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Post-1-Newtonian equations of motion for systems of arbitrarily structured bodies
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We give a surface-integral derivation of post-1-Newtonian translational equations of motion for a
system of arbitrarily structured bodies, including the coupling to all the bodies’ mass and current
multipole moments. The derivation requires only that the post-1-Newtonian vacuum field equations are
satisfied in weak field regions between the bodies; the bodies’ internal gravity can be arbitrarily strong. In
particular, black holes are not excluded. The derivation extends previous results due to Damour, Soffel,
and Xu (DSX) for weakly self-gravitating bodies in which the post-1-Newtonian field equations are
satisfied everywhere. The derivation consists of a number of steps: (i) The definition of each body’s
current and mass multipole moments and center-of-mass world line in terms of the behavior of the metric
in a weak field region surrounding the body. (ii) The definition for each body of a set of gravitoelectric and
gravitomagnetic tidal moments that act on that body, again in terms of the behavior of the metric in a weak
field region surrounding the body. For the special case of weakly self-gravitating bodies, our definitions of
these multipole and tidal moments agree with definitions given previously by DSX. (iii) The derivation of
a formula, for any given body, of the second time derivative of its mass dipole moment in terms of its other
multipole and tidal moments and their time derivatives. This formula was obtained previously by DSX for
weakly self-gravitating bodies. (iv) A derivation of the relation between the tidal moments acting on each
body and the multipole moments and center-of-mass world lines of all the other bodies. A formalism to
compute this relation was developed by DSX; we simplify their formalism and compute the relation
explicitly. (v) The deduction from the previous steps of the explicit translational equations of motion,
whose form has not been previously derived.
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I. INTRODUCTION AND SUMMARY

A. Background and motivation

For slow motion sources in weak gravitational fields,
general relativity can be accurately described in terms of
a post-Newtonian approximation scheme. This approxi-
mation scheme is extremely useful in applications and is
very well developed. Reviews of post-Newtonian theory
can be found in Refs. [1–3] and in the textbook by Will
[4].

There are several different types of equations that arise
in post-Newtonian theory. First, one has continuum field
equations, which are usually specialized to gravity coupled
to perfect or imperfect fluids. These have been derived up
to post-2.5-Newtonian order [5]. At post-1-Newtonian or-
der, they have been extended beyond general relativity to
encompass the class of theories of gravity described by the
parametrized post-Newtonian framework [4].

A second type of equation of motion applies to systems
consisting of N interacting, extended bodies moving under
their mutual gravitational interactions, in the limit where
the bodies’ sizes are small compared to their mutual sep-
arations. For such systems one has ‘‘point-particle’’ equa-
tions of motion. Such equations were first derived [1] at
post-1-Newtonian order by Lorentz and Droste [6], and
later independently by Einstein, Infeld, and Hoffmann
(EIH) [7]. They were also independently derived by
Petrova [8] using a method devised by Fock [9]. These
equations are usually called the EIH equations. In recent
05=71(4)=044010(44)$23.00 044010
years the advent of gravitational-wave astronomy [10,11]
has spurred renewed interest in such equations of motion.
For coalescing binary systems, the waveforms of the emit-
ted gravitational waves are expected to carry a great deal
of information, and full exploitation of the expected ob-
servations will require accurate theoretical models of the
waveforms [11]. This requirement has prompted the com-
putation of point-particle equations of motion (as well as
radiation reaction effects) to higher and higher post-
Newtonian orders. Most recently the coalescence wave-
form’s phase has been computed up to post-3.5-Newtonian
order [12]; see also Refs. [13,14]. At post-5-Newtonian
order and higher, the concept of point-particle equations of
motion will break down due to effects related to the finite
sizes of the bodies [15]. However an argument due to
Damour [15] indicates that the point-particle equations
should be well defined at lower orders, up to and including
post-4.5-Newtonian.

A third type of equation of motion applies to systems
of N interacting bodies whose sizes cannot be neglected.
These equations consist of the point-particle equations
of motion supplemented by tidal interaction terms. In
principle, if one included tidal interactions to all multi-
pole orders, and in addition coupled the equations of
motion to a dynamical description of the internal degrees
of freedom in each body, one would obtain a complete
description of the system, equivalent to that provided
by the continuum equations of motion (up to radiative
effects).
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2The BK and DSX formalisms have recently been generalized
to the parametrized post-Newtonian framework for scalar-tensor
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For a system of bodies of typical size �R, of typical
mass �M, and with typical separations �D, the force F
that acts on one of the bodies can be written schematically
as1
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Here we use geometric units with G � c � 1. The terms
inside the curly brackets are as follows. On the first line,
the one is the usual Newtonian force between two point
particles and the second and third terms are the post-1-
Newtonian and post-2-Newtonian point-particle correc-
tions. On the second line, the first term is the correction
due to Newtonian tidal couplings; the minimum value of l
allowed is l � 2 corresponding to quadrupolar coupling.
The second term describes the post-1-Newtonian tidal
couplings. Here the minimum allowed value l is lower
than in the Newtonian case due to gravitomagnetic inter-
actions which have no Newtonian analogs. This minimum
value is l � 1=2, corresponding to spin-orbit couplings
(assuming that the bodies’ internal velocities are maximal,
v�

�����������
M=R

p
).

The purpose of this paper is to compute in detail the
post-1-Newtonian tidal interaction terms in Eq. (1.1), for
all values of l, for a system of N bodies. The explicit form
of these terms has not been derived before, although there
is substantial literature on this topic [2,16–26]. There are a
number of motivations for this computation. First, as de-
scribed in Refs. [2,20], in the area of celestial mechanics
future experiments and observations in the solar system
will provide very high precision data. For example, there
are current plans to increase the accuracy of lunar laser
ranging from the current centimeter level to the millimeter
level [27]. The future astrometric missions Space
Interferometry Mission (SIM) and Global Astrometric
Interferometer for Astrophysics (GAIA) are expected to
measure angles to an accuracy of a few microarcseconds,
as compared to the current accuracy of milliarcseconds. In
the radio, very long base line interferometry (VLBI) ob-
servations currently can yield precisions of order 10 micro-
arcseconds [28]. Also, the proposed future laser
astrometric test of relativity (LATOR) mission [29] would
be sensitive to post-2-Newtonian effects, and therefore
would likely require detailed modeling of post-1-
Newtonian tidal effects.

Second, gravitational-wave measurements of coalescing
binary compact stars will likely have some ability to detect
finite size effects for sufficiently strong signals [30].
Although post-Newtonian tidal effects will in many cases
be small compared to Newtonian tidal effects, there are
1These scalings apply to generic bodies; if the bodies are
spherically symmetric the scalings are of course altered.

044010
some situations where the post-1-Newtonian effects domi-
nate. An example is the gravitomagnetic resonant excita-
tion of Rossby modes in neutron stars that are spinning at
�100 Hz, which could be detectable with LIGO for mod-
erately strong detected inspirals [31].

B. Tidal coupling in post-Newtonian theory

The textbook treatment of post-1-Newtonian gravity [4]
is inadequate for the treatment of tidal interactions for
several reasons, as explained by Damour et al. [2]. First,
the standard treatment uses a single global coordinate
system. Although one can write down the continuum equa-
tions of motion for a given body in that coordinate system,
it is very difficult to separate out the gravitational influen-
ces of the other bodies from the self-field of the body, since
the fractional distortions of the coordinate system pro-
duced by the other bodies can be large even when the tidal
distortion of the star is negligible. The development of
approximation schemes such as linear perturbations about
an equilibrium state is hindered by the fact that the equi-
librium state is not described in the usual way in the global
coordinates.

This difficulty has been comprehensively addressed in a
series of papers by Brumberg and Kopeikin (BK) [22–24]
and by Damour, Soffel, and Xu (DSX) [2,16–18]. These
authors developed a detailed theory of post-1-Newtonian
reference frames, in which each body has associated with it
a coordinate system naturally adapted to that body. DSX
also developed a formalism to compute translational equa-
tions of motion including the coupling to all the mass and
current multipole moments of each body.2 They applied
their formalism to compute equations of motion including
spin and quadrupole couplings. In this paper, we extend the
DSX results in two ways. First, by simplifying their for-
malism we are able to compute the explicit form of the
translational equations of motion, including all the multi-
pole couplings. Second, we give a derivation that is valid
for strongly self-gravitating objects as well as weakly self-
gravitating objects.3 We need only assume that the post-1-
Newtonian field equations are satisfied in a weak field
region surrounding each body. The bodies’ internal gravi-
tational fields can be arbitrarily strong; in particular, our
assumptions do not exclude black holes. By contrast, DSX
assumed the global validity of the post-1-Newtonian con-
tinuum field equations, and so their derivation applies only
to weakly self-gravitating objects. Our result also general-
izes existing derivations of the Newtonian [21] and post-1-
Newtonian [33,34] equations of motion for strongly self-
gravitating objects that incorporate only a few low-order
theories of gravity by Kopeikin and Vlasov [32].
3That is, we show that the dominant fractional errors scale as

O�M2=D2�; global post-Newtonian methods [2,16,17] show only
that these errors are O�M2=R2� or smaller.
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multipoles. Similar derivations to higher post-Newtonian
orders including monopole terms only can be found in
Refs. [35,36].

One of the key ideas underlying our derivation is that the
equations of motion are determined entirely by the local
field equations in weak field regions between the bodies.
This was originally pointed out by Weyl and by Einstein
and Grommer; see Thorne and Hartle [34] and references
therein. Each body is surrounded by a vacuum, weak field
region called a ‘‘buffer region’’ [34], and the quantities
entering into the equations of motion are defined in terms
of the behavior of the metric in those buffer regions (see
Fig. 1). In particular, our multipole moments are defined in
terms of the behavior of the metric in the buffer regions.
Our definition of multipole moments is thus more general
than the definition in terms of integrals over sources used
by DSX. However, our multipole moments do coincide
with those of DSX in the case of weakly self-gravitating
bodies.

Our derivation consists of a number of steps: (i) The
definition of each body’s current and mass multipole mo-
ments and center-of-mass world line in terms of the be-
havior of the metric in that body’s buffer region. (ii) The
definition for each body of a set of gravitoelectric and
gravitomagnetic tidal moments that act on that body, again
in terms of the behavior of the metric in that body’s buffer
region. For the special case of weakly self-gravitating
bodies, our definitions of these multipole and tidal mo-
ments agree with definitions given previously by DSX. (iii)
The derivation of a formula, for any given body, of the
second time derivative of its mass dipole moment in terms
of its other multipole and tidal moments and their time
derivatives. This formula was obtained previously by DSX
Strong field
region

Strong field
region

Buffer regionBuffer region

FIG. 1 (color online). An illustration of our assumptions for a
system of N bodies. Each body is surrounded by a strong field
region which is excluded from our analysis. Surrounding these
strong field regions are weak field buffer regions. Each body’s
center-of-mass world line and mass and current multipole mo-
ments are defined in terms of the behavior of the metric in that
body’s buffer region. We assume that the vacuum post-1-
Newtonian field equations are satisfied in all the buffer regions
and in the regions of space between the buffer regions.
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for weakly self-gravitating bodies. (iv) A derivation of the
relation between the tidal moments acting on each body
and the multipole moments and center-of-mass world lines
of all the other bodies. A formalism to compute this
relation was developed by DSX; we simplify their formal-
ism and compute the relation explicitly. (v) The deduction
from the previous steps of the explicit translational equa-
tions of motion, whose form has not been previously
derived.

C. Results for equations of motion

We next describe our results for the equations of motion.
We label each body by an integer A, with 1 � A � N. We
use a harmonic coordinate system �t; xi� that covers all of
spacetime except for the strong field regions near each
body. The position of body A in this coordinate system is
parametrized by a function xi � cmzAi �t� called the ‘‘center-
of-mass world line.’’ This function is defined precisely in
Sec. V C below. It does not correspond to an actual world
line in spacetime; rather it parametrizes the location of the
local asymptotic rest frame (see below) attached to the Ath
body. That is, it is encoded in the behavior of the metric in a
weak field region surrounding body A in the same way that
the actual center-of-mass world line of a weakly self-
gravitating body would be encoded.

Associated with each body A is a coordinate sys-
tem �sA; y

i
A� which is defined only in that body’s buffer

region, and which is adapted to the body in the sense that
it minimizes the coordinate effects of the external gravi-
tational field due to the other bodies as much as possi-
ble. This coordinate system is discussed in detail in
Secs. III D and VA below. We will call the corresponding
reference frame the ‘‘body-frame’’ or, following Thorne
and Hartle [34], the body’s ‘‘local asymptotic rest frame.’’
The details of the transformation between the body-
adapted coordinates �sA; yiA� and the global coordinates
�t; xi� are important for the purpose of deriving the trans-
lational equations of motion. However, for the purpose
of using the equations of motion, one only needs to know
the following. First, the time coordinate sA is a ‘‘proper
time’’ associated with body A. It corresponds to the proper
time that would be measured by an observer in the local
asymptotic rest frame of body A. In that local asymptotic
rest frame it is related to the global-frame time coordinate t
by

sA � sA�t�; (1.2)

where the function sA�t� is determined by a differential
equation [Eqs. (1.7d) and (1.8) below]. Second, the leading
order relation between the spatial coordinates yiA and xi is
just a translation together with a time-dependent rotation
[cf. Eqs. (5.4), (5.10), and (5.38) below]:
-3
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xi � cmzAi �t� �UAj
i �t�yjA: (1.3)

The rotation matrix UAj
i �t� describes dragging of inertial

frames4; a differential equation for its evolution is given
below. The body-adapted coordinates �sA; y

i
A� rotate with

respect to distant stars, while the global coordinates �t; xi�
do not.

Each body A has associated with it a unique set of mass
multipole moments

MA
L�sA� � MA

a1...al�sA�; (1.4)

for l � 0; 1; 2 . . . which are symmetric, trace-free, spatial
tensors with l indices, of which mass dipole MA

i �sA� van-
ishes identically. It also has a unique set of current multi-
pole moments

SAL�sA� � SAa1...al�sA�; (1.5)

for l � 1; 2; . . . . These quantities are functions of the
body’s proper time sA. In the absence of interactions with
other bodies the mass monopole MA and the spin SAi are
conserved.

We will obtain below coupled equations of motion for
the center-of-mass world lines of all the bodies. Appearing
in these equations as unknowns will be the mass multipole
moments MA

L�sA� for l � 2, and the current multipole mo-
ments SAL�sA� for l � 2. In order to obtain a closed system
of equations, one would need to supplement the equations
of this paper with equations determining the evolution of
these multipole moments. We discuss further below vari-
ous circumstances and approximations in which the evo-
lution of the multipoles can be computed.

Next, we define the moments MA
L�t� and SAL�t� to be the

body’s mass and current multipole moments, transformed
to the nonrotating frame, and expressed as functions of the
global time t. These moments are given by the equations
[cf. Eqs. (5.35) and (5.36) below]

MA
a1...al�t� � U

Aa01
a1

�t� . . .U
Aa0l
al �t�MA

a01...a0l
	sA�t�
; (1.6a)

SAa1...al�t� � U
Aa01
a1

�t� . . .U
Aa0l
al �t�SAa01...a0l

	sA�t�
: (1.6b)

We can now write down the schematic form of the
equations of motion. They can be written as
4The time derivative of this rotation matrix is actually of post-
1-Newtonian order, so to Newtonian order this is a constant
matrix. In the body of the paper we assumed that this constant,
Newtonian order rotation matrix is the unit matrix. The descrip-
tion of our results given here allows this constant matrix to be
arbitrary; this slight generalization would be useful to describe
systems that evolve for a time long enough that the accumulated
rotation due to frame dragging is of order unity.
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cm 	zAi �t� �F A
i 	

cmzBi ;
cm _zBi ;M

B
L;

_MB
L; 	MB

L;S
B
L;

_SBL
;

(1.7a)

_MA�t� �F A	cmzBi ;
cm _zBi ;M

B
L;

_MB
L
; (1.7b)

_SAi �t� � �F A
i 	

cmzBi ;M
B
L
; (1.7c)

dsA
dt

� �F A	cmzBi ;
cm _zBi ;M

B
L
; (1.7d)

	 _UA � �UA��1
ij �F A
ij	

cmzBi ;
cm _zBi ;M

B
L;

_MB
L;SBL
: (1.7e)

Here F A
i , F A, �F A

i , �F A, and F A
ij are functions of their

argument whose specific forms are discussed below. In
these equations the dependencies on the time derivatives

_MB
L, 	MB

L, and _SBL only occur for l � 2. Also the mass
dipoles MB

i vanish identically. Therefore, if we assume
that the moments MA

L�sA� and SAL�sA� are known for l � 2,
Eqs. (1.6a), (1.6b), and (1.7a)–(1.7e) form a closed set of
evolution equations which can be solved to obtain the
center-of-mass world lines as well as the rotation matrices
UA and time functions sA�t�.

We remark that the three Eqs. (1.7a)–(1.7c) by them-
selves form a closed set of evolution equations for the
variables cmzAi �t�, MA�t�, and SAi �t�, if we assume that
the moments MA

L�t� and SAL�t� are known for l � 2.
However, approximation schemes for computing the multi-
pole moments for l � 2 usually yield the variablesMA

L�sA�,
SAL�sA� rather than the variables MA

L�t�, SAL�t�. This is
because the moments MA

L�sA� and SAL�sA� are the physical
moments that would be measured by an observer in the
local asymptotic rest frame of body A. In such cases we
must enlarge the set of variables cmzAi �t�, M

A�t�, SAi �t� to
include the rotation matrices UA�t� and time functions sA�t�
in order to obtain a closed set of equations.

We also note that it is formally consistent to post-1-
Newtonian accuracy to replace Eq. (1.6b) with the simpler
relation SAL�t� � SAL�t�. Nevertheless it can be useful in
some circumstances to use the more accurate relation
(1.6b), for example, for systems which evolve for suffi-
ciently long times that the rotation matrices UAa0

a become
significantly different from unity.

We now discuss the functions F A
i , F A, �F A

i , �F A, and F A
ij

that appear in Eqs. (1.7a)–(1.7e). The functional form of
F A

i is one of our key results. It is given by Eq. (6.11) below,
with the coefficients modified according to the substitu-
tions given in Eq. (6.19) and in Appendix F. These modi-
fied coefficients are obtained by combining the results of
this paper with those of the second paper in this series [37],
which we will call paper II. The functions F A and �F A

i are
standard functions that can be derived from Newtonian
stress-energy conservation for weakly self-gravitating
bodies, and their explicit functional forms are, respectively,
given in section IV of paper II [37] and in Eq. (F1) below.
The validity of Eqs. (1.7b) and (1.7c) for strongly self-
gravitating bodies is derived in paper II [37]. The function
�F A is given by [cf. Eqs. (5.4), (5.32), (5.23a), and (5.20)
-4
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stars, as for Newtonian stars, the moment of inertia tensor is
constant, independent of the angular velocity, up to linear order
in the angular velocity.
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below]

�F A � 1 �
1

2
cm _zAi

cm _zAi �
X
B�A

X1
k�0

�2k� 1�!!

k!
MB

K

rk�1
BA

nBAK :

(1.8)

Here K is the multi-index b1 . . . bk, rBA � jcmzB � cmzAj,
nBA � �cmzB � cmzA�=rBA, and nBAK � nBAb1

. . . nBAbk .
Finally, the function F A

ij is given by Eq. (6.20) below.
We next discuss various approximation schemes in

which the equations of motion (1.7a)–(1.7e) can be sup-
plemented by methods for obtaining the evolution of the
mass and current multipole moments MA

L�t� and SAL�t� for
l � 2 in order to obtain a complete, closed set of equations.
Some examples of such approximations are as follows.

(i) The simplest case is when the effect of all the l � 2
multipoles is negligible, and one can set MA

L � SAL � 0
for all l � 2. This yields the monopole-spin truncated
equations of motion discussed in Refs. [16,34].

(ii) Another simple case is when the evolution of
the multipoles of each body is dominated by dynamics
internal to that body, and is negligibly influenced by
the tidal fields of the other bodies. In this case, one
can solve for the evolution of the multipoles MA

L�sA�,
SAL�sA� of each body separately, and then insert those multi-
poles into the equations of motion (1.6a), (1.6b), and
(1.7a)–(1.7e). This application will be valid only if the
timescale over which the bodies’ multipoles evolve is
sufficiently long [38]; see Sec. I D below for further dis-
cussion of this point.

(iii) Another useful case to consider is that of rigid
bodies. As noted by Thorne and Gürsel [39], in general
relativity a body’s rotation can be rigid only if its angular
velocity (with respect to its local asymptotic rest frame) is
constant. If the angular velocity is changing, for example,
due to precession, then the body cannot be rigid due to
Lorentz contraction effects. However, to linear order in the
body’s angular velocity the motion is rigid [39]. The
analysis of Thorne and Gürsel can be adapted to the present
context, if the bodies’ rotations are slow enough that they
can be idealized as rigid. In this case, the time dependence
of the mass multipole moments MA

L�sA� for l � 2 can be
parametrized in terms of a time-dependent rotation matrix
UA �a

a �sA�:

MA
a1...al�sA� � UA �a1

a1
�sA� . . .UA �al

al �sA�M
A
�a1... �al :

Here the moments MA
�a1... �al are constant; these are the mo-

ments in the corotating frame which rotates with the body.
We define the angular velocity A

a �sA� in the usual way as
_UA �b
a UA �b

b � !acb
A
c . Then, the corotating frame spin SA�a �

UA �a
a S

A
a is related to the corotating frame angular velocity

A
�a � UA �a

a A
a via [39,40]

SA�a �sA� � IA
�a �b

A
�b
�sA�;
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where IA
�a �b

is the (constant) moment of inertia tensor.5

Similarly the higher-order current multipole moments are
given by

SA�a1... �al�sA� � IA
�a1... �al �b

A
�b
�sA�;

where IA
�a1... �al �b

is a higher-order generalization of the mo-

ment of inertia tensor [39]. Combining these relations with
the equations of motion(1.6a), (1.6b), and (1.7a)–(1.7e)
yields a closed system of equations which can be solved for
the center-of-mass world lines, the rotation UA �a

a �sA� of
each body with respect to its local asymptotic rest frame
�sA; y

i
A�, and the rotation UA�t� of that local asymptotic rest

frame with respect to distant stars. These equations de-
scribe torqued precession of relativistic objects, generaliz-
ing the free precession equations of Thorne and Gürsel
[39].

(iv) For weakly self-gravitating bodies one can use the
formalism developed by DSX [2,16,17] to obtain a post-1-
Newtonian description of the internal dynamics of each
body, for example, by using post-1-Newtonian stellar per-
turbation theory. Coupling such a description to the equa-
tions of motion yields a closed system of equations.

(v) Lastly, for fully relativistic, spherical stars, one can
compute the leading order effects of tidal interactions by
combining the results of this paper with linear relativistic
stellar perturbation theory using matched asymptotic ex-
pansions; see, for example, Refs. [41–44]. For example, if
one is interested only in the mass quadrupoles, and one
restricts attention to the dominant, fundamental l � 2
modes with no radial nodes, then one has a relation of
the form

MA
ij�sA� �

Z
ds0AK�sA � s0A�G

A
ij�s

0
A�:

Here K�sA � s0A� is a Green’s function which can be com-
puted from stellar perturbation theory, and GA

ij is the body-
frame gravitoelectric tidal moment that acts on body A,
which is defined in Sec. V B below and which can be
computed in terms of the world lines and multipole mo-
ments of the other bodies. Combining this relation with the
equations of motion (1.7a)–(1.7e) again yields a closed
system of equations, if one neglects the mass multipoles for
l � 3 and the current multipoles.

D. Domain of validity of our results

As mentioned above, the key assumption which we
make in deriving our results is that the post-1-Newtonian
vacuum field equations are satisfied in a weak field re-
gion between the bodies; see Sec. VA below for more
-5
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individual black holes unless supplemented with post-2-
Newtonian and higher-order point-particle terms, our formalism
can be applied to black hole binaries treated as a single body.
This is because binaries are less compact than black holes.
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details. We are unable to give a derivation of this assump-
tion from first principles. However, in this subsection we
discuss various physical effects which can cause our as-
sumption to break down, and we make estimates of the
sizes of these effects. We believe that the assumption
should be generally valid aside from the effects discussed
in this subsection.

The first type of correction are post-2-Newtonian cor-
rections to the metric in the weak field, vacuum region
between the bodies. These will give rise to fractional
corrections of order M2=D2, where M is a typical mass
and D a typical separation of the bodies, cf. the third term
on the first line of Eq. (1.1). We can estimate as follows
when these corrections will be larger than the tidal cou-
pling terms which we retain. The estimate given in the last
term of Eq. (1.1) can be refined by multiplying it by the
dimensionless measure "l � ML=�MR

l� of the lth mass
multipole. Demanding that this quantity be larger than the
post-2-Newtonian, point-particle term in Eq. (1.1) yields
the criterion

D & "1=�l�1�
l

�
R
M

�
1=�l�1�

R: (1.9)

Thus, the post-2-Newtonian terms will always dominate at
sufficiently large separations D, but for any given l � 2
there will be a range of values of D for which the post-1-
Newtonian tidal terms dominate, as long as "l * M=R. In
particular, this will be true for generic (nonsymmetric)
bodies for which "l � 1. Similar estimates apply to current
multipole couplings for l � 2. Thus, there is a nonempty
regime in which the post-1-Newtonian tidal couplings
computed here dominate over post-2-Newtonian, point-
particle effects.

Note, however, that this range of values of D gets
smaller as the strength of internal gravity �M=R increases.
In the limit of M� R of a black hole, the post-2-
Newtonian terms are always comparable to or larger than
the post-1-Newtonian tidal terms. Therefore, our results
cannot be applied consistently to black holes without in-
cluding post-2-Newtonian and higher terms in the equa-
tions of motion.

Another type of correction, which is also formally of
post-2-Newtonian order, is that due to the time dependence
of the mass and current multipole moments of the individ-
ual bodies [38]. The post-1-Newtonian solutions
[Eqs. (3.5a)–(3.5c) below] do not exhibit the correct re-
tarded dependence on these moments, that is, they are
functions of ML�t� and SL�t� rather than ML�t� r� and
SL�t� r�. If these moments vary on a timescale $, then the
corresponding fractional corrections to the mass moments
MA
L scale as D4=$4, and the fractional corrections to the

current moments SAL scale as D2=$2. Demanding that these
corrections be smaller than the post-1-Newtonian accura-
cies of these quantities ( �M=D and �1, respectively)
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yields the criterion $� D for the current moments, and
the more stringent criterion

$� D
�
D
M

�
1=4

(1.10)

for the mass moments. Fractional corrections to the post-1-
Newtonian tidal interactions will be of order unity for $�
D�D=M�1=4. The criterion $� D essentially says that all
of the bodies lie in the near zone of the gravitational
radiation produced by any one body, and not in the wave
zone [38], and the criterion (1.10) is a somewhat stronger
requirement than this.

To illustrate the criterion (1.10) it is useful to con-
sider some examples. First, if the time evolution of a
body’s moments is driven by tidal interactions with other
bodies, then the timescale is of order $�D�D=M�1=2,
and the criterion is satisfied. Second, suppose that we
have a three-body system consisting of two black holes
in a tight binary, together with a third body in orbit around
the binary. We can model such a system as a two-
body system using the formalism of this paper, treating
the black hole binary as a single body6 whose mass and
current multipole moments are evolving with time due
to internal dynamics. Then, early in the gravitational-
wave driven inspiral of the black hole binary, the criterion
(1.10) will be satisfied and our results for the equation
of motion will be valid. As the black hole binary gets
tighter however, eventually the orbital period will become
shorter than (1.10) and our results will no longer be
applicable.

This second example illustrates that the post-1-
Newtonian approximation can sometimes completely
break down, even in the supposed weak field region be-
tween the bodies. During the final coalescence of the black
holes the gravitational radiation metric perturbation will
become temporarily as large as the Newtonian potential in
the region between the binary and the loosely bound com-
panion. Our results are not applicable to such systems, in
which one of the bodies emits a strong burst of gravita-
tional radiation. Further work is required to deduce the
form of the translational equations of motion in this type of
situation.

There are two other assumptions made in our derivation
which slightly restrict the domain of validity of our results.
First, we assume that a coordinate system which covers the
weak field region between the bodies can be smoothly
extended to cover the bodies’ interiors (see Sec.III B be-
low). This assumption essentially restricts the spatial to-
-6
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pology of the bodies’ interiors, and excludes objects like
eternal black holes, wormhole mouths, and naked singu-
larities. It does not exclude realistic, astrophysical black
holes for the reason explained in Sec. III B [45]. Second, in
order for a body’s multipole moments to be definable, it is
necessary that there exist two concentric coordinate
spheres surrounding the object, such that the region be-
tween the two spheres is vacuum, in a particular coordinate
system centered on the body (see Sec. III B below). This
assumption might break down when two bodies get within
one or two radii of one another, slightly before they ac-
tually touch.

E. Organization of this paper

The structure of the paper is as follows. In Sec. II A
we introduce our notations for the post-1-Newtonian con-
tinuum field equations, and following DSX we define a
class of gauges (conformally Cartesian harmonic gauges)
that we use throughout the paper. Section II B presents a
simplified version of the theory of post-1-Newtonian ref-
erence systems of Refs. [2,16,17,22–25]. The key result of
this section is the explicit parametrization (2.17) of the
residual gauge freedom within conformally Cartesian har-
monic gauge in terms of a number of freely specifiable
functions of time and one harmonic function of time and
space.

Section III is devoted to the definitions of the mass
multipole moments ML�t�, current multipole moments
SL�t�, gravitoelectric tidal moments GL�t�, and gravito-
magnetic tidal moments HL�t� associated with a given
object and a given conformally Cartesian, harmonic coor-
dinate system. These definitions are given in Sec. III B in
terms of the general solution (3.5a)–(3.5c) of the post-1-
Newtonian field equations in a vacuum region between two
concentric coordinate spheres that surround the object (the
object’s ‘‘buffer region’’). Section III C analyzes how all of
these moments transform under the class of allowed gauge
transformations discussed in Sec. II B. In Sec. III D we
describe gauge specializations that fix the gauge freedom
completely and accordingly determine the multipole and
tidal moments uniquely. We call the resulting coordinate
system a body-adapted coordinate system. Section III E
gives a definition of multipole moments and tidal moments
associated with a given object, a given world line, and a
given coordinate system. These moments arise only in
intermediate steps in the derivations of this paper and not
in our final results. Finally, in Sec. III F we compare the
moment definitions used here with other definitions in the
literature.

Section IV derives the law of motion for a single body,
that is, the relation between the second time derivative
of its mass dipole moment and its other multipole and tidal
moments and their time derivatives. The assumptions
and result are described in Sec. IVA. A general descrip-
tion of the surface-integral method of derivation which
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we use is given in Sec. IV B. In Sec. IV C we give some
of the post-2-Newtonian vacuum field equations which
are needed for the derivation. Section IV D derives the
single-body law of motion to Newtonian order, as a
warm-up exercise. Finally, the post-1-Newtonian deriva-
tion is given in Sec. IV E. This derivation uses an idea due
to Thorne and Hartle [34] to deduce the value of a com-
plicated surface integral from previous weak field compu-
tations of DSX [2,16].

Section V lays the foundations for treating a system of
N interacting, finite-sized bodies. Our assumptions are
described and discussed in Sec. VA. In Sec. V B we de-
fine, for each body, a set of body-frame multipole and tidal
moments associated with that body’s adapted coordinate
system. These are the moments that would be measured
by an observer in that body’s local asymptotic rest frame.
Section V C defines the configuration variables that spec-
ify the location, orientation, etc., within the global coor-
dinate system of the local asymptotic rest frame which is
attached to that body. These variables include the center-
of-mass world line and also the time functions and rotation
matrices discussed in Sec. I C above. In Sec. V D we define
for each body multipole and tidal moments associated
with the global coordinate system. These quantities appear
only in intermediate steps in our computations and not
in our final results. The relation between the global-frame
multipole and tidal moments and the body-frame multipole
and tidal moments is computed in Sec. V E. Section V F
defines the modified versions ML and SL of the body-
frame multipole moments, discussed in Sec. I C above,
which are defined with respect to a frame that is non-
rotating with respect to distant stars, and which are ex-
pressed as functions of the global time coordinate. These
are the moments that appear in the final equations of
motion.

Finally, Sec. VI gives the derivation of the complete,
explicit translational equations of motion for the N body
system.

F. Notations and conventions

Throughout this paper we use geometric units in which
G � c � 1. We use the sign conventions of Misner,
Thorne, and Wheeler [46]; in particular, we use the metric
signature ��;�;�;��. Greek indices (&,' etc.) run from
zero to three and denote spacetime indices, while Roman
indices (a, b, i,j, etc.) run from one to three and denote
spatial indices. The spacetime coordinates will generically
be denoted by �x0; xi� � �t; xi�. Spatial indices are raised
and lowered using (ij, and repeated spatial indices are
contracted regardless of whether they are covariant or
contravariant indices. We denote by ni the unit vector

xi=r, where r � jxj �
��������������
(ijxixj

q
.

When dealing with sequences of spatial indices, we use
the multi-index notation introduced by Thorne [38] as
modified slightly by Damour, Soffel, and Xu [2]. We use
-7
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L to denote the sequence of l indices a1a2 . . . al, so that for
any l-index tensor7 T we have

TL � Ta1a2...al : (1.11)

If l � 0, it is understood that TL is a scalar. If l < 0 then
TL � 0. We define L� 1 to be the sequence of l� 1
indices a1a2 . . . al�1, so that

TL�1 � Ta1a2...al�1
: (1.12)

If l � 0, then by convention TL�1 � 0. We also defineN to
be the sequence of n indices a1a2 . . .an, and L� N to be
the sequence of l� n indices an�1an�2 . . . al, so that we
can write a relation like

Ga1...al � Sa1...anTan�1...al (1.13)

as GL � SNTL�N , for any tensors G, S, and T. We define
K, P, and Q to be the sequences of spatial indices
b1b2 . . . bk, c1c2 . . . cp, and d1d2 . . . dq, respectively.
Repeated multi-indices are subject to the Einstein summa-
tion convention, as in SLTL. We also use the notations

xL � xa1a2...al � xa1xa2 . . . xal (1.14)

and

@L � @a1a2...al � @a1
@a2

. . . @al : (1.15)

We use angular brackets to denote the operation of
taking the symmetric trace-free (STF) part of a tensor.
Thus for any tensor TL, we define

ThLi � STFL�TL�: (1.16)

where STFL means taking the symmetric trace-free pro-
jection on the indices L. For example, if l � 2, we have

ThLi � Tha1a2i
�

1

2
�Ta1a2

� Ta2a1
� �

1

3
(a1a2

Tjj:

See Appendix A for the general definition of STF projec-
tion, and for a collection of useful relations involving STF
tensors.

Throughout this paper, symbols will generally denote
functions (as is common in mathematics) rather than physi-
cal quantities (as is common in physics). For example, in
Sec. V we define a mass multipole moment MA

L�sA� which
is a function of a time coordinate sA. In that section we also
use a different time coordinate t. Then, the notation MA

L�t�
will always mean ML�sA� evaluated at sa � t, rather than
MA
L	sa�t�
.
Finally, for the aid of the reader an index of symbols is

provided in Table II.
7Here by ‘‘tensor’’ we mean an object which transforms as a
tensor under the symmetry group SO(3) of the zeroth order
spatial metric (ij, not a spacetime tensor.
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II. POST-1-NEWTONIAN CONTINUUM FIELD
EQUATIONS AND GAUGE FREEDOM

In this section we summarize the form of the post-1-
Newtonian field equations that we use, and analyze the
residual gauge freedom left after imposing our gauge con-
ditions. Our notation follows closely that of Weinberg [47],
though we relate our conventions to those of DSX [2,16–
18].

A. Metric expansion and field equations

In the post-1-Newtonian approximation, one considers a
one-parameter family of solutions to Einstein’s equations
of the form

ds2 � �	1 � 2"2� � 2"4��2 �  � �O�"6�
�dt="�2

� 	2"31i �O�"5�
dxi�dt="�

� 	(ij � "2hij �O�"4�
dxidxj: (2.1)

Here the Newtonian potential �, the post-Newtonian po-
tential  , the gravitomagnetic potential 1i, and the spatial
metric perturbation hij are functions of the coordinates
x0 � t and xi, but are independent of the parameter ".
The corresponding expansion of the stress-energy tensor
is

T&' � "4	nT&' � "2 pnT&' �O�"4�
; (2.2)

where nT&' is the Newtonian-order piece and pnT&' is the
post-1-Newtonian-order piece. The post-Newtonian ex-
pansion parameter " used here is equivalent to the expan-
sion parameter c�1 used in some other treatments (we use
units in which G � c � 1).

We note that many presentations of the post-1-
Newtonian equations use a time coordinate t̂ that is related
to our time coordinate t by

t̂ �
t
"
: (2.3)

In �t̂; xi� coordinate systems the various powers of " that
appear in the expansions (2.1) of the metric and (2.2) of the
stress-energy tensor differ from those given here. The �t̂; xi�
coordinate systems have the advantage that the pointwise
limit as "! 0 of the metric exists and is a flat, Minkowski
metric, but have the disadvantage that the potentials �,  ,
and 1i become " dependent. That " dependence is usually
accounted for by inserting an extra factor of " whenever a
time derivative of a potential is taken. By contrast, in the
coordinates used here, the potentials are independent of "
and no such extra factors of " are needed.

Assuming the validity of Einstein’s equations for the
metric (2.1) and stress-energy tensor (2.2) for all " in
some open interval 0< "< "0 then implies that the metric
(ij � "2�hij � 2�(ij� is flat to O�"2� [2]. Therefore one
-8
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can always choose coordinate systems8 in which hij �
�2�(ij, for which metric expansion simplifies to

ds2 � �	1 � 2"2� � 2"4��2 �  � �O�"6�
�dt="�2

� 	2"31i �O�"5�
dxi�dt="�

� 	(ij � 2"2�(ij �O�"4�
dxidxj: (2.4)

Such gauges are called conformally Cartesian [2]; we will
restrict attention to conformally Cartesian gauges through-
out this paper.

We will also assume the harmonic gauge condition

@&�
�������
�g

p
g&'� � 0; (2.5)

which at post-1-Newtonian order and for conformally
Cartesian gauges reduces to

4
@�

@t
�
@1i

@xi
� 0: (2.6)

Harmonic coordinate systems are usually conformally
Cartesian, but one can have local coordinate patches which
are harmonic but not conformally Cartesian.

The metric (2.4), stress-energy tensor (2.2), and gauge
condition (2.6) imply the standard9 harmonic-gauge10 field
equations [47]

r2� � 44 nT00; (2.8a)

r2 �
@2�

@t2
� 44�pnT00 � nTjj�; (2.8b)

r21i � 164 nT0i: (2.8c)

For most of this paper we will be concerned with the
vacuum versions of the field Eqs. (2.8a)–(2.8c). These are
8This statement is always true locally, and is true globally if
the spatial domain of the coordinates is simply connected. In this
paper the spatial coordinate domains will always be simply
connected.

9If we add "2 times Eq. (2.8b) to Eq. (2.8a) we can combine
these two field equations into the single wave equation
�@2w=@t̂2 �r2w � �446�O�"4�, where w � �� � "2 
and

6 � nT00 � "2 pnT00 � "2 nTjj: (2.7)

This is the notation used by DSX [2]. The potential w satisfies a
flat-space wave equation, with hidden " dependencies that come
from the definition of w. For our purposes it will be more useful
to keep the expansion in " fully explicit by using the two elliptic
Eqs. (2.8a) and (2.8b) for � and  instead of the above single
hyperbolic equation for w.

10In the ‘‘standard post-Newtonian gauge’’ [4] the gauge con-
dition (2.6) is replaced by 3 _� �r � � � 0, and the field
Eqs. (2.8b) and (2.8c) are replaced by r2 � 44 pnT00 �
44 nTjj and r21i � 164 nT0i � _�;i.
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r2� � 0; (2.9a)

r2 �
@2�

@t2
; (2.9b)

r21i � 0: (2.9c)

For later use we note the expansions of the electric and
magnetic components Eij � R0i0j and Bij � � 1

2 !iklRkl0j
of the curvature tensor. In vacuum regions these tensors are
symmetric and traceless and can be expanded as

E ij �
nEij � "2 pnEij �O�"4� (2.10)

and

B ij � "2 pnBij �O�"4�: (2.11)

Here nEij � �;ij is the Newtonian electric tidal tensor, and

pnE ij � _1 hi;ji � 3�h;i�;ji � 4��;hiji �  ;hiji (2.12)

is the post-Newtonian electric tidal tensor. The angular
brackets denote a STF projection, cf. Sec. I F above. The
post-Newtonian magnetic tidal tensor is

pnBij � �
1

2
B�i;j�; (2.13)

where

B � r� � (2.14)

is the so-called gravitomagnetic field.
For later use, we also note the definition of the gravito-

electric field E used by DSX [2]:

E � �r�� � "2 � � "2 _�: (2.15)
B. Parametrization of residual gauge freedom in
conformally Cartesian harmonic gauge

In many applications of post-1-Newtonian theory, the
elliptic harmonic-gauge field Eqs. (2.8a)–(2.8c) are valid in
all of space. In such cases one normally solves the field
equations by imposing the boundary condition that all the
potentials go to zero at spatial infinity. This boundary
condition determines a unique solution to the field equa-
tions and a unique choice of gauge.

However, in this paper we will be dealing with situations
where the field Eqs. (2.8a)–(2.8c) do not have unique
solutions, due to residual gauge freedom. There are two
reasons for this residual gauge freedom [2]. First, even in
cases where the field equations are valid in all of space,
there is in fact no physical reason for imposing that the
potentials go to zero at spatial infinity. Instead, the physical
boundary condition to impose is that the components (2.10)
and (2.11) of the Riemann curvature tensor go to zero at
spatial infinity. One then finds that there is a large class of
solutions of the harmonic-gauge field equations, when the
-9
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sources are fixed. This nonuniqueness is present even at
Newtonian order; there are many solutions to the
Newtonian Poisson Eq. (2.8a) with the boundary condition
�;ij ! 0 as r! 1. In the Newtonian context, the new
solutions are simply the standard solution transformed to
accelerated frames. Similarly, in the post-Newtonian con-
text, the additional solutions correspond to the original
solution transformed to reference frames that are acceler-
ated, rotating, or otherwise modified with respect to the
standard reference frame.

In Sec. III D below, when considering a system of N
interacting bodies, we will need to construct a coordinate
system adapted to each body. Exploiting the additional
freedom of allowing accelerated, rotating coordinate sys-
tems will be crucial for our construction of those adapted
coordinate systems.

The second reason for residual gauge freedom in the
situations considered in this paper is that we will be con-
sidering spacetimes containing strong field regions in
which the post-Newtonian approximation is not valid.
Therefore, we must analyze the field Eqs. (2.8a)–(2.8c)
on some spatial region D which is not all of space. In this
case, the boundary conditions imposed on the potentials �,
 , and 1i on the boundary @D of D influence the solution.
Part of the information inherent in those boundary con-
ditions is gauge, and part of the information is physical.

DSX [2], Kopeikin [22], and Klioner and Voinov [25]
have derived a complete parametrization of the residual
gauge freedom present in some region D of space after the
conformally Cartesian condition has been imposed; see
Ref. [20] for a review. In this subsection we give a sim-
plified, streamlined version of the DSX analysis in our
somewhat different notation. We also specialize the DSX
analysis by imposing in addition the harmonic gauge
condition.

Our starting assumptions are as follows. We assume the
existence of two different coordinate systems �t; xi� and
��t; �xi� on D, each of which is conformally Cartesian and
harmonic. We also assume that both coordinate systems are
such that the metric admits an expansion of the form (2.4).
In particular, there exist potentials ����t; �xj�, � ��t; �xj�, and
�1i��t; �xj� such that

ds2 � �	1 � 2"2 �� � 2"4� ��2 � � � �O�"6�
�d�t="�2

� 	2"3 �1i �O�"5�
d �xi�d�t="�

� 	(ij � 2"2 ��(ij �O�"4�
d �xid �xj: (2.16)

In Appendix B we show that the most general relation
between the two coordinate systems that is compatible
with these assumptions is11
11Up to constant displacements in time and time-independent
spatial rotations. We also assume that the coordinate
transformation is orientation-preserving and time-orientation-
preserving.
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xi � �xi � zi��t� � "2hi��t; �xj� �O�"4�;

t � �t� "27��t; �xj� � "48��t; �xj� �O�"6�;
(2.17)
where
7��t; �xj� � 7c��t� � �xi _zi��t�; (2.18a)

hi��t; �xj� � hic��t� � !ijk �xjRk��t� �
1

2
	zi��t� �xj �x

j � �xi _7c��t�

� �xi �xj 	zj��t� �
1

2
�xi _zj��t� _zj��t� �

1

2
_zi��t� _zj��t� �xj;

(2.18b)

8��t; �xj� � �xj �xj
�

1

10
z:::k��t� �xk �

1

6
	7c��t�

�
� 8h��t; �xj�; (2.18c)
and where overdots mean derivatives with respect to the
time argument.

We next discuss the meaning of the various freely speci-
fiable functions 7c��t�, zi��t�, hic��t�, Rk��t�, and 8h��t; �xj� that
appear in the coordinate transformation (2.17) and (2.18a)–
(2.18c). At Newtonian order there appears the function of
time 7c��t�, which governs the normalization of the time
coordinate at O�"2�. In standard treatments of Newtonian
gravity, this freedom is fixed by the usual assumption � !
0 as r! 1. In the present context, however, this coordi-
nate freedom is not fixed. There also appears the spatial 3-
vector zi��t�, which parametrizes the translational motion of
the new frame with respect to the original frame, to
Newtonian order. At post-1-Newtonian order, one has the
3-vector hic��t�, which parametrizes the post-Newtonian
translational motion of the new frame with respect to the
original frame. There also appears the spatial 3-vector
Rk��t�, whose time derivative is an angular velocity that
parametrizes the slow, post-Newtonian rotation of the co-
ordinate system. Finally, there is the function 8h��t; �xj�
which governs the normalization of the time coordinate
at O�"4�. This function is not completely freely specifiable
but must be harmonic, i.e.,
r28h � 0: (2.19)
It is straightforward to compute how the potentials trans-
form by combining the metric expansions (2.4) and (2.16)
with the coordinate transformation given by Eqs. (2.17)
and (2.18a)–(2.18c) and using the tensor transforma-
tion law for the components of the metric. The results
are
-10
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mally Cartesian and not harmonic, then the most general coor-
dinate transformation is still given by Eqs. (2.17) and (2.18a)–
(2.18c), but with the modification that the function 8h can be
arbitrary rather than being harmonic [2].
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����t; �xj� � �̂��t; �xj� � _7�
1

2
_zj _zj; (2.20a)

�1i��t; �xj� � 1̂ i��t; �xj� � 	4�̂��t; �xj� � _7
 _zi �
@hi
@�t

�
@hj

@ �xi
_zj

�
@8
@ �xi

; (2.20b)

� ��t; �xj� �  ̂��t; �xj� � 1̂ i��t; �xj� _zi � 7
@�̂��t; �xj�

@�t

� 2�̂��t; �xj� _zi _zi � �7 _zi � hi�
@�̂��t; �xj�
@ �xi

�
1

4
� _zi _zi�

2 � _7 _zi _zi � _zi
@hi
@�t

�
@8
@�t

�
1

2
_72:

(2.20c)

Here the function �̂��t; �xj� is defined as

�̂��t; �xj� � �	�t; �xj � zj��t�
; (2.21)

where the right-hand side is � evaluated at the point xi �
�xi � zi��t�, t � �t. We define the functions  ̂��t; �xj� and
1̂ i��t; �xj� similarly.

The transformation laws (2.20a)–(2.20c) are expressed
in terms of the functions 7��t; �xj�, 8��t; �xj�, and hi��t; �xj�
defined by Eqs. (2.17) and (2.18a)–(2.18c). More explicit
versions of the transformation laws, in which they are
expressed in terms of the freely specifiable functions
7c��t�, zi��t�, hic��t�, Rk��t�, and 8h��t; �xj�, can be obtained by
substituting the definitions (2.17) and (2.18a)–(2.18c) into
Eqs. (2.20a)–(2.20c).

There are two special subgroups of the group (2.17) of
transformations that will be of importance later. The first
subgroup applies when the spatial domain D is all of
space, and when in addition one imposes the boundary
condition that all the potentials vanish at spatial infinity.
In this case it is easy to show that only uniform relative
motion of the two frames is allowed, 	zi � 	hic � 0, that
8h � 0, 7c � _z2=2, and that Rk is constant. These well-
known ‘‘post-Galilean’’ transformations are discussed in,
for example, Sec. 39.9 of Ref. [46].

The second important subgroup is the subgroup parame-
trized by the harmonic function 8h, for which 7c � zi �
hic � Rk � 0. The corresponding coordinate transforma-
tions are

xi � �xi �O�"4�; t � �t� "48h �O�"6�; (2.22)

and the potentials transform according to

�� � �; � �  �
@8h

@�t
; �1i � 1i �

@8h

@ �xi
:

(2.23)

One can show that the Newtonian and post-Newtonian
pieces of the connection coefficients �789 and of the
Riemann tensor components R789

( are invariant under
this subgroup. As noted by DSX [2], this subgroup corre-
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sponds to a gauge freedom in post-1-Newtonian theory
analogous to that of electromagnetism.12
III. DEFINITIONS OF AN OBJECT’S MASS AND
CURRENT MULTIPOLE MOMENTS AND TIDAL

MOMENTS

A. Overview

As discussed in the introduction, a crucial part of the
derivation of the equations of motion for strongly self-
gravitating bodies is the definition of an object’s mass
and current multipole moments and also tidal moments
in terms of the behavior of the metric in a weak field region
surrounding the object. In this section we discuss the
definitions of these quantities.

For orientation, we start by reviewing the definition and
status of multipole and tidal moments in Newtonian grav-
ity. Suppose that in some reference frame �t; xi�, there
exists a region D between two spheres of the form

r� � jxj � r�;

for some radii r� and r�, in which there are no sources.
Then the Newtonian potential � satisfies the Laplace
Eq. (2.9a) in D. The general solution for � in D can
then be written in terms of a multipole expansion as

��t; xj� �
X1
l�0

��1�l�1

l!
nML�t�@L

1

jxj
�

1

l!
nGL�t�x

L:

(3.1)

Here L denotes the multi-index a1a2 . . . al and xL denotes
the tensor xa1xa2 . . . xal , cf. Sec. I F above. The quantity
nML�t� is the lth Newtonian mass multipole moment asso-
ciated with the reference frame �t; xj� of the object or
objects in the region jxj< r�. [The superscript ‘‘n’’ in
nML denotes ‘‘Newtonian.’’] Similarly the quantity
nGL�t� is the lth Newtonian tidal moment associated with
the reference frame �t; xj� that acts on the region r < r�
due to sources outside r � r�, where r � jxj. The mo-
ments nML and nGL are both STF tensors.

The expansion (3.1) can be taken as the definition of the
moments nML and nGL; it is possible to invert Eq. (3.1) to
obtain explicit expressions for these moments in terms of
surface integrals of � in the domain D (see Appendix E).
If we additionally assume that the Newtonian Poisson
Eq. (2.8a) is valid everywhere in r < r�, then we obtain
the conventional formula for the mass multipole moments
as an integral of the Newtonian mass density nT00:
-11
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nML�t� �
Z
r<r�

nT00�t; xj�xhLid3x: (3.2)

ÉTIENNE RACINE AND ÉANNA É. FLANAGAN
Here the angular brackets denote a STF projection, cf.
Sec. I F above. As is well known, the field-based definition
(3.1) of the multipole moments is of greater generality than
the integral-based definition (3.2), since the former is
applicable to strong field sources that possess an asymp-
totic region in which the Newtonian description is a good
approximation.

Next, we recall that the moments nML�t� and nGL�t�
depend on the choice of reference frame or coordinate
system �t; xj�. They change when one switches from one
reference frame to another according to x ! x� z�t� [cf.
Eq. (2.17) above, to Newtonian order]. This ambiguity is
conventionally resolved in Newtonian physics by special-
izing to the reference frame in which the origin of coor-
dinates coincides with the center of mass of the object, or,
equivalently, in which the mass dipole moment nMi�t�
vanishes.

Consider now the corresponding situation at post-1-
Newtonian order. A suitable generalization of the
integral-based definition (3.2) of multipole moments
for an isolated system was given by Blanchet and
Damour [48]. That definition was generalized to the case
of several interacting bodies by DSX [2]. DSX also gave
a field-based definition of multipole moments analogous
to the definition (3.1) of nML, and gave a different type
of definition of tidal moments. In this section we
will review, simplify,13 and generalize the definitions of
DSX [2]. Our analysis will be more general than theirs
because we will consider spacetimes where the post-1-
Newtonian field equations are not satisfied everywhere,
whereas DSX assumed the global validity of those field
equations.

As is the case at Newtonian order, the post-Newtonian
multipole and tidal moments associated with a body are
not uniquely defined but depend on the choice of reference
frame or coordinate system. This ambiguity can be re-
solved, as in Newtonian theory, by making a specific
choice of canonical reference frame adapted to a given
body. However, the freedom in choice of reference frame
is much larger at post-Newtonian order than at Newtonian
order, cf. the discussion in Sec. II B above. Therefore
the specialization to a body-adapted frame is more
involved.

The remainder of this section is organized as follows.
In Sec. III B we give a form of multipolar expansion of
the general solution of the post-1-Newtonian field equa-
13The DSX definitions, given in Eqs. (6.9a)–(6.10b) of Ref. [2],
involve a splitting of all the post-Newtonian potentials into
pieces associated with the individual objects. Our simplified
version of their definitions do not require any such splitting.
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tions that serves to define the multipole and tidal mo-
ments associated with a given body and with a given
coordinate system. Section III C discusses the gauge trans-
formation properties of the moments, and Sec. III D de-
fines the body-adapted gauge that fixes the moments
uniquely. Finally in Sec. III E we generalize our definition
of multipole moments to define moments associated with
a given coordinate system about a given specified world
line.

B. Definition of mass and current multipole moments
and tidal moments

To define the multipole moments of a body, we start by
assuming the existence of a local coordinate system �t; xj�
with following properties. (i) The range of the coordinates
contains the product of the open ball
jxj< r�; (3.3)
where r� is some radius, with some open interval �t0; t1� of
time. (ii) The vacuum post-1-Newtonian field Eqs. (2.9a)–
(2.9c) are valid in a spatial region D of the form
r� < jxj< r�; (3.4)
for some nonzero radius r�.
These assumptions allow us to define the multipole and

tidal moments of a body or bodies in the region r < r�,
where r � jxj. In parallel with the Newtonian case dis-
cussed above, the second assumption allows for the possi-
bility of strong field sources for which the post-Newtonian
approximation is not valid in the region r < r�. When
applying this definition to systems of several bodies, we
will choose both r� and r� to be of order the distance
between the bodies.

The first assumption, that the coordinates in the region
D can be extended into the interior to cover the body, is not
actually necessary for the definition of multipole moments.
However it will be used later in the derivation of equations
of motion so we include it here. Note that this first assump-
tion does not exclude the possibility that one or more black
holes could reside in the region r < r�. As pointed out by
Thorne [45], one merely needs to choose as the t �
constant surfaces an appropriate set of time slices that
pass though the interior of the collapsing object(s) that
form the black hole(s).

Given these assumptions, the general solution of the
vacuum field Eqs. (2.9a)–(2.9c) in the region D can be
expanded in terms of STF tensors as
-12
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��t; xj� �
X1
l�0

��1�l�1

l!
nML�t�@L

1

jxj
�

1

l!
nGL�t�x

L; (3.5a)

 �t; xj� �
X1
l�0

�
��1�l�1

l!

�
pnML�t� �

�2l� 1�

�l� 1��2l� 3�
_&L�t�

�
@L

1

jxj
�

��1�l�1

l!
n 	ML�t�@L

jxj

2
�

1

l!
	pnGL�t� � _'L�t�
x

L

�
1

l!
jxj2

2�2l� 3�
n 	GL�t�x

L
�
; (3.5b)

1i�t; xj� �
X1
l�0

�
��1�l�1

l!

�
4

l� 1
n _MiL�t� �

4l
l� 1

!jihalSL�1ij�t� �
2l� 1

2l� 1
(ihal&L�1i�t�

�
@L

1

jxj

�
1

l!

�
'iL�t� �

l
l� 1

!jihalHL�1ij�t� �
4�2l� 1�

2l� 1
n _GhL�1�t�(alii

�
xL
�
: (3.5c)
14Thus, the time independence of the Newtonian mass mono-
pole nM can be derived either from stress-energy conservation at
Newtonian order in the interior of the body (for a weakly self-
gravitating system), or from the validity of the post-Newtonian
vacuum field equations and harmonic gauge condition in the far
field of the body. This type of phenomenon, where one can avoid
dealing with the interior physics by going to one higher post-
Newtonian order in the far field, is well known in the literature
on equations of motion, and will be encountered again in Sec. IV.
The quantities that appear in these equations are the fol-
lowing. First, there are the Newtonian mass multipole
moments nML�t� and tidal moments nGL�t� that were dis-
cussed in Sec. III A. Second, there are post-Newtonian
corrections pnML�t� and pnGL�t� to these quantities. [The
superscripts ‘‘pn’’ denote post-Newtonian.] We shall call
the quantities

ML�t� �
nML�t� � "2 pnML�t� (3.6)

and

GL�t� �
nGL�t� � "2 pnGL�t� (3.7)

the total mass multipole and tidal moments, respectively.
Third, there are current multipole moments SL�t�, and a
new set of tidal moments HL�t� related to gravitomagnetic
forces. Following DSX, we will refer to HL�t� and GL�t� as
the gravitomagnetic and gravitoelectric tidal moments,
respectively. Fourth, there are moments &L�t� and 'L�t�
that contain information about the coordinate system being
used, but do not contain any gauge-invariant information
about the body. We shall show below that it is always
possible to find a gauge in which &L�t� � 'L�t� � 0. We
shall call these quantities ‘‘gauge moments.’’

All of the quantities nML, nGL, pnML, pnGL, &L, 'L, SL,
and HL are STF on all their indices. As in the Newtonian
case, the expansions (3.5a)–(3.5c) can be taken as the
definition of all of these moments for a given coordinate
system; one can invert these expansions to obtain explicit
expressions for all the moments in terms of surface inte-
grals of various combinations of derivatives of the poten-
tials [cf. Appendix E]. The moments nML, nGL, pnML,
pnGL, &L are defined for all l � 0, while 'L, SL, and HL
are defined only for l � 1. In Eq. (3.5b) and throughout this
paper, it is understood that 'L � 0 for l � 0.

We shall call the pieces of the potentials that would
diverge as jxj ! 1 the tidal pieces of the potentials.
Correspondingly, we will use the phrase ‘‘tidal moments’’
to refer to any of the moments nGL, pnGL, HL, and 'L that
appear in the coefficients of the growing terms in
Eqs. (3.5a)–(3.5c). These moments encode the gravita-
tional influence of other bodies on the body in the region
044010
jxj< r�. We shall call the remaining pieces of the poten-
tials, which involve the moments nML, pnML, SL, and &L,
the intrinsic pieces.

We now turn to the derivation of the expansions (3.5b)
and (3.5c). We start by writing the general solution in the
region D of the Laplace Eq. (2.9c) for the gravitomagnetic
potential as

1i�t; xj� �
X1
l�0

��1�l�1

l!
ZiL�t�@L

1

jxj
�

1

l!
YiL�t�xL: (3.8)

Here the quantities ZiL and YiL are STF on their L indices
only, and not on the i index. Next, we insert the expressions
(3.5a) and (3.8) for the gravitomagnetic and Newtonian
potentials into the harmonic gauge condition (2.6). This
gives the relations14

n _M � 0; (3.9)

ZhiLi �
4

l� 1
n _MiL; (3.10)

and

YjjL � �4 n _GL: (3.11)

Next, we use the identity given in Eq. (6.21) of Ref. [2]
that allows one to express in terms of irreducible, STF
tensors any tensor that is STF on all its indices except its
first index. Specifically, if TiL is any tensor satisfying
TiL � TihLi, then we have

TiL � T��1�
iL � !jihalT

�0�
L�1ij � (ihalT

��1�
L�1i; (3.12)

where
-13
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T��1�
iL � ThiLi; (3.13a)

T�0�
L �

l
l� 1

TjkhL�1!alijk; (3.13b)

T��1�
L�1 �

2l� 1

2l� 1
TjjL�1: (3.13c)

In order to apply this identity to the tensors ZiL and YiL, we
define

SL � �
1

4
ZjkhL�1!alijk; (3.14a)

HL � YjkhL�1!alijk; (3.14b)

'L � YhLi; (3.14c)

&L � ZjjL: (3.14d)

We now insert the relations (3.10) and (3.11) and the
definitions (3.14a)–(3.14d) into the general identity (3.12)
to obtain

ZiL �
4

l� 1
n _MiL �

4l
l� 1

!jihalSL�1ij �
2l� 1

2l� 1
(ihal&L�1i

(3.15)

and

YiL � 'iL �
l

l� 1
!jihalHL�1ij �

4�2l� 1�

2l� 1
n _GhL�1(alii:

(3.16)

Inserting these formulas into the expansion (3.8) yields
Eq. (3.5c).

We remark that the parametrization (3.8) of the gravito-
magnetic potential in terms of the tensors YiL and ZiL will
frequently be more convenient to use in our computations
below than the fully STF parametrization (3.5c).

Consider now the post-Newtonian potential  . We can
write the general solution in the region D of the vacuum
field Eq. (2.9b) as the sum  �  p �  h of a particular
solution  p of the inhomogeneous equation and a general
solution  h of the homogeneous equation r2 � 0. A
particular solution can be obtained by inspection, using
the expansion (3.5a) of the Newtonian potential:

 p �
X1
l�0

�
��1�l�1

l!
n 	ML@L

jxj

2
�

1

l!
jxj2

2�2l� 3�
n 	GLx

L
�
:

(3.17)

The homogeneous solution can be written in a form paral-
leling the expansion (3.5a) of the Newtonian potential:

 h �
X1
l�0

��1�l�1

l!
pn ~ML@L

1

jxj
�

1

l!
pn ~GLx

L: (3.18)

Next we define

pnML�t� �
pn ~ML�t� �

�2l� 1�

�l� 1��2l� 3�
_&L�t� (3.19)
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and

pnGL�t� �
pn ~GL�t� � _'L�t�: (3.20)

Inserting the definitions (3.19) and (3.20) into the homoge-
neous solution (3.18) and adding the particular solution
(3.17) yields Eq. (3.5b). The reason for choosing the par-
ticular parametrization given by Eqs. (3.19) and (3.20) is so
that the moments pnML�t� and pnGL�t� be invariant15 under
the subclass (2.22) of gauge transformations; see Sec. III C
below for more details.

We now specialize to the situation, considered by DSX,
where the post-1-Newtonian field equations with sources
(2.8a)–(2.8c) are assumed to hold for all r < r�, i.e., in the
interior of the body. In this special case, we now show that
our definitions of the quantities pnML, pnGL,HL, and SL are
equivalent to the DSX definitions of these quantities.

Consider first the multipole moments pnML and SL.
Equations (6.9a) and (6.9b) of DSX [2] define the moments
ML�t� and SL�t� in terms of an expansion of ‘‘locally
generated’’ pieces of the potentials. Their splitting of the
potentials into ‘‘locally generated’’ and ‘‘external’’ pieces
is defined by their Eq. (4.5), and is easily seen to be
equivalent to the splitting which we discussed above of
our expansions (3.5a)–(3.5c) into intrinsic terms and tidal
terms. Therefore it is sufficient to show that the DSX
expansions (6.9a) and (6.9b) coincide with the tidal terms
in our Eqs. (3.5a)–(3.5c). This follows from the definition
(3.6) and the relations W � �� � "2 and Wi � �1i=4
between the DSX potentials �W;Wi� and our potentials �,
 , and 1i.

Consider next the gravitoelectric and gravitomagnetic
tidal moments GL and HL. These are defined by DSX in
terms of STF projections of gradients of the external (or
tidal) pieces of the gravitoelectric and gravitomagnetic
fields evaluated at the origin of spatial coordinates, cf.
Eq. (6.13) of Ref. [2]. Inserting our expansions (3.5a)–
(3.5c) into the definitions (2.14) and (2.15) of the gravito-
magnetic and gravitoelectric fields yields for the tidal
pieces (denoted by a superscript T) of these quantities

BTi �
X1
l�0

1

l!

�
HiLxhLi �

4l
l� 1

!ijal
n _GjL�1x

hLi
�

(3.21)

and

ETi �
X1
l�0

1

l!

�
�nGiL � "2 pnGiL�x

hLi

� "2

�
jxj2

2�2l� 3�
xhLi n 	GiL �

7l� 4

2l� 1
xhiL�1i n 	GL�1

�
l

l� 1
!ijkxhjL�1i _HkL�1

��
: (3.22)

These expressions agree to O�"2� with corresponding ex-
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pansions derived by DSX [Eqs. (6.23) of Ref. [2]], when
the definition (3.7) is used. It follows that the two defini-
tions of tidal moments are equivalent.

Thus, our definition of both the multipole moments nML,
pnML, SL and the tidal moments nGL, pnGL, and HL in
terms of the general solution (3.5a)–(3.5c) of the post-1-
Newtonian vacuum field equations unifies and simplifies
the two different types of definition given by DSX. Our
definitions also generalize the DSX definitions to strong
field sources.

Finally, we note that in the case considered by DSX, one
can alternatively define the post-Newtonian multipole mo-
ments by integrals over the source that are analogous to the
Newtonian integral (3.2) [2]. Translating Eqs. (6.11) of
Ref. [2] into our notation gives for these integrals

SL �
Z
r<r�

!jkhalxL�1ij nT0kd3x (3.23)

and

pnML �
Z
r<r�

��
pnT00 � nTjj �

xjxj

2�2l� 3�
nT00

;00

�
xhLi

�
4�2l� 1�

�l� 1��2l� 3�
nT0j

;0x
hjLi

�
d3x: (3.24)

C. Gauge transformation properties of the moments

In this section we compute how the various moments
transform under the general transformation (2.17) from an
original coordinate system �t; xj� and a new coordinate
system ��t; �xj�. Under that transformation, the spatial do-
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main D defined by Eq. (3.4) is mapped onto the domain

r� < j �x� z��t�j< r�; (3.25)

to zeroth order in ". We therefore restrict the set of coor-
dinate transformations to those that satisfy

max
�t
jz��t�j<

r� � r�
2

: (3.26)

This restriction ensures that the image �D of the domain D
contains a nonempty region of the form �r� < j �xj< �r� for
some radii �r�, �r� with �r� > 0, and thus allows us to define
multipole and tidal moments in the new coordinate system.
We also parametrize the freely specifiable harmonic func-
tion 8h as

8h �

�P
1
l�0

��1�l�1

l! ?L��t�@L
1
j �xj �

1
l! $L��t� �x

L; in �D

arbitrary smooth function in �Dint;

(3.27)

where �Dint is the image of the domain 0 � r < r�. Here
the quantities ?L��t� and $L��t� are STF on all their indices.
This choice guarantees that the coordinate transformation
(2.17) is defined and smooth on the entire domain 0 �
r < r�, while maintaining the harmonic property of the
coordinates in the domain r� < r< r� where the post-1-
Newtonian equations are valid.

In the barred coordinate system we define the trans-
formed moments n �ML��t�,

n �GL��t�,
pn �ML��t�,

pn �GL��t�,
�YiL��t�, �ZiL��t�, �SL��t�, �HL��t�, �'L��t�, and �&L��t� by the follow-
ing barred versions of Eqs. (3.5a), (3.5b), (3.8), (3.15), and
(3.16):
����t; �xj� �
X1
l�0

��1�l�1

l!
n �ML��t�@L

1

j �xj
�

1

l!
n �GL��t� �x

L; (3.28a)

� ��t; �xj� �
X1
l�0

��1�l�1

l!

�
pn �ML��t� �

�2l� 1�

�l� 1��2l� 3�
_�&L��t�

�
@L

1

j �xj
�

��1�l�1

l!
n 	�ML��t�@L

j �xj

2
�

1

l!
	pn �GL��t� � _�'L��t�
 �xL

�
1

l!
j �xj2

2�2l� 3�
n 	�GL��t� �x

L; (3.28b)

�1i��t; �xj� �
X1
l�0

��1�l�1

l!
�ZiL��t�@L

1

j �xj
�

1

l!
�YiL��t� �xhLi; (3.28c)

�ZiL��t� �
4

l� 1
n _�MiL��t� �

4l
l� 1

!jihal
�SL�1ij��t� �

2l� 1

2l� 1
(ihal �&L�1i��t�; (3.28d)

�YiL��t� � �'iL��t� �
l

l� 1
!jihal

�HL�1ij��t� �
4�2l� 1�

2l� 1
n _�GL�1h��t�(alii: (3.28e)
As before dots denote derivatives with respect to the time
argument. By substituting the multipole expansions
(3.5a)–(3.5c) of the original potentials into the transforma-
tion formulas (2.20a)–(2.20c), and comparing the results
with the multipole expansions (3.28a)–(3.28c), we can
derive transformation laws for the various moments.

To illustrate this procedure, we begin with the trans-
formation of the Newtonian potential. We obtain
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����t; �xk� � �̂��t; �xk� � 	zi��t� �xi �
1

2
_zi��t� _zi��t� � _7c��t�

� _7c��t� �
X1
l�0

��1�l�1

l!
nML��t�@L

1

j �x� z��t�j

�
1

l!
nGL��t�	 �x� z��t�
L � 	zi��t� �x

i �
1

2
_zi��t� _zi��t�:

(3.29)

Next we use the expansion

1

j �x� zj
�

X1
n�0

1

n!
zN@N

1

j �xj
(3.30)

which is valid for j �xj> jzj [cf. Eq. (3.26) above], and we
compare with the multipole expansion (3.28a). This gives
the well-known transformation laws for the monopole and
dipole

n �M � nM; (3.31)

and

n �Mi �
nMi �

nMzi; (3.32)

together with the general result

n �ML �
Xl
n�0

��1�n�l
l!

n!�l� n�!
nM

hNzL�Ni: (3.33)

Here nMhNzL�Ni denotes nMha1...an
zan�1

zan�2
. . . zali, cf.

Sec. I F above. Similarly we obtain from Eq. (3.29) the
transformation law for the Newtonian gravitoelectric tidal
moments

n �GL �
X1
k�0

1

k!
nGLKz

K � l!!�
L : (3.34)

Here
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!� � �
1

2
_zj _zj � _7c; (3.35a)

!�
i � 	zi; (3.35b)
and !�
L � 0 for l � 1. Following DSX [2], we call the

quantities !�
L inertial moments.

We similarly compute the transformation laws for the
multipole and tidal moments ZiL and YiL. We insert
the expansion (3.8) into the transformation law (2.20b)
and use the formulas (2.18a)–(2.18c) for the quantities 7,
hi, and 8. We also use the parametrization (3.27) of the
harmonic function 8h. We then equate the result to the
multipole expansion (3.28c) and obtain the transformation
laws
�ZiL �
Xl
n�0

��1�n�l
l!

n!�l� n�!
�ZihNzL�Ni � 4 _zi nM

hNzL�Ni�

� l(ihal?L�1i; (3.36a)

�YiL �
X1
k�0

1

k!
�YiLK � 4 _zi nGLK�z

K � $iL � l!!1
iL: (3.36b)
Here
!1
i �

_hic � _zi _zj _zj � !ijk _zjRk � 2 _7c _zi; (3.37a)

!1
ij � � _zi 	zj � _z�i 	zj� � !ijk _Rk � 2(ij _zk 	zk �

4

3
(ij 	7c;

(3.37b)

!1
ijk � �

6

5
(ihjz

:::
ki; (3.37c)
and all the other gravitomagnetic inertial moments !1
iL are

zero.
The transformation laws for the fully STF moments SL,

HL, &L, and 'L parametrizing the gravitomagnetic poten-
tial [cf. Eq. (3.5c) above] are obtained by splitting the
expressions (3.36a) and (3.36b) for �ZiL and �YiL into their
fully STF pieces using the identities (3.12), (A5), (A18),
and (A19). The results are
-16
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�SL �
Xl
n�0

��1�n�l
l!

n!�l� n�!

�
n�l� 1�

l�n� 1�
ShNzL�Ni �

�l� n�
l�n� 1�

zs
n _MrhNz�L�1��N!alirs �

n
l

_zr
nMshN�1z�L�1���N�1�!alirs

�
l� n
l

_zrzs nM
hNz�L�1��N!alirs

�
; (3.38a)

�&L �
Xl�1

n�0

��1�n�l�1 �l� 1�!

n!�l� 1 � n�!

��
n

l� 1
�

l� 1 � n
�l� 1��2n� 1�

�
2n� 1 �

2

2l� 1

��
&hN�1zL��N�1�i

�
4�l� 1 � n��2l� 2n� 1�

�l� 1��2l� 1��n� 1�
zj

n _MjhNzL�Ni �
4n�l� 1 � n��2l� 3�

�l� 1��n� 1��2l� 1�
zjSphN�1z�L�1���N�1�!alipj

�
4n
l� 1

_zj nMjhN�1zL��N�1�i �
4�l� 1 � n�

l� 1
zj _zj nM

hNzL�Ni �
8n�l� 1 � n�
�l� 1��2l� 1�

zj nMjhN�1z�L�1���N�1� _zali

�
4�l� 1 � n��l� n�
�l� 1��2l� 1�

zjzj nM
hNz�L�1��N _zali �

4�l� 1 � n��l� n�
�l� 1��2l� 1��n� 1�

zjzj n _M
hN�1zL��N�1�i

�
�

�l� 1��2l� 3�

2l� 1
?L;

(3.38b)

�HL �
X1
k�0

1

k!

�
HLKz

K � 4 nGiKhL�1!aliij _zjzK �
8k

2l� 2k� 1
n _GiK�1hL�1!aliijz

jzK�1

�
� l!!1

ijhL�1!aliij; (3.38c)

�'iL � �$iL � l!!1
hiLi �

X1
k�0

�
'iLKzK � 4 _zhi nGLiKz

K �
k

l� k� 1
zj!jmhiHLimK�1zK�1

�
4k�2l� 2k� 1�

�l� k��2l� 2k� 1�
zih

n _GLiK�1z
K�1 �

4k�k� 1�

�l� k��2l� 2k� 1�
n _GiLK�2z

K�2�zjzj�

�
4kl

�l� k��2l� 2k� 1�
n _GK�1hiL�1zaliz

K�1

�
: (3.38d)
It is also possible to derive from the expressions (3.36a)
and (3.36b) transformation laws for the moments n _MiL and
n _GiL that enter into the fully STF parametrizations (3.15)
and (3.16) of ZiL and YiL. The resulting transformation
laws are consistent with the transformation laws (3.33) and
(3.34) derived earlier for nML and nGL; this consistency is
an important check of the formalism.

Finally we turn to the moments pnML and pnGL parame-
trizing the post-Newtonian potential  . The transformation
044010
laws for these moments are by far the most tedious to
compute. The results are

pn �ML � �
2l� 1

�l� 1��2l� 3�
_�&L � _?L

�
Xl
n�0

��1�n�l
l!

n!�l� n�!
6hNzL�Ni; (3.39)

where
6L � pnML �
2l� 1

�l� 1��2l� 3�
_&L � _zjZjL � 2 _zj _zj nML � �7c � zj _zj� n _ML � lUhal

nML�1i �

�
2l� 1

2l� 3

��
�l� 2�	zj nMjL

�Ujj
nML � l nMjhL�1Ualij �

2l
2l� 1

Ujhal
nML�1ij � _zj

n _MjL

�
; (3.40a)

Ui � hic � zjVij � zjzkVijk; (3.40b)

Uij � Vij � 2zkVijk; (3.40c)

Vij � !ijkR
k � (ij _7c �

1

2
(ij _zk _zk �

1

2
_zi _zj; (3.40d)

Vijk � �
1

2
(ij 	zk � 	z	i(j
k; (3.40e)

and
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pn �GL � _�'L�
X1
k�0

1

k!
�BLK� lzhalB

0
L�1iK�z

K� _$L� l!! h
L ;

(3.41)

where

BL �
pnGL� _'L� _ziYiL� 2 _zj _zj

nGL�Uj
nGjL

� lUjhal
nGL�1ij� l�l� 1�	zhal

nGL�1i � l _zhal
n _GL�1i

� �7c � _zjzj�
n _GL�

zjzj

2�2l� 3�
B0
L; (3.42a)

B0
L �

n 	GL� 2 _zj
n _GjL� _zj _zk nGL� 	zj nGjL; (3.42b)

! h �� _zj _hjc �
1

4
� _zj _zj�2 �

1

2
� _7c�

2 � _7c _zj _zj; (3.42c)

! h
i � !ijk _zj _Rk�

1

2
	zi _zj _zj�

3

2
_zi 	zj _zj� _7c 	zi� 	7c _zi;

(3.42d)

! h
jk ��

1

2
	zhj 	zki � _zhjz

:::
ki; (3.42e)

with all the other ! h
L being zero.

Note that the expression (3.39) for the transformed mo-
ment pn �ML depends on the transformed moment _�&L.
However, using the transformation law (3.38b) for &L we
can write the expression (3.39) entirely in terms of
the untransformed moments, and the dependence on &L
cancels out. Similarly the expression (3.41) for the trans-
formed moment pn �GL depends on the transformed moment
_�'L, but that dependence can be eliminated using the trans-
formation law (3.38d) for 'L.

Finally we note that the left-hand sides of Eqs. (3.33),
(3.34), (3.36a), (3.36b), (3.38a)–(3.38d), (3.39), and (3.41),
are functions of the new time coordinate �t. The right-hand
sides are expressed as functions of �t by evaluating the
untransformed (unbarred) moments, which are functions
of t, at t � �t. This replacement of t by �t in the arguments of
the untransformed moments is implicit in the transforma-
tion laws (2.20a)–(2.20c) for the potentials.16

D. Specialization to body-adapted gauge

The construction in Sec. III B above defined the mass
multipole moments nML�t�,

pnML�t�, current multipole mo-
ments SL�t�, gravitoelectric tidal moments nGL�t�,

pnGL�t�,
and gravitomagnetic tidal moments HL�t� that are associ-
ated with a given body and with a given choice of coor-
dinate system. In this section we discuss how to obtain a
unique set of multipole and tidal moments associated with
a given body by specializing to a coordinate system that is
adapted to the body in a certain way. The particular coor-
16Note, in particular, that we do not evaluate the untransformed
moments at t � t��t�, where t��t� is the function t��t; �xj� of the
coordinate transformation (2.17) evaluated at �xj � 0. The cor-
responding correction terms have already been included in the
derivation of Eqs. (2.20a)–(2.20c).
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dinate system defined here is relatively well known; see,
for example, Ref. [2]. We shall call it the ‘‘body-adapted
gauge.’’

We start by reviewing the well-known construction at
Newtonian order. From the transformation laws (3.32) and
(3.34) for nMi and nGL, we see that the freedom carried by
the Newtonian-order world line z��t� could be used in either
of two ways. One can set to zero either the mass dipole
moment n �Mi��t� or the l � 1 gravitoelectric tidal moment
�Gi��t�. The second choice is not very useful, as it makes the

world line of the origin of spatial coordinates follow the
tidal field instead of following the body. The first choice is
the conventional and useful choice; choosing zi��t� �
nMi��t�=

nM achieves

n �Mi � 0 (3.43)

and the coordinates are then mass-centered to Newtonian
accuracy. Normally such mass-centering would mean that
the origin of coordinates coincides with the body’s center
of mass. In the present context, however, this conclusion is
not valid, since the origin of coordinates is in the strong
field region r < r� of space where the Newtonian equa-
tions are not necessarily valid. Moreover the definition of
the center of mass in the present context is somewhat
subtle; we defer to Sec. V C the discussion of this
definition.

The second gauge specialization we make at Newtonian
order is to set

n �G � 0 (3.44)

using the choice

7c��t� �
Z
d�t
�
1

2
_zj _zj �

X1
l�0

nGLz
L
�
; (3.45)

cf. Eqs. (3.34) and (3.35a) above. In Newtonian physics,
this choice simply corresponds to adjusting the zero of
the gravitational potential, which does not affect the
dynamics.

We now turn to a discussion of the gauge specialization
at post-Newtonian order. Without loss of generality we can
assume that we have already achieved the Newtonian con-
ditions nMi �

nG � 0, and so we can specialize to the
purely post-Newtonian subgroup of the coordinate trans-
formations which is characterized by zi��t� � 7c��t� � 0.
That subgroup is parametrized by the functions hic��t�,
Rk��t� and by the STF tensors ?L��t� and $L��t� that define
the harmonic function 8h via Eq. (3.27).

We first discuss the gravitoelectric sector. For the purely
post-Newtonian coordinate transformations the transfor-
mation law (3.39) for the post-Newtonian mass multipole
simplifies considerably to

pn �ML � pnML � l nM
hL�1h

c
ali

� l nMjhL�1!alijkR
k:

(3.46)
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If we specialize to the mass dipole, the last term in
Eq. (3.46) vanishes since the coordinates are already
mass-centered to Newtonian order. This gives

pn �Mi �
pnMi �

nMhc
i : (3.47)

Therefore, as in the Newtonian case, we can use the trans-
lational freedom encoded in the function hc

i to mass-center
the coordinates by making

pn �Mi � 0: (3.48)

The transformation law (3.41) for the gravitoelectric tidal
moments similarly simplifies to

pn �GL � pnGL � hc
j

nGjL � l nGjhL�1!alijkR
k � !G

L ;

(3.49)

where the quantities !G
L are given by !G � _$, !G

i � � 	hc
i ,

and !G
L � 0 for l � 2. By choosing $��t� suitably we can

make

pn �G � 0; (3.50)

which is analogous to the Newtonian condition (3.44).
Consider next the gravitomagnetic sector. For purely

post-Newtonian coordinate transformations, the transfor-
mation laws (3.38a) and (3.38c) for the current multipole
moments SL and gravitomagnetic tidal moments HL sim-
plify to

�S L � SL; (3.51)

�H L � HL � !H
L ; (3.52)

where !H
i � �2 _Ri and !H

L � 0 for l � 2. Therefore we
can choose to make

�H i � 0 (3.53)

by an appropriate choice of the angular velocity _Rk, as
noted by DSX [2]. This gauge specialization makes the l �
0 part of the tidal piece BT of the gravitomagnetic field
vanish. The resulting coordinate system slowly rotates
relative to distant stars, in such a way that the leading order
Coriolis acceleration due to the tidal gravitomagnetic field
is effaced.

At this stage, the remaining coordinate freedom is pa-
rametrized by the STF tensors ?L for l � 0 and $L for l �
1, which appear in the formula (3.27) for the harmonic
function 8h. Note that these tensors do not enter into the
transformation laws (3.46), (3.49), (3.51), and (3.52) for the
moments pnML, pnGL, SL, and HL.17 Therefore the values
of these moments will be the same in all coordinate sys-
tems that satisfy the conditions specified so far, Eqs. (3.43),
(3.44), (3.48), (3.50), and (3.53). In other words, these
17Achieving this gauge invariance was the reason for picking
the particular choices of parametrization of Eqs. (3.19) and
(3.20) above.
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moments (as well as the Newtonian moments nML and
nGL) are already uniquely defined by the conditions we
have specified so far. Nevertheless, it is useful for some
purposes to fix the remaining gauge freedom. To do this we
consider the gauge moments &L and 'L. For purely post-
Newtonian transformations the transformation laws
(3.38b) and (3.38d) for these moments reduce to

�&L � &L �
�l� 1��2l� 3�

2l� 1
?L; (3.54)

�' L � 'L � $L � !'
L; l � 1; (3.55)

where !'
i � � _hc

i and !'
L � 0 for l � 2. It follows that we

can make

�' L � 0 (3.56)

by choosing $L suitably, for all l � 1. Similarly we can
make

�&L � 0 (3.57)

by choosing ?L suitably, for all l � 0. We shall call the
unique coordinate system18 that achieves all of the con-
ditions (3.43), (3.44), (3.48), (3.50), (3.53), (3.56), and
(3.57), the body-adapted coordinate system.19

To summarize, we have demonstrated that there is
enough coordinate freedom to accomplish the following:
(1) M
18Up
spatial

19Thi
by DSX

-19
ass-center the coordinate system to post-1-
Newtonian accuracy by setting nMi �

pnMi � 0.

(2) S
et to zero the l � 0 pieces nG, pnG of the tidal

pieces of the potentials � and  .

(3) S
et to zero the gravitomagnetic tidal moment Hi.

(4) S
et to zero the all the gauge moments 'L and &L.
The role of each free function in the coordinate trans-
formation (2.17) in the derivation of the above conditions
is recapitulated in Table I.

We note that our definition of the body-frame coordi-
nates or local asymptotic rest frame differs slightly from
that of Thorne and Hartle [34]. We require that the mass
dipole Mi should vanish for all time, whereas Thorne and
Hartle instead require that the gravitoelectric tidal moment
Gi should vanish for all time. At a given initial instant, they
also demand that Mi and _Mi vanish, while 	Mi can be
nonvanishing.

We next consider the special case treated by DSX, where
the post-1-Newtonian field Eqs. (2.8a)–(2.8c) are assumed
to hold all the way down to r � 0. In this case the gauge
freedom is somewhat reduced, since the function 8h must
now be both harmonic and smooth for all r < r�. This
requirement eliminates the terms parametrized by ?L in
Eq. (3.27), as those terms diverge at r � 0. Therefore we
to constant displacements in time and time-independent
rotations, cf. Sec. II B above.

s gauge is called the skeletonized-body harmonic gauge
[2].



TABLE I. Free functions in the coordinate transformation and
their role in defining the body-adapted harmonic gauge.

Free function Role

zi��t� sets n �Mi � 0

7c��t� sets n �G � 0

hic��t� sets pn �Mi � 0

$��t� sets pn �G � 0

Rk��t� sets �Hi � 0

$L��t�, l � 1 sets �'L � 0

?L��t�, l � 0 sets �&L � 0
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no longer have sufficient gauge freedom to set to zero the
gauge moments &L via Eq. (3.54). We still obtain a unique
coordinate system by imposing the remaining require-
ments (3.43), (3.44), (3.48), (3.50), (3.53), and (3.56), but
the&L moments will now in general be nonvanishing. This
044010
modified version of the body-adapted gauge will be im-
portant in Sec. IV below.

E. Definition of multipole and tidal moments about a
given worldline

In Sec. III B above we defined the multipole and tidal
moments of a body associated with a given coordinate
system. Those moments can be interpreted as being mo-
ments about the origin x � 0 of that coordinate system.
In this section, we generalize that definition to define tidal
and multipole moments about a specified world line20 xi �
zi�t� and associated with a given coordinate system �t; xi�.
This more general definition will be used in Sec. V D
below.

We assume that the vacuum post-1-Newtonian field
equations are satisfied in a region of the form r� < jx�
z�t�j< r�. Our definition of the moments is given by the
following multipole expansions of the potentials �, 1i, and
 in this region:
��t; xj� �
X1
l�0

��1�l�1

l!
nML�t�@L

1

jx� z�t�j
�

1

l!
nGL�t�	x� z�t�
L; (3.58a)

 �t; xj� �
X1
l�0

�
��1�l�1

l!

�
pnML�t�@L

1

jx� z�t�j
�

�2l� 1�

�l� 1��2l� 3�

@
@t

�
&L�t�@L

1

jx� z�t�j

��

�
��1�l�1

l!
@2

@t2

�
nML�t�@L

jx� z�t�j
2

�
�

1

l!
pnGL�t��x� z�t��L �

1

l!
@
@t

f'L�t�	x� z�t�
Lg

�
1

2l!�2l� 3�

@2

@t2
fnGL�t�	x� z�t�
Ljx� z�t�j2g

�
; (3.58b)

1i�t; x
j� �

X1
l�0

��1�l�1

l!
ZiL@L

1

jx� z�t�j
�

1

l!
YiL	x� z�t�
L; (3.58c)
20By a world line we mean simply a function xi � zi�t� which
transforms appropriately under the group (2.17) of coordinate
transformations. If zi�t� lies outside of the domain of definition
of the coordinates then it does not correspond to an actual world
line in spacetime. See Sec. V C below for further discussion of
this point.
where

ZiL �
4

l� 1
n _MiL �

4l
l� 1

!jihalSL�1ij �
2l� 1

2l� 1
(ihal&L�1i

� 4 _zhi
nMLi; (3.58d)

and

YiL � 'iL �
l

l� 1
!jihalHL�1ij �

4�2l� 1�

2l� 1
n _GhL�1(alii

�
4�2l� 1�

2l� 3
nGhL(kii _zk: (3.58e)

The expansions (3.58a) and (3.58b) have the same form as
Eqs. (3.5a) and (3.5b) except that x is replaced everywhere
by x� z�t�, and the various time-derivative operators are
allowed to act on the factors of x� z�t� as well as on the
moments. Note that the formulas (3.58d) and (3.58e) for
ZiL and YiL contain extra terms involving _zi compared to
the original formulas (3.15) and (3.16).

We now discuss the derivation of the expansions
(3.58a)–(3.58c). First, one can verify that these expansions
satisfy the field Eqs. (2.9a)–(2.9c). Next, inserting the
expansions (3.58a) and (3.58c) into the gauge condition
(2.6) yields the Newtonian conservation of mass Eq. (3.9)
as before, and also the following replacements for
Eqs. (3.10) and (3.11):

ZhiLi �
4

l� 1
n _MiL � 4 _zhi nMLi (3.59)

and

YjjL � �4 n _GL � 4 _zj
nGjL: (3.60)

If we now define the moments SL,HL,&L, and 'L in terms
of ZiL and YiL using the same formulas (3.14a)–(3.14d) as
before and use the decomposition identity (3.12), we obtain
-20
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Eqs. (3.58d) and (3.58e). Finally, the expression (3.58b) for
 is chosen so that the moments nML, pnML, nGL, pnGL,
HL, and SL defined by these expansions are invariant under
the group (2.22) of gauge transformations. This invariance
can be verified by using a parametrization of8h of the form
(3.27) with �x replaced by �x� z��t�.

For later computations it is useful to expand the time
derivatives in Eq. (3.58b) and express results in terms of
STF tensors. This computation gives

 �
X1
l�0

�
��1�l�1

l!

�
NL@L

1

jx� z�t�j
� PL@L

jx� z�t�j
2

�

�
1

l!

�
FL�x� z�t��L � JL

jx� z�t�j2	x� z�t�
L

2�2l� 3�

��
;

(3.61a)

where

NL � pnML �
2l� 1

�l� 1��2l� 3�
_&L �

2l� 1

2l� 1
&hL�1 _zali

�
1

2l� 3
		zj nMjL � _zj _zj nML � 2 _zj n _MjL

� 2l _zj _zhal
nML�1ij
; (3.61b)

PL � n 	ML � 2l _zhal
n _ML�1i � l�l� 1� _zhal _zal�1

nML�2i

� l	zhal
nML�1i; (3.61c)

FL � pnGL � _'L � 'Lj _zj �
2l

2l� 1
n _GhL�1 _zali

�
2l

2l� 3
_zk nGkhL�1 _zali �

1

2l� 3
nGL _zj _zj

�
l

2l� 1
nGhL�1 	zali; (3.61d)

and

JL � n 	GL � 2 n _GLj _zj � nGLjk _zj _zk � nGLk 	zk: (3.61e)

All of the tensors NL, PL, FL, and JL are STF, while the
tensors ZiL and YiL are STF only on their last l indices, as
before.

Finally, we note that there is no natural, unique defini-
tion of multipole and tidal moments about a given world
line associated with a given coordinate system. We have
chosen a particular definition, but there are other defini-
tions that are equally valid. For example, if we replace
Eq. (3.58d) with

ZiL �
4

l� 1
n _MiL �

4l
l� 1

!jihalSL�1ij � 4 _zi nM(l0

�
2l� 1

2l� 1
(ihal&L�1i � 4 nMihL�1 _zali; (3.62)

then field equations and harmonic gauge condition are still
satisfied. However, while the moments defined by this
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equation are still invariant under the group (2.22) of gauge
transformations, they differ from the moments defined by
Eq. (3.58d). By contrast, the definitions of multipole and
tidal moments about the origin of coordinates discussed in
Sec. III B above are essentially unique. However, this lack
of uniqueness will be unimportant for our purposes, since
multipole and tidal moments about a given world line will
appear only in intermediate steps in our computations and
not in our final results.

F. Comparison with other definitions of multipole and
tidal moments in the literature

As we have discussed, our multipole moments coincide
with those of Blanchet and Damour [48] and of DSX
[2,16,17] for weakly self-gravitating bodies. For isolated
systems these moments agree to leading order with the
unique moments that can be defined for stationary systems
in general relativity [49], and with the asymptotic radiative
multipole moments of Thorne [38], in the appropriate
limits, as noted by DSX [2].

For nonisolated systems, there is another notion of mass
and current multipole moments, defined in terms of the
metric in a buffer region surrounding a body, due to Thorne
and Hartle [34]. These moments are defined in full general
relativity by the same type of surface integrals as used here
[cf. Appendix E], but applied to the full metric rather than
to the post-Newtonian potentials. These moments depend
on the choice of coordinate system used to evaluate the
surface integrals, but the magnitude of the resulting ambi-
guities can be estimated and in many applications are small
enough to be unimportant [34]. By contrast, the multipole
moments used here are defined only the context of post-1-
Newtonian theory, but are unique.

Our tidal moments also coincide with those of DSX for
weakly self-gravitating bodies. They also appear to coin-
cide with the tidal moments defined by Suen in the context
of stationary systems in full general relativity [50].

IV. POST-1-NEWTONIAN LAWS OF MOTION:
A SINGLE BODY

A. Overview

As discussed in the introduction, the derivation of equa-
tions of motion for several interacting bodies can be di-
vided into two pieces: (i) A derivation of a formula,21 for
any given body, of the second time derivative of its mass
dipole moment in terms of its other multipole and tidal
moments and their time derivatives. (ii) A derivation of the
relation between the tidal moments acting on each body
and the multipole moments and center-of-mass world lines
of all the other bodies. In this section we will carry out the
first of these tasks. The second task will be the subject of
Secs. V and VI below.
-21
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We start by describing the assumptions and the result. As
in Sec. III B above, we assume existence of a local coor-
dinate system �t; xj� with the following properties: (i) The
range of the coordinates contains the product of the open
ball

jxj< r�; (4.1)

where r� is some radius, with some open interval �t0; t1� of
time. (ii) On the spatial region D given by r� < r < r�,
for some r� > 0, the coordinates are conformally
Cartesian and harmonic. Also the vacuum Einstein equa-
tions are valid on D for a one-parameter family of metrics
of the form of Eq. (4.11) below. Essentially this says that
the Newtonian, post-1-Newtonian and post-2-Newtonian
vacuum field equations are valid on D. The reason for
imposing the post-2-Newtonian field equations in addition
to the post-1-Newtonian field equations is discussed below.

These assumptions allow us to define the multipole
moments nML�t�,

pnML�t�, SL�t� which characterize the
sources in the region r < r�, as well as the tidal moments
nGL�t�,

pnGL�t�, and HL�t�, as discussed in the previous
section. They also imply some formulas relating time
22As is well known, the derivation of the spin evolution
Eq. (4.3c) requires only Newtonian-order stress-energy
conservation.
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derivatives of the multipole moments. At Newtonian order
these formulas are

n _M�t� � 0; (4.2a)

n 	Mi�t� �
X1
l�0

1

l!
nML�t�

nGiL�t�: (4.2b)

Here the first formula is just the Newtonian conservation of
mass derived earlier [Eq. (3.9) above]. The second formula
equates the acceleration of the center of mass to the accel-
eration produced by the external tidal moments coupling
with the multipole moments of the system. This formula is
usually derived by integrating the Newtonian stress-energy
conservation equations over the interior of the body. Here,
however, we do not assume the validity of the Newtonian
equations in the interior. Equation (4.2b) contains all the
information one needs in order to derive the explicit
coupled equations of motion for the center-of-mass world
lines of each body in an N-body system. We will describe
this derivation later in Sec. VI.

At post-1-Newtonian order, the formulas analogous to
Eqs. (4.2a) and (4.2b) are
pn _M ��
X1
l�0

1

l!
	�l� 1� nML

n _GL� l n _ML
nGL
; (4.3a)

pn 	Mi �
X1
l�0

1

l!

�
pnML

nGiL�
nML

pnGiL�
l

l� 1
SLHiL�

1

l� 2
!ijk nMjL

_HkL�
1

l� 1
!ijk n _MjLHkL�

4�l� 1�

�l� 2�2
!ijkSjL

n _GkL

�
4

l� 2
!ijk _SjL

nGkL�
2l3 � 7l2 � 15l� 6

�l� 1��2l� 3�
nMiL

n 	GL�
2l3 � 5l2 � 12l� 5

�l� 1�2
n _MiL

n _GL�
l2 � l� 4

l� 1
n 	MiL

nGL

�
;

(4.3b)

_Si �
X1
l�0

1

l!
!ijk

nMjL
nGkL: (4.3c)
For bodies in which the post-Newtonian field equations are
valid everywhere, DSX derived the formulas (4.3a)–(4.3c)
by using Newtonian22 and post-Newtonian stress-energy
conservation in the interior of the body [16]. In this section
we will derive Eq. (4.3b) from the assumptions listed
above. The formulas (4.3a) and (4.3c) giving the time
evolution of the mass monopole and the spin will be
derived from the same assumptions in the second paper
in this series [37].

Note that the formulas (4.3a)–(4.3c) are valid for all
coordinate systems satisfying the assumptions listed
above, not just for the body-adapted coordinate system
discussed in Sec. III D above.
B. Method of derivation

We now turn to a description of the surface-integral
method of derivation that we use. For this description
we return, temporarily, to the context of the full, non-
linear equations of general relativity. The method is well
known and is described in Landau and Lifshitz [51] and in
Misner, Thorne, and Wheeler [46]. It has been previously
applied to the derivation of laws of motion by Thorne and
Hartle [34].

The method starts by fixing a coordinate system x& �
�t; xj�, and by writing Einstein’s equations in that coordi-
nate system in a form involving pseudotensors and partial
derivatives as

H &7'8
;78 � 164	��g�T&' �T &'
: (4.4)

Here g � detg&' and the tensor density H&7'8 is given
by
-22



23Note that the derivation of this conservation law does not
require the assumption that Einstein’s equations are valid for r <
r�, since we can take the point of view that the stress-tensor T&'

is defined by Eq. (4.4). In other words, a different theory of
gravity could be applicable in the strong field region r < r�,
with the correction to the field equations being incorporated into
the definition of T&'. Our application of the conservation law
(4.10) to derive the equation of motion (4.3b) will therefore
apply to any theory of gravity for which the vacuum field
equations coincide with those of general relativity.
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H &7'8 � g&'g78 � g7'g8& (4.5)

where

g 78 �
�������
�g

p
g78: (4.6)

In Eq. (4.4), T&' is the stress-energy tensor and the pseu-
dotensor T &' is given by

T 78 �
1

164

�
g78;?g?&;& � g7?;?g8&;&

�
1

2
g78g?&g?';BgB&;' � g?&g

'Bg7?;'g8&;B

� g&'�g
7?g8';Bg&B;? � g8?g7';Bg&B;?�

�
1

8
�2g7?g8& � g78g?&��2g'Bg6$

� gB6g'$�g'$;?gB6;&

�
: (4.7)

This formulation of Einstein’s equations is due to Landau
and Lifshitz [51].

Next, in a surface of constant t within the domain
of the coordinates, we consider a three-dimensional
region V whose topology is that of the interior of a
sphere, and whose boundary & � @V has spherical
topology. We assume that the stress-energy tensor T&'

vanishes in a neighborhood of &. We define a quantity
Pi& associated with & and with the choice of coordinate
system by

Pi&�t� �
1

164

I
&
H i70j

;7d2&j: (4.8)

Here d2&j is the natural surface element determined by the
flat metric �dx1�2 � �dx2�2 � �dx3�2. Using the flat-space
Gauss’s theorem, the field Eq. (4.4), the symmetry proper-
ties of H&7'8, and the assumption (4.1), the definition
(4.8) can also be written as

Pi&�t� �
Z
V
d3x	��g�T0i �T 0i
: (4.9)

Here d3x is the volume element associated with the flat
metric �dx1�2 � �dx2�2 � �dx3�2. As is well known, for an
asymptotically flat spacetime the quantity Pi& yields the
ADM 3-momentum in the limit where & tends to infinity.
For finite &, however, Pi& does not have any invariant
physical or geometric meaning. Nevertheless, we can still
use this quantity as an intermediate tool in mathematical
calculations in deriving relations between quantities whose
transformation properties and meaning are well under-
stood, such as the multipole and tidal moments discussed
in the previous section. For convenience, we will refer to
Pi& as the ‘‘enclosed 3-momentum’’ in &, even though it is
not an invariant quantity.
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It follows from the formula (4.9) and from the
form 	��g�T&' �T &'
;' � 0 of stress-energy conserva-
tion that the time derivative of the enclosed 3-momentum
is23

_P i
& � �

I
&
T ijd2&j: (4.10)

The core of the surface-integral method is to compute
both sides of Eq. (4.10) explicitly. Namely, we compute
the left-hand side by performing the surface integral
(4.8) and taking a time derivative of the result, and
we compute the right-hand side using Eq. (4.7). These
surface integrals are evaluated using the general
solutions (3.5a)–(3.5c) to the vacuum post-1-Newtonian
field equations. The dependence on the surface & drops
out and one obtains in this way relations between the
moments and their time derivatives that reduce to
Eqs. (4.2b) and (4.3b) at Newtonian and post-Newtonian
order, respectively.

C. Post-2-Newtonian field equations

In applying the surface-integral method to derive the
laws of motion to some post-Newtonian order m, one
needs to compute some pieces of the metric to post-
Newtonian order m� 1. This was emphasized in the origi-
nal work of Einstein, Infeld, and Hoffmann [7]. For ex-
ample, the Newtonian mass currents, whose conservation
law can be used to derive laws of motion at Newtonian
order, are the source for the gravitomagnetic potential 1
[cf. Eq. (2.9c)]. Therefore, if one wants to avoid dealing
with the matter distribution itself and to use instead only
the far field metric to derive Newtonian laws of motion,
one needs to use the post-1-Newtonian gravitomagnetic
potential. Note however that knowledge of the post-1-
Newtonian scalar potential  is not required for this
purpose.

Therefore, for our goal of computing the post-1-
Newtonian laws of motion, we need to compute some
pieces of the metric to post-2-Newtonian order. In this
subsection we derive the harmonic-gauge vacuum field
equations satisfied by these post-2-Newtonian fields.

It turns out that we need the post-2-Newtonian correc-
tions only to gij and to g0i. We can therefore parametrize
the metric as the post-1-Newtonian metric (2.4) together
-23
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with the appropriate correction terms:

ds2 � �
1

"2 	1 � 2"2� � 2"4��2 �  � �O�"6�
dt2

� 	2"21i � 2"4�2�1i � Di� �O�"5�
dxidt

� 	(ij � 2"2�(ij � "4��2�2 � 2 � Ekk�(ij

� Eij� �O�"5�
dxidxj: (4.11)

Here the post-2-Newtonian fields are the vector field Di and
the spatial symmetric tensor Eij. We have chosen the
particular parametrization of the post-2-Newtonian pieces
of the metric (4.11) to simplify the gothic metric and the
field equations. From the definition (4.6) of the gothic
metric we obtain

g00 � �"� 4"3� � "5�8�2 � 4 � Ekk� �O�"6�;

g0i � "31i � "5Di �O�"6�;

gij �
1

"
(ij � "3Eij �O�"4�:

(4.12)

Inserting these expressions into the harmonic gauge con-
dition (2.5) yields the equations

_1 i � Eij;j � 0 (4.13)

and

Di;i � _Ekk � 4 _ � 16� _� � 0: (4.14)

The harmonic-gauge vacuum field equations for the fields
Di and Eij can be derived by substituting the expansion
(4.12) of the gothic metric into Eq. (4.4). The results are

r2Di � 	1i � 12 _�@i� � 8@	i1k
@k� (4.15)

and

r2Eij � 4@i�@j� � 2(ij@k�@k�: (4.16)

We next compute the expansions of the enclosed
momentum Pi& and the spatial components T ij of the
Landau-Lifshitz pseudotensor that appear in conservation
law (4.10). Substituting the gothic metric components
(4.12) into the definition (4.8) of enclosed momentum
yields

Pi& � "2 nPi& � "4 pnPi& �O�"5�; (4.17)
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where the Newtonian piece is

nPi& �
1

164

I
&
@j1

id2&j (4.18)

and the post-Newtonian piece is

pnPi& �
1

164

I
&
	@jD

i � _Eij
d
2&j: (4.19)

The corresponding expansion of T ij is, from Eqs. (4.7),
(4.11), and (4.12),

T ij � "2 nT ij � "4 pnT ij �O�"5�; (4.20)

where the Newtonian piece is

nT ij �
1

44

�
@i�@j� �

1

2
(ij@k�@k�

�
(4.21)

and the post-Newtonian piece is

pnT ij �
1

44

�
@	i1k
@	k1j
 � 2@�i� _1j� � 2@�i�@j� 

�
1

2
(ij

�
1

2
@	l1k
@	k1l
 � 2@k� _1k � 2@k�@k 

� 3 _�2
��
: (4.22)
D. Newtonian order derivation

To illustrate the method of computation, we first derive
the Newtonian law of motion (4.2b) from the conservation
law (4.10). A similar derivation has been given by
Futamase [21]. We choose the two-surface & to be the
coordinate sphere r � R, for some R with r� <R< r�,
and we henceforth drop the subscript & in Pi& for simplic-
ity. The formula (4.18) then reduces to

nPi �
R2

164

I
nj@j1

i�Rn�d; (4.23)

where the integral is over the unit sphere and nj � xj=jxj.
Plugging in the general solution (3.8) for the gravitomag-
netic potential and using the identities (A12) and (A13)
yields
nPi �
R2

164

I
nj
�X1
l�0

��1�l�1

l!
ZiL@jL

1

jxj
�
l
l!
YijL�1x

L�1

�
r�R

d

�
R2

164

I �X1
l�0

��1�l�1

l!
1

Rl�2
�alZijL�1n

jnL�1 � blZiLnjn
jnL� �

l
l!
Rl�1YijL�1n

jnL�1

�
d

�
R2

164

I �X1
l�0

��1�l�1

l!
1

Rl�2
�al � bl�ZiLn

L �
l
l!
Rl�1YiLn

L
�
d: (4.24)
Since ZAiL and YAiL are STF on L, only the l � 0 terms can contribute [cf. Eqs. (A14) and (A15)]. This implies that
-24
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nPi �
R2

164
44b0

R2 Zi � n _Mi; (4.25)

where we have used the relation (3.10). Note that the
contribution from the gravitomagnetic tidal terms vanishes
identically. Thus, the Newtonian enclosed momentum is
the time derivative of the Newtonian mass dipole.

We turn next to the surface integral of the Landau-
Lifshitz pseudotensor on the right-hand side of
Eq. (4.10). To Newtonian order it is given by
I

nT ijd2&j �
I 1

44

�
@i�@j� �

1

2
(ij@k�@k�

�
d2&j;

(4.26)

from Eq. (4.21). This surface integral can be computed
using the expansion (3.5a) of the Newtonian potential and
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the integrals (A14)–(A17). First we write the derivative of
the expansion (3.5a) of the Newtonian potential as

@i� �
X1
l�0

1

l!
�V�

L n
i � �V�

iL�n
L; (4.27)

where

V�
L �

�2l� 1�!!

rl�2
nML; (4.28)

and

�V �
iL �

�2l� 1�!!

rl�3
nMiL � rl nGiL: (4.29)

Substituting this into the right-hand side of Eq. (4.26) and
using the integrals (A16) and (A17) gives
I
nT ijd2&j �

R2

44

X1
p�0

X1
q�0

1

p!q!

I
nPnQ

�
�V�

P n
i � �V�

iP��V
�
Q � q �V�

Q� �
ni

2
�V�

P n
k � �V�

kP��V
�
Qn

k � �V�
kQ�

�
d

�
R2

44

X1
p�0

X1
q�0

1

p!q!

I �
1

2
�V�

P V
�
Q � �V�

kP
�V�
kQ�n

inPnQ � �q �V�
iP

�V�
Q � �V�

iPV
�
Q �n

PnQ
�
d

� R2
X1
l�0

1

l!

�
1

�2l� 3�!!
�V�

iLV
�
L � �V�

ikL
�V�
kL� �

1

�2l� 1�!!
�l �V�

iL
�V�
L � �V�

iLV
�
L �

�

� R2
X1
l�0

1

l!�2l� 1�!!
V�
L

�
V�
iL

2l� 3
� �V�

iL

�
� �

X1
l�0

1

l!
nMA

L
nGA

iL: (4.30)
24The surface integrals encountered in the derivation of the
evolution laws (4.3a) and (4.3c) for the mass monopole and spin
are significantly simpler than those for the dipole evolution law
(4.3b). We have derived explicit expressions for one particular
solution of the post-2-Newtonian field equations for Di and Eij,
and in a later paper [37] those expressions will be used to derive
the mass monopole and spin evolution laws (4.3a) and (4.3c)
using the same explicit method as used here in the Newtonian
case.
Here the last line has been obtained using the expressions
(4.28) and (4.29) for V�

L and �V�
iL in terms of nML, nGL, and

r, and performing some easy algebra. We thus have the key
result:

�
I

nT ijd2&j �
X1
l�0

1

l!
nMA

L
nGA

iL: (4.31)

Substituting Eqs. (4.25) and (4.31) into the expansions
(4.17) and (4.20) and then into the conservation law
(4.10) finally gives the Newtonian law of motion (4.2b).

E. Post-Newtonian order derivation

We now proceed with the derivation of the post-1-
Newtonian law of motion (4.3b) from the conservation
law (4.10). Our method of derivation will be somewhat
different from that used above in the Newtonian case. We
start by describing the differences.

The differences are related to the pieces of the compu-
tation that go to one higher post-Newtonian order (post-1-
Newtonian order in the last subsection, and post-2-
Newtonian order here). In the Newtonian case, we had
available the explicit parametrization (3.5b) and (3.5c) of
the post-1-Newtonian potentials in terms of (i) the
Newtonian order moments nML, nGL; (ii) the post-1-
Newtonian- order moments pnML, pnGL, HL, and SL, and
(iii) the gauge moments&L and 'L. The computation of the
Newtonian enclosed momentum (4.18) did involve the
post-1-Newtonian potentials, but using the parametrization
(3.5c) we found that the dependencies on the post-
Newtonian multipole, tidal, and gauge moments dropped
out. Thus, we obtained equations of motion in terms of
the purely Newtonian variables. Similarly, in the post-1-
Newtonian case, the computation of the post-1-Newtonian
momentum (4.19) involves the post-2-Newtonian poten-
tials Di and Eij. Those potentials can presumably be pa-
rametrized in terms of Newtonian and post-1-Newtonian
moments, a set of post-2-Newtonian moments, and gauge
degrees of freedom, via expansions analogous to (3.5b) and
(3.5c). Using such expansions we could in principle pro-
ceed as in the Newtonian computation. However, this
approach turns out to be extremely tedious,24 and we will
proceed instead as follows.
-25
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Our strategy will be to argue indirectly that there is no
dependence on post-2-Newtonian degrees of freedom in
the post-1-Newtonian momentum (4.19). The space of
post-2-Newtonian potentials �Di; Eij� that satisfy in D the
field Eqs. (4.15) and (4.16) and the gauge conditions (4.13)
and (4.14) has the structure of an affine space. Given a
particular solution �Dip; E

ij
p �, any other solution can be

written as the sum

Di � Dip � Dih (4.32a)

Eij � Eijp � Eijh (4.32b)

of the particular solution and a homogeneous solution
�Dih; E

ij
h �, where the homogeneous solution satisfies homo-

geneous versions of the field Eqs. (4.15) and (4.16) and
gauge conditions (4.13) and (4.14):

r2Dih � 0; r2Eijh � 0; (4.33a)

@jE
ij
h � 0; @iDih � _Ekkh � 0: (4.33b)

The general solutions to Eqs. (4.33a) can be expanded as

Dih �
X1
l�0

��1�l�1

l!
XiL@L

1

jxj
�

1

l!
WiLxL; (4.34a)

Eijh �
X1
l�0

��1�l�1

l!
CijL@L

1

jxj
�

1

l!
BijLx

L: (4.34b)

These multipole expansions define the multipole and tidal
moments XiL, WiL, CijL, and BijL, all of which are STF on
the indices L. Inserting these expansions into the gauge
conditions (4.33b) yields the constraints

CihLi � 0; BijjL � 0; (4.35a)

lXhLi � _CjjL � 0; WjjL � _BjjL � 0: (4.35b)

Next, we insert the decompositions (4.32a) and (4.32b)
and the expansions (4.34a) and (4.34b) into the formula
(4.19) for the post-1-Newtonian momentum. Using the
integrals (A14)–(A17) then gives

pnPi �
1

164

I
&
	@jDip � _Eijp 
d2&j �

1

4
Xi �

1

12
_Cijj

�
R3

12
_Bijj: (4.36)

Here as before we have chosen the two-surface & to be the
sphere jxj � R. The last three terms in this expression give
the dependence of pnPi on the homogeneous solution.
From the constraints (4.35a) and (4.35b) it follows that
the sum of these three terms vanishes, so that

pnPi �
1

164

I
	@jDip � _Eijp 
d2&j: (4.37)

Thus, the enclosed momentum pnPi is independent of
which solution of the post-2-Newtonian field equations is
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chosen. Therefore, it must be a function only of the
Newtonian and post-1-Newtonian fields, or equivalently
of the Newtonian and post-1-Newtonian multipole and
tidal moments, as well as of the radius R.

Next, we show that the enclosed momentum can be
written as the sum of the time derivative of the post-
Newtonian mass dipole pn _Mi and terms that are indepen-
dent of pnMi. To see this, note that any solution ��; 1i;  �
of the post-1-Newtonian field Eqs. (2.9a)–(2.9c) and gauge
condition (2.6) can be decomposed as

� � �0; 1i � 1i0; (4.38)

 �  0 �
pnMi@i

1

jxj
: (4.39)

Here ��0; 1i0;  0� is another solution with vanishing post-
Newtonian mass dipole. Inserting this decomposition into
the post-2-Newtonian field equations and gauge conditions
(4.13), (4.14), (4.15), and (4.16) yields a corresponding
decomposition of the post-2-Newtonian potentials:

Eij � Eij0 ; (4.40)

Di � Di0 � 4 pn _Mi
1

jxj
: (4.41)

Here the potentials ��0; 1i0;  0; E
ij
0 ; D

i
0� are a solution of the

field equations and gauge conditions and are independent
of pnMi. Inserting the decompositions (4.40) and (4.41) into
Eq. (4.19) gives

pnPi � pn _Mi �
1

164

I
	@jD

i
0 � _Eij0 
d

2&j: (4.42)

Inserting this into the expansions (4.17) and (4.20) and then
into the conservation law (4.10) now yields

pn 	Mi � �
I

&

�
1

164
@j _Di0 �

1

164
	Eij0 � pnT ij

�
d2&j:

(4.43)

Equation (4.43) is the key result of this subsection. It
shows that the second time derivative of the post-
Newtonian mass dipole can be expressed purely in terms
of the Newtonian and post-1-Newtonian fields, and is
independent of the post-2-Newtonian degrees of freedom.
This independence was derived above for the first two
terms on the right-hand side of Eq. (4.43), and for the third
term it follows from the fact that the expression (4.22) for
pnT ij depends only on the Newtonian and the post-1-
Newtonian fields. Therefore the right-hand side of
Eq. (4.43) is some function of the surface & as well as of
the multipole and tidal moments of the solution ��; 1i;  �
[since the multipole and tidal moments of the solution
��0; 1i0;  0� coincide with those of the original solution
��; 1i;  � except for the post-1-Newtonian mass dipole].
-26



POST-1-NEWTONIAN EQUATIONS OF MOTION FOR . . . PHYSICAL REVIEW D 71, 044010 (2005)
We can deduce some properties of the functional depen-
dence of pn 	Mi on the moments as follows. From the post-2-
Newtonian field equations and gauge conditions (4.13),
(4.14), (4.15), and (4.16) it follows that the potentials Di0
and _Eij0 depend linearly on 	1i0 and _ 0, and quadratically on
25It is easy to see that the right-hand side of Eq. (4.44) must be
independent of the radii r� and r� that define the domain D.

26The fact that the right-hand side of Eq. (4.44) is independent
of the gauge moments &L and 'L can alternatively be derived as
follows. As discussed in Sec. III D above, by making a gauge
transformation of the type (2.22) we can alter the values of the
gauge moments &L and 'L without altering any of the tidal and
multipole moments nML, nGL, pnML, pnGL, SL, HL or their time
derivatives. Under such a transformation, the left-hand side of
Eq. (4.44) is invariant. It follows that the right-hand side does not
depend on the gauge moments or their time derivatives.
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�0, _�0, and @	i1j
0 . Also from Eq. (4.22) it follows that
pnT ij depends quadratically on �, _�, @	i1j
, and _1i � @i ,
all of which are independent of the gauge moments&L and
'L. From Eq. (4.43) and the expansions (3.5a)–(3.5c) it
now follows that
pn 	Mi � F i�
nML;

n _ML;
n 	ML;

nGL;
n _GL;

n 	GL;HL; _HL; SL; _SL;
pnML;

pnGL;R� � Gi�
nM
::::
L;

nG
::::
L; H
:::
L; S
:::
L; &
:::
L; '
:::
L;R�: (4.44)
Here Gi is a linear function of all of the moments that
appear as its arguments, and can be an arbitrary function of
the radius R that defines the two-surface &. Similarly the
function F i is a quadratic function of all the moments that
appear as its arguments, and can be an arbitrary function
of R.25

In Appendix C we compute explicitly the linear term and
show that it vanishes identically26:
G i � 0: (4.45)
Next, the left-hand side of Eq. (4.44) is independent of the
radius R, as are the definitions of all the moments that
appear as the arguments of the function F i. It follows that
F i is independent of R, as one would expect. Using these
simplifications we can rewrite Eq. (4.44) as
pn 	Mi � F i�
nML;

n _ML;
n 	ML;

nGL;
n _GL;

n 	GL;HL; _HL; SL; _SL; pnML;
pnGL�; (4.46)
where the function F i is now a quadratic function of all of
its arguments. This quadratic function could in principle be
computed from the expression (4.43). However, it is sim-
pler to appeal to a special case from which the functional
form of F i can be deduced, as suggested in a different
context by Thorne and Hartle [34].

Specifically, we now specialize to the case considered
by DSX where the post-1-Newtonian field equations
are assumed to hold throughout r < r�. Our analysis
applies to that special case, and therefore the functional
F i coincides with that computed by DSX, given in
Eq. (4.21b) of Ref. [16] and in Eq. (4.3b) above. The
derivation of the form of F i in this case is reviewed in
Appendix D. The key point here is that the general argu-
ment of this subsection establishes the result (4.3b) up
to the values of the coefficients of the terms on the
right-hand side, and our argument shows that those
coefficients are universal, applying both to the case of
weakly self-gravitating bodies analyzed by DSX and to
the case of strongly self-gravitating bodies considered
here.

This argument, which enables us to avoid doing the
surface integral (4.43) explicitly, could of course also
be used to avoid doing the surface integrals in Eq. (4.26)
when computing the Newtonian laws of motion. In
that case, however, we were able to check explicitly
that the surface integral method gives the correct an-
swer.

Similarly, we could deduce that the linear term Gi must
vanish by comparison with the case of weakly self-
gravitating bodies. Therefore the explicit verification of
this result in Appendix C is not really necessary. That
verification is useful, however, as a consistency check of
our argument and formalism.

Thus, we have established that the law of motion (4.3b)
is valid not just for the class of weakly self-gravitating
bodies considered by DSX, but also for the more general
class of strongly self-gravitating bodies considered here,
subject to the assumptions outlined in Sec. IVA.

V. AN N-BODY SYSTEM: FOUNDATIONS

We now turn to an analysis of a system consisting of N
bodies with arbitrary internal structure. The bodies’ masses
can be comparable, but their typical separations must be
large compared to their masses in order that their gravita-
tional interactions are well described by the post-1-
Newtonian approximation.27 In this section we lay the
foundations for our analysis by defining local coordinate
systems associated with each body, and an overall global
coordinate system. We also derive relations between the
27Our formalism and derivation does not require that the
bodies’ separations be large compared to their typical sizes.
However, that requirement is in practice necessary if one wants
to achieve good accuracy using a truncated version of the
equation of motion (6.11) containing only a small number of
multipoles.
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ÉTIENNE RACINE AND ÉANNA É. FLANAGAN PHYSICAL REVIEW D 71, 044010 (2005)
moments that characterize the potentials in each of these
coordinate systems. In Sec. VI below we will combine the
results derived here with the single-body equation of mo-
tion (4.3b) derived in the previous section to obtain the
explicit form of the N-body equation of motion.

A. Assumptions

We start by describing our assumptions. We consider a
system of N bodies, labeled by the index A with 1 � A �
N. We associate with each body a world tube W A con-
taining the region where the stress-energy tensor is non-
zero, and also containing the strong field region associated
with the body. Our key assumption is that the post-
Newtonian equations are satisfied everywhere outside all
of the world tubes W A.

More precisely, we make the following assumptions: (i)
For each A there exists a coordinate system �sA; y

i
A� of the

type discussed in Sec. III D above which covers the Ath
body. Thus, there exist radii r�;A and r�;A such that
the range of the coordinates includes the product of the
ball jyAj< r�;A with an open interval of time; and the
coordinates are harmonic, conformally Cartesian and
body adapted in the buffer region

B A � f�sA; yiA�jr�;A < jyAj< r�;Ag: (5.1)

(ii) The various buffer regions BA are nonintersecting (see
Fig. 1 above). (iii) We define the world tube associated
with the Ath body to be W A � f�sA; yiA�jjyAj< r�;Ag, and
we define the spacetime region D to be the complement of
the union of all the world tubes,

D � M n
[N
A�1

W A;

where M is the entire manifold. The vacuum Einstein
equations are satisfied for the one-parameter family of
metrics (4.11) on the spacetime region D. (iv) There exists
a conformally Cartesian and harmonic coordinate system
�t; xi� which covers all of D. We will call the coordinate
system �t; xi� the global frame, even though it does not
cover the entire manifold. We will call the coordinate
systems �sA; yA� the body frames.

Note that in the context of the spatially noncompact
domain D, the meaning of the O�"n� symbols that appear
in Eqs. (2.2) and (4.11) corresponds to pointwise conver-
gence, not uniform convergence. As is well known, solu-
tions of the post-1-Newtonian field equations are not good
approximations to exact solutions at distances * 1=". That
is, although they work well in the near zone they break
down in the local wave zone [38]. In order to obtain
solutions which are good approximations everywhere one
has to perform a matching of post-Newtonian solutions
onto radiation zone post-Minkowskian solutions; see, for
example, Blanchet [3] and references therein. However, the
044010
corresponding corrections to the near zone gravitational
fields and to the dynamics of the bodies arises at post-2.5-
Newtonian order, and can thus be neglected for the post-1-
Newtonian analysis of this paper.

B. Body-frame multipole and tidal moments

In each local coordinate system �sA; y
i
A� we define multi-

pole and tidal moments nMA
L�sA�,

nGA
L�sA�,

pnMA
L�sA�,

pnGA
L�sA�, S

A
L�sA�, and HA

L�sA� according to the prescription
described in Sec. III B above. We have added superscripts
A to these moments to denote the Ath body. The corre-
sponding expansions of the potentials are

�A�sA; y
j
A� �

X1
l�0

��1�l�1

l!
nMA

L�sA�@L
1

jyAj
�

1

l!
nGA

L�sA�y
L
A;

(5.2a)

 A�sA; y
j
A� �

X1
l�0

�
��1�l�1

l!
pnMA

L�sA�@L
1

jyAj

�
��1�l�1

l!
n 	MA

L�sA�@L
jyAj

2
�

1

l!
pnGA

L�sA�y
L
A

�
1

l!
jyAj

2

2�2l� 3�
n 	GA

L�sA�y
L
A

�
; (5.2b)

1Ai �sA; y
j
A� �

X1
l�0

�
��1�l�1

l!

�
4

l� 1
n _MA

iL�sA�

�
4l
l� 1

!jihalS
A
L�1ij�sA�

�
@L

1

jyAj

�
1

l!

�
l

l� 1
!jihalH

A
L�1ij�sA�

�
4�2l� 1�

2l� 1
n _GA

hL�1�sA�(alii

�
yLA

�
(5.2c)

�
X1
l�0

��1�l�1

l!
ZAiL�sA�@L

1

jyAj
�

1

l!
YAiL�sA�y

L
A;

(5.2d)

where overdots mean derivatives with respect to the time
argument. These expansions are obtained from the expan-
sions (3.28a)–(3.28c) by replacing xj with yjA and twith sA,
by adding superscripts A to the potentials and the various
moments to denote the Ath body, and by omitting the gauge
moments &L and 'L which vanish since we have speci-
alized to body-adapted gauge. The specialization to body-
adapted gauge also implies that

nMA
i � pnMA

i � nGA � pnGA � HA
i � 0; (5.3)

cf. Sec. III D above.

C. Configuration variables for the Ath body

For each body, there is a nonempty region of overlap
between the domain of the body-frame coordinates �sA; yiA�
-28
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and the domain of the global-frame coordinates �t; xi�,
namely, the buffer region BA defined by Eq. (5.1). Both
of these coordinate systems are harmonic and conformally
Cartesian, and therefore the mapping between the two
coordinate systems can be parametrized using the general
analysis of Sec. II B above. From Eqs. (2.17) and (2.18a)–
(2.18c) it follows that there exist functions zAi �sA�, 7

A
c �sA�,

hAci�sA�, and RAk �sA� and a harmonic function 8Ah �sA; y
j
A�

such that in BA

xi � yiA � zAi �sA� � "2hAi �sA; y
j
A� �O�"4�;

t � sA � "27A�sA; y
j
A� � "48A�sA; y

j
A� �O�"6�;

(5.4)

where

7A � 7Ac �sA� � yjA _zAj �sA�; (5.5)

hAi � hAci�sA� � !ijky
j
AR

A
k �sA� �

1

2
	zAi �sA�y

j
Ay

j
A � yiA _7Ac �sA�

� yiAy
j
A 	zAj �sA� �

1

2
yiA _zAj �sA� _zAj �sA�

�
1

2
_zAi �sA� _zAj �sA�y

j
A; (5.6)

and

8A � yjAy
j
A

�
1

10
z:::Ak �sA�y

k
A �

1

6
	7Ac �sA�

�
� 8Ah �sA; y

j
A�:

(5.7)

Because the body-frame coordinates are uniquely deter-
mined, the functions zAi �sA�, 7

A
c �sA�, hAci�sA�, and RAk �sA�

acquire the role of configuration variables that specify the
location, orientation, etc., in the global coordinates �t; xi�
of the local rest frame attached to body A. This role is in
contrast to the role of the corresponding variables in Sec.I
above, which were freely specifiable functions. The task of
determining the motion of theN different bodies reduces to
solving for the time evolution of these configuration vari-
ables. Below we will show that some of these variables can
be obtained by solving differential equations, and the
remainder are obtained from algebraic relations.

The particular combination of these configuration vari-
ables that enters into the equation of motion which we
derive below is the center-of-mass world line. In the special
case where the post-1-Newtonian equations are assumed to
hold inside each body, this center-of-mass world line is
defined simply as the origin of spatial coordinates of the
body-adapted28 coordinate system �sA; y

i
A�. This world line
28More precisely, of the slightly modified body-adapted coor-
dinate system discussed in the last paragraph of Sec. III C above,
whose domain of definition includes the interior of the body. The
difference between this coordinate system and the body-adapted
coordinate system arises only at order O�"4� in the time coor-
dinate, which does not affect the definition of center-of-mass
world line to post-1-Newtonian accuracy.
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can be expressed in terms of the global-frame coordinates
in parametric form as

xi�sA� � zAi �sA� � "2hAci�sA� �O�"4�; (5.8)
t�sA� � sA � "27Ac �sA� �O�"4�; (5.9)
from the coordinate transformation (5.4), (5.5), (5.6), and
(5.7). Eliminating sA gives xi � cmzAi �t�, where

cmzAi �t� � zAi �t� � "2	hAci�t� � _zAi �t�7
A
c �t�
 �O�"4�:

(5.10)
Here the superscript ‘‘cm’’ means ‘‘center of mass.’’
Consider now the more general context where the post-

1-Newtonian equations are not assumed to hold inside each
body. Then, the body-frame coordinates �sA; y

i
A� can be

arbitrary for jyAj< r�;A, so the world line in spacetime of
the origin yA � 0 of these coordinates has no special
significance. Nevertheless, we can still use Eqs. (5.8),
(5.9), and (5.10) to define the function cmzAi �t�. That is,
we define cmzAi �t� to be the image of the origin yA � 0 not
under the true coordinate transformation, but under the
extension to jyAj< r�;A of the formulas (5.4), (5.5),
(5.6), and (5.7) which a priori are only valid for r�;A <
jyAj< r�;A. The resulting function cmzAi �t� continues to
characterize the location of the local rest frame attached
to body A, even though it no longer corresponds to a world
line in spacetime,29 and even though the location xi �
cmzAi �t� will in general be outside the domain of definition
of the global coordinates. We will continue to call this
function the center-of-mass world line, in a slight but
conventional abuse of terminology.

D. Global-frame multipole moments

In this section we define, for each body A, multipole
moments associated with the global coordinate system
�t; xi�. We define the global-frame multipole moments
nMg;A

L �t�, pnMg;A
L �t�, Sg;A

L �t�, and &g;A
L �t� to be the moments

about the Newtonian-order center-of-mass world line x �
zA�t� of body A [cf. Eq. (5.10) above], using the prescrip-
tion discussed in Sec. III E. Using these multipole moments
we can write down multipole expansions of the global-
frame potentials, which we denote by ��g; 1g

i ;  
g�, that are

valid on the entire domain D:
29The function cmzAi �t� does however transform like a world line
under the group (2.17) of post-1-Newtonian coordinate
transformations.
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�g�t; xj� �
XN
A�1

X1
l�0

��1�l�1

l!
nMg;A

L �t�@L
1

jx� zA�t�j
; (5.11a)

 g�t; xj� �
XN
A�1

X1
l�0

�
��1�l�1

l!

�
pnMg;A

L �t�@L
1

jx� zA�t�j

�
�2l� 1�

�l� 1��2l� 3�

@
@t

�
&g;A
L �t�@L

1

jx� zA�t�j

��

�
��1�l�1

l!
@2

@t2

�
nMg;A

L �t�@L
jx� zA�t�j

2

��
;

(5.11b)

1g
i �t; x

j� �
XN
A�1

X1
l�0

��1�l�1

l!
Zg;A
iL �t�@L

1

jx� zA�t�j
; (5.11c)

where

Zg;A
iL �

4

l� 1
n _Mg;A

iL �
4l
l� 1

!jihalS
g;A
L�1ij

�
2l� 1

2l� 1
(ihal&

g;A
L�1i � 4 _zA

hi
nMg;A

Li : (5.11d)

Here the superscript ‘‘g’’ on the potentials and on the
moments stands for ‘‘global.’’

The form of the expansions (5.11a)–(5.11c) is dictated
by the following considerations: (i) The expansions take
the form of a linear superposition of solutions, one for each
body A. This follows from the linearity of the vacuum field
Eqs. (2.9a)–(2.9c). (ii) We choose to use a gauge for the
global coordinates in which all the potentials go to zero as
jxj ! 1. This eliminates any tidal terms associated with
acceleration of the reference frame, cf. the discussion in
Sec. II B above. (iii) There are no other tidal terms, since
the terms in the sum over B with B � A play the role of
tidal terms for body A. With this identification, the expan-
sions (5.11a)–(5.11c) agree with the formulas (3.58a)–
(3.58c) of Sec. III E above that define the multipole and
gauge moments, in the buffer region BA about the Ath
body.

We will derive transformation laws relating the global-
frame multipole moments nMg;A

L , pnMg;A
L , and Sg;A

L to the
body-frame multipole moments nMA

L, pnMA
L, and SAL in the

next subsection. Note that the moments that would be
measured by observers residing in the buffer region BA
about the Ath body are the body-frame moments and not
the global-frame moments.

We next discuss the gauge freedom in the global coor-
dinate system. If we make a gauge transformation of the
form (2.22) with the harmonic function 8h chosen to be

8h��t; �xj� �
XN
A�1

X1
l�0

��1�l�1

l!
?AL��t�@L

1

j �x� zA��t�j
; (5.12)

then the gauge moments &g;A
L �t� transform according to

�& g;A
L � &g;A

L �
�l� 1��2l� 3�

2l� 1
?AL; (5.13)
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cf. Eq. (3.54) above. Therefore there is enough freedom to
set

&g;A
L � 0 (5.14)

for all A and for all l � 0. This requirement, together with
the requirement that the potentials go to zero as jxj ! 1,
reduces the residual gauge freedom to the post-Galilean
transformation group discussed in Sec. II B.

E. Computation of body-frame tidal moments

Our goal is to deduce equations of motion for the
N-body system from the single-body equation of motion
(4.3b). To this end, we would like to compute the body-
frame tidal moments nGA

L, pnGA
L, and HA

L felt by body A in
terms of the body-frame multipole moments nMB

L , pnMB
L,

and SBL and also the configuration variables of the other
bodiesBwith B � A. We shall perform this computation in
stages, by relating both sets of quantities to the global-
frame moments.

We start by expanding the time derivatives that appear in
the expansion (5.11b) of the global-frame potential  g and
by expressing the results in terms of STF tensors. Using the
gauge specialization (5.14) this computation gives

 g �
XN
A�1

X1
l�0

��1�l�1

l!

�
Ng;A
L @L

1

jx� zAj

� Pg;A
L @L

jx� zAj

2

�
; (5.15)

where the STF tensors Ng;A
L and Pg;A

L are given by [cf.
Eqs. (3.61b) and (3.61c) above]

Ng;A
L � pnMg;A

L �
1

2l� 3
		zAj

nMg;A
jL � _zAj _zAj

nMg;A
L

� 2 _zAj
n _Mg;A

jL � 2l _zAj _zA
hal

nMg;A
L�1ij
; (5.16)

and

Pg;A
L � n 	Mg;A

L � 2l _zAhal
n _Mg;A

L�1i � l	zAhal
nMg;A

L�1i

� l�l� 1� _zA
hal

_zAal�1

nMg;A
L�2i: (5.17)

Next, we expand the global potentials in the buffer
region BA of body A using the Taylor series

jx� zBjp � j�zB � zA� � �x� zA�jp

�
X1
k�0

1

k!
�x� zA�KT p

K�z
BA�; (5.18)

where p is any integer, zBA � zB � zA and

T p
K�z� � �@Kjz� xjp�x�0: (5.19)

For p � �1 we have

T �1
K �z� � �2k� 1�!!

zhKi

jzj2k�1
: (5.20)
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Substituting Eq. (5.18) into Eqs. (5.11a), (5.11c), and (5.15)
and using the identity

T �1
KL � T �1

KhLi �
l�l� 1�

2l� 1
(�al�1alT

�1
L�2�K (5.21)

yields

�g �
X1
l�0

��1�l�1

l!
nMg;A

L @L
1

jx� zAj
�

1

l!
nGg;A

L �x� zA�L;

(5.22a)

 g �
X1
l�0

�
��1�l�1

l!

�
Ng;A
L @L

1

jx� zAj
� Pg;A

L @L
jx� zAj

2

�

�
1

l!

�
Fg;A
L �x� zA�L � Jg;A

L
jx� zAj2�x� zA�L

2�2l� 3�

��
;

(5.22b)

1g
i �

X1
l�0

��1�l�1

l!
Zg;A
iL @L

1

jx� zAj
�

1

l!
Yg;A
iL �x� zA�L;

(5.22c)

where

nGg;A
L �

X
B�A

X1
k�0

��1�k

k!
nMg;B

K T �1
KL�z

BA�; (5.23a)

Yg;A
iL �

X
B�A

X1
k�0

��1�k

k!
Zg;B
iK T �1

KL�z
BA�; (5.23b)

Jg;A
L �

X
B�A

X1
k�0

��1�k

k!
Pg;B
K T �1

KL�z
BA�; (5.23c)

Fg;A
L �

X
B�A

X1
k�0

��1�k

k!

�
Ng;B
K T �1

KL�z
BA�

�
1

2
Pg;B
K T �1

KhLi�z
BA�

�
: (5.23d)

Here nGg;A
L , Fg;A

L , Yg;A
iL , and Jg;A

L are global-frame tidal
moments. The post-Newtonian moments Fg;A

L , Yg;A
iL , and

Jg;A
L could be parametrized in terms of the irreducible

global-frame tidal moments pnGg;A
L , Hg;A

L , and 'g;A
L if de-

sired via equations analogous to Eqs. (3.58e), (3.61d), and
(3.61e). Here, however, it will be more convenient to work
directly with the moments Fg;A

L , Yg;A
iL , and Jg;A

L . The func-
tion zB�sB� that appears on the right-hand sides of
Eqs. (5.23a)–(5.23d) is evaluated at sB � t.

Next, we apply the coordinate transformation (5.4) to the
global potentials (5.22a)–(5.22c) using the formulas
(2.20a)–(2.20c). We parametrize the harmonic function
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8Ah which appears in Eq. (5.7) as

8Ah �sA; y
j
A� �

X1
l�0

��1�l�1

l!
?AL�sA�@L

1

jyAj
�

X1
l�0

1

l!
$AL�sA�y

L
A;

(5.24)

where the tensors ?AL and $AL are STF. Comparing the result
with the expansions (5.2a)–(5.2c) allows us to compute the
body-frame moments in terms of the global-frame mo-
ments, as in Sec. III C above. At Newtonian order we
obtain [cf. Eqs. (3.33), (3.34), (3.35a), and (3.35b) above]

nMA
L � nMg;A

L ; (5.25a)
nGA

L � nGg;A
L � l!!�

L ; (5.25b)

where the nonzero inertial moments !�
L are given by

!� � �
1

2
_zAj _zAj � _7Ac ; (5.26a)

!�
i � 	zAi : (5.26b)

Transforming the gravitomagnetic potential gives [cf.
Eqs. (3.36a) and (3.36b) above]

ZAiL � Zg;A
iL � 4 _zAi

nMg;A
L � l(ihal?

A
L�1i; (5.27a)

YAiL � Yg;A
iL � 4 _zAi

nGg;A
L � $AiL � l!!1

iL; (5.27b)

where the nonzero inertial moments !1
iL are given by

!1
i �

_hAci � _zAi _zAj _zAj � !ijk _zAj R
A
k � 2 _7Ac _zAi ; (5.28a)

!1
ij � � _zAi 	zAj � _zA�i 	z

A
j� � !ijk _RAk � 2(ij _zAk 	zAk �

4

3
(ij 	7Ac ;

(5.28b)

!1
ijk � �

6

5
(ihjz

:::A
ki: (5.28c)

Next, by combining the transformation laws (5.27a) and
(5.27b) with the decompositions of ZAiL and YAiL given by
Eqs. (5.2c) and (5.2d), the decomposition (5.11d) of Zg;A

iL ,
and the gauge condition (5.14), we can solve for the
coordinate transformation functions ?AL for l � 0 and $AL
for l � 1. The result is

?AL �
4�2l� 1�

�l� 1��2l� 3�
_zAj

nMg;A
jL ; (5.29a)

$AiL � Yg;A
hiLi � 4 _zAhi

nGg;A
Li � l!!1

hiLi: (5.29b)

Finally, matching the post-Newtonian potentials and using
the definition (5.16) of Ng;A

L , the formulas (5.29a) and
(5.29b) for ?AL and $AiL, and the identities (A8)–(A11) gives
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pnMA
L � pnMg;A

L �
4l
l� 1

_zAj !jkhalS
g;A
L�1ik � lhAchal

nMg;A
L�1i � l nMg;A

jhL�1!alijkR
A
k � 7Ac

n _Mg;A
L � �l� 1� _7Ac

nMg;A
L

� l7Ac _zAhal
nMg;A

L�1i �
l2 � 3l� 4

2�l� 1�
_zAj _zAj

nMg;A
L �

l�2l2 � 13l� 9�

2�l� 1��2l� 1�
_zAj _zAhal

nMg;A
L�1ij

�

�
�l� 1� �

4�2l� 1�

�l� 1��2l� 3�

�
	zAj

nMg;A
jL �

�
1 �

8

�l� 1��2l� 3�

�
_zAj

n _Mg;A
jL ; (5.30a)

pnGA
L � Fg;A

L � _Yg;A
hLi � _zAj Y

g;A
jL � �hAcj � 7Ac _zAj �

nGg;A
jL � l nGg;A

jhL�1!alijkR
A
k � 7Ac

n _Gg;A
L � l _7Ac nGg;A

L �
l� 4

2
_zAj _zAj

nGg;A
L

�
l
2

_zAj _zA
hal

nGg;A
L�1ij � �l2 � l� 4�	zA

hal
nGg;A

L�1i � �l� 4� _zA
hal

n _Gg;A
L�1i � l!! h

L � �l� 1�! _!1
hLi � (l0 _$A: (5.30b)
Here then nonzero inertial moments ! h
L are given by

! h � � _zAj _hAcj �
1

4
� _zAj _zAj �

2 �
1

2
� _7Ac �2 � _7Ac _zAj _zAj ; (5.31a)

! h
i � !ijk _zAj _RAk �

1

2
	zAi _zAj _zAj �

3

2
_zAi 	zAj _zAj � _7Ac 	zAi � 	7Ac _zAi ;

(5.31b)

! h
jk � �

1

2
	zA
hj 	z

A
ki � _zA

hjz
:::A
ki: (5.31c)

In Eq. (5.30b) it is understood that the moments Yg;A
L and

!1
L are zero for l � 0.
The left-hand sides of Eqs. (5.25a), (5.25b), (5.27a),

(5.27b), (5.30a), and (5.30b) are functions of the time
coordinate sA of the body-adapted coordinate system for
the Ath body, cf. Eqs. (5.2a)–(5.2c) above. The right-hand
sides are expressed as functions of sA by evaluating the
global moments, which are functions of the global time
coordinate t, at t � sA, cf. the discussion in the last para-
graph of Sec. III C above.

Finally, by combining the transformation laws (5.25b),
(5.27b), and (5.30b) with the gauge specializations (5.3) of
the body-adapted coordinates we can deduce the values of
some of the configuration variables of the Ath body. We
obtain

7Ac �
Z
dsA

�
nGg;A �

1

2
_zAj _zAj

�
; (5.32)

$A �
Z
dsA	�F

g;A � _zAj Y
g;A
j � 2 _zAj _zAj

nGg;A

� �hAcj � 7Ac _zAj �
nGg;A

j � 7Ac
n _Gg;A � ! h
; (5.33)

and

RAk �
1

2
!ijk

Z
dsA	 _zAi 	zAj � Yg;A

ij � 4 _zAi
nGg;A

j 
: (5.34)

The only remaining configuration variables that are unde-
termined are the variables hAci and zAi that determine the
center-of-mass world line (5.10).

To summarize, the main results of this subsection are the
explicit expressions (5.25b), (5.27b), and (5.30b) for the
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body-frame tidal moments nGA
L, pnGA

L, and YAiL which act on
body A in terms of the configuration variables of all the
bodies, as well as the global-frame mass and current mo-
ments nMg;B

L , pnMg;B
L , and Sg;B

L of the other bodies. These
expressions are given by combining (5.25b), (5.27b), and
(5.30b) with Eqs. (5.23a)–(5.23d). Also, the global-frame
multipole moments nMg;B

L , pnMg;B
L , and Sg;B

L of body B can
be reexpressed in terms of the body-frame multipole mo-
ments nMB

L, pnMB
L , and SBL of that body using relations

(5.25a), (5.27a), and (5.30a) between the body-frame and
global-frame mass and current moments.

F. Definition of body-frame multipole moments MA
L

and SA
L

As discussed in the introduction, it is useful to use
instead of the body-frame multipole moments MA

L and SAL
a modified set of body-frame moments defined as follows.
We define for each body A a coordinate system �~sA; ~yAi �
which is identical to the body-frame coordinate system
�sA; yAi � except that it is nonrotating with respect to the
global-frame coordinates �t; xi� (i.e., nonrotating with re-
spect to fixed stars). We define the moments MA

L�t� and
SAL�t� to be the multipole moments of body A in this
nonrotating coordinate system, expressed as functions of
the global time coordinate t. These are given by the equa-
tions

M A
a1...al�t� � U

Aa01
a1

�t� . . .U
Aa0l
al �t�MA

a01...a0l
	sA�t�
 (5.35)

and

S A
a1...al�t� � U

Aa01
a1

�t� . . .U
Aa0l
al �t�SAa01...a0l

	sA�t�
; (5.36)

where sA�t� is the value of the body-frame time coordinate
sA evaluated at what would be the intersection of the world
line of body A with the spacelike hypersurface of constant
t. From Eq. (5.4) this function is given by

sA�t� � t� "27Ac �t� �O�"4�: (5.37)
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Also the rotation matrices UAa0
a are defined by the for-

mula

UAa0
a � (a0a � "2!aa0jRAj : (5.38)

From Eqs. (3.6), (3.7), (5.35), (5.36), (5.37), and (5.38) we
can write these moments as

MA
L � nMA

L � "2	pnMA
L � 7Ac

n _MA
L � l!jkhal

nMA
L�1ijR

A
k 


�O�"4�; (5.39)

S A
L � SAL �O�"2�: (5.40)

As indicated by Eq. (5.40), when working to post-1-
Newtonian order we can identify the moments SAL and
SAL. Nevertheless it might be useful in some circumstances
to use the more accurate relation (5.36), for example, for
systems which evolve for sufficiently long times that the
rotation matrices UAa0

a become significantly different from
unity.

All the tools are now set up to compute explicit equa-
tions of motion for the center-of-mass world lines.
VI. EXPLICIT EQUATIONS OF MOTION FOR AN
N-BODY SYSTEM

In this section we derive explicit equations of motion for
the center-of-mass world lines cmzAi �t� of each body as seen
from the global coordinate system, by combining the
single-body equations of motion (4.2b) and (4.3b) with the
moment transformation formula derived in Sec. V above.

We start by deriving the well-known Newtonian equa-
tions of motion, in order to illustrate the computational
method. The Newtonian single-body equation of motion
(4.2b) applied to body A implies that

X1
l�0

1

l!
nMA

L�sA�
nGA

iL�sA� � 0; (6.1)

since the body-adapted coordinates are mass-centered, i.e.,
nMA

i � 0 for all A. Using the relation (5.25b) between the
body-frame tidal moments nGA

L and the global-frame tidal
moments nGg;A

L we can rewrite this as

	z Ai �
nGg;A

i �
X1
l�2

1

l!

nMA
L

nMA
nGg;A

iL �
X1
l�0

1

l!

nMA
L

nMA
nGg;A

iL : (6.2)

Here the acceleration 	zAi of the Newtonian-order center-of-
mass world line has appeared via the transformation law
for nGA

i . Next, we substitute the expression (5.23a) for
the global-frame tidal moments nGg;A

iL in terms of mass
multipole moments nMg;B

L of the other bodies, and use
Eq. (5.25a). This gives

	z Ai �
X
B�A

X1
k�0

X1
l�0

��1�k

k!l!

nMA
L

nMA
nMB

KT
�1
iKL�z

B � zA�: (6.3)
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Here the quantities zA and nMA
L are functions of sA, while

the quantities zB and nMB
K are functions of sB, evaluated

at sB � sA. Writing the dependent variable as t instead
of sA and using the definition (5.19) of T p

K we can re-
write Eq. (6.3) in the more explicit, well-known form
[2]

	z Ai �t� �
X
B�A

X1
k�0

X1
l�0

��1�k

k!l!

nMA
L�t�

nMA
nMB

K�t�

�

�
@�u�iKL

1

juj

�
u�zA�t��zB�t�

: (6.4)

The analogous computation carried to post-1-Newtonian
order is similar but much more involved. We start by
focusing on the first two terms on the right-hand side of
the single-body equation of motion (4.3b), and evaluating
explicitly the l � 0 pieces using Eqs. (5.25b) and (5.30b).
[As before the l � 1 pieces vanish since the body-frame
coordinates are mass-centered, by Eq. (5.3).] Using the
Newtonian equation of motion (6.3), the definition (5.39)
of MA

L and the definition (5.10) of cmzAi , the result can be
written in the form

MA cm 	zAi � MA�nGg;A
i � "2fAi � �

X1
l�2

MA
LG

A
iL

� "2gAi �O�"4�: (6.5)

Here by analogy with Eq. (5.39) we have defined

G A
L � nGA

L � "2	pnGA
L � 7Ac

n _GA
L � l!jkhal

nGA
L�1ijR

A
k 
;

(6.6)

and gAi is defined to be all of the terms on the right-hand
side of Eq. (4.3b) except for the first two terms (with
superscripts A added to all the moments). Also we define

fAi � Fg;A
i � _Yg;A

i � _zAi Y
g;A
ji � hAcj

nGg;A
ji � 7Ac _zAj

nGg;A
ji

� _zAj _zAj
nGg;A

i � _zAi _zAj
nGg;A

j � 4 nGg;A
i

nGg;A

� 3 _zAi
n _Gg;A � !ijk �fAj R

A
k � _7Ac �fAi �

3

2
_zAj _zAj �fAi

�
1

2
_zAi _zAj �fAj � 4 �fAi

nGg;A; (6.7)

where

�f Ai � 	zAi �
nGg;A

i �
X1
l�2

1

l!

nMA
L

nMA
nGg;A

iL : (6.8)

In order to explicitly evaluate the tidal moments that
appear on the right-hand side of Eq. (6.5), we perform the
following sequence of moment transformations: (i) Start
with the body-frame multipole moments nMB

L, pnMB
L,

andSBL of body B. (ii) Compute from these the global-frame
multipole moments nMg;B, Ng;B

L , Pg;B
L , and Zg;B

L of body B
using Eqs. (3.14a), (3.61b), (3.61c), (5.11d), (5.27a),
(5.29a), and (5.30a). The results are
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nMg;B
L � nMB

L; (6.9a)

Zg;B
iL �

4

l� 1
n _MB

iL �
4l
l� 1

!jihalS
B
L�1ij � 4 _zBi

nMB
L �

4�2l� 1�

2l� 1
_zBj

nMB
jhL�1(alii; (6.9b)

Pg;B
L � n 	MB

L � 2l _zB
hal

n _MB
L�1i � l	zB

hal
nMB

L�1i � l�l� 1� _zB
hal

_zBal�1

nMB
L�2i; (6.9c)

Ng;B
L � pnMB

L � 7Bc n _MB
L � l!jkhal

nMB
L�1ijR

B
k � lhBchal

nMB
L�1i � l7Bc _zBhal

nMB
L�1i � �l� 1� _7Bc nMB

L �
4l
l� 1

_zBj !jkhalS
B
L�1ik

�
�l� 2��2l� 7�

2�2l� 3�
_zBj _zBj

nMB
L �

�
l
2
� 3 �

10l� 21

�2l� 1��2l� 3�

�
_zBj _zBhal

nMB
L�1ij

�

�
l� 1 �

7l� 3

�l� 1��2l� 3�

�
	zBj

nMB
jL �

�
1 �

2�l� 5�

�l� 1��2l� 3�

�
_zBj

n _MB
jL: (6.9d)
(iii) Compute the global-frame tidal moments nGg;A
L , Yg;A

L ,
Jg;A
L , and Fg;A

L of body A in terms of the global-frame
multipole moments of body B using Eqs. (5.23a)–
(5.23d). (iv) Compute the body-frame tidal moments HA

L,
nGA

L, and pnGA
L of body A in terms of its global-frame tidal

moments nGg;A
L , Yg;A

L , Jg;A
L , and Fg;A

L . Here the results are
given by Eq. (5.25b) for nGA

L, and by Eq. (5.30b) for pnGA
L;

note that for the required values of l (l � 3) the last three
terms in Eq. (5.30b) do not contribute. For HA

L we have
HA
i � 0 by the gauge condition (5.3), while for l � 2 we

obtain from Eq. (5.27b) that

HA
L � Yg;A

jkhL�1!alijk � 4 _zAj
nGg;A

khL�1!alijk: (6.10)

(v) By combining the preceding steps, all the moments can
be expressed in terms of the multipole moments nMB

L,
pnMB

L , and SBL of body B.
In the resulting expression, we eliminate the variables zCi

in favor of cmzCi for all C using the definition (5.10), and we
30In particular since the current moments SAL do not enter at New
eliminates SAL in favor of SAL. Thus, we are free to use either SAL or SAL
Sec. V F above.
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eliminate the moments nMC
L , SCL in favor of MC

L, SAL for all
C using the definitions (5.39) and (5.40). These substitu-
tions generate correction terms only in the O�"0�,
Newtonian terms in Eq. (6.5), and not in the O�"2�,
post-Newtonian terms,30 since we drop all terms of order
O�"4�. We also eliminate _7Cc using Eq. (5.32). The result-
ing expression then depends only on the variables cmzCi ,
MC

L, and SCL; the dependencies on the variables RCk , 7Cc ,
and hCci cancel out. Lastly, we set to one the formal expan-
sion parameter ". The result of this tedious computation is

cm 	zAi �t� �
X
B�A

aABi �t� �
X
B�A

X
C�A

aABCi �t�

�
X
B�A

X
C�B

~aABCi �t� �O�"4�; (6.11)

where
aABi �
X1
k�0

X1
l�0

�
�1�DAB

KL

nBAhiKLi
rk�l�2
BA

� �2�DAB
iKL

nBAhKLