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We analyze the electromagnetic contributions to the octet and decuplet baryon masses using the heavy-
baryon approximation in chiral effective field theory and methods we developed in earlier analyses of the
baryon masses and magnetic moments. Our methods connect simply to Morpurgo’s general parametri-
zation of the electromagnetic contributions and to semirelativistic quark models. Our calculations are
carried out including the one-loop mesonic corrections to the basic electromagnetic interactions, so to two
loops overall. We find that to this order in the chiral loop expansion there are no three-body contributions.
The Coleman-Glashow relation and other sum rules derived in quark models with only two-body terms
therefore continue to hold, and violations involve at least three-loop processes and can be expected to be
quite small. We present the complete formal results and some estimates of the matrix elements here.
Numerical calculations will be presented separately.
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L. INTRODUCTION

Electromagnetic corrections to baryon masses have been
of interest for many years. Early attempts to calculate the
neutron-proton mass difference as arising from the elec-
tromagnetic self energies were largely unsuccessful. This
history can be traced starting, for example, from [1] and the
references therein. Progress on the modern theory began
with the introduction of flavor SU(3) symmetry and the
derivation by Coleman and Glashow [2] of the electromag-
netic sum rule

(E--E)=CE"-3)-@m-p, A1

where we denote the particle masses by the particle names.
This sum rule is remarkably accurate with a difference
between the two sides that is zero to within about 1
standard deviation, [ — r = —0.31 = 0.25 MeV [3]. This
is small on the scale of the SU(3) symmetry breaking in the
mass spectrum and also compared to the individual mass
differences. For example, the difference (2~ — EY) is
6.74 £ 0.02 MeV, some 20 times larger.

It was later understood on the basis of the nonrelativistic
quark model [4-7] that the Coleman-Glashow relation is
actually independent of the breaking of the SU(3) symme-
try and holds exactly along with several other sum rules in
the absence of any three-body interactions among the
quarks in the baryons. The results are consistent with the
structure of the interactions among quarks expected in
QCD-based quark models [8,9].
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The most general expression for the purely electromag-
netic contributions to the mass differences in the baryon
octet and decuplet has since been determined by Morpurgo
[10] using his general parametrization method for ampli-
tudes is QCD. The results were again shown to satisfy the
known sum rules for mass splittings within isospin multip-
lets independently of the symmetry breaking provided
there are no terms with three flavor labels. The sum rules
have also been analyzed in the 1/N,. expansion of QCD by
Jenkins and Lebed [11], who give definite predictions for
the expected sizes of any deviations.

The interest in the electromagnetic mass splittings and
sum rules has been renewed recently [9,12,13] with im-
provements in the measurements of the Z° mass [3] and in
the accuracy with which the Coleman-Glashow relation,
other sum rules, and the 1/N, expansion can now be tested.
It would also be of interest to actually calculate rather than
just parametrize the electromagnetic contributions to the
octet and decuplet masses.

In the present paper, we analyze these contributions
using the heavy-baryon approximation in chiral effective
field theory and methods developed in our earlier analyses
of the baryon masses [14—16] and magnetic moments
[15,17]. Our methods connect simply to Morpurgo’s pa-
rametrization and to semirelativistic quark models. The
calculations are carried out including the one-loop mesonic
corrections to the basic electromagnetic interactions, so to
two loops overall. We find that to this order in the chiral
loop expansion there are no three-body contributions. The
original two-body sum rules therefore still hold, and vio-
lations involve at least three-loop processes and can be
expected to be quite small. We present the complete formal
results and some estimates of the matrix elements here.
Numerical calculations will be presented separately.
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II. BACKGROUND

A. Parametrization of electromagnetic corrections to
baryon masses

Morpurgo [10] has given a parametrization for the elec-
tromagnetic contributions to the masses of the ordinary
octet and decuplet baryons at order e? based on his general
parametrization method [18] for amplitudes in QCD. In
this method, the exact states of the system are written in
terms of the action of unitary operators on model states
which have the structure of the baryons in the nonrelativ-
istic quark model. The model states are completely labeled
by their spin and flavor structure in terms of the constituent
quarks. As a result, the parametrization of an arbitrary one-
baryon matrix element can depend only on the those labels
and can be related to matrix elements of a set of indepen-
dent spin- and flavor-dependent operators I'; in the quark-
model states.

In the case of O(e?) contributions to the baryon masses,
the I’s must be bilinear in the quark charge matrix Q =
diag(2/3, —1/3, —1/3) and can depend otherwise on the
quark spin matrices o and flavors. Ignoring isospin break-
ing through the small u, d mass difference, Morpurgo
groups the I”s in [10] according to the numbers of
strange-quark projection operators that appear, represent-
ing the degree of symmetry breaking through the strange-
quark mass. We will denote that operator, called P in [10],
by M* = diag(0, 0, 1)." Using the conventions that

a | |
=3 Mil=3y  MiK=g ¥
2.1
where i, j, k € u, d, s label the three quarks in a baryon, we
can regroup Morpurgo’s results into sets of one-, two, and

three-quark operators as follows:
One-body operators:

r=>[0: T;=>[oml @2

Two-body operators:

=10k o))l Ty= 3100
(2.3)
Is = 3100, )}
Iy = Z[Q%M,S(O', co)], Iyy= Z[QZZMJS]’
(2.4)

Iy = Z[Q%Mf(ﬂ'i o))

"M’ was denoted by M in [14,15,17] where the light-quark-
mass differences did not play a role.
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Iy = Z[QinMf]: Iy = Z[Q,'QJM?(U',' coy)],

(2.5)

[y = Z[Q?M}?M}Y]’ [y = Z[Q?MfM.§(ai ' O'J')]’

(2.6)
[ys = Z[QinMfMjs'],
2.7)
[y = Z[QinM;VM‘;(O'i : U'j)]-
Three-body operators:
rs = S0¥e; - o)l
Is = Z[Qin(O'i + 0']') Coy, (2.8)
Iy = Z[Q%Mf(o'j o]
L'y = Z[Q%Mj(a'i +0o)) oyl
(2.9)

Is= Z[QinMf(o'i + 0']) coy ),

o= Y10:0M) Ty =>[0:0Mi(0: o))

(2.10)
= Z[QinMi(O'i +0)) o4

2.11)
Iy = > [0MMi(o; + a)) - 0],

L =Y[OMM] Ty = Y [0IM5M}(0; - o))

(2.12)
[y = Z[Q%MfMi(lfi + o)) - oy,
(2.13)
[y = Z[QinMfM‘;(U'i +0)) o,
Ty = > 10,0;M:M;],
(2.14)

[y = Z[QiQ,’MfMi(U'i coy)],
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T30 = Y [0:0,MM}(0r; + ) - 7],
(2.15)
I3y = Y[oiMiMimy],

Iy, =Y OIMMIM} (0, - 0 + ;- 0 + 0 07)].

(2.16)

We have retained the original numbering of the I"’s and
have listed the structures within groups in the order of
increasing numbers of factors M. There are implied unit
flavor matrices and spin operators for the quarks whose
labels do not appear explicitly. For example, I';, written
above as (Q7 + Q? + 03), has the complete flavor struc-
ture (Q71;1; + 1,071, + 1,1;07). We will indicate the
presence of unit operators only where necessary for clarity.
The I’s are independent as operators, but their matrix
elements in the octet and decuplet states are not all inde-
pendent: there are 32 operators listed but only 18 masses.

As noted by Morpurgo [12,19], there are also a number
of operators in which one or more of the Q-dependent
matrix factors in the I's is replaced by its trace multiplied
by a unit operator, for example, Q? — 1, TrQ? in ;. Since
TrQ = 0, the possible trace terms are just TrQM*, TrQ?
and TrQ*>M?®. Replacement of M¢ by 1,TrM* = 1; simply
reduces a I" to one with one less factor of M* and intro-
duces nothing new. We will encounter only two of these
trace terms, and do not give a listing.

Morpurgo [20,21] has argued from QCD that the coef-
ficients of the various operators above satisfy a hierarchy of
sizes, with two-body operators suppressed relative to one-
body operators by the necessity of extra gluon exchanges,
and three-body operators further suppressed, with extra
suppressions at each stage from each symmetry-breaking
factor M*®. The results are consistent with the observed
accuracy of various sum rules for the masses, including
the very accurate Coleman-Glashow relation [2]. Jenkins
and Lebed [11,13] have investigated the mass hierarchy in
the 1/N, expansion of QCD with similar but more specific
results.

Our objective here is to determine which of the Is
actually appear in low-order dynamical calculations, and
to calculate their coefficients including the leading mes-
onic corrections using heavy-baryon chiral perturbation
theory.

B. Heavy-baryon effective field theory

Our analysis of electromagnetic contributions to baryon
masses will be based on heavy-baryon effective field the-
ory with chiral meson-baryon couplings. In the heavy-
baryon approximation [22-25], the internal momenta im-
portant in a process are supposed to be small on the scale of
the baryon mass, k << mp, and baryon recoil can be ne-
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glected. It is useful in that limit to write the momentum of a
baryon in terms of its four velocity, p* = mgv*, viv, =
1 and to replace the effective spin-1/2 octet and spin-3/2
decuplet baryon fields BY, T*? in the initial chiral
Lagrangian by velocity-dependent fields B}, T4 defined
as [22,23]

B,(x) = %(1 + #)eims?v* . B(x), (2.17)

TE) = 3 (1 + Pelmh i), 2.18)
This transformation eliminates the large momentum mgv*
from the Dirac equation, and projects out particle rather
than antiparticle operators.

The velocity-dependent perturbation expansion for the
redefined theory involves modified Feynman rules and an
expansion in powers of k/myg [22,23]. The large mass mp
does not appear directly in the new description and there
are no baryon-antibaryon vertices at leading order in k/mp.
As a result, a baryon always moves through a diagram in
the positive time direction with its four velocity constant
up to corrections of order k/mg in any low-momentum
process.

It will be convenient here, where we deal only with one-
baryon operators, to work in the baryon rest frame with
v#* = (1,0). It then becomes simple and illuminating to
treat the perturbation expansion using old-fashioned time-
dependent perturbation theory. We will henceforth drop the
velocity labels on B} and T4 and deal only with the
heavy-baryon approximation at leading order.

In several earlier papers [14,15,17], we analyzed the
structure of the baryon mass and magnetic moment opera-
tors in heavy-baryon perturbation theory (HBPT). The
analysis was greatly simplified by using a three-flavor-
index labeling of the effective baryon fields B?jk(x) and

Tl’]‘,:y , where i, j, k € u,d, s are flavor indices and vy is a
Dirac spinor index. The transformation properties of these
fields are the same as those of the spin-1/2 and spin-3/2

operators

aa ,Bb _yc

1
Bl c€awcdi“q; 4i (CV)ap. (2.19)
HY aa ,Bb yc aa ,Bb _yc
T,'jk lgﬁfabc(qi q; 4 +qkaq]' q;
+ q2qL 47N CYH) ap. (2.20)

constructed from three anticommuting *“quark™ fields g§¢,
where a € 1, 2, 3 a color index. Color will not play a role
here, so we will suppress the color sums and treat the g’s as
commuting rather than anticommuting fields. The quarks
are to be treated as particles that move with the baryon with
the baryon four velocity v#. In particular, the expressions
in Egs. (2.19) and (2.20) reduce in the baryon rest frame to
1

Blv— — zlalio2a)a, 2.21)
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T} — 6\/_[(% ioy0q;) + (q]ioc,0q)q]

+(q1io20q1)q] ] (2:22)

that is, to quark combinations with the spin-flavor structure
of the SU(6) wave functions of the quark model.

The effective octet pseudoscalar meson fields ¢;; corre-
spond in this quark picture to quark-antiquark pairs in a

singlet spin configuration”,
\
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1
$ij— Jg(q?“q,ﬁ J0uapal” ) (€Y )apr (223)
or, in terms of the mass eigenstates g{)l, lemK, n,to

= 2/\§,¢ij‘_’
7

1
RG] B0b(CP g (2.24)
ij

] 77.0/\/—2' + 7’0/'\/67 7T+, K+

EZ/\ T,

K-,

As we showed in [14,15], general matrix elements in
heavy-baryon chiral perturbation theory (HBChPT) can be
formulated using this quark picture of the baryons and
mesons, and then transformed to obtain representations in
terms of the elementary effective fields B, T;j, and Q.

As an example, the chiral interactions of the baryons and
mesons correspond in the absence of symmetry breaking to
quark-level interactions with a Lagrangian

Ly=igv-(Dq); + q;,(25*A,q); + f28 3 i0H E,Jr,,

(2.26)

where repeated indices are summed. Here D is the cova-
riant derivative

(D,q)i = duq: + (V)irqr, (2.27)
S# is the quark spin operator [22,23]
1
st =L+ Ayry (L + ), (2.28)

and £ and 3 are flavor matrices dependent on the meson

fields ¢,
£=¢l%/, S = Qdlf = g2

where f = 93 MeV is the pion decay constant. V# and A*
are the vector and axial vector meson current matrices

(2.29)

— (€0, + 13,8, (2:30)
= (1/2/)[ b0, — (2, 8)8] + O(*/F),
= S (0,67~ £19,8) = 19,6 + O(&*/F).
(2.31)

The baryon-level Lagrangian then follows from a calcula-

*Note that we will not include the flavor-singlet pseudoscalar,
nominally the 7', in our calculations, hence the requirement that
the trace of the matrix ¢;; vanish.

—70/2 + 1°/ /6, KO (2.25)
RO

—21°/V/6

\

tion using the definitions in Egs. (2.19) and (2.20), the
quark-level Lagrangian in Eq. (2.26), and appropriate pro-
jection operators [14],

LE =iB;(v-DB);j + 2By ;i(S*A,) Bk
+ Byji(S*A ) jiBijk + Bijr (SA,)miBip] + ...,

(2.32)
where
D”Bly]k = aVng + V7 Bly]k + V" Bly],k + ka,B”k,
(2.33)

In the remainder of this paper, we will use the quark-
level description of the interactions and matrix elements,
and will specialize to the baryon rest frame where v# =
(1,0). The quark fields reduce in that frame to two-
component spinors with the spin operator 25* = (0, o),
and the quark Lagrangian becomes

. i_
Ly=ig;00q; + qu"(faoer + 1008 q,
Lo (£Ver — ¢t
+ 2f1i’0' (EVE E'WVE)nq,,

=1i3;00q; + (1/f)Gro - Vg,

+ (1/f2)gi(paod)iq; + (2.34)
The results are general, and the expressions we encounter
can be converted at any stage to covariant expressions in
terms of the effective fields B;j;, and Ti’;k in HBPT using the
methods described in detail in [14,15].

Since we will be dealing only with three-quark states, it
will be convenient to suppress the quark fields and write
the interaction terms in operator form. Thus, for three
quarks labeled i, j, k, we will write the quark-quark-meson
interaction term in Eq. (2.34) as
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Low=0/No; Vo, +0; Vo, + 0o V,)
+ 1/ (Pagd); + (pdyd);

+ (Pdgd)i] + ..., (2.35)
where the labels on the Pauli and flavor matrices indicate
the quark on which they are to act.

This approach was very useful in our earlier analyses of
the mass splittings between baryon multiplets [14,15] and
the baryon magnetic moments [17]. It led to simple spin-
flavor descriptions of those quantities in relativistic HBPT
of the type familiar in the nonrelativistic quark model and
equivalent to those found by Morpurgo using his general
parametrization method for matrix elements in QCD
[10,18,26]. As emphasized by Morpurgo, that description
can be derived directly from the quark-gluon picture in
QCD, thus giving a connection to dynamical quark models
useful in estimating the matrix elements. The connection to
HBPT further allowed us to calculate the dynamical one-
loop mesonic contributions to the baryon masses and mo-
ments and estimate other parameters in the general expres-
sions for those quantities in effective field theory. We will
generalize our results on the baryon masses here by in-
cluding the mass splittings within the baryon and meson
multiplets associated with the light quarks and the electro-
magnetic interactions which were previously neglected.

C. Symmetry breaking and
electromagnetic interactions

Explicit symmetry breaking through the quark-mass
matrix m = diag(m,, my, m,), can be incorporated by in-
cluding meson and baryon mass terms proportional to

1
M= 5(5%5* + Emé) (2.36)

in the chiral Lagrangian. In the case of the octet mesons,
broken chiral symmetry leads to the mass term [27]

L = vTt(M —m) = — ?Trmd)z +..., (237

where v is the vacuum expectation value of the quark
bilinear.
The baryon mass term in the heavy-baryon limit is

LB = —GMqg= —gmqg+ ....Itis useful in this case‘
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to rewrite m as m,1 + (my; — m,)M? + (m; — m,)M*
where M? and M* are the matrices M? = diag(0, 1, 0),
M = diag(0, 0, 1). Since my, m, < m,, we will restrict
the treatment of the light-quark masses to first order,
incorporate the term proportional to m, in the overall
baryon mass parameter mp, and write the single-particle
mass operator at the quark level as

— Ay (M + MY+ M) + &, (M5 + M3 + M3). (2.38)

The coefficient &, o (m; — m,) was introduced in the
analysis of intermultiplet mass splittings in [15], &, =
178 MeV. The coefficient Ay, = [(m; — m,)/m, —
m,)]a,, is to be determined. An evaluation of the mass
ratio in terms of the meson masses [27] gives

mg —my, (Méo - M%(t) - (Mio - Mi:)

— 2 2
mg my MKo - M7To

= 0.0231,

(2.39)

or Ay, = 4.11 MeV.

As we will see later, there are additional purely electro-
magnetic contributions to the coefficient of the operator
> :M¢ in the complete baryon mass operator. These elec-
tromagnetic and quark-mass effects can only be untangled
in fits to the mass data if the electromagnetic effects are
calculable, or if A,, can be estimated as above. The
coefficient of > ;M¢ must otherwise be treated as
adjustable.

Further spin-dependent mass terms are allowed at the
baryon level by general symmetry considerations, and are
generated explicitly by meson loop corrections in the
baryon self-energy. These lead to a total baryon mass
term given in operator form through one loop [15] by

LB = —Aau(M{ + M{ + M{) — &,(M] + M + M})

1

—§5n~1(0'i-0'j+0'j-0'k+0'k-0'i)

+ d’sx[(o.i + 0'/) ' o.leXc + (a'k + o.i) ’ O-JM}
+ MiMjo; - o + MiMjoy - o] (2.40)

To include electromagnetic effects in our analysis, we
add an interaction term

Logp = = 5(EQET + €108 A +2(60¢" — €1 0815 A"
v=0 -2 (608" + £109)® + (606" — §108)0r - A

= —e(Q+ (/N[0 11 +..)P + (ie/N)[Q, ¢ + .. ) - A"

(2.41)

073015-5



LOYAL DURAND AND PHUOC HA

for each quark, and the term

Lyya = —ieTr(0#¢1[Q, ¢] + [0, ¢TI0+ P)A"
— &Ti[Q, ][0, 1A, A*

for the mesons, all in units with i =c¢ =1 and «,, =
e?/41r. We will also need the quark magnetic moment
interaction, given to leading order in ¢/ f by

(2.42)

i — 1 Av S -V em
mag = 5 MO Fy,,v—=0 uo X A™M
where u = diag(w,, wg p) is the matrix of quark mag-
netic moments.

It is now straightforward to formulate the rules needed to
calculate the electromagnetic contributions to the baryon
masses. It is highly advantageous for our analysis to use
old-fashioned time-ordered perturbation theory. This al-
lows the clear separation of dynamically different contri-
butions to the masses that are combined in the usual
covariant approach.” We will therefore write the interac-
tions in Hamiltonian form and will use Coulomb gauge
with the scalar potential ® given by the instantaneous
Coulomb interaction between charges. We represent the
contributions of various processes diagrammatically in
Figs. 1-9, with a solid vertical line representing a quark
moving upwards toward later times, dashed lines repre-
senting mesons, and wiggly lines representing transverse
photons. A horizontal dotted line represents the instanta-
neous Coulomb interaction between the particles on which
it terminates. Each vertex is associated with a term in the
interaction Hamiltonian. Thus, in Fig. 1, the interactions of
a quark with an outgoing or incoming meson in (a) and (b),
and the charge interaction of a meson with a Coulomb field
in (c) introduce factors

(2.43)

g LV
(a) 2f)ll.,l.0'l k, (b) zf/\l.,ial k,

. (2.44)
() =— EQI[El(k“) + E (k")],

where E;(k') = ,/k"> + M? and E (k") are the energies of

the mesons in (c) and Q' is the meson charge.

All vertices except the Coulomb vertices are time or-
dered, and the contributions from all distinct orders must
be included. An energy denominator 1/(E, — E,) appears
in the expression for the perturbed energy for each inter-
mediate state |n) of the baryon system between successive
vertices, represented in Figs. 2(a)—2(c) by the faint hori-
zontal lines cutting the diagrams. In the heavy-baryon
approximation, the mass of the baryon cancels out of the

3The results of old-fashioned perturbation theory expressed in
terms integrals over the three momenta in the loops can be
extracted in the covariant approach by integrating first over the
time components of the loop momenta. We have used this
technique in calculating the bubble diagrams in Figs. 7(b) and
7(c) which do not fit simply into the time-ordered approach.
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i i
g - £ : k "

& -k A

i s k !

- e .:

- 1

£ .-'f *
'k £ g

i i

E] (b) [c]

FIG. 1. Vertex diagrams for the interaction of a quark (solid

line) with (a) an outgoing, and (b) an incoming meson (diagonal
dashed lines), and (c¢) of a meson with a Coulomb field (hori-
zontal dotted line), all at order 1/f. Time runs upward. The
vertex factors are given in Eq. (2.44).

difference E, — E,, and the energy factor reduces simply
to —1/> ,E;, where the sum is over the energies of the lines
cut in the intermediate state, but with no contribution from
the quark lines.

Each Coulomb line is associated with an integration

&’k

2nPkE (2.45)

in momentum space or a factor 8(¢; — t,)/(4|x; — x,|) in
position space. A meson line for a meson / introduces an
integration

&K

Three momentum is conserved at internal vertices, with
a factor (27)8(3 ;k;) at each internal vertex. There are no
integrations associated with the quark lines and momentum
is not conserved at a vertex on a quark line since the quark
four velocities are fixed to the baryon four velocity which
does not change in leading approximation.

ITI. CALCULATION OF ELECTROMAGNETIC
CORRECTIONS TO BARYON MASSES

A. One-loop electromagnetic corrections

The electromagnetic corrections to the baryon masses
that correspond to one-loop diagrams when viewed at the
baryon level arise from the quark-level diagrams in Figs. 2
and 3. The connection of the quark description to dynami-
cal models for the baryons allows simple interpretations of
the various contributions, with the diagram in Fig. 2(a)
corresponding to a quark self-energy diagram, Fig. 2(b) to
the Coulomb interaction between pairs of quarks, the dia-
grams in Fig. 2(c) to corrections arising from the emission
and absorption of transverse photons between quarks, and
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4 4

ok

i i J i J i J
(al (b (=]

FIG. 2. One-loop electromagnetic corrections to the baryon
mass including (a) a quark self-energy contribution that can be
incorporated into the unknown quark mass, (b) the Coulomb
interaction between quarks, and (c), exchange of transverse
photons between quarks. The diagrams in (c) vanish to
O(k*/m3%) in the heavy-baryon limit when evaluated in the
baryon rest frame.

those in Fig. 3, to electromagnetic corrections to the initial
mass terms in Eq. (2.40). We will use this information, and
similar interpretations of other diagrams, to organize the
calculations and ultimately to connect with dynamical
estimates of some quantities. Recall, however, that the
results are quite general and do not depend on the quark
description. In particular, the matrix elements of the quark
operators that appear can be transformed to covariant
operator expressions in terms of the elementary effective
baryon fields of HBPT using the connection to the quark
description given in Egs. (2.21) and (2.22) and the methods
developed in detail in [14,15]. The results for the mass
shifts are not changed.

The self-energy diagram in Fig. 2(a) leads to a contri-
bution to the baryon mass of the form (07 + Q7 + Q7).
where /. is a common integral. The charge operator is just
I’} in Morpurgo’s parametrization, Eq. (2.2). The result is
equivalent to an O(e?) shift in the masses m; in the quark-
mass matrix m = diag(m,, my, m,). After a shift in the
overall baryon mass myg by the up quark contribution, the
result has the form of the residual quark-mass term in
Eq. (2.38) and amounts to a shift in the unknown parame-

[a] (b (] [

FIG. 3. One-loop contributions to the baryon mass that involve
insertions of the mass terms in Eq. (2.40). Dots represent factors
of the symmetry-breaking matrix M*, and zigzag lines, factors
o - 0. Factors of M* can be omitted altogether or included at
either or both vertices of a zigzag line. These diagrams cancel
exactly with renormalization diagrams.
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ters A4, and &,, in Eq. (2.40) and does not affect fits to the
mass data. We will therefore not consider the self-energy
diagram further.

The diagrams in Fig. 2(c) with transverse photons in-
volve a coupling —eQuv - A°™, Eq. (2.41). This vanishes in
the baryon rest frame in the heavy-baryon limit. More
precisely, the residual coupling at each vertex is of order
|k|/mp where k is a typical internal momentum in the
baryon, supposedly small on the scale of the baryon mass
mg. The diagrams are therefore of order k2 / m%, and can be
neglected in the heavy-baryon approximation.

We are left with diagram 2(b) for Coulomb interactions
between the quarks. This contributes a term

d*k
H o = *(0,0; + 0;0; + Qin)[W
to the effective momentum-space Hamiltonian.

Alternatively, it can be written as the position-space matrix
element

_e /] 00 0,0 0+ Qi
Hoo= 4w<|x,- R P R P xi|>' 32

J

The evaluation of either expression requires further infor-
mation on the structure of the baryon, or in standard HBPT,
the imposition of an appropriate cutoff procedure. We will
return to this problem in Sec. IV C. At the moment we note
only that the Coulomb energy involves the structure I'y in
Morpurgo’s parametrization, Eq. (2.3).

The diagrams in Fig. 3 are associated with potential
electromagnetic corrections to the mass terms in
Eq. (2.40). In these diagrams, a heavy dot indicates an
insertion of a matrix M*, and a zigzag line connecting
quark lines i and j, the insertion of a spin factor o; - o ;.
The is no energy denominator associated with the zigzag
line. Factors of M*® can be inserted at neither, one, or both
ends of a zigzag line leading to the three spin-dependent
structures given analytically in Eq. (2.40).

The contributions of the transverse photons in these
diagrams are of order |k|>/m% in the baryon rest frame
so would be unimportant in the heavy-baryon limit. More
interestingly, the diagrams cancel exactly with terms of the
same order in which the mass operators have been multi-
plied by the wave function renormalization constant Z =
1 — 6Z with 6Z calculated for the photon loop, a result
independent of our choice of Coulomb gauge. In particular,
the photon charge matrices Q commute with M*® and
involve no spin dependence so act as external factors
with respect to the underlying mass operator. The common
energy denominator 1/ E% for diagrams 3(a)—3(d) is just
that which appears in the 6Z’s, and the product of the Q’s
with the momentum integral reproduces the renormaliza-
tion terms for a photon loop on a single quark line, and for
the time-ordered photon exchange graphs. Similar cancel-
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lations will occur whenever we can slide vertices past each
other to produce a diagram with the topology of an opera-
tor multiplied by a renormalization constant.

B. Two-body corrections with meson exchange

We turn next to two-body diagrams which involve the
exchange of a meson between two quarks. These are shown
in Fig. 4. These are all two-loop diagrams when viewed at
the baryon level, with one quark loop and one photon loop.

Figure 4(a) shows the two time-ordered diagrams for a
Coulomb interaction between quarks accompanied by a
meson exchange between the same quarks. We do not
show the many time-ordered diagrams that involve ex-
changes of a transverse photon and a meson. These vanish
in the baryon rest frame in the heavy-baryon limit.

Using the rules given earlier, we find a contribution

4f2()tlQ Qj l)‘f)\ﬁQj)](z )3|k|2

&K
m ko k 3.3)
to the baryon mass from the diagrams in Fig. 4(a) with
meson [ exchanged. Here E) = (k”> + M7)'/2. The wave
function renormalization corrections from the single time-
ordered meson exchanges [15] change the normalization of
the Coulomb contribution in Eq. (3.1) and add a term
identical to that in Eq. (3.3) except that the flavor factor

- A= + = o= e
// \\
(8] (1)
../.’ \\ // -
- + \'\ + e + \\
’ - - {. -

(=]

FIG. 4. Two-loop corrections to electromagnetic interactions
that involve meson exchange between quarks. These diagrams
all have the flavor structure [Q, A'[[Q, A'];. We do not show
diagrams with transverse photons, all of which vanish in the
baryon rest frame. We also do not show the diagrams of type (c)
obtained by crossing one meson leg between the initial and the
final state on a given quark line. These diagrams, which involve
meson pair creation or absorption at the photon vertex, cancel
when combined.
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is replaced by —(Q;AjQ;A} + A{Q;A7Q)). The combina-
tion gives the double-exchange contribution to the effec-
tive Hamiltonian

1
Hyy=- gZ[Q N[0, Ao - o504, 3.4
7
with similar results for the other quark pairs. Here 7, ; is the
integral left after we have used the angular integration on

k' to extract the spin dependence explicitly,
e’ &’k &K k?
ar% ) m)lkl? ) @m)2E) EF

I 1,1 - (35)
A much longer calculation in Feynman gauge gives the
same result.

The diagram in Fig. 4(b) involves only one intermediate
state with an energy denominator —1/(E + E)) where E is
the energy of the transverse photon in the diagram, E(k) =
|k|. The negative of the interaction in the last term in
Eq. (2.41) appears at each vertex. Since the vertices are
on quark lines, three momentum is not conserved there and
the integration variables k and k' are independent. The
contribution to the effective Hamiltonian, including both
time orders for the vertices, is simply

H oy = Z[Q M@ Ao oL, (3.6)
where I, is the integral
e? d*k a k' E
Ly == 3 2/ - - (37
41> ) Qu lkl* J 2m)2E] E + E;

The diagrams in Fig. 4(c) involve a Coulomb interaction
between one quark in a pair and a meson being exchanged
between the quarks. The new features in this case are the
appearance of the meson charge and of two integrations
over internal meson lines, and of diagrams (not shown) in
which a meson line is crossed from the initial to the final
state or vice versa corresponding to meson pair creation or
absorption at the meson-photon vertex.

The meson charge in a given diagram is most easily
determined in terms of the quark charges. Thus, in the first
of Figs. 4(c), the meson charge may be written in terms of
the change in the charge of quark j as Q' = Q. = 0
giving a factor (QA! — A/Q), 7j on that quark line, and an
overall flavor factor (A'Q);,(QA' — A'Q) ;; corresponding
to the operator (A'Q),[Q, A'];.

We will choose the momenta so that the momentum of
the forward-moving meson on the side of a diagram with
two vertices is k' and the momentum on the side with a
single vertex is k”. There are initially integrations over k'
and k" with the weights given in Eq. (2.46) and a
momentum-conserving delta function at the three-particle
vertex. We will choose the direction of the photon momen-
tum k so that k = k + k' in all diagrams. The contribu-
tions of the diagrams in Fig. 4(c) can then be combined,
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and the total contribution to the baryon mass is

Vsl 4 1
1 1
{Fle e ) [ e [ G AEE]
! + 1/
EE’Ef( Ko, -k'+o,-k'o;- k), (3.8)

where E} = E;(k)' and E] = E,(k").
This can be shown to be equivalent after angular inte-
grations to the operator

2
Hiy =320 N Ue Mool (9
where I3 is the integral
2 d’%k d3k/ kl . kl/ E/ + EI/
Iy =~ L_—L. (3.10)

a2 | ew)lk? | @m)? 4EE] EJE]

Finally, the extra diagrams with creation or annihilation
of meson pairs obtained from those in Fig. 4(c) by crossing
the meson line on the single-vertex side of the diagram
from the initial to the final state, or conversely, can be

shown to cancel.

C. Mass and electromagnetic corrections to
meson exchange

We turn next to the diagrams in Figs. 5. Figure 5(a)
depicts the one-loop contribution to the baryon mass from
meson exchange. This was treated in [15] ignoring the
mass differences within the pion and kaon multiplets and
giving those multiplets appropriate average masses. The
resulting baryon mass term is

a' a']Z/\”A] e (3.11)
where
1 d3k/ k/2 1 0 k/4
1,=—2f 352 22]‘1]‘, 7 2
4f (2m)° 2E] 167%f* Jo k? + M;
(3.12)

This operator contributes to the splittings between the
baryon isospin multiplets, but not to splittings within the
multiplets. However, such intramultiplet splittings are gen-
erated by the differences between the 77~ and 7° and the

(a) (b] (] (d)

FIG. 5. (a): The basic meson-exchange diagram. (b), (c):
Electromagnetic contributions to the meson mass terms. (c):
electromagnetic correction to the meson-quark vertex.
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K* and K° K° masses. These are associated partly with
the u, d quark-mass differences and partly with electro-
magnetic effects [27].

From Eq. (3.11) or (3.12), a change 8M12 in the square of
the mass of meson / leads to a contribution

1
Hy= 30 a,Z(SM, ML, (3.13)
to the baryon mass operator, with 1, ; the integral
1 &K k?
(3.14)

L, =— | ——— —.
4 | Qa)2E] Ep
The mass shifts 6M12 are known [27]. The quark-mass

contributions to the meson masses are given by Eq. (2.37)
with M? = (v/2f*)TrmA'A! giving

v
M2 =M, = z—fz(mu +my),

v
Mét = 2—f2(mu + ms),
(3.15)

v
M = ?(md +my),

Mn" = f2 (m, + my + 4my).

The only intramultiplet splitting associated with the quark
masses is therefore in the kaon system where

v
M. — M2, = —2—f2(md -m,)=—-AY.  (3.16)

We will choose Mgo as the mass M; for the kaon
exchange diagrams and M as My. — M. The contri-

bution of quark masses to the total mass splitting M% is
then given by the right-hand side of Eq. (3.16). The cor-
rection exists only for K= exchange. We can isolate this
from the general expression in Eq. (3.13) by specifying the
initial and final quarks at a vertex using the matrices M*
and M*® as projection operators and tracing the flavors
through the diagram. Thus, for the time-ordered exchange
diagram in Fig. 5(a), K* exchange requires that | = j' =
u, j =i = s corresponding to a flavor factor 2M7/,~Mfrj~
For the same time ordering of the vertices, K~ exchange

corresponds to a flavor factor 2M‘j‘.',l.Ml?7].. The total contri-

bution to HH_ 4,ij including K *and K~ éxchange with both
time orders is

(3.17)

4
- g quw14,1(0 (M}l,le,] + M“;/IMZ])G', . 0']

The electromagnetic interactions in Eq. (2.42) also con-
tribute to the meson mass differences through loop dia-
grams. In particular, the diagrams in Figs. 5(b) and 5(c)
represent electromagnetic corrections to the meson mass
operators which, when evaluated with the meson on-shell,
give contributions to the meson mass. We will ignore the
dependence of the loops on the incoming momentum k for
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simplicity, and will treat these diagrams in terms of elec-
tromagnetic contributions to the physical meson masses.
The expression for the charge of a meson ¢’ involves a
commutator [Q, ¢'] which vanishes for the diagonal 7°
and 7° terms in the ¢ matrix, Eq. (2.25), and also for the
K°, K° terms because of the equality of the 4 and s charges.
The contributions from Figs. 5(b) and 5(c) are proportional
to[Q, A'];[Q, A']; so vanish for the 77°, #°, K°, and K°. The
charges in the 7= and K~ systems are the same, so the loop
corrections for those particles are the same up to correc-
tions involving the different meson masses in the loops. We
will not attempt to calculate the electromagnetic correc-
tions, but will simply denote them by AY . ignoring the
presumably small difference for the pions and kaons. This
gives
M2 — M2, =AM, M3 — M2, = —AY + Al
(3.18)

Choosing Mo as the mass M, in the pion exchange
diagrams and constructing the flavor factor as above, we
find that the contribution to baryon mass splittings from the
meson-exchange diagrams is

4
Hyy = 3 At Ly (MY, M + MM )0 - o)

4
+ 3 (A = AL o (MY My, + M3 M)

While this form for the electromagnetic part of the
correction is simple, it does not display its electromagnetic
character. We will therefore use the alternative expression

4
3‘[4,ij = 3

2
- gAgan[Qy MO A1y 0 - 07 (3.20)
7

M u s s u .
A[] 14:KO(Mj’iMi'j + Mj'iMi/j)o-i 0']

that displays the charges explicitly and connects directly to
Morpurgo’s general parametrization of the electromagnetic
contributions to the baryon masses. The equivalence of the
expressions may be seen when the reduced form of the
electromagnetic term given later in Eq. (4.6) is evaluated
using the actual quark charges.

Finally, there is an electromagnetic vertex correction to
the meson-exchange diagram as shown in Fig. 5(d). This
combines with the corresponding renormalization dia-
grams to give a contribution with a flavor factor
Al[O, [A!, Q]];. This structure is actually not new because
of the identity

)\f[Ql, (A, Q]]j =[0, V][0, Al]jr

a result that may be derived in the context of Fig. 4(c) by
evaluating the meson charge alternately in terms of the
quark charges on the line with two vertices and on the line
with a single vertex. It may be proved directly by using the

(3.21)
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techniques to be discussed in Sec. IVA to eliminate the
Gell-Mann matrices on the two sides of the equation. The
results are identical. While this would allow us to combine
the contribution from Fig. 5(b) with those from Fig. 4 as far
as analyzing its structure is concerned, this contribution
actually vanishes in the heavy-baryon limit. The vertices
that involve transverse photons give factors v - A, so van-
ish in the baryon rest frame for constant baryon or quark
four velocity wv* = (v°, ) — (1,0). Instantaneous
Coulomb interactions enter only through ‘“Z graphs™”
such as that shown on the baryon level in Fig. 6. These
involve the creation or annihilation of baryon pairs and are
suppressed by an extra term 2mp in an energy denominator
and vanish for mp — 0.

D. Meson vertex corrections
The meson loop corrections to the electromagnetic ver-
tices are shown in Fig. 7. All are proportional to the flavor
factor Q,[A,[Q, A']];. Thus, the diagram in Fig. 7(a) and
the corresponding renormalization diagrams give

1
Hsy=32 00000 s (22

where the integral Is; = I, ; is defined in Eq. (3.5). The
equality of the integrals associated with the diagrams in
Figs. 4(a) and 7(a) is not surprising: both are components
of a single baryon-level diagram with a Coulomb insertion
on the baryon line inside a meson loop.

The diagram in Fig. 7(b) arises from the first chiral
correction to the electromagnetic current in Eq. (2.41). Its
contribution can be evaluated using our rules even in the
absence of an energy denominator, or less directly by
starting with the covariant expression for the Feynman-
gauge diagrams formulated using the heavy-baryon ap-
proach of Jenkins and Manohar [23,25] and integrating

FIG. 6. A baryon Z graph corresponding to the vertex correc-
tion in Fig. 5(d) with an instantaneous Coulomb interaction
rather than a transverse photon encompassing the meson-quark
vertex.
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(a] [b] [c]

(d]

FIG. 7. Mesonic corrections to electromagnetic vertices. All
diagrams have the Q;[A,[Q, A]]; flavor structure.

over the timelike component k" of the meson loop mo-
mentum. The result is

1
He = EZQi[/\I: [0, M'l6,, (3.23)
7
where
e? Pk 3K
I, = — . 3.24
o452 | Qa)lk? ) 2m)2E (3.24)

The right-hand vertex in Fig. 7(c) is associated with the
vector current in Eq. (2.30) and introduces a factor v -
(k' + k")/2 in an arbitrary Lorentz frame or (E} + EJ)/2
in the baryon rest frame. The meson electromagnetic ver-
tex in the center introduces a further factor v - (k' + k") —
(E} + EJ]). The flavor factor involves the charge of the
meson and can be evaluated either as [Q, A‘]JA! or as
—A[Q, A]. The two expressions are equivalent with

[0 AT = =X[Q, A'] = —%[)\l, [0 ATl (3.25)

We will use the double commutator form in writing the
matrix factors. The loop integrals can be calculated in the
covariant approach as sketched above for Fig. 7(b) with the
result

1
Hy= _EZQi[)\I’ [0, A1, (3.26)
with
e? Pk K 1
I, =— . 3.27
T4y f(277)3|k|2 eep B+ E O
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The vertex and pair creation and annihilation diagrams
in Fig. 7(d) are related by a crossing transformation which
changes the initial electromagnetic vertex factor E} + E}
in the first diagram to £} — E] in the second, and to —E) +
E} in the third. The energy denominators also change. As a
result, the creation and annihilation diagrams do not can-
cel, in contrast to the corresponding diagrams that exist,
but are not shown, for Fig. 4(c). The combination of the
three diagrams in Fig. 7(d) gives a contribution

1
Hoy= =3 20000 Wty (3.28)

to the effective mass Hamiltonian, with Ig; given by

2 3 31,1 !
IS,IZ%I d3k zfdk3k/lil ! : 1l (3'29)
f? ) Qu)lkl (2m) EJE] E}+ E]
after dropping terms that vanish in the angular integrations.

It is easily checked that the sum of the mesonic correc-
tions to the photon-quark vertex vanishes as k” fork — 0, a
consequence electromagnetic current conservation, so the
quark and baryon charges are not changed by the
corrections.

E. Magnetic moment interactions

We turn finally to the direct interaction between mag-
netic moments depicted in Fig. 8. The leading term in
Fig. 8(a) contributes a term to the effective Hamiltonian
given in momentum space by

&Pk pip kX o) (kXo;)
H =4 [ it i i
i ™ Q) TAE
_ 8 o [ LR
3 /'LIILLJ 1 J (277_)3’
8
or, in position space, by
87
Hﬂ«lﬂ;ljz —?/L,-,LLJ-G',-'UJ-(S*%(x[—x/). (331)
- I|I'|
AT i B :
F ,.',

[a] 1] (c]

FIG. 8. Instantaneous magnetic moment-moment interactions
and mesonic corrections. A zigzag line with crosses at the
vertices represents a factor H up from Eq. (3.30) or (3.31).
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The extra factor of 47 in Eq. (3.30) and the following
equations arises from the conversion of the moments
from rationalized units to nuclear magnetons which we
will use below.

We analyzed the form of the magnetic moments in
effective field theory in detail in [17], including the one-
loop mesonic corrections. These rather small corrections
could be included in the w; in the leading moment-moment
interaction above, but are not numerically significant. They
correspond to corrections to corrections as far as the dia-
grams in Fig. 8(b) and 8(c) are concerned and will be
neglected there as well. It is sufficient for all these dia-
grams to use the quark-model moments

i = Qi + up(OM?),, (3.32)

where w, = 2.793 nm and u;, = —0.933 nm.

After considerable spin algebra and angular integration,
the meson-exchange correction to the moment-moment
interaction depicted in Fig. 8(b) reduces to

By = 3 M A1 AT = 5 Gt Al A7)
1

X 0'1' . 0'/')19,[, (333)
where u; is given above and
87 1 &K k2
Iy, =—8%x —x)— | ———— —_. 3.34
9,1 3 (xl xj)4f2 (27T)32E; E;Z ( )

The diagram in Fig. 8(c) gives a similar result,

H = ;(% il AL T, AT+ 3 (e ATAT + /\l/\l,u)j)

X O'l' . U'jllo,b (335)

where 110,1 = 19,1.

F. Three-body diagrams

The two-loop three-body diagrams for the charge inter-
actions are shown in Fig. 9. The double-exchange diagrams
in Fig. 9(a) are not intertwined, and it is easy to see that
these diagrams cancel exactly with the renormalization
diagrams with the same topology. The same is true of the
diagrams with mass insertions in Figs. 9(c) and 9(d), and of
the diagrams, not shown, in which the insertion in Fig. 9(d)
has the factor M* at the opposite vertex on the zigzag line
or is replaced by a moment-moment interaction.

The two diagrams in Fig. 9(b) involve quark charge
interactions with internal meson currents, with the two
possible time orderings shown. The different orders corre-
spond to the exchanges of mesons of opposite charge, and
the contributions of the two diagrams cancel exactly.

Finally, the diagram in Fig. 9(e), which arises from the
last term in Eq. (2.41), vanishes in the baryon rest frame in
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(2] [b)

(=] (d) [e]

FIG. 9. The three-body, two-loop diagrams involving electro-
magnetic interactions. We do not show the many diagrams with
transverse photons corresponding to the Coulomb diagrams in
(a) and (b) or the other possible time ordering for (c)—(d) as these
diagrams all vanish in the baryon rest frame. The mass insertion
(heavy dot) in (d) can be omitted or included at either or both
vertices as in Fig. 3.

the heavy-baryon limit because of a factor v in the quark-
photon coupling.

We find, then, the important result that there are no
three-body electromagnetic contributions to the baryon
masses through one loop (order 1/f?) in the mesonic
corrections. The first three-body corrections arise at three
loops overall, for example, from the addition of a meson
line connecting a vertex between the existing vertices on
either of lines i or j in the first of Figs. 4(a) to the third
quark line, k. In general, for a three-body correction to be
nonzero, it must not be possible to slide vertices in the
corresponding three-loop diagram past each other to obtain
a diagram with the topology of a renormalization correc-
tion to a one- or two-loop diagram.

IV. INTRAMULTIPLET BARYON
MASS SPLITTINGS

A. Reduction to basic structures

We wish at this point to identify the independent struc-
tures that appear in the electromagnetic corrections to the
baryon masses through two loops (order e?/f?), and to
identify them with the structures in Morpurgo’s parametri-
zation in Egs. (2.1), (2.2), (2.3), (2.4), (2.5), and (2.6). We
note first that there are no three-body contributions to this
order, so the structures in Egs. (2.8), (2.9), (2.10), (2.11),
(2.12), (2.13), (2.14), (2.15), and (2.16) are absent. The
basic charge and magnetic moment interactions in
Egs. (3.1) and (3.30), with the moments in Eq. (3.32),
give the combinations
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H = pals + 2uauplig + uiloe)l,,.  (4.2)

We will consider the mesonic corrections to these struc-
tures separately.

1. Corrections to the charge interactions

The diagrams in Figs. 4 and 5(a)—5(c) all lead to con-
tributions of the form

Z[Q, N[, Mo, - o1, 4.3)
7

To reduce this to standard form, we use the identity derived
in [15], that*

Z)uf,i)tﬁ.,jll =21,(1 — M)y (1 — M¥);
7

— I (1 = M*)y(1 — Ms)j/j

1
301 = 31 = 3M) ()

We find that

X[Q: Ml Ay oy - 0 = 1,[20,05; — 03,151 —
7
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Z[Q: Al]i’i[Qr /\l]j’jll = 2177(2Qi’ij’i - ]li’jQ?f,' - Q,%j]lj’i)
1

- 2(177 - IK)[2Qi’j(QMS jli
+2(0M*)i; Qi — Q[Z/jM‘;-/,-
—M},0%, — (O°M)y;1

— 1,(Q*M%) ;) (4.5)

The skew structure, with the indices connected in the pairs
i', jand j/, i, can be interpreted simply in the quark picture:
in the case of a charged meson exchange the incoming
quark lines must run continuously through the diagrams
from the initial to the final states, and must be interchanged
in the final state because of the exchange. Explicit evalu-
ation of this expression for Q, =2/3, O, = Q, = —1/3
shows that the only contributions are from the 7= and K=
as expected from the commutator structure.

Multiplying Eq. (4.5) by the factor ; - o ; and using the
exchange operator P;; = (1 + o; - 0;)/2 from [15] to re-
arrange indices,

3 1

Ai’j;j’ia-i : O'j = Ai’i;j’jPijo-i . O'j = Ai/i;j'j(i — Eo-i . 0}')’

(4.6)
we find that

ﬂi’iQ?/j]B — O U'j) -, - IK)[zQi’i(QMS)j/j

+2(0M%);iQy; — Q5 M3, — M3,05.13 — 0 - o)) — (I = QP M)y Ly + 1,:(Q°M°) ;13 — 0 - 7). (4.7)

Adding the pieces for the remaining pairs of quarks and
identifying the results with the structures in Egs. (2.2),
(2.3), (2.4), and (2.5), we find that the result contains all
ten of Morpurgo’s one- and two-body operators I'; with at
most one factor of M*.

The spin-independent and spin-dependent contributions
from the last row, proportional to I'; and I'g respectively,
do not contribute to the mass splittings within isospin
multiplets. Furthermore, Q*M* = (1/9)M* acts only on
strange quarks, so I'; and I'g are proportional to the opera-
tors in the original intermultiplet mass terms in Eq. (2.40)
with the coefficients &,, and é&,,. The addition of the I';
and I'g electromagnetic corrections is equivalent to chang-
ing &, and @,. However, those coefficients depend on
short-distance interactions which are not known, and are
therefore treated as parameters in fits to the baryon mass
spectrum [15,16]. The addition of the electromagnetic
corrections does not change the fits after readjustment of
the parameters. We will therefore drop terms in I'; and I'g.

“The terms in I, and Ix involving two factors of M* were
rewritten in [15] using the identity M M3, = M3, M3, .

\
The spin-independent term ;0?7 = T'; from the first

row of Eq. (4.7) can also be reduced, in this case to the
form of the quark mass-difference term in Eq. (2.38). In
particular,

I = ZQ,Z
= 0i1, + (0}~ QDY MY + (02 — DS M.
(4.8)

The parts of the electromagnetic corrections proportional
to the unit operator can be absorbed by adjusting the
overall baryon mass parameter mp, while those propor-
tional to 3 ;M?¢ can be absorbed in &,,. The operator 3 ;M¢
has the form of the quark mass-difference operator in
Eq. (2.38), but this part of the electromagnetic correction
arises from meson exchange effects rather than quark self
energies and is significant to the extent that Ay, can be
assumed to be known from the estimate in Eq. (2.39).
Upon collecting the relevant integrals, reducing I'; as
above, and dropping the terms in I'; and I'g, we find that the
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new contributions to the baryon mass from the diagrams in
Figs. 4 and 5 are given by the operator

61,,0,0;, + I, (MI1;+ ]liM;'j) - 1,,(0,0; - 0?1,
- ]linz')O'i O~ (Il,ar - II,K)[zQi(QMS)j
+2(OM*);Q; — Q?Mj - MfQ?](?’ — 0, - 0;) + perms
=61, (M{ + M{ + M) =21, ,(Us = Ty) = 2(1 »

— I x(60';; =30 — 20y + Tyy),
(4.9)
where

To=—tn, 425,42
1,1 3L T 321 T R
We can reduce the contributions from the diagrams in
Fig. 7 similarly. These are all proportional to the operator

Q,[A,[Q, A']];. Using the identity in Eq. (4.4), we find that
> 0l [0 Xyl = —4Q1, + 1) Qi Qy; + 4,
7

2
—3AUL. @10

- IK)Qi’i[?’(MSQ)j’j
— 1, TrM*Q].
4.11)

Adding the corresponding contributions with j and i inter-
changed and those from the other quark pairs and identify-
ing the structures that appear, we obtain the effective
operator

=821, + I )y +24(1,, — I, )15 — 8(15
- IZ,K)TTMSQZQI',
4.12)
where TrM*Q = —1/3 and

Iy =1Is;+1Ig;— I, — Iy (4.13)
!

J
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The operator > ;Q; in the second line is not one of our
standard set. However, we can rewrite it as

ZQ;’ =Q,1+ Z(Qd — QM! + Z(Qs — Qu)M;.

L

(4.14)

The first term in this expression leads to a change in the
overall baryon mass parameter mpzwhile the third term
changes the unknown strange-quark parameter &, in
Eq. (2.40). Dropping these terms, we find that the diagrams
in Figs. 7 give a contribution

=821y, + Iy ly +24(1,, — I g )15

— 2(12,7, — L) M{ + MY + M) (4.15)

to the effective mass Hamiltonian. The total distinguish-
able contribution to the baryon masses from charge inter-
actions follows from Eqgs. (4.1), (4.9), and (4.15):

j{charge =g+ 61,821, + I,
=21, ,(Is = Ty) + [—12(1y , — T, x)
+ 241y = Iy)lis = 2(1 7 — 11 )
X (6I'y3 = 30p — 2[4 + T'yy)

+ [211,77 - 2(12,7, - ]ZK)}(M;’ MY+ M.
(4.16)

2. Corrections to the magnetic interactions

The mesonic corrections to the moment-moment term
depicted in Fig. 8 can be treated similarly. The corrections
from the diagram in Fig. 8(b) Eq. (3.33), involve the
structures [, A, A']; and {u, A'}{u, A'};. These can
be reduced using the identity in Eq. (4.4) with the results

Z[M Ml p, /\I]j’jll = 2177(2,“1'/]‘//«/"1' - ]li’j/'sz‘/,‘ - /'L,‘z"]lj/i) =2, — IK)[Z/J“i’j(/J“MS)j’i + 2(MMS)i’j/~‘Lj’i - M,%jM;/i
I

- Mf/j//«?/i = (WM )Ly — L (uM* ) il

and

4.17)

Z{'U" My, A1, = 217T|:lu‘l%jﬂjli + ﬂi’j:““?/i + 2piippi] — 4y — Ly /3 iy — 2017 — IK)[IU“,‘ZIJ'M;/,' + M?}jﬁ/«%i
7

+ (uMO )y Ly + L (Mo ) i + 2 (uM?) i + 20uM*) s pi] + 4 — L) pwii(M° @) jr;
+ (M )iyl + 4 — 4l + 30)(uM?) (MP ) . (4.18)
These expressions appear multiplied by the common factor o; - ;. A further rather lengthy reduction using the

expression w; = u,Q; + u,(QM?); to display the charge dependence of the magnetic moments, and the exchange
operator in Eq. (4.6) to rearrange the skew indices, gives the contribution of Fig. 8(b) to the baryon mass differences as
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2
-7'[9 = —6,11,,2119,7,1“1 - §M

2 2
= 3(pg + mp) oIl + 5[#319,77 — (g + pp)?logIls + = Ma(19 =~ lox)Oly +T'yy)

4
21y () +30y) + 6#«3(19,77 - ﬁlqn)Fs +2[Bu + duapp + 2u3)ly

4 4

+ 4,U~a[/ia19,w —(u, + /Lb)19,K:|r13 + gﬂa[_9ﬂa19,7r + 5(mg + pp)logx + 3(3,% + zﬂb)19,nj|rl4
2 2

+ gﬁ«b(zﬁva + wp)Uo 7 — Ig )OO 19 + Iyp) — g#b[(zﬁva + wp)lo  + 6(1, + mp)lo g5
2 4

- 3[(16% + 26 + pplor — 2(10p, + 11y (g + pp)lox + §(3M5 T 12p, 0

+ 10[1/}27)19’7]}1—126. (419)

We will not need this full expression in our later analysis of mass splittings within isospin multiplets. In particular, the
terms proportional to I'; and I'g can be absorbed in the unknown mass parameters &,, and &, defined in Eq. (2.37) and can
therefore be dropped in fits to data. In addition, the term in I'; can be converted to the mass-difference form 3 ;M¢ using the
result in Eq. (4.9) and absorbing the extra pieces in the input parameters mpg and &,,.

The terms in I'y9, I'5g, I'55, and I'ys complete the set of two-body operators given in Egs. (2.3), (2.4), (2.5), (2.6), and
(2.7). However, these last operators involve two factors of M* so act only in the 2, Z*, and () systems where the s quarks
are necessarily in triplet spin configurations with o; - ; = 1. As a result, I'jg = I'yy and I';s = T’y for the octet and
decuplet baryons. These terms do not affect the mass splittings within the E and E* multiplets and can be ignored in
studying those splittings.

The mass operator HH |, obtained from the diagram in Fig. 8(c) involves the new structures

1
Z,u,l-/i(,u/\l)tl + MM W) + (i = j) = 4(317, + 20k + §1n>,ii,i,ij,j -2031, —2Ix — 1,)
1

X [piri( M) + (M) 5], (4.20)

Zﬂi’i[)tl, (e, ALy + (i ) = =82, + I iy + 121, — I i (uM?)
1
+ (lu“Ms)i’iMj’j] - 4(1 IK)Tr(M‘/J“)[Iul’lﬂj'j + HZ’IM] ]] (421)

Substituting the expression in Eq. (3.32) for the moments and identifying the resulting structures in Morpurgo’s list, we find
that the contribution of Fig. 8(c) to the baryon mass differences is

4 2 4 5
Hyy= §M3¢<419,7T +3lgx + 519,,])1“5 + gﬂu[(SMb = 3u o r + (g + Tup)ly g + 2<,U«a + g#h)IQ,n}FM

4 4
+ Mh|:(:ub —3up o+ (g +4pp)ly g + 2<,U«a + :Uvb>19,ni|FZ6

3 3
4
=3 (o + 1) loz = I9,K)TTMSQ|:M¢;ZQ1‘ + ubZ(QMw,} (422)

where we have noted that 11y, = Iy,.
The operator in the last line can be reduced to the form 3 ;M¢ by using the result in Eq. (4.15) and the identity
S (OM?); = —(1/3)> ;M3 and then absorbing the pieces proportional to Q, > ;1; and > ;M? in the parameters my and &,,,

4
= St + )y = Lo )TEM Q[uaZQ, + Y (0M), } galita )l e = L)Y ML (423)
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The total distinguishable contribution to the baryon
mass differences from magnetic moment interactions is

j-[moment = Ip,,u(lu’%rﬁ + 2Ma:u“brl4 + :U’iFQ()) + j-[lg

4
~ (g + pp)

+ Hi, + [mglgm + 5

X (Ig, = Io, K)}(Mf + M4+ MY), (4.24)

where H. o 1s the operator obtained by dropping the terms
in H o, Eq. (4.19) proportional to I';, ', and I's, and H |,
is the operator obtained by dropping the trace term in the
last row in Eq. (4.22).

3. Corrections from mass differences

The effects of the d, u quark-mass differences on the
baryon masses and on the single meson-exchange ampli-
tude contribute a further nonelectromagnetic term that
affects the mass splittings within isospin multiplets. From
Egs. (2.38) and (3.17), with the indices in the latter rear-
ranged,

2
H gy = Ay (M + MY+ M) - EAyLLKO[M;‘M;

+ MM} + (. k) + (kD)3 —o;-0). (425

The term Ay, > ;M¢ in this expression arises from the
difference between the d- and u-quark masses. There are
additional contributions to the baryon masses from
H charge and H omen: that have the same structure but
arise from mesonic corrections to electromagnetic interac-
tions. If we assume that these are calculable, their contri-
butions can be subtracted from the overall coefficient of
> :M¢ obtained in fits to the data to determine A ,. Since
A4, can also be estimated as in Eq. (2.39), this procedure
provides a test of the theory sensitive to both quark-mass
and electromagnetic effects.

TABLE 1.
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We note finally that the second term in Eq. (4.25) can be
expressed in terms of the I's using the identity

[MEMS + MIME + ---13 — o, - )

~[20,(0M®); + 2(OM*),0; — O2M3 — M3 Q3
—(OM*Q);1; — 1,(0M°Q);13 —o; - o)) + - -+
= _12F]3 + 6F10 + 4F14 - ZFH. (426)

B. Fit to the data on mass splittings

The contributions of the various one- and two-body
charge and spin structures I'; to the baryon mass splittings
can be determined from results given in [10], especially
Table III of that reference. The contributions of the relevant
operators are summarized in Table 1.

As may be seen from Table I, ')y =1, = -I';3 =
—I'|4 when restricted to mass differences, though the
operators are themselves distinct. In addition, I'jg = I'y,
and I'y5 = I'y4 do not contribute. The last five columns in
the table can therefore be eliminated. To determine if the
remaining operators are independent, we consider the 5 X
5 Gram matrix Mp = M7 M associated with the 10 X 5
matrix M defined by the first five columns in the table.
This is a matrix of inner products of the remaining I's
regarded as column vectors. M| has a vanishing determi-
nant and one zero eigenvalue indicating that there is
one relation among the five operators. We easily find that
Iy = =13 :M¢ + 1(I'y — T's) when restricted to the space
of mass differences, giving an extra relation not immedi-
ately evident in the table. As a result, we can bring the
mass-difference operator to the form

}[em = GZM? + bF4 + CFS + dr13. (427)

The choice of the independent operators is natural. The
first three are introduced by the quark-mass corrections and
the Coulomb and magnetic moment interactions between

Table of the contributions of the operators I'; to the mass splittings within baryon

multiplets. The one- and two-body operators that are not listed either give contributions that can
be absorbed in the input mass parameters (I';, I';, I'g) or are identical for the baryon octet and
decuplet to others on the list (I'yg = T'jg, I'yg = T'ps).

ZiMrd F2 l_‘4 FS 1_‘10 F11 l_‘13 l_‘14 l_‘19 1_‘25

n—rp 1 -1/3 -1/3 -—1/3 0 0 0 0 0 0
3T —30 1 1/6 23 —-1/3 —-1/3 —=1/3 113 13 0 0
30— 3+ 1 16 —1/3 —-4/3 -1/3 -1/3 13 13 0 0
E-—-F° 1 2/3 23 —4/3 -=2/3 -=2/3 23 23 O 0
A~ — A0 1 -1/3 2/3 2/3 0 0 0 0 0 0
AO — A* 1 -1/3 -1/3 -1/3 0 0 0 0 0 0
At — AT 1 -1/3 —4/3 -4/3 0 0 0 0 0 0
S — 30 1 -1/3 2/3 23 —1/3 —1/3 13 13 0 0
30 — 3t 1 -1/3 -1/3 13 —-1/3  —1/3 13 113 0 0
B — g 1 -1/3 2/3 213 =2/3 =2/3 23 23 0 0
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quarks independently of any mesonic corrections so are
natural choices for independent operators, while I';; enters
prominently in the mesonic corrections. The coefficients in

this expression follow from the results above.
\

A— At =n—p
AT — AT =3(n—p)

PHYSICAL REVIEW D 71, 073015 (2005)

Since there are only four independent parameters in
H ., We expect there to be six linear relations among
the ten mass differences.” These are the well-known sum
rules

AO = ATF =2 p)+ (80— 51— (37 - %)
BB = -3~ (-p)
E*— _ E*O — (2*7 _ 2*+) _ (n — p)

2590 — 3 -3 =230 -3 - 3.

The fourth is the Coleman-Glashow relation, suggested
originally on the basis of an unbroken SU(3) flavor sym-
metry [2]. All the sum rules were later established for
nonrelativistic quark models with only one- and two-
body interactions independently of the flavor symmetry
breaking [4,5,7,6]. The sum rules are first violated by
three-body terms.

Since the nonrelativistic quark model has the same spin-
flavor structure as the relativistic effective field theory and
can be regarded as a parametrization of the latter
[14,19,20,26], the sum rules continue to hold in the rela-
tivistic case as a consequence of the structure imposed by
QCD. We have seen that there are no three-body terms
even when we include the leading mesonic corrections in
the chiral effective field theory, that is, when the baryon
mass corrections are calculated to two loops overall. The
first corrections enter at three loops. We therefore expect
the sum rules to hold with reasonable accuracy.

The A baryon masses are not determined with sufficient
accuracy for the first three sum rules to give a real test of

TABLE II. A weighted fit to the seven accurately known
baryon mass splittings using the expressions in Eq. (4.28) with
the coefficients given in Table I. A best fit is obtained at the
values (in MeV) of a =1.88=0.01, b =3.52 £0.02, ¢ =
—1.77 £ 0.00, and d = 0.22 = 0.03. The average deviation of
the fit from experiment is 0.12 MeV. The experimental data are
from [3].

Splittings Calculated Experiment
n—p 1.29 = 0.01 1.293 = 0.000
ST —3* 8.03 = 0.03 8.08 = 0.08
35— -30 4.89 + 0.02 4.807 = 0.035
E-—-B° 6.74 * 0.02 6.48 = 0.24
S — 3t 4.49 * 0.03 4.40 = 0.64
S — 30 3.12 £ 0.02 3.50 = 1.12
g — g0 3.19 = 0.02 3.20 = 0.68
ATt — A0 —0.84 = 0.03
At — A —3.88 = 0.03
At — A0 —4.34 * 0.02

(4.28)

\
this expectation. The results for the remaining three as

written are, in order, 6.48 = (0.24 MeV = 6.79 *
0.08 MeV, 3.20 = 0.68 MeV = 3.11 = 0.64 MeV, and
—2.60 = 1.18 MeV = —1.535 £ 0.08 MeV. If we trans-
fer all the terms to the left hand sides of the equations, the
results for these sum rules are —0.31 = 0.25 MeV, 0.09 =
0.93 MeV, and —1.06 £ 1.18 MeV, all equal to zero
within the experimental uncertainties. No significant vio-
lations of the sum rules are evident.

A fit to the mass splittings other than those for the A
baryons is given in Table II. The overall fit is good with a
average deviation from experiment of 0.12 MeV and a y?
per degree of freedom of 0.99. Note that the sum rules in
Eq. (4.28) restrict what can be done in fitting the data. We
cannot, for example, fit the four mass differences within
the baryon octet exactly using the four parameters in
Eq. (4.27) because of the Coleman-Glashow relation:
I'is = (I'y — I's)/3 when restricted to this sector so only
three of the parameters are independent.

The remaining question for the present analysis is
whether the effects of the quark masses, the Coulomb
and moment-moment interactions, and the mesonic cor-
rections can account for the parameters in the fit. We will
not examine this in detail here but will estimate the prin-
cipal contributions in the following section. One of us
(P.H.) is calculating the corrections and will report sepa-
rately on the results of his analysis.

C. Estimates of matrix elements

To get an idea of the likely size of various electromag-
netic contributions to the baryon mass splittings, we have
made some estimates of the relevant matrix elements
which we report here. We start with the basic Coulomb
interaction term JH oo Which we write in the form in

5To see this formally, we note that the 10 X 10 Gram matrix
Mg = MMT for the mass differences has six zero eigenval-
ues. The corresponding eigenvectors give six null relations or
sum rules for the mass differences.
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Eq. (3.2). To evaluate the matrix elements of this operator,
we need information on the internal structure of the bary-
ons. This is equivalent in the effective field theory ap-
proach to adding further momentum structure, but
relatively soft structure corresponding to extended spatial
wave functions as in semirelativistic dynamical models.
The structure quarks ¢;, which have so far described only
the spin and flavor structure of the baryon, then become
dynamical, but still act effectively as dressed rather than
QCD quarks.

The semirelativistic theory of baryon structure has been
considered by a number of authors and is quite successful.
See, for example, Brambilla et al. [28] and Carlson et al.
[29] for the theoretical background and Capstick and Isgur
[30] and the extensive references therein for applications.
For simplicity, we will use the model considered in [17] in
which the baryon masses are calculated variationally for
the semirelativistic Hamiltonian of Brambilla et al. using
Gaussian wave functions. The results agree with those of a
similar calculation by Carlson, Kogut, and Pandharipande
[29] and are consistent with those of the much more
extensive calculations of Capstick and Isgur [30].

We will use Jacobi coordinates to describe the positions
of the quarks. Define

R, = ,
_ _ m,-(x,- - xk) + m](x] - xk) (429)
riix=Rjj—x = )
mij
R.., — mUR,j + myXxy
ijk M ’
where the x; are the particle coordinates, m;; = m; + mj,

M = m; + m; + my, and R;; is the usual center-of-mass
coordinate. The roles of i, j, and k are completely sym-
metric at this stage. However, it is reasonable to neglect the
very small difference between the effective masses of the u
and d quarks in the dynamical calculations. At least two of
the quarks in each baryon are then identical or have the
same mass. We label these 1 and 2, with the odd quark
labeled 3. We then define the internal Jacobi coordinates p
and A as p = ry; and A = ry, 3. Alternatively, we can use
coordinates with the role of (1,2) replaced by (2,3) or
(3, 1) in the definition, and define p’ = ry;, A’ =153, or
p" = r3;, A = r3,. The coordinate pairs p’, A’ and p”,
A" can be expressed in terms of p and A and conversely, so
one can work with whichever of the pairs is most conve-
nient and switch between them as necessary. The spatial
volume element is simply d°Rd’pd>A, and equivalently
for the other pairs of internal coordinates.
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We may also use the momentum coordinates

m;p; — m;p;
m,»j ’

mkPij — m;iPg

B VR (4.30)

ik = Pij + pi

Pi; =

P=pitp,pii=
P

where P;;; = P is the total momentum. The Jacobi mo-
mentum coordinates are then the pairs p, = py, and p, =
Pi23, OF P, = Py3 and py = pa3;, OF p,r = P3; and
P, = P31,2- One can choose to work with any of the pairs
as there are linear relations among them. The volume
element in momentum space is d>Pd’p,d° p,, and equiv-
alently for the other pairs of internal momenta.

With these definitions, the simplest versions of the
position-space variational wave functions in [17] for the
L = 0 ground states are just the Gaussians®

/
i) = (P2 exsl a3 + 30|
431)

equivalent to the momentum-space functions

- 1 3/2 2 2
boPpPA) = (W s, /h) eXp<— 2%’% — 2%) (4.32)

The variational parameters 3, and B, differ slightly for the
different baryons, reflecting the effects of the differing
quark masses on the wave functions [17].

It is straightforward to calculate the Coulomb integrals
in H y, using the identifications |x; — x,| = p, |x; —
x;| = p’, and |x; — x;| = p” and changing coordinates
appropriately [17]. The result is

s 2«

00 = ﬁ[Q1Q2,3§ +(2:05 + 0;01)BY],

(4.33)

where B2 = B%/(1 + x/4), x = B3/B>%, and B labels the
baryon in question.

This structure departs from the simple proportionality to
'y, =3>[0;0,] in Egs. (3.1) and (4.1) because of the
dependence of the parameters on the baryon. The changes
introduce small terms in I'j3 and I',5, and more interest-
ingly, a small three-body term proportional to I'|4 reflect-
ing the influence of a massive strange quark on the
correlations between the remaining quarks. However, this
change contributes only ~0.05 MeV to the discrepancy in
the Coleman-Glashow sum rule. It is sufficient for our

®We actually considered somewhat more general functions,
including terms with angular excitations and the with the
Gaussians multiplied by polynomials, but the basic results
changed rather little. The simple Gaussians are sufficient to
illustrate the main features of the corrections.
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purposes to ignore the baryon dependence of B, and B,
and simply use the values B, = 0.340 GeV and B, =

Ja/ 3B, = 0.393 GeV obtained for the nucleon. The re-
sult is

Zaem
\/_

Given the extreme simplicity of the wave function, this
contribution is in reasonable agreement with the term bI'4
in H ., Eq. (4.27), obtained in fitting the data on mass
splittings, b = 3.52 MeV. The more flexible wave func-
tion used by Carlson et al. gives a larger Coulomb energy
corresponding to b = 3.3 MeV.

The leading contribution to the I's term in H ., is
presumably the part of the magnetic moment interaction
proportional to w2, Eq. (4.1). Evaluating I pp USIing
Eq. (3.31) and the Gaussian wave functions, we get

o :_87T ,3?,

M ? 7T3/2

—(0.953 MeV)I's +

H o = B,Ty = (2.80 MeV)T,. (4.34)

W5+

(4.35)

The coefficient of I's is somewhat small compared to that
found in our fit, c = —1.77 MeV, but the sign is correct.
As emphasized by Capstick and Isgur [30], the magnitude
is sensitive to short-distance correlations and is generally
underestimated in the perturbative calculation.

The integrals associated with the mesonic corrections
bring in other features. We will consider I, ;, Eq. (3.5), as
an example. This integral factors into the product of a
Coulomb integral and a mesonic integral.

&k 1 Sr K

L= | ————x— [ —— =
VT @rpikl " a2 | @m2E] EP

(4.36)

This structure is easy to interpret. As indicated by the
time-ordered diagrams in Fig. 4(a), the physical process
consists of the emission of a meson followed by a Coulomb
interaction in the intermediate baryon state and the subse-
quent reabsorption of the meson to reach the final baryon
state. In the heavy-baryon approximation, the only allowed
intermediate baryons are members of the ground-state
octet and decuplet. Excited states are substantially higher
in mass and their contributions can be neglected.

The dominant contributions to the spatial wave func-
tions for the ground-state octet and decuplet have L = 0
and are the same up to very small corrections that arise
through the different contributions of higher orbital angu-
lar momenta [17]. If we neglect these corrections, the wave
functions are the same for a given quark content, the usual
quark-model picture, and the Coulomb matrix element is
the same for either multiplet. If we neglect in addition the
changes in the wave functions associated with changes in
the quark masses, the emission and absorption matrix
elements are the also same for octet-octet, octet-decuplet,
and decuplet-decuplet transitions and are given by a com-

PHYSICAL REVIEW D 71, 073015 (2005)

mon mesonic or axial vector form factor. In particular,
when we include the internal structure of the baryon
through the baryon wave function, the original plane-
wave matrix element —(i/2f)o; - k' for the emission of a
meson by quark i is replaced by the matrix element

fd3pd3)\¢ (p, A)(——fﬂ A ’”)s&(p N)

= __'0- k'fd3pd3/\|¢(p, A)lZeik’~(A/3+p/2)
2f

o r. . IF /2‘
Zfo-l k A(k)

(4.37)

F (k™) is just the axial vector form factor of the baryon.
The mesonic factor in /; ; then becomes

I/ _ f d?k/ klZ
1l — 4f2 (2 )32E1 E12

In the case of the Gaussian wave functions discussed
above, F,(k”) = exp(—k"?/1282) and is identical to the
Gaussian charge form factor of the baryon. This cuts off
much too rapidly at large k”> compared to the observed
proton form factor. The alternative form F,(k'?) =
A*/(A? 4+ k?)? used in our earlier analyses of baryon
masses [15,16] is probably more realistic. This includes
higher momenta, and the fitted value A, = 930 MeV
found in [15] is in fact close to the value Q = 850 MeV
found experimentally for the proton charge form factor as
would be expected from the wave function analysis.

Because the pion mass is small compared to the cutoff
momenta, we can estimate the integral in Eq. (4.38) by
setting M = 0. The integral can then be done analytically.
The second expression for F, gives I{, = A?/96m f* =
0.106. Thus, I, , = (0.1)Ip. This leads to 20% correc-
tions to the coefficient of I'y in H charge> Eq. (4.16), and the
coefficient b in the full effective Hamiltonian FH .,
Eq. (4.27)

Similar methods can be used to estimate the corrections
associated with other diagrams. These appear to be of
similar magnitude, and a full calculation is needed to
establish how well the dynamical theory describes the
coefficients in H .

F2(k™). (4.38)

V. CONCLUSIONS

Our results here consist of a thorough analysis of the
electromagnetic contributions to the baryon masses includ-
ing the first mesonic corrections to the basic electromag-
netic terms. The analysis was done using the heavy-baryon
effective field theory methods developed in earlier work
which connect naturally to the general parametrization of
the electromagnetic effects given by Morpurgo [10].

We find that the electromagnetic corrections are purely
two-body when calculated through one loop in the mesonic
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corrections, that is, to two loops overall. The contributions
from diagrams that involve three-quark flavor labels all
vanish. As a result, the six sum rules among the ten octet
and decuplet mass splittings derived many years ago in the
nonrelativistic quark model [4,5,7,6] continue to hold
through two loops in the relativistic chiral effective field
theory.

The first corrections to the sum rules necessarily involve
three-body effects, so at least two meson loops in addition
to the electromagnetic interaction. This suggests strongly
that the corrections to the well-satisfied Coleman-Glashow
relation and the other sum rules in Eq. (4.28) should be
quite small, in agreement with arguments directly from
QCD [20] and from the 1/N, expansion [11,13]. An esti-
mate of a typical nonvanishing three-body term in fact
gives a value =~ I 1,5 =~ 0.011, where I}, is the inte-
gral in Eq. (4.38) and Iyp is the Coulomb integral in
Eq. (3.1), but the coefficients from the spin and flavor
factors are not known and could be large enough to make
the corrections significant given the typical coefficients in
H charges Eq. (4.16).

It remains to determine the extent to which the mesonic
and mass corrections to the basic electromagnetic interac-
tions account numerically for the pattern of coefficients in
H .., This will be investigated elsewhere.
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We note finally that the results of the present work can
be combined with those in [15,16] to obtain a complete
description of the baryon masses, including the intermul-
tiplet splittings, through one loop in the mesonic correc-
tions in heavy-baryon chiral effective field theory. It is
necessary in that application to start with the full expres-
sions for the electromagnetic corrections since some I's
which are equivalent for the splittings within multiplets are
distinct in the general setting. Because there are still no
three-body corrections [15], the nine two-body sum rules
derived by Rubenstein et al. [5] continue to hold, and the
octet and decuplet masses can be parametrized in terms of
an overall mass mp and the eight distinct parameters in
Egs. (2.40) and (4.27). For recent discussions of these sum
rules from the points of view of the quark model and the
1/N, expansion, see Rosner [9] and Jenkins and Lebed
[11,13].
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