonian, post-Newtonian and 2.5 PN terms from
Egs. (2.7) and (2.8). In the equations of motion, these virial
relations will be needed only to simplify PN terms, so for
this application, only the Newtonian and 2.5 PN terms will
be needed. On the other hand, in the expression E =
[ ™d%x for the conserved total energy to PN order,
the virial relation will be needed to simplify the
Newtonian contribution, and thus the 1 PN spin contribu-

tions to the virial relation will be needed. Expanding
\

3 3 o 1 ,.9
25'[(11]) - EKZIJ - _E %S’f(’nﬂk + gS]]((lI])k -

_ % Qi T

where we have used the lowest-order virial relation from Egs. (E3) and (E4), 2T” + Q”

m o
3 —22 n"n(’(S’l)l
e

1 ij)kl klij
—~ 5(123(2” + 6" —
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potentials about the center of mass of each body as de-
scribed in Sec. 11 B, keeping PN and 2.5 PN spin terms and
2.5 PN internal terms, discarding terms that vanish as R?
and higher as the body’s size tends to zero, and setting time
derivatives of the moment of inertia tensor to zero, we
obtain the virial relation for body 1:

ZTfj + Qlll = %(anS’f(i(v'{) - vé)) + n(iS‘{)k(v]f - 2v§))
wi @ 1 _..® —c
+ S](l]])k _ ngl./Ikk _ 3911./ IK
(E3)

The relevant internal quantities used here are defined be-
low. A third derivative of 17/ gives I'f = 2 [ap*(30la) +
#a?)d?x. The same procedure yields, for body 1,

5 Jim l kl k(i (4))1(
2S n™ )I +20"

ij (A}c)k
691-1
ikl (3)
15.9C3M) T (E4)

0, and 25—[(”) 3.7(” =

3 =S Kipik o simplify some of the 2.5 PN-order terms in Eq. (E4). The relevant quantities used in these V1r1a1 relatlons

are deﬁned by

/! AYi
T”_ fpvv’af3 Q”—— [f **/(x x)(x/ x)d3 Py,

ijkl
951

Ix —x/|3

xi= [ oo
AJA

Ix — x|

f[ =) =Y (= xR = x)

GV X=X —X) X)) S M = f[
d’xd’x', XK

v (x —x)(x —x)(x — x') (x — x)¥(x — x')!

x|}
Pxdx, Hi= f / “(x ﬁ;) d*xd3x,
”(x—x’)/(x—x’)k(x—x’)[ s 4 (ES)
x % d*xd*x',

Bxd?x.

ikl __ P
Xy =]jpp’
AJA

|x —x'|”

APPENDIX F: EXTRACTING TOTAL TIME DERIVATIVES

Using the Newtonian equations of motion plus the 1 PN spin-orbit terms, it is straightforward to establish a number of
identities, which may be used to extract time derivatives from 2.5 PN and 3.5 PN terms. For any non-negative integers s, p

and g, we obtain

d v2x’;p U2$72’;p71 . . .zm p U

E( ) >= s {pv — (p + q)v*i* — 257 7—pv7 57 (45+3§)}
d (vBiP . p2=2pp-l 4 m p v?
= = —(p+ )22 — g2 _ m. pv "
dt( = LN> e {[pv (p + @u*i* — 2s7 . pv . 2 Ly (45 3{;‘)}

v2i 3
——nX (|:V - Zin} X (48 + 3§)>}. (F1)
r

Another set of identities, to be used only in 3.5 PN terms, require only the Newtonian equations of motion:
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d <v2si.p ; j) UZ.;*Z};.p*l
xXx | =

T{[P”“ = (p + g@v?i?
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— 2si2 — — pv2—}x’xf + 2v2i'rx(’vf)},
r

dr\ r? r

d (v¥ir N\ vP el m mj . . vl

— vivi )| =——— 1| pv* — (p + @)v2i? — 2si2— — pv?— |viv/ — 2m— xliv) L F2
dt< rd ) ra+1 {[p (p+4) r p r r? F2)
d (vBir . p22pp—l m ml . . S .oom

— i) = ————1| pv* = (p + @Qv?#* — 2si* — — pv*— [x'v/ + v2ir{ viv/ — —nin/ L.

dr\ rf ri r r r

APPENDIX G: TOTAL ENERGY AND ANGULAR
MOMENTUM

In this appendix, we express the global definitions of
mass, momentum, angular momentum and center of mass
in a PN expansion, including spin contributions. In paper I,
we defined the “‘source moments”’

P E[ 0B, (Gla)
M

IQEf 70xC 3y, (G1b)
M

Ji¢= Ei“b] x2Q 700 3 5 (Gle)

M

Miio = f FixePy, (G1d)

M

where the capitalized superscript Q denotes a multi-index
(x2@ = xix2 ... x'). The integrals are to be taken over a
constant-time hypersurface M, which lies within the near
zone, i.e. within one gravitational wavelength of the
sources. The quantities P° and P are naturally interpreted
as the total mass-energy and momentum of the system,
respectively, I' = Ii(g = 1) is the system dipole moment,
which relates the center of mass to the origin of coordi-
nates, and J' = Ji(g = 0) is the total angular momentum.
These quantities are conserved up to changes induced by a
flux of gravitational radiation to infinity, that is,

PH = —f T'“deSj, Ji= —ei”bf T/bx“szj,
IM IM
= pi— yg Tojxiszj. (G2)
oM ’

where 9 M denotes the boundary of M. Thus, these quan-

\
tities are conserved and well defined only up to and in-

cluding 2 PN order.

We now wish to evaluate these conserved quantities
explicitly to 1 PN order for a many-body system.
Explicit expressions for 7¢# through the relevant order
may be obtained from Egs. (5.7) and (5.9a) of paper I,
together with Egs. (2.21) of paper II which serve to convert
expressions to dependence on p*. They are given by

Sl 1.3 3001
™W=p (1+§v2—§U+§v4+v2U+§U2+§(D1 -,
TR B
—2v/V/ +Zv/X’J>, (G3a)
7% = p*v/ 1+1v2—U —lX’erin gU vkl
2 2 47
.o . 1., .
+4UUS* - X VUH + E51’<X""U"">, (G3b)
R B2 B
TV =p v +—(U' U’ —=6YVU*), (G3¢)
4 2

where we have extracted total divergences of functions,
such as V - (UVU) from the expression for 7%, since they
will not affect the integral quantities P° and I, to the orders
considered.

Expanding potentials about the baryonic center of mass
of each body as described in Sec. II B, keeping spin terms
and other internal terms, but discarding terms that vanish as
R? and higher as the body’s size tends to zero, and applying
the virial relations of Appendix E, we obtain the same
expressions (2.19) for E, J, and I, as we found from the
equations of motion.
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