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Response of test masses to gravitational waves in the local Lorentz gauge
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The local Lorentz gauge represents a natural coordinate frame for an observer to analyze the effect of
gravitational waves on detectors, and has been widely used to describe the response of resonant bars. Its
application to laser interferometers has thus far been restricted to the long-wavelength regime, in which
the separation between the test masses is much less than the wavelength of the gravitational waves. In this
paper we show that the local Lorentz gauge can be used for calculations of geodesic deviations of the
masses even when their separation is comparable to or greater than the wavelength of the gravitational
waves. We find that a complete description of the gravitational waves in this gauge requires taking into
account three different effects: displacements of the test masses, the gravitational redshift of light
propagating between the masses, and variations in the rates of stationary clocks, all of which are induced
by the gravitational wave. Only when taken together do these three effects represent a quantity which is
translationally invariant and which can be observed in experiments. This translationally invariant quantity

is identical to the response function calculated in the transverse traceless gauge.
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L. INTRODUCTION

Searches for gravitational waves are now conducted
with laser interferometers in which the test masses for
sensing gravitational waves are separated by distances of
several kilometers [1,2]. Variations in the proper distance
between these test masses, which might be caused by
gravitational waves, are measured with light. Calcu-
lations of the test mass response to gravitational waves
require fixing the gauge, i.e. one has to choose a particular
coordinate system to describe the gravitational wave.
There are two widely known choices for fixing the gauge.
In the first approach, the gauge is fixed by choosing a
transverse traceless (TT) form for the metric perturbations
which represent the gravitational wave. Such coordinates
are often called transverse-traceless coordinates. In the
second approach, one fixes the gauge by choosing a fidu-
cial observer and by building an orthonormal coordinate
system in the vicinity of this observer. The corresponding
coordinates are called local Lorentz coordinates. The two
coordinate systems and the differences in the description of
gravitational waves associated with their choice are dis-
cussed in textbooks on general relativity [3,4].

In the TT gauge, the coordinates of an inertial test mass
are not changing in response to the gravitational wave, and
the changes in the distance between two such test masses
occur entirely due to changes in the metric. Being a global
coordinate system, the TT gauge does not have spatial
limitations and therefore calculations of the test mass
response to gravitational waves in this gauge are valid for
arbitrarily large distances between the masses. In the local
Lorentz gauge, the test masses are moving in response to
gravitational waves and the changes in the distance be-
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tween them occur due to the physical displacement of the
masses. However, thus far the calculations of the test mass
response in this gauge have been limited to the long-
wavelength regime, i.e. when the separations between the
test masses are much less than the wavelength of the
gravitational wave. In this paper we go beyond the long-
wavelength regime by taking into account the gravitational
redshift of photons propagating between the masses and
the changes in the rate of clocks which are used to measure
the photon round-trip times. We show that the results are
valid for arbitrarily large separations between the masses
and agree with those obtained in the TT gauge.

Historically, the coordinates of a local observer have
been used primarily for calculations of the response of
bar detectors and there were several attempts to apply
this gauge to laser interferometers. The role of the local
Lorentz gauge as a natural coordinate frame associated
with the detector was emphasized in a number of papers
[5—-8]. Some of the calculations in these studies relied on a
Fermi normal expansion as a means of building the coor-
dinate frame of a local observer. As a result, explicit
coordinate transformations which connected the TT gauge
with the local Lorentz gauge have been constructed and
analyzed [9-11]. These coordinate transformations played
an essential role in these early studies and were typically
used as a starting point for calculations of the test mass
response to gravitational waves. It was later realized that
the calculations can proceed in the TT gauge and the
coordinate transformations can be applied to the final result
[12]. The approach we take in this paper is somewhat
different: we do not use the TT gauge as a basis for our
calculations, nor do we rely on coordinate transformations
which connect one gauge with the other. We calculate the
effect of the gravitational wave on the test masses entirely
in the coordinates of a local observer.
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The presentation in this paper is such that only a few
concepts from differential geometry are used, and when-
ever possible the formulas are given in their Newtonian
forms. In this way, we assume the point of view of a
Newtonian physicist [3] conducting experiments in a labo-
ratory environment on Earth, and interpreting the outcomes
in familiar Newtonian terms, even though the effects them-
selves belong to general relativity.

II. COORDINATES OF THE TT GAUGE

We begin with a brief overview of the TT gauge. This
digression will allow us to introduce the test mass response
function which will be needed later for comparison.
Subsequent calculations, however, do not rely on the TT
gauge.

In the TT gauge the metric which describes a plane-
polarized gravitational wave propagating in flat spacetime
is given by

gpLVz 1_h ’ (1)

where h = h(t + z/c) represents the amplitude of the “+”
polarization [3]. The corresponding 4-dimensional interval
takes the form

ds® = —c?di* + dx* + dy* + dz?
+ h(t + z/c)(dx? — dy?). (2)

In these coordinates the gravitational wave is moving in the
negative z direction and its wave front is parallel to the xy
plane. For all anticipated astrophysical sources, the ampli-
tude of gravitational waves upon their arrival at Earth is
expected to be extremely small: |h] ~ 1072 or even less.
We therefore will frequently use perturbation expansions in
powers of h, keeping only first order terms. For any quan-
tity which is already first order in # we can neglect all
terms of order £ in its argument because those represent
second order corrections.

A special property of the TT coordinates is that inertial
test masses, which are initially at rest in these coordinates,
remain at rest throughout the entire passage of the gravi-
tational wave [3,4]. Here the words ‘““at rest” only mean
that the coordinates of test masses do not change, the
masses actually move under the influence of gravitational
waves as can be seen from changes in the proper distances
between them. A convenient way to analyze variations in
the proper distance is by means of a ‘“bouncing photon™
[13]. In this approach, a photon is launched from one test
mass to be bounced back by the other, as shown in Fig. 1,
and its round-trip time is measured with a stationary clock.
We assume here for simplicity that the test masses are
located along the x axis of the coordinate system.
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FIG. 1. Bouncing photon in the coordinates of the TT gauge.

The absence of x and y dependences in the metric
implies that photon momentum in these directions is con-
served. However, momentum in the z direction is not. As a
result, photons launched in the xy plane will deflect out of
this plane. Here we can safely neglect this effect because
the photon deflection into the z direction will be at most of
order h. Therefore, to first order in 4 we can neglect the dz?
term and approximate h(t + z/c) = h(t) in the interval,
Eq. (2). Then for photons launched in the x direction the
interval becomes particularly simple,

ds*> = —c*dt*> + [1 + h(t)]dx>. 3)

The condition for a null trajectory (ds = 0) gives us the
coordinate velocity of the photon:

2 _ @22 c?
v _<dt> 1+ h(r)’ @)

which is a convenient quantity for calculations of the
photon propagation times between the test masses.
Knowing that the coordinates of the test masses do not
change under the influence of the gravitational wave, x, =
[ and x;,, = [ + L, we find that the duration of the forward
trip is

Ty(0) = f A 5)
;v

where the retardation time 7 is a parameter along the
trajectory of the bouncing photon: x = x(#'). To first order
in £ this integral can be approximated as

1 1+L ;
T =T+ ﬁ h(t')dsx, ©)

where T = L/c is the light transit time in the absence of
the gravitational wave. Here the retardation time ¢, as an
argument of s, can be approximated by its unperturbed
value: ¢/ =t — (I + L — x)/c. Similarly, the duration of
the return trip is
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1 ! / —
T =T+ 5 ﬁ b (=d), )

where the retardation time is given by ¢/ =t — (x — I)/c.

The round-trip time can then be found by adding T'»(¢)
and T,[t — T,(¢r)]. The latter can be approximated by
T,(t — T) because the difference between the exact and
the approximate values is second order in /. Therefore, to
first order in h, the duration of the round-trip is

T, (t) =Tt = T) + T,(). ®)

Deviations of this round-trip time from its unperturbed
value (27) are given by

8T(r) = 21—C ﬁﬂ[h<t — 2T + XT_I>
+ h(t - x:lﬂdx. )

Even though [ explicitly enters this equation, 7 does not
depend on /. This observation implies that the choice of the
origin for this coordinate system does not affect 67. In
other words, the result is translationally invariant.

The deviations of the round-trip time, Eq. (9), can also
be written in the Fourier or Laplace domain. Laplace trans-
formations are commonly used to analyze linear responses
of interferometric gravitational-wave detectors [14] and
sometimes are easier to interpret than their time domain
equivalents. Define the Laplace transform of A(f) by

ii(s) = ﬂ) Y e th(dt, (10)

where s is related to the frequency of the gravitational
wave (f) via s = 27rif. Then the Laplace domain version
of Eq. (9) can be written as

ST(s) _ C(s)h(s), (11)
T

where C(s) represents the response of test masses to gravi-
tational waves:

1— e—2ST

C(s) T (12)
A number of derivations of this result, some quite different
from ours, can be found in the literature, for example, in
Refs. [15-18] and more recently in Refs. [14,19].
Calculations which allow arbitrary orientations of test
masses with respect to incoming gravitational waves can
be found in Refs. [20,21].

There are several reasons why the above picture is not
satisfactory from a physical point of view, even though it is
mathematically sound. The main problem with the coor-
dinates of the TT gauge is that they generally cannot be
realized in experiments. They would be difficult to imple-
ment in a laboratory environment on Earth because the
coordinate grid would have to be changing in unison with
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the passing gravitational wave, an effect commonly known
as ‘“‘breathing of the frame.” They may, however, be real-
ized in space with a network of freely falling satellites. For
ground-based gravitational-wave detectors, the interpreta-
tion of the results derived in the TT gauge is not straight-
forward because these coordinates are not feasible. We
therefore turn our attention to the coordinates of a local
observer which form a reference frame naturally associated
with a detector of gravitational waves.

III. COORDINATES OF A LOCAL OBSERVER

An observer in a laboratory environment on Earth typi-
cally uses a coordinate system in which spacetime is
locally flat [13], and the distance between close points is
given simply by the difference in their coordinates in the
usual sense of Newtonian physics [3]. In this reference
frame, gravitational waves manifest themselves through
the tidal forces which they exert on the masses. To describe
the tidal forces we consider a test mass which is free to
move in the field of a gravitational wave. For simplicity, we
assume that the gravitational wave is propagating along the
z axis, and that the x and y directions of the coordinate
system match the polarization of the gravitational wave.
Then the tidal acceleration of the test mass [3] in the plane
of the wave front of the gravitational wave is given by

1.
i =+5hy, (13)
G = — L (14)
y > h,

where h = h(t + z/c). Equivalently, one can say that there
is a gravitational potential [5,9,22]:

®(r, 1) = — A]—‘H(t + z/c)(x* — y?), (15)

which generates the tidal forces, and that the motion of the
test mass is governed by Newton’s law:

i=-Vd+a, (16)

where a,, is a post-Newtonian correction (see Appendix A).
This correction is needed for a complete description of test
mass motion in the direction of the gravitational-wave
propagation (z direction). Here we neglect the test mass
motion in this direction because it will be perpendicular to
the trajectory of the photon bouncing off this mass, and, to
first order in £, it will not affect the photon trajectory or its
propagation time.

The potential ® is not static and therefore the energy of
the test mass is not conserved. In particular, a test mass at
rest can acquire energy from the passing gravitational
wave—a notion proved by Bondi et al. with a thought
experiment involving a bead sliding on a rigid rod [23].

The correspondence between Newtonian theory and
general relativity is given by the formula
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2
goo = —1~— ?q)’ (17

a mathematical relationship which encompasses the phys-
ics of gravitational redshifts. In the following calculations
we will use perturbation expansions and therefore will rely
on the assumption that |®|/c*> < 1. To satisfy this condi-
tion, we require that the spatial coordinates x and y do not
extend indefinitely. Such a limitation, however, will not
restrict us in any way. Indeed, for gravitational waves with
the largest expected amplitudes (|| ~ 10~2!) and the high-
est frequencies within the bandwidth of laser interferomet-
ric detectors ( ~ 10 kHz), this limitation implies that
|x], |y] << 10'* m, which is always satisfied in a laboratory
environment on Earth.

The solution to Egs. (13) and (14) is usually found using
the perturbation method. Assume that the test mass is
initially at rest in the z = O plane. To first order in A, the
displacements of the test mass caused by the gravitational
wave are given by

ox(r) = + %xoh(z‘), (18)

1
Sy(r) = — Eyoh(f), (19)

where x( and y, are the initial (unperturbed) coordinates of
the test mass [3]. In this regard the local Lorentz gauge is
very different from the TT gauge in which the test mass
coordinates are not changing under the influence of the
gravitational wave.

IV. REQUIREMENT OF
TRANSLATIONAL INVARIANCE

An interesting feature of the local Lorentz gauge is the
coordinate dependence of tidal forces—they can be
changed by a mere shift of the origin of the coordinate
system:

x—x+X, and y—y+Y. (20)

The same can be said about test mass displacements
[Egs. (18) and (19)]. This is the earliest indication that
the translational symmetry may not be explicit in these
coordinates. However, at this point the dependence on the
origin seems to be quite harmless, and we can entertain the
notion that it can be removed simply by considering the
relative motion of test masses.

As before, we probe the geometry of spacetime with a
bouncing photon. Consider two test masses with coordi-
nates x, and x;, and assume that the photon is launched
from one test mass and bounces off the other. Let the

unperturbed values for the test mass coordinates be
X, =1 and x,=1+1L, [2))

and the unperturbed propagation time between the masses
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T =

L . (22)
c

From Eq. (18) we find that the displacements of the test
masses under the influence of the gravitational wave are

ox, (1) = %lh(t), 23)

Sx, (1) = %(1 + L)A(?). (24)

If we define the relative displacement as
SL(t) = 8x,(1) — 6x,(t), (25)

we would obtain the following result:
1
SL(1) = 5Lh(t), (26)

which is obviously independent of / and therefore inde-
pendent of the choice of the origin for these coordinates, as
we expected. Note, however, that the corresponding
change in the photon round-trip time (87 = 28L/c), writ-
ten in the Laplace domain as

8T(s) _ (o), 27)
T

would be different from the one obtained in the TT gauge,
Eq. (11). This well-known observation simply reflects the
fact that Eq. (26) is an approximation. As we will see,
several physical effects have been neglected in this sim-
plified picture.

Until recently Eq. (27) was regarded as a good approxi-
mation to the exact result, Eq. (11). For a long time,
searches for gravitational waves have been conducted
with metal bar detectors and prototype laser interferome-
ters with relatively small sizes (a few meters). For these
detectors the separation between the test masses is usually
much less than the wavelength of the gravitational waves
|sT| < 1 and therefore C(s) = 1, which makes Eq. (11)
equivalent to Eq. (27). The situation changed with the
arrival of large-scale laser interferometers. In these detec-
tors the test masses for sensing gravitational waves are
separated by distances of several kilometers and the
long-wavelength regime (|sT| << 1) becomes hard to jus-
tify. Furthermore, recent studies [24] have shown that these
interferometers are capable of detecting gravitational
waves with wavelengths comparable to their arm-lengths
(IsT| ~ 1) thus operating entirely outside the long-
wavelength regime. In what follows we do not assume
the long-wavelength approximation and therefore consider
test masses which are separated by arbitrarily large
distances.
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V. REQUIREMENT OF CAUSALITY

For large separations between the masses the definition
for relative displacement, Eq. (25), becomes unphysical.
Causality requires that the displacement of one test mass be
compared with the displacement of the other at a later time
to allow for a finite delay from the light propagation. The
relative displacements of the test masses defined in this
way will, in general, be different for the forward and return
trips:

SL (1) = 6x,(t) — 6x,(t — TY), (28)

OLy(1) = 8x,(t — T,) — 6x,(2), (29)

where T and T, are the corresponding photon propagation
times, as shown in Fig. 2. Within Egs. (28) and (29) these
propagation times can be replaced with their nominal value
(T) because the test mass displacements, dx, ,, are already
first order in h. The total change in the distance between
the masses in one photon round-trip is therefore given by

8L, (t) = S8L(t — T) + SL,(1)
=28x,(t = T) — 6x,(r) — 6x,(t — 2T). (30)

An explicit formula for this length change, written in terms
of the amplitude of the gravitational wave, is

6hﬁﬂ=U+LMO—D—%mm—%mu—my
31

Note that 0L, is not translationally invariant despite the
fact that it represents the relative displacement of the test
masses. This is the price one has to pay for satisfying the
causality condition.

Changes in the distance between the masses lead to
changes in the round-trip time for the bouncing photon,

5}6%(” — Wt —T) — ulh(d) — 2h(t — T) + h(t — 2T)]

(32)
Here we introduce the dimensionless parameter
)
M=or (33)

The presence of this parameter in subsequent formulas will
indicate a loss of translational invariance. The Laplace
domain version of Eq. (32) can be written in a manner
similar to Eq. (11), namely

5{V)=Dx@ma (34)

where D, (s) is the corresponding response function
D.(s) =e T — u(l — e 5T)2 (35)

Clearly D, (s) depends on the choice of the origin for this
coordinate system. By introducing the light propagation
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FIG. 2. Bouncing photon in the coordinates of a local observer.

delays, we lost the translational symmetry which was
explicit in Eq. (26). At first, this loss of translational
invariance may seem quite natural. After all, the potential
explicitly depends on coordinates, which in classical me-
chanics usually means that the symmetry with respect to
translations is lost. However, this contradicts our physical
intuition which maintains that all locations on the wave
front of the plane gravitational wave are equivalent.
Therefore, physical quantities must be the same no matter
where on this plane they are measured, even though the
potential explicitly discriminates between different loca-
tions. We will soon see that this is indeed the case and that
translational invariance is restored, but only when another
physical effect is added to the picture: the gravitational
redshift of light propagating between the masses.

VI. DISTRIBUTED GRAVITATIONAL REDSHIFT

We have calculated variations in the photon round-trip
time from the motion of the test masses induced by the
gravitational wave. In this calculation, we implicitly as-
sumed that the propagation of the photon between the test
masses is uniform, as if it were moving in flat spacetime.
The presence of tidal forces indicates that the spacetime is
curved, and therefore, the bouncing photon will experience
a gravitational redshift [see Eq. (17)]. There will be two
such effects in the following calculations. The first will
require spatial separation between the test masses and will
be called the distributed gravitational redshift; the second
will occur at a single point in space and therefore will be
called the localized gravitational redshift.

The distributed gravitational redshift can be calculated
as follows. Consider the interval for photons propagating
along the x axis,

ds® = gooc’dt® + dx?, (36)

where g is the time component of the metric, Eq. (17). As
was the case with the TT gauge, deflection of the photon
trajectories into the z direction caused by the gravitational
wave gives rise to second order terms in the interval and
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therefore can be neglected (see also Appendix B). Then the
condition for a null trajectory (ds = 0) gives us the coor-
dinate velocity of the photon:

dx\2
= <i> = 2 +20(x, 1). 37)
dt
To first order in A, the velocity can be approximated by
1
v= ic[l + —2<I>(x, t)}, (38)
c
where “+”” and “—"’ correspond to the forward and return

trip, respectively.

Knowing the coordinate velocity of the photon, we can
define the propagation times for the forward and return
trips as

w0 d w0 d
Tl(z)=f“ & and Tz(t)=f T (39

x,(t=T) V x(t=Ty) U

Deviations of the test masses from their nominal positions
caused by the gravitational wave make the boundaries of
these integrals vary with time:

x,(6) = 1+ 8x,(1), (40)

Xb(t) = l + L+ 5xb(t), (41)

where 6x, , are given by Eqs. (23) and (24). Separating the
boundary terms, we obtain

Tl(t) = 5L_1(t) + fHL@’ 42)
C )i v

() = 320 | fl dx. (43)
C +L V

Note that we have already considered the contribution of
the varying boundaries to the photon propagation times;
their combined effect is given by 6,7 in Eq. (32). At this
point we only need to calculate the times for photon
propagation between the fixed boundaries: / and [/ + L.
These propagation times will be denoted here by AT , to
be distinguished from T ,.

For the forward trip, the propagation time between the
fixed boundaries is

I+L  dx
AT, (1) = ﬁ T

1 1+L
~T—-— f D(x, t')dx, (44)
c 1

where ¢ is the retardation time which corresponds to the
unperturbed photon trajectory: ¢ =r— (I+ L — x)/c.
Similarly, the propagation time between the fixed bounda-
ries for the return trip is

ATy () =T - & ] Db )(—dx),  (45)
c I+L
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where the retardation time is given by ¢ =t — (x — [)/c.
The round-trip time for photons traveling between the fixed
boundaries can be found by adding AT,(z) and AT, (¢t — T).
Deviations of this round-trip time from its unperturbed
value (2T) are given by

1 I+L —
8,T(t) = —— f (I)<x, t—2T + al l)dx
cJi

c

1A J—
. [ " CD(x, - l)dx. (46)
C 1 C

After replacing the potential with its explicit form,
Eq. (15), we obtain a formula for 6,7 in terms of the
amplitude of the gravitational wave:

1 I+L[ .. -
8,T(f) = — it —or+ 21
4¢3 c

¥ k’(r Xl )}xzdx. (47)

c

This contribution to the round-trip propagation time comes
from changes in the coordinate velocity of the bouncing
photon, which accumulate over the photon trajectory. It
will be called here the distributed gravitational redshift.

Equation (47) is similar to Eq. (9), in that both formulas
represent cumulative effects of the gravitational wave.
However, unlike Eq. (9), which is translationally invariant,
Eq. (47) is not, as can be seen from the presence of the x>
factor in the integrand. A better way to analyze the loss of
translational invariance would be to rewrite the result in the
Laplace domain:

31}%@ — D, (s)ii(s), (48)

where D,,(s) is the corresponding response function:

1
D,(s) = m(l —e 2Ty — ™57 4+ (1 — e=37)?
+ w?(1 — e >7T)sT. (49)

The terms proportional to u and u? represent the depen-
dence of the response function on the choice of the origin
for this coordinate system.

We can now combine the variations in the photon propa-
gation time which are caused by the motion of the test
masses with those caused by the distributed gravitational
redshift. The resulting round-trip time is

T..=2T+6,T +6,T. (50)
Thus far the combined effect of the gravitational wave is

given by

D.(s) + D,(s) = (ﬁ + ,u,st>(1 — e 2T, (51)

By adding the two response functions we cancel the terms
proportional to u. However, the terms proportional to u?
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remain. As will be shown next, these terms are related to
the localized gravitational redshift.

VII. LOCALIZED GRAVITATIONAL REDSHIFT

The third contribution to the photon round-trip time is
also related to gravitational redshift, although it is some-
what different from the distributed effect described above.
The photon round-trip time 7, as given in Eq. (50) refers
to the lapse of coordinate time. The physical time mea-
sured with stationary clocks is different, except for the
clock at the origin which coincidentally reads the coordi-
nate time. In general, the time ¢* registered by a stationary
clock is related to the coordinate time ¢ by

dt*z = _goo(r, t)dtz, (52)

where r is the location of this clock. Note that the trajec-
tories of the bouncing photon begin and end at the first test
mass, which implies that direct measurements of round-
trip times must be made with a clock attached to this test
mass. To first order in 4 we can neglect the motion of the
clock associated with the motion of the mass, and assume
that the clock is at rest at x = /. The presence of the time-
dependent gravitational potential affects the rate of this
clock, causing it to register the round-trip time as

t
7ﬁm=fTwF@WMW’
— Lt

~ T () + & f "o Ndr. (53)
c =T
Because the integrand is first order in £, the lower bound-
ary of integration can be replaced with its unperturbed
value, t — 27. Therefore, to first order in %, variations in
the round-trip time due to this effect are given by

8,T(1) ~ % ﬁ iZT o, )t

2. .
= - P[h(t) — h(t — 27T)] (54)

This contribution to the round-trip propagation time comes
from the nonuniformity of time flow which occurs at a
given place. It will be called here the localized gravita-
tional redshift. In the Laplace domain the effect of the
localized gravitational redshift can be written as

5,T(s) —

D,(s)h(s), (55)
T
where D,(s) is the corresponding response function
D,(s) = —u*(1 — e »7)sT. (56)

Addition of this response function to Eq. (51) will cancel
the wu? terms, giving us a translationally invariant result.

We can now conclude that the change in the round-trip
time caused by the gravitational wave consists of three
contributions:

PHYSICAL REVIEW D 71, 084003 (2005)
8T = 8.T + 6,T + 6,T, (57)

which correspond to displacements of test masses, changes
in the coordinate velocity of bouncing photons, and varia-
tions in the rate of stationary clocks. Their combined effect
is given by the sum:
1— €72ST
Dy(s) + Dy(s) + Difs) = — =
sT
which is translationally invariant. Furthermore, the sum
gives us a response function identical to C(s), Eq. (12).
With the distributed and localized gravitational redshifts
taken into account, calculations of the observable photon
round-trip time in the local Lorentz gauge yield the same
result as calculations in the TT gauge.

(58)

VIII. ROUND-TRIP PHASE SHIFT OF LIGHT

Thus far, we have considered the bouncing photon as a
particle, assuming that there is a beginning and an end to
the photon round trips. In practice, measurements of pho-
ton propagation times are done with optical interferometry
in which photons are represented by continuous electro-
magnetic waves. We will therefore briefly describe how the
above calculations can be modified to become applicable
to continuous waves. Assume that the light is represented
by a plane monochromatic wave with frequency @ and
wave number k. In the absence of gravitational waves, the
light wave is given explicitly by exp[i(w? F kx)]. Then the
photon trajectory introduced above would describe ad-
vancement of a surface of constant phase, whereas the
photon velocity becomes the phase velocity of the wave.
In this approach, the quantity of interest is the round-trip
phase, or more precisely, its variation caused by the gravi-
tational wave.

The first contribution to the round-trip phase variation
comes from the motion of the test masses:

oy, = —kéL, = —wd,T, (59

where 6L, is the change in the distance between the test
masses, Eq. (31), and 6,7 is the corresponding change in
the round-trip time, Eq. (32). The second contribution
comes from the change in the phase velocity of the wave:

S, = —wd,T, (60)

where 6,7 is the corresponding variation in the round-trip
time. Here we give a brief derivation of this result based on
simple physical arguments. Another derivation based on a
solution of the eikonal equation is given in Appendix B.
In the presence of the gravitational wave, the frequency
and wave number are no longer constant, they become
functions of position and time: Q(x, ) and K(x, z). Then
the dispersion relation for the electromagnetic wave is

02 = v2K?, (61)

where v is the phase velocity of the wave previously
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introduced as the coordinate velocity of the photon,
Eq. (37). To first order in A, this dispersion relation can
be approximated as

0-ck="o (62)
C

For an electromagnetic wave moving in the positive x
direction, an infinitesimal phase shift is given by (Qdt —
Kdx). The accumulated phase shift can be found by inte-
grating this quantity along the trajectory of a given wave
front. In doing so we would find that the accumulated phase
shift vanishes by virtue of dx/dr = Q/K, i.e. traveling
with a wave front implies following a surface of constant
phase for which no phase change ensues. We must remem-
ber however that the effect of the gravitational wave on the
light is not described by the total phase shift along the
photon trajectory. Rather, it is given by the phase differ-
ence between perturbed and unperturbed electromagnetic
waves. This phase difference can be found by integrating
the infinitesimal phase shift along the unperturbed photon
trajectory:

oY, = fC(th — Kdx). (63)

Here C stands for the unperturbed photon trajectory:
dx/dt = *c, which extends to the unperturbed test mass
locations: x, =1 and x, = [+ L. Using the dispersion
relation, Eq. (62), it is easy to show that

S, =52 f Pdx, (64)
Cc C

which is equivalent to Eq. (60) as can be seen from the
definition of 6,7 in Eq. (46).

We can now add this phase change to the phase change
produced by the motion of the test masses, Eq. (59). There
is no need to worry about the difference between k and K in
the definition of d0¢,. The displacements of test masses are
first order in h and therefore any correction to k would
result in second order terms. Thus, the combined effect is
given by

61//W = 5'70): + 51701/ =

As we already know [see Egs. (50) and (51)], this phase
change is not translationally invariant and therefore cannot
be observed in experiment. This is because d¢yy represents
the difference between the round-trip phases for two elec-
tromagnetic waves: with and without the gravitational
wave. Such a phase change cannot be observed because
the two waves do not coexist in the same spacetime. To
form an observable quantity we need to compare the
round-trip phase variation of the traveling wave with that
of a reference wave which can coexist with the traveling
wave, for example, the source itself.

In flat spacetime, the phase of the source would simply
be wt, and the phase shift of the source 2w7. In the

—w(8,T +8,T). (65
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presence of the gravitational wave, the phase of the source
becomes wt*, where t* is the proper time at the location of
the source. Then the phase shift of the source is given by

o[t'(t) -t —2T)] = w ﬁ—n[l + %CI)(Z, t’)i|dt’.
(66)

The change in this phase shift which is caused by the
gravitational wave is

Sips = wd,T, (67)

where 0,T is given by Eq. (54).

We can now compare the phase change of the traveling
wave, Eq. (65), with that of a stationary source, Eq. (67).
The difference between the phase of the wave front for the
electromagnetic wave returning to the source and the phase
of the source at that moment is

S = 8¢y — 6. (68)
More explicitly, this phase difference is given by
S =—w(6, T+ 6,T + 8,T). (69)

As we already know [see Egs. (57) and (58)], this phase is
translationally invariant and therefore represents an ob-
servable quantity. It is not surprising that this phase devia-
tion is related to the deviation of the photon round-trip
time, Eq. (57), by

S = —wdT. (70)

This formula could have been guessed from a simple
dimensional analysis and the requirement of translational
invariance, except perhaps for the minus sign. The deriva-
tion above serves to explain the physical meaning of the
relative phase shift and its constituent parts. In short, the
motion of the test masses and the distributed gravitational
redshift contribute to the phase shift of the traveling wave,
whereas the localized gravitational redshift contributes to
the phase shift of the stationary source.

IX. CONCLUDING REMARKS

We have introduced the three effects caused by gravita-
tional waves one by one for simplicity. Of course, one can
take a more direct approach and derive these three effects
concurrently. This can be done by starting with an abstract
definition for the proper time of the photon round-trip,

T = [dt*, (71)

and then by proceeding with the integration as follows:

fdt —fw/—goo(l t')dt’—f*v g°°(l’ dx, (72)

where C* stands for the unperturbed photon trajectory
which extends to the perturbed test mass positions: x,(z)

084003-8



RESPONSE OF TEST MASSES TO GRAVITATIONAL ...

and x,(¢). By evaluating various terms in the integral,
Eq. (72) to first order in %, one would reproduce the three
components of the round-trip time variation described
above.

The requirement of translational invariance played an
important role throughout this paper. It allowed us to tell
the difference between physical and unphysical terms in
the response of test masses to gravitational waves. The
associated coordinate transformations, Eq. (20), are a par-
ticular case of transformations known as changes of the
origin, which in general relativity are usually accom-
plished with the help of Fermi-Walker transports [13].
Following the Newtonian style of our presentation, we
viewed these transformations as translations and required
that they represent a symmetry. This symmetry owes its
existence to the planeness of the gravitational wave [23].

We have shown that the coordinates of the local Lorentz
gauge can be used for calculating geodesic deviations even
for large separations between the test masses. The response
of test masses to gravitational waves in this gauge acquires
contributions from three different effects: the motion of the
test masses and the distributed and localized gravitational
redshifts. Only when taken together do these effects yield
the observable quantity. The approach followed in this
paper allows us to calculate physical quantities directly
in the coordinates of the local observer which form a
natural reference frame associated with detectors of gravi-
tational waves.

ACKNOWLEDGMENTS

I am indebted to Barry Barish who encouraged this study
as a part of my thesis research. Also I would like to thank
Rick Savage, Kip Thorne and Bernard Whiting for fruitful
discussions and for comments on the draft of this paper.
This research was supported in part by the National
Science Foundation under Grants No. PHY-9210038 and
No. PHY-0244902.

APPENDIX A: METRIC TRANSFORMATION AND
GEODESIC EQUATION

For completeness, we present here the first-order trans-
formation rules which connect the coordinates of a local
observer with the coordinates of the TT gauge. Denote the
coordinates of a local observer by x*, where © =0, 1, 2, 3
(x° = c1) and the metric in these coordinates by g v+ Also,
denote the coordinates of the TT gauge by ¥* and the
corresponding metric by g,s. The components of the
metric in the TT gauge, Eq. (1), can be written as

0O 0 0 O
- 0O h 0 0
g,uv_n,u,v+ 00 —h 0o} (Al)
0 0 0 O

where 7, = diag{—1, 1,1, 1} is the Minkowski metric
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and h = h(f + Z/c). The coordinate transformation x* —
x* induces the following transformation of the metric:
9% 9xP _

—&aB A2
g,u,l/ ax* ox’ ga,B ( )

By definition, g,, becomes the Minkowski metric at the
origin, and all its first derivatives vanish at this point. There
are a number of metrics which satisfy these conditions.
Here we consider one such choice [5,6,9]. It can be ob-
tained with coordinate transformations, which to first order
in h, are given by

_ 1 .
f=i—75 h(x* — y?), (A3)
_ 1
X =x—=hx (A4)
2
_ 1
y=y+ Ehy, (AS5)
= Lo 2
Z=2z+—hx -y’ (A6)
4c

The corresponding metric tensor can be obtained by per-
forming the induced transformation, Eq. (A2). To first
order in A, the result is

® 0 0 P
_ 20 0 0 O
$ur =M =3l g 0 0 of O
d 0 0 P
where ® is a function of the new coordinates:

®=— %h‘(t + 2/ = 32). (A8)
In Newtonian theory this function becomes the generating
potential for tidal forces induced by the gravitational wave.
It is interesting to note that although the transformation
rules, Eqs. (A3)—(A6), are approximate, the metric,
Eq. (A7), is an exact solution of Einstein’s equations
[25,26]. A brief discussion of the relationship between
the metric in the local Lorentz gauge and the exact solution
can be found in Ref. [22].

Geodesic motion of a test mass in spacetime with metric,
Eq. (A7), can be described as follows. Introduce two new
coordinates:

u=ct+z and w=ct—z (A9)

Note that the potential ® depends on x, y, and u but not w.
In these coordinates, the Lagrangian for the test mass is

dx\2 dy\2 dudw 2 /du\2
L =) +([=) ————-5(—] P, (Al0
(dT) (dr) dr dr ¢ <d7> ( )
with the usual constraint: £ = —c?. Thus, d*u/d7m> =0
which implies that u(7) = ug + c7. The other equations of
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motion are
2 Lo d? Gl
dx _ 0% Y _ 0%l
dr? ax dr? dy
and
2 4700 d od d od
dw _ 2004 0B DN H9P (A1)
dr? c\dx dr dy dr ou
This last equation leads to
2 od 2 dd
dz _ 92, (A13)

ar? 9z cdr’
To first order in /&, we can approximate 7 with ¢ and thus
obtain the equation of motion in the semi-Newtonian form:
2do
Pi=-Vb+-—7
c dt
where the last term represents the post-Newtonian correc-
tion. Note that this equation is valid for arbitrarily large
values of r.

(Al4)

APPENDIX B: EIKONAL EQUATION

Propagation of an electromagnetic wave in curved
spacetime is described by the eikonal W [27] which sat-
isfies the equation

v v
By — =0, B1
& dxH* ax” (B1)
where g#” is the contravariant metric tensor,
- 0 0 9D
0 0 0 O
MY — v T
g U] 2l 0o 00 o (B2)
® 0 0 -9

For light propagating along the x axis, the z dependence of
the eikonal can be neglected. Indeed, the deflection of light
into the z direction is represented by dW/dz which is first
order in &. This term enters the eikonal equation either
squared or multiplied by @ and therefore leads to second
order corrections. Neglecting all such terms, we reduce the
eikonal equation to

(1-50)Ga) = (&)

Taking the square root of both sides of this equation and
keeping only the terms which are first order in /1, we obtain

J J 1 . 0¥
(L= tol
dct  dx c dct

(B3)

(B4)

where £ corresponds to wave propagation in the positive
and negative x directions. For simplicity, we consider the
eikonal for photons propagating between the fixed bounda-
ries: x, = [ and x;, = [ + L. The motion of the test masses
can be added separately, as we have done above.
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ct A

4(,)Q

X

l I+L

FIG. 3. The world lines of bouncing photons in the ¢ and 7
coordinates.

The large unperturbed value of the eikonal satisfies
Eq. (B4) in the absence of the gravitational wave (® =
0), and is given by wt * kx up to an additive constant.
Therefore, we look for a solution of the form:

U, = wt — kx + kl + 8, (BS)

where 6V, are first order perturbations, and the sub-
scripts 1 and 2 correspond to the forward and return trip,
respectively. For convenience, we introduce two new co-
ordinates:

&= (ct+x)/2 (B7)

n=(ct=x)/2,

which naturally parametrize the photon world lines, as
shown in Fig. 3. In these coordinates, the first order eikonal
perturbations satisfy the equations:

(B8)

9 k

30 =50 (B9)
9 k

55% -5 (B10)

which allow direct integration,

swien) =% [ mag + fe. @1
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k
SV(é M) = "D m)dy + £2(8),  (B12)

Mo
where f(n) and f,(&) are arbitrary at this point. The
coordinates &, and 7, correspond to the location of the
source and the emission time for the bouncing photon.
Transforming back to coordinates x and ¢, we obtain the
solution:

ko[x — X
8@5@J)=;5];@(ﬂt—xrcxyh’+fﬁmﬂ,
(B13)

x—x

k 1+L
8\1’2()(, t) = > [
C

X

CI)(x’, t+ )dx’ + fo(x, 1).
(B14)

The function f; is defined by the boundary value of the
eikonal W,. The eikonal at the location of the source must
be ¥, ([, t) = wt*. To first order in A, this boundary value
can be approximated as

t
=w | 4/~ L t)dt
ﬁ goo(L 1)

~ w]'[l + Lag, t’)}dt’, (B16)
0 &

W (1, 1) (B15)

which according to Eq. (B5) must be the same as wt +
f1(, r). We thus find f, at the location of the source.
Knowing that f; is a function of ¢t — x, we can extend it
to the entire x axis:
k (1=[(x=D/c]
ﬂ@ﬂ=—f ®(, dr.  (BI7)
¢ Jo
The function f, is defined by the boundary value of the

eikonal W,. Continuity of the eikonal at the turning point

requires that
U (I +L,t)=8W,(I+ L,¢). (B18)

We thus find f, at the turning point. Knowing that f, is a
function of ¢t + x, we can extend it to the entire x axis:

k —2T+[(x+1)/c]
falx, 1) =— f t ®(, t')dr
c Jo

koL + =21
+ X f <I><x’, f— 2T + L)d;d.
1

c? c
(B19)
The phase shift acquired by the electromagnetic wave in
one round-trip is given by the difference between the
values of the eikonal at the beginning and the end of the
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propagation:
S, (1) = 6W,(L 1) — 6W (I, t — 2T). (B20)

Simple algebra shows that this definition leads to

k I+L — 1
Sy, (1) = 2 fl @(x, r—2 . )dx

k I+L —
+ = f <D<x, t— 2T + x—l>dx, (B21)
C 1 C

which is the expanded form of Eq. (64). Similarly, the
phase shift acquired by the static source is given by

Sips(t) = V¥ (L, 1) — 8V, (I, t — 2T). (B22)
This definition leads to
k [t
Surs(r) == [ o (1, 1)t (B23)
C Jt—2T

which is the expanded form of Eq. (67).

Finally, we give explicit formulas for () and K in terms
of the gravitational potential. These two quantities can be
derived from the eikonal according to

Qzﬂ, and Kz—ﬂ. (B24)
ot 0x
For example, in the forward propagation
O t) = o + X1 0 + 5q><z, (= l), (B25)
c c
K1) = k+ “T(on) + %@(z, . l) ~ K o),
c c c
(B26)

where I” represents the purely nonstationary component of
the gravitational redshift:

1 (=9 —x
Ty, 1) =~ f <2 [CD(x’, P ﬂdx'. (B27)
c J; ot c
Note that K can also be written as
1 k
K(x, 1) ==-Q(x, 1) = 5 P(x, 1), (B28)
c c

which leads directly to the dispersion relation, Eq. (62).
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