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Dynamical generation of a nontrivial index on the fuzzy 2-sphere
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In the previous paper [H. Aoki, S. Iso, and K. Nagao, Nucl. Phys. B 684, 162 (2004)] we studied the ’t
Hooft-Polyakov (TP) monopole configuration in the U(2) gauge theory on the fuzzy 2-sphere and showed
that it has a nonzero topological charge in the formalism based on the Ginsparg-Wilson relation. In this
paper, by showing that the TP monopole configuration is stabler than the U(2) gauge theory without any
condensation in the Yang-Mills-Chern-Simons matrix model, we will present a mechanism for dynamical
generation of a nontrivial index. We further analyze the instability and decay processes of the U(2) gauge
theory and the TP monopole configuration.
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I. INTRODUCTION

Matrix models are promising candidates to formulate the
superstring theory nonperturbatively. In IIB matrix model
[1], which is the dimensionally reduced model of the 10-
dimensional super Yang-Mills theory, both the space-time
and the matter are described in terms of matrices, and
noncommutative (NC) geometries [2] naturally appear
[3,4].

One of the important subjects of the matrix model is a
construction of configurations with nontrivial indices in
finite NC geometries. It is not only interesting from the
mathematical point of view but necessary from the physi-
cal requirement. Namely, compactifications of extra di-
mensions with nontrivial indices can realize chiral gauge
theories in our space-time. Nontrivial configurations in NC
geometries have been constructed by using algebraic K-
theory and projective modules [5–10]. However the rela-
tion to indices of Dirac operators are not clear in these
formulations.

The formulation of NC geometries in Connes’s prescrip-
tion is based on the spectral triple (A;H ;D), where a
chirality operator and a Dirac operator which anticommute
are introduced [2]. Since NC geometries on compact mani-
folds have only finite degrees of freedom, a more suitable
framework to discuss the problems mentioned above will
be to modify the Connes’s spectral triple so that the chi-
rality operator and the Dirac operator satisfy the Ginsparg-
Wilson (GW) relation [11]. GW relation has been devel-
oped in the lattice gauge theory. The exact chiral symmetry
[12,13] and the index theorem [12,14] at a finite cutoff can
be realized by using the GW Dirac operator [15].

In Ref. [16], we have provided a general prescription to
construct chirality operators and Dirac operators satisfying
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the GW relation in general gauge field backgrounds on
finite NC geometries. As a concrete example we consid-
ered the fuzzy 2-sphere [17]. On the fuzzy 2-sphere two
types of Dirac operators, DWW [18] and DGKP [19,20], had
been constructed. DWW has doublers and the correct chiral
anomaly cannot be reproduced. On the other hand, DGKP

breaks chiral symmetry at finite matrix size, and the chiral
structures are not clear, though the chiral anomaly can be
reproduced correctly in the commutative limit [6,21–23].
Hence the formalism based on the GW relations is more
suitable to study chiral structures on the fuzzy 2-sphere.
The GW Dirac operator in vanishing gauge field was
constructed in [24,25]. In Ref. [16], we constructed GW
Dirac operator in general gauge field configurations.
Owing to the GW relation, an index theorem can be proved
even for finite NC geometries. We have defined a topologi-
cal charge and showed that it takes only integer values and
becomes the Chern character in the commutative limit
[16,26–28].1

We then studied the ’t Hooft-Polyakov (TP) monopole
configuration as a topologically nontrivial configuration in
[28]. We showed that this configuration is a NC analogue
of the commutative TP monopole by explicitly studying
the form of the configuration. We then redefined the topo-
logical charge by inserting a projection operator, and
showed that it reproduces the correct form of the topologi-
cal charge in the commutative limit, namely, the magnetic
flux for the unbroken U(1) component. We also showed
that the value of the topological charge is one for the TP
monopole configuration. Therefore, if the U(2) gauge the-
ory on the fuzzy 2-sphere decays to the TP monopole
configuration, it means a nontrivial index is generated
dynamically. It can also be interpreted as a spontaneous
1The GW relation can be implemented also on the NC torus by
using the Neuberger’s GW Dirac operator [29]. The correct
chiral anomaly was reproduced in [30] by using a topological
method in [31]. The correct parity anomaly also was reproduced
in [32].

-1  2005 The American Physical Society



AOKI, ISO, MAEDA, AND NAGAO PHYSICAL REVIEW D 71, 045017 (2005)
symmetry breaking: U�2� ! U�1� � U�1� on the fuzzy 2-
sphere.

In this paper, by showing that the TP monopole configu-
ration is stabler than the U(2) gauge theory without con-
densation in the Yang-Mills-Chern-Simons matrix model
[20,33], we will present a mechanism of the dynamical
generation of an index through the spontaneous symmetry
breaking. In this matrix model, the U(2) gauge theory on
the fuzzy 2-sphere corresponds to the 2-coincident fuzzy 2-
spheres. The TP monopole configuration is equivalent to
the 2-concentric fuzzy 2-spheres whose matrix sizes are
different by two. More general 2-concentric fuzzy 2-
spheres whose matrix sizes are different by integers 2m
correspond to a monopole configuration with the topologi-
cal charge m. We also will discuss these general monopole
configurations.

The stability of these configurations are investigated in
papers [20,33–40]. Especially k-coincident fuzzy spheres
are analyzed in [37]. The configuration gives the U�k�
gauge theory on the fuzzy sphere. In [37] the dynamics
was studied both analytically and numerically, and the
U�k� gauge theory has been shown to be unstable. It decays
and finally arrives at the single fuzzy sphere configuration,
the U(1) gauge theory on the fuzzy sphere.

In this paper, by studying free energies for the 2-
concentric fuzzy spheres whose matrix sizes are different
by arbitrary integers 2m, we investigate how 2-coincident
fuzzy spheres decay to the single fuzzy sphere. The con-
figuration with the matrix-size-difference 2�m� 1� is sta-
bler than the one with 2m at the classical level, and
quantum corrections do not change this property. Thus a
configuration of the 2-coincident spheres (m � 0) decays
into the TP monopole configuration of m � 1. By repeat-
ing such transitions, it cascades into the single fuzzy sphere
configuration.

We further study the decay modes around the configu-
ration of the 2-coincident spheres (m � 0) and the TP
monopole configuration (m � 1) by calculating effective
actions along the directions of the collective (zero) modes.
The case for m � 0 receives subtle quantum corrections:
The zero-mode directions become unstable for small val-
ues of the total matrix-size N, and metastable for large N,
but the metastability becomes negligible at large N limit.
The case for m � 1 is metastable at the classical level, and
quantum corrections do not change this property.

In Sec. II we briefly review how to define the Dirac
operator and the chirality operator on the fuzzy 2-sphere,
where the GW relation and thus the index theorem are
satisfied naturally. Then we review the monopole configu-
rations with the nontrivial topological charges. In Sec. III,
we introduce the Yang-Mills-Chern-Simons matrix model
[20,33] and then investigate the instability of the monopole
configurations in this model. We show that for U(2) gauge
theory the monopole configurations of larger m are stabler,
which means the symmetry is spontaneously broken and
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the index is generated dynamically. Section IV is devoted
to conclusions and discussions. In Appendix A the one-
loop effective action is calculated for the matrix model.

II. CONFIGURATIONS WITH NONTRIVIAL
TOPOLOGICAL CHARGES

In this section, after briefly reviewing the ordinary Dirac
operator on the fuzzy sphere in Sec. II A, we see how to
construct the Dirac operator and chirality operator satisfy-
ing the GW relation in Sec. II B. We also explain the
construction of the topological charge and the index theo-
rem on the fuzzy 2-sphere. Then, we explain the monopole
configurations with nontrivial topological charges in
Sec. II C.

A. Dirac operator on fuzzy 2-sphere

NC coordinates of the fuzzy 2-sphere are described by

xi � 	Li; (2.1)

where 	 is the NC parameter, and Li’s are n-dimensional
irreducible representation matrices of SU(2) algebra:

�Li; Lj	 � iijkLk: (2.2)

Then we have the following relation,

�xi�2 � 	2 n
2 
 1

4
1n � �21n; (2.3)

where � expresses the radius of the fuzzy 2-sphere. The
commutative limit can be taken by 	 ! 0; n ! 1 with �
fixed.

Any wave functions on fuzzy 2-sphere are written as
n� n matrices. We can expand them in terms of NC
analogues of the spherical harmonics Ŷlm, which are trace-
less symmetric products of the NC coordinates and have an
upper bound for the angular momentum l as l  n
 1.
Derivatives along the Killing vectors on the sphere are
written as the adjoint operator of Li on any Hermitian
matrix M:

~L iM � �Li;M	 � �LL
i 
 LR

i �M (2.4)

$ LiM � 
iijkxj@kM: (2.5)

In Eq. (2.4) the superscript L (R) in Li means that this
operator acts from the left (right) on matrices.
Equation (2.5) expresses the commutative limit of
Eq. (2.4). An integral over the 2-sphere is given by a trace
over matrices:

1

n
tr $

Z d�
4�

: (2.6)

There are two types of Dirac operators constructed on
the fuzzy 2-sphere [18–20]. Here we consider the follow-
ing Dirac operator DGKP. The fermionic action is defined as

SGKP � tr� ��DGKP�	; (2.7)

DGKP � �i� ~Li � �ai� � 1; (2.8)
-2



DYNAMICAL GENERATION OF A NONTRIVIAL INDEX . . . PHYSICAL REVIEW D 71, 045017 (2005)
where ai is a gauge field. This action is invariant under the
gauge transformation:

�!U�; ��! ��Uy; ai!UaiUy�
1

�
�ULiUy
Li�;

(2.9)

since a combination

Ai � Li � �ai (2.10)

transforms covariantly as

Ai ! UAiU
y: (2.11)

The normal component of ai to the sphere can be
interpreted as the scalar field on the sphere. We define it
covariantly as

� �
1

n�

�
A2

i 

n2 
 1

4

�
: (2.12)

In the commutative limit this scalar field (2.12) becomes
aini, where ni � xi=�. If we take the commutative limit of
(2.8), the Dirac operator DGKP becomes

DGKP ! Dcom � �i�Li � �ai� � 1; (2.13)

which is the ordinary Dirac operator on the commutative 2-
sphere.

Because of the noncommutativity of the coordinates,
DGKP does not anticommute with the chirality operator.
Then, by carefully evaluating this nonzero anticommuta-
tion relation, the chiral anomaly can be reproduced cor-
rectly [6,21–23]. However, chiral structures are not
transparent in this formulation, and we will define another
Dirac operator suitable for these issues.

B. GW Dirac operator and index theorem

In order to discuss chiral structures on the fuzzy 2-
sphere, we define a Dirac operator satisfying the GW
relation. Such a Dirac operator was constructed for the
free case in [24,25] and for general gauge field configura-
tions in [16]. According to the formulation in [16], we first
define two chirality operators:

�R � a
�
�iLR

i 

1

2

�
; (2.14)

�̂ �
H�������
H2

p ; (2.15)

where

H � a
�
�iAi �

1

2

�
; (2.16)

and

a �
2

n
(2.17)

is introduced as a NC analogue of a lattice spacing. These
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chirality operators satisfy

��R�y ��R; ��̂�y � �̂; ��R�2���̂�2�1: (2.18)

We next define the GW Dirac operator as

DGW � 
a
1�R�1
 �R�̂�: (2.19)

Then the action

SGW � tr� ��DGW�	 (2.20)

is invariant under the gauge transformation (2.9). If we take
the commutative limit, DGW becomes

DGW ! D0
com � �i�Li � �Pijaj� � 1; (2.21)

where Pij � �ij 
 ninj is the projector to the tangential
directions on the sphere.

By the definition (2.19), the GW relation

�RDGW �DGW�̂ � 0 (2.22)

is satisfied. Then we can prove the following index theo-
rem:

index DGW � �n� 
 n
� �
1

2
T r��R � �̂�; (2.23)

where n� are the numbers of zero eigenstates of DGW with
a positive (or negative) chirality (for either �R or �̂) and
T r is a trace of operators acting on matrices.

The right-hand side of (2.23) have the following prop-
erties. Firstly, it takes only integer values since both �R and
�̂ have a form of sign operator by the definitions (2.14) and
(2.15). Secondly, it becomes the Chern character on the 2-
sphere in the commutative limit. Finally, in order to discuss
a topological charge for topologically nontrivial configu-
rations in a spontaneously symmetry broken gauge theory,
we need to slightly modify it, as will be seen in the next
subsection.

C. Monopole configurations

As a configuration with a nontrivial topological charge,
the TP monopole configuration was constructed in the U(2)
gauge theory on the fuzzy 2-sphere [27,28]. The TP mono-
pole configuration is given by

Ai � L�n�
i � 12 � 1n �

!i

2
; (2.24)

where Ai’s are the combination (2.10). L�n�
i is the n dimen-

sional representation of SU(2) algebra. The first and the
second factors represent the coordinates of the NC space
and a configuration of the U(2) gauge field, respectively.
The total matrix size is N � 2n. The gauge field is given by

ai �
1

�
1n �

!i

2
: (2.25)

By taking the commutative limit of (2.25) and decompos-
ing it into the normal and the tangential components of the
sphere, it can be shown to correspond to the TP monopole
configuration. See [28] for details.
-3
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Note that Ai’s in (2.24) satisfy the SU(2) algebra:

�Ai; Aj	 � iijkAk; (2.26)

and can be decomposed into irreducible representations:

Ai � U
L�n�1�

i

L�n
1�
i

 !
Uy: (2.27)

Hence the TP monopole configuration can be geometri-
cally regarded as the 2-concentric fuzzy spheres whose
matrix sizes differ by two.

More generally, we consider 2-concentric fuzzy spheres
whose matrix sizes differ by arbitrary integers 2m:

Ai �
L�n�m�

i

L�n
m�
i

 !
: (2.28)

The m � 0 case corresponds to the 2-coincident fuzzy 2-
spheres, whose effective action is the U(2) gauge theory on
the fuzzy 2-sphere. The jmj � 1 case corresponds to the
TP monopole configuration. The jmj � n case corresponds
to the single fuzzy 2-sphere, whose effective action is the
U(1) gauge theory on the fuzzy 2-sphere. As we will see in
(2.35), the configuration of m (jmj � n) corresponds to the
monopole configurations with magnetic charge m.

For the configurations of m � 0, U(2) gauge symmetry
is broken to U�1� � U�1�. Thus it is natural to modify the
topological charge of the right-hand side in (2.23) so that it
contains only the unbroken gauge fields. We then define the
following modified topological charge:

1

2
T r��0��R � �̂�	; (2.29)

where �0 is given by

�0 �
1

nm

�
A2

i 

n2 �m2 
 1

4

�
�

1

2

1n�m


1n
m

� �
:

(2.30)

�0 ’ �
m� when jmj � n. �0 is a normalized scalar field in

such a sense that it satisfies
P

a��
0a�2 � 1, if we rewrite

ai � aa
i !

a=2 and �0 � �0a!a=2 in the commutative limit.
The modified topological charge (2.29) becomes

�2

8�

Z
S2

d�ijkni�
0aFa

jk; (2.31)

where Fjk � Fa
jk!

a=2 is the field strength defined as Fjk �

@ja
0
k 
 @ka

0
j 
 i�a0

j; a
0
k	, and a0

i � ijkxjak=�. This is
nothing but the Chern character with the projection to
pick up the component �0a, namely, magnetic charge for
the unbroken U(1) component in the TP monopole
configuration.

Since Ai’s satisfy SU(2) algebra (2.26), we can show by
straightforward calculations [28]

1

2
T r�P�n�m���R � �̂�	 � �m; (2.32)
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for the configuration (2.28). Here P�n�m� is the projection
operator to pick up the Hilbert space for the n�m dimen-
sional irreducible representation, respectively. These pro-
jection operators can be written as

P�n�m� �
�Ai�

2 
 1
4 ��n�m�2 
 1	

1
4 ��n�m�2 
 1	 
 1

4 ��n�m�2 
 1	
(2.33)

� ��0 �
1

2
: (2.34)

Hence we can see
1

2
T r��0��R � �̂�	 � m: (2.35)

Therefore, the configuration (2.28) represents a monopole
configuration with a magnetic charge m. In particular, the
configuration (2.27) of m � 1 is the familiar TP monopole
with a magnetic charge 1. This also was seen by looking at
the explicit form of the configuration in (2.25).

Therefore, if by some mechanism, the U(2) gauge the-
ory, the 2-coincident fuzzy spheres of m � 0 decays to the
TP monopole configuration of jmj � 1, or to the more
general monopole configurations of jmj � 1, it means the
index is generated dynamically. Also it is understood as a
spontaneous symmetry breaking, U�2� ! U�1� � U�1�.
There are two ways to look at the unbroken gauge symme-
tries.
(1) E
-4
ach sphere in (2.27) has unbroken U(1) symmetry,
and totally U�1� � U�1�. This description is geomet-
rically natural.
(2) U
�2� ’ SU�2� � U�1� and the SU(2) breaks down to
U(1) when we consider the TP monopole configu-
ration (2.25). This description becomes natural
when we treat the m � 0 configuration as the U(2)
gauge theory on the sphere.
These two descriptions are equivalent : The generators for
the U(1) symmetry of each sphere is given by

1n�1

0

� �
;

0
1n
1

� �
: (2.36)

They can be rearranged as

1n�1

1n
1

� �
;

�n
 1�1n�1


�n� 1�1n
1

� �
: (2.37)

Then, by unitary transformation U of (2.27), the second
generator becomes

U
�n
 1�1n�1


�n� 1�1n
1

� �
Uy � 2Li!i: (2.38)

In the commutative limit, 	Li!i ! xi!i, and it is the
generator for the unbroken U(1) component of the TP
monopole.

In order to see the dynamics of the index generation
through the symmetry breaking, we will analyze the decay
processes from the 2-coincident fuzzy spheres of m � 0 to
configurations of jmj � 1 in the following section.



2The l � 0 modes are zero-modes and should be subtracted
from the one-loop effective action (3.8). Here we write them
explicitly in (3.8) to discuss the number of the zero-modes later.
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III. INSTABILITY OF FUZZY SPHERES

In this section we first introduce a Yang-Mills-Chern-
Simons matrix model, and then investigate the instabilities
of the monopole configurations in this model. We show
that the monopole configurations with nontrivial topologi-
cal charges are stabler than the U(2) gauge theory on the
fuzzy 2-sphere. This realizes a dynamical mechanism of
the index generation through the symmetry breaking. The
configuration of the 2-coincident fuzzy spheres decays to
2-concentric spheres with larger matrix-size difference and
cascades into the single fuzzy sphere.

A. The Yang-Mills-Chern-Simons matrix model

The action of the Yang-Mills-Chern-Simons matrix
model is defined as [20,33]

S�Ai	 �
	4

g2 tr
�



1

4
�Ai; Aj	

2 �
2

3
iijkAiAjAk

�
; (3.1)

where Ai (i � 1; 2; 3) are N � N traceless Hermitian ma-
trices and 	 is the NC parameter. This model can be
regarded as a dimensionally reduced model of SU�N�
Yang-Mills theory with the Chern-Simons term in the
three-dimensional Euclidean space. It has SO(3) rotational
symmetry and SU�N� gauge symmetry

Ai ! UAiU
y; (3.2)

where U 2 SU�N�.
The classical equation of motion is given by

�Ai; �Ai; Aj		 � ijkl�Ak; Al	 � 0: (3.3)

The simplest type of solutions is given by the commutative
diagonal matrices:

Ai � Diag�x�1�i ; � � � ; x�N�
i �: (3.4)

Another type of solution is a fuzzy sphere solution which
we explained in the previous section and is given by

Ai � Li; (3.5)

where Li (i � 1; 2; 3) are the SU(2) generators. We can
also consider the following reducible representation:

Ai �

L�n1�
i

L�n2�
i

. .
.

L�nk�
i

0BBBBB@

1CCCCCA; (3.6)

where each L�n�
i is an n-dimensional irreducible represen-

tation of SU(2) algebra, and thus N �
Pk

a�1 na is the size
of the total matrices. The case where n1 � � � � � nk � n
corresponds to k-coincident fuzzy spheres. Expansion of
the model around the k-coincident fuzzy spheres gives
U�k� gauge theory on the fuzzy sphere [20].

In Appendix A we give the calculation of the one-loop
effective action in the background-field method.
045017
B. Free energies of general monopole configurations

We consider the general monopole configurations (2.28).
The classical action for them can be obtained by insert-

ing (2.28) into (3.1) which then becomes

W0 � 

	4

24g2 �f�n�m�3 
 �n�m�g

� f�n
m�3 
 �n
m�g�

� 

	4

12g2 �n
3 
 n� 3m2n�: (3.7)

Since it monotonously decreases as jmj increases (see
Fig. 1), the U(2) configuration (m � 0) is unstable and
decays to the TP monopole configuration (jmj � 1).
Repeating such transitions, it cascades to the U(1) configu-
ration (jmj � n). The processes for jmj � n realize the
dynamical mechanism of the index generation through the
symmetry breaking. If we consider this mechanism in
extra-dimensional spaces in some other matrix models,
chiral fermion in our space-time can be realized
dynamically.

We further consider the one-loop correction. The one-
loop effective action can be obtained by inserting (2.28)
into (A8),2

W1 �
1

2
T r log�� ~Xk�

2�

�
1

2

 Xn�m
1

l�0

�
Xn
m
1

l�0

�2
Xn
1

l�m

!
�2l� 1� log�l�l� 1�	:

(3.8)

In the last line the first two terms are contributions from the
diagonal blocks while the last term comes from the off-
diagonal blocks. Since ~XiM � �L�n�m�L

i 
 L�n
m�R
i �M

when ~Xi acts on the upper-right off-diagonal block M, its
representation can be obtained by adding two SU(2) rep-
resentations with dimension �n�m� and �n
m�.

We can see from (3.8) that the configuration (2.28) of
m � 0 has four zero-modes, while those of m � 0 have
two. We will discuss the instability in these zero-mode
directions for m � 0 case in Sec. III C and for m � 1
case in Sec. III D. In this subsection we will first consider
the contributions from the non-zero-modes.

For large n, the summation over l in (3.8) can be re-
placed by an integration. Thus, for m � 0,

Wm�0
1 � 2�n�n
 1�� logn�n
 1� 
 1�
 2�log2
 1�	;

(3.9)

and for m � 0,
-5
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Wm�0
1 �

1

2
��n�m��n�m
 1��log��n�m��n�m
 1�	 
 1� � �n
m��n
m
 1��log��n
m��n
m
 1�	 
 1�

� 2n�n
 1�� logn�n
 1� 
 1�
 2
Xm
1

l�1

�2l� 1� log�l�l� 1�� 
 4 � 2�log2
 1�	: (3.10)

For m � n, the difference between them can be evaluated as
�W1 � Wm�0

1 
Wm�0
1

�
1

2
�f�n�m� � f�n
m� 
 2f�n�	 


Xm
1

l�1

�2l� 1� log�l�l� 1�	

’
1

2

�
f�2��n�m2 �

1

12
f�4��n�m4 � � � �

�



Xm
1

l�1

�2l� 1� log�l�l� 1�	

�
1

2

�
2 logn�n
 1� �

�2n
 1�2

n�n
 1�

�
m2 �O�1=n2�m4 � � � � 


Xm
1

l�1

�2l� 1� log�l�l� 1�	

’ 2m2 logn; (3.11)
where in the second line we introduced f�x� � x�x
 1��
flogx�x
 1� 
 1g, and in the last line we took the leading
term in the large n limit.

From (3.9) and (3.11) at large n, m-independent term in
W1 is of the order of n2 logn and m-dependent term in W1 is
of the order of �logn�m2, while from (3.7), m-independent
term in W0 is of the order of n3, and m-dependent term in
W0 is of the order of nm2:

W0 �
n3 
 nm2; (3.12)

W1 � n2 logn� �logn�m2: (3.13)

Therefore the vacuum structure mentioned after (3.7) does
not change qualitatively at large n even after we take into
consideration the quantum corrections. Namely, the vac-
uum structure is determined classically. The classical ac-
tion W0 and the effective action with the one-loop
correction are depicted in Fig. 1 as a function of m.
W

W0 + W1

W0

m
−n −1 0 1 n

m = 0

m = 1

m = n

0

− α4

12g2(n
3 − n)

− α4

12g2(n
3 + 2n)

FIG. 1. The classical action W0 and the one-loop effective
action W1 as functions of m. We also draw the pictures of 2-
concentric fuzzy spheres for m � 0, m � 1 case and a single
fuzzy sphere (m � n) on the right side.
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C. Instability of the U(2) gauge theory

In this subsection we analyze the instability of the U(2)
gauge theory, the 2-coincident fuzzy spheres of m � 0,
along the zero-modes explained in the previous subsection.
We also consider the decay process from this configuration
to the TP monopole configuration of jmj � 1.

In order to see how the 2-coincident fuzzy spheres (m �
0) decay, we consider the zero-mode directions around this
configuration. As we mentioned after (3.8) there are four
zero-modes, one of which is Ai � 12n, the total translation,
and should be neglected due to the tracelessness condition
imposed on the matrices Ai. We thus consider the following
background3

Xi � L�n�
i � 12 � ha

i 1n � !a: (3.14)

The classical action can be obtained by inserting (3.14)
into (3.1), and becomes

W0 � 

	4

12g2 �n
3 
 n� �

	4

g2 n�2f�ha
i h

a
i �

2


 �ha
i h

a
j �

2g 
 8 det�ha
i �	; (3.15)

which has the third and fourth order terms in ha
i . Since the

third order term 
8 det�ha
i � becomes minimum in the

direction of ha
i / �ia, the 2-coincident fuzzy spheres decay

into this direction. We also show in Appendix B that (3.15)
takes an absolute minimum at ha

i � 1
2�ia, which is nothing

but the TP monopole configuration. Therefore we infer that
the 2-coincident fuzzy spheres decay into the TP monopole
3The background (3.14) with only a � 3 direction for ha
i was

considered in Appendix D in [37]. This direction corresponds to
the one in which the positions of two fuzzy spheres shift
relatively. However, the 2-coincident spheres seem to decay to
the TP monopole configuration by changing the sizes of the two
spheres, as can be seen from the analysis of Sec. III B and also
from the numerical analysis in [37]. Thus it will be better to
consider the direction (3.16) to discuss the decay process.
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V0(h)

h
1

0

(a) The classical potent ial V0

V0(h) + V1(h)

h
0

(b) V0 + V1 for small n

V0(h) + V1(h)

h
0 ∼ 1

n

∼ 1
n2

(c) V0 + V1 for large n

FIG. 2. (a) The classical potential is flat at h � 0 and takes a
minimum value at h � 1. (b) The one-loop potential is unstable
at h � 0 for small values of n. (c) The one-loop potential is
metastable at h � 0 for large values of n.
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configuration along the path

Xi � L�n�
i � 12 � h1n �

!i

2
; (3.16)

from h � 0 to h � 1.
Next we evaluate the one-loop correction around the

background (3.14). The one-loop effective action can be
obtained by inserting (3.14) into (A8),

W1 �
1

2
T rtr0 log�� ~Xk�

2�ij 
 2iijkh
a
k~!

a � 4iha
i h

b
j abc~!

c	


T r log�� ~Xk�
2	; (3.17)

where ~Xi and ~!i are adjoint operators which act on a
Hermitian matrix M as

~X iM � �L�n�
i � 12 � ha

i 1n � !a;M	; (3.18)

~! iM � �!i;M	: (3.19)

Up to the second order of the perturbative expansion in ha
i ,

the one-loop effective action becomes

W1 � 2
Xn
1

l�1

�2l� 1� log�l�l� 1�	

� �ha
i �

2

"
4

3

Xn
1

l�1

2l� 1

l�l� 1�

 16

Xn
1

l�1

2l� 1

�l�l� 1��2

#
; (3.20)

where we did not include the zero-modes (l � 0) since they
are collective modes and should be treated separately. The
coefficient of �ha

i �
2 changes its sign from negative to

positive at n � 374, and at large n limit,

W1 ’ 2�n�n
 1�� logn�n
 1� 
 1�
 2�log2
 1�	

� �ha
i �

2

�
4

3
� logn�n
 1� 
 log2�
 16

�
1


1

n2

��
:

(3.21)

In summary, the configuration of 2-coincident fuzzy
spheres has three nontrivial zero-modes, which include
the decay direction as was seen from the classical action
(3.15). Including the one-loop correction, all of the three
zero-mode directions become unstable for n  373, and
stable for n � 374. Thus this configuration becomes meta-
stable for large n. Then the transition to the TP monopole
configuration must be qualitatively different. However,
since the one-loop contribution is like �logn�h2 while the
classical contribution is like 
nh3, the metastability be-
comes negligible at large n limit. See Fig. 2.

We will illustrate this feature by plotting W0 �W1 along
the path (3.16)

W0 �W1 � 

	4

12g2 �n
3 
 n� � 2

Xn
1

l�1

�2l� 1�

� log�l�l� 1�	 � V0�h� � V1�h�; (3.22)
045017
where

V0�h� �
	4n

g2

�
3

4
h4 
 h3

�
; (3.23)

V1�h� �

"Xn
1

l�1

2l� 1

l�l� 1�

 12

�
1


1

n2

�#
h2: (3.24)

In Fig. 2 we plot the classical potential V0�h� in (a); the
one-loop effective potential V0�h� � V1�h� for small values
of n in (b); and for large values of n in (c).

D. Instability of the TP monopole configuration

In the previous subsection we analyzed the transition
from the U(2) gauge theory to the TP monopole configu-
ration. As we saw in Sec. III B, the TP monopole configu-
ration is not stable and decays into the configuration of
larger jmj. We analyze the instability of the TP monopole
in this subsection. To see how the TP monopole configu-
ration decays, we consider the zero-mode directions
around this configuration. As we mentioned after (3.8)
there are two zero-modes, one of which is Ai � 12n, the
total translation, and should be neglected. Thus we con-
sider the following background

Xi �
L�n�1�

i

L�n
1�
i

 !
� hi

n
1
n 1n�1


 n�1
n 1n
1

 !
:

(3.25)
-7
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The classical action is obtained by inserting (3.25) into
(3.1) and becomes

W0 � 

	4

12g2 �n
3 � 2n�: (3.26)

Note that this direction is flat not only in the second order
but in all orders in hi. Thus we have to find the direction
along which the TP monopole configuration decays, in-
cluding the non-zero-modes. It is an interesting study to
find such a direction that the potential along the path h has
the form like

V0�h� � n�h2 
 h3�; (3.27)
045017
and the path connects the TP monopole configuration
(jmj � 1) to the configuration of jmj � 2. In any case,
the TP monopole configuration must be metastable
classically.

We now evaluate the one-loop effective action around
the background (3.25). By inserting it into (A8), we obtain

W1 �
1

2
T rtr0 log�� ~Xk�

2�ij 
 2iijk
~Hk	 
T r log�� ~Xk�

2�;

(3.28)

where ~Xi and ~Hi are adjoint operators which act on a
Hermitian matrix M as
~X iM �
L�n�1�

i

L�n
1�
i

 !
� hi

n
1
n 1n�1


 n�1
n 1n
1

 !
;M

" #
; (3.29)

~H iM � hi

n
1
n 1n�1


 n�1
n 1n
1

 !
;M

" #
: (3.30)
Up to the second order of the perturbation in hi,

W1 �
1

2

 Xn
l�1

�
Xn
2

l�1

�2
Xn
1

l�1

!
�2l� 1� log�l�l� 1�	

� �hi�
2

"
4

3

Xn
1

l�1

2l� 1

l�l� 1�

 16

Xn
1

l�1

2l� 1

�l�l� 1��2

#
; (3.31)

where again we have subtracted the zero-modes since they
are collective modes and should be treated separately. The
coefficient of �hi�

2 changes its sign from negative to posi-
tive at n � 374, and becomes 8=3 logn at large n limit.
Therefore, along this direction, the TP monopole configu-
ration is unstable for small n, while stable for large n.

As for the decay from the TP configuration, we must
consider other directions. As we mentioned in (3.27), the
TP configuration is metastable even at the classical level.
The quantum corrections of the order of �logn�h2 will not
change the qualitative feature of the classical metastability.
It is plausible that all of the monopole configurations of
jmj � 1 have the same property, since they also have only
one nontrivial zero-mode.

IV. CONCLUSION AND DISCUSSION

In this paper we presented a dynamical mechanism for
an index generation through the spontaneous symmetry
breaking: U�2� ’ SU�2� � U�1� ! U�1� � U�1�, by show-
ing that the monopole configurations with the nontrivial
topological charges are stabler than the U(2) gauge theory
without any condensation on the fuzzy 2-sphere, though it
finally decays to a single fuzzy 2-sphere whose effective
theory is the U(1) gauge theory on the fuzzy 2-sphere. The
final state is geometrically different from the initial state,
2-coincident fuzzy spheres. Nevertheless, we expect that
such a mechanism of the dynamical generation of an index
as studied in this paper would be useful to realize chiral
fermions dynamically by compactifying extra-dimensional
spaces with a nontrivial index in some more realistic
matrix models.

We first analyzed the instability of the general monopole
configurations (2.28) in the Yang-Mills-Chern-Simons ma-
trix model. The classical action for these configurations
monotonously decreases as the difference of the sizes of
the two matrices, jmj, increases (see Fig. 1). Thus the U(2)
gauge theory, the 2-coincident spheres of m � 0, is un-
stable and decays to the TP monopole configuration of
jmj � 1. Repeating such transitions, it cascades to the
U(1) gauge theory, the single sphere of jmj � n. These
properties do not change even after we take into consid-
eration the quantum corrections. Namely, the vacuum
structure is determined classically.

We then analyzed the instability of the U(2) gauge
theory (m � 0), in detail. This configuration has three
nontrivial zero-modes, which includes the direction along
which it decays to the TP monopole (jmj � 1). Including
the one-loop correction, all of the three zero-mode direc-
tions become unstable for n  373 and stable for n � 374.
Thus the U(2) gauge theory becomes metastable for large
n. Then the transition to the TP monopole configuration
must be qualitatively different: 2nd order like transition for
small n and 1st order like for large n. However, since the
one-loop contribution is like �logn�h2 while the classical
contribution is like 
nh3, the metastability becomes neg-
ligible at large n limit.

It will be interesting to study the decay processes from
the U(2) gauge theory to the TP monopole configuration in
detail. If we introduce an extra time direction and consider
the action (3.1) as the potential, we can discuss the insta-
-8
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bility of the fuzzy sphere in the M(atrix)-theory [41] or the
instability observed in the Monte Carlo simulation of the
matrix model in [37]. Then we can evaluate the decay rate
by using the path (3.16) in some semiclassical method.

We further analyzed the instability of the TP monopole
configuration (jmj � 1). This configuration has one non-
trivial zero-mode, which is a flat direction classically. The
one-loop quantum correction makes it unstable for small n
and stable for large n. As for the decay we have to consider
other directions, which include the non-zero-modes. Thus
the TP monopole configuration must be metastable even at
the classical level, and quantum corrections will not
change this property. It is plausible that all of the configu-
rations of jmj � 1 have this property since they have only
one zero-mode.

It is interesting to find the decay path from the TP
configuration of jmj � 1 to the one of jmj � 2, and the
path from jmj � 2 to jmj � 3, and so on, and check the
above mentioned conjecture. It also is interesting to clarify
the explicit form of the configuration of the general mono-
poles of jmj � 2, as we did for jmj � 1 in [28].

Another issue is to study topologically nontrivial con-
figurations in other NC geometries than the fuzzy 2-sphere
and present a mechanism for the dynamical generation of
an index on general NC geometries. We might be able to
use this mechanism in the matrix models for the critical
string theories like [1] and realize the chiral gauge theory
in our four-dimensional space-time.
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APPENDIX A: THE ONE-LOOP EFFECTIVE
ACTION

Here we give the calculation of the one-loop effective
action in the background-field method. We consider back-
grounds Xi and fluctuations around it, ~Ai:

Ai � Xi � ~Ai: (A1)

We add to the action (3.1) the gauge fixing term and the
ghost term:

Sg:f: � 

1

g2 tr�Xi; Ai	
2; (A2)

Sghost � 

1

g2 tr��Xi; �c	�Ai; c	�; (A3)

where c and �c are the ghost and antighost fields,
respectively.

We then expand the action (3.1) up to the second order in
the fluctuations:

Stotal � S�Xi	 � S2; (A4)
045017
S2 �
1

2g2 tr�
~Ai�Xk; �Xk; ~Ai		 
 2��Xi; Xj	 
 iijkXk�

� � ~Ai; ~Aj	��
1

g2 tr� �c�Xk; �Xk; c		�

�
1

2g2 tr�
~Ai�� ~Xk�

2�ij � 2�� ~Xi; ~Xj	 
 iijk
~Xk�	 ~Aj�

�
1

g2 tr� �c�
~Xk�

2c�; (A5)

where in the last step we introduced adjoint operators,

~X iM � �Xi;M	; (A6)

�� ~Xi; ~Xj	 
 iijk
~Xk�M � ���Xi; Xj	 
 iijkXk�;M	: (A7)

Note that we drop the linear terms in ~Ai by hand in the
background-field method.

The one-loop effective action W1 is obtained as

W1 � 
 log
Z

d ~Adcd �ce
S2

�
1

2
T rtr0 log�� ~Xk�

2�ij � 2�� ~Xi; ~Xj	 
 i	ijk
~Xk�	


T r log�� ~Xk�
2	; (A8)

where T r is a trace of operators acting on matrices, and tr0

is the trace over the space-time indices i and j.

APPENDIX B: ANALYSIS OF THE POTENTIAL
(3.15)

In this appendix we show that the potential (3.15) has the
absolute minimum at ha

i � 1
2�ia, which is nothing but the

TP monopole configuration. The potential (3.15) can be
written as

V�H� � 2��trHTH�2 
 tr�HTHHT�	 
 8det�H�; (B1)

where �H�ia � ha
i . Introducing M � HTH,

V�H� � 2��trM�2 
 tr�M2�	 � 8
�����������
detM

p

� 2

" X3
i�1

xi

!
2



X3
i�1

x2i

#
� 8

����������Y
i

xi

s

� 4�x1x2 � x2x3 � x3x1� � 8
��������������
x1x2x3

p
; (B2)

up to the overall coefficient. Here x1; x2; x3 are the eigen-
values of M. Fixing the value of x1x2x3, the first term in
Eq. (B2) has a lower bound as

x1x2 � x2x3 � x3x1 � �x1x2x3�
�
1

x1
�

1

x2
�

1

x3

�

� 3�x1x2x3�
�

1

x1x2x3

�
1=3

� 3�x1x2x3�2=3; (B3)

where in the second inequality the equality is satisfied
when x1 � x2 � x3 � y2. In this case V�H� is given by
-9
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V�H� � 12y4 
 8y3 � 

1

4
; (B4)

where in the last inequality the equality is satisfied when
y � 1

2 .
045017
Therefore the minimal point V�H� � 
1=4 is satisfied
at ha

i � 1
2�

a
i up to SU(2) rotation. Thus W0 in (3.15) is

minimized at the TP monopole configuration under the
restriction on possible directions to move in the configu-
ration space as in Eq. (3.14).
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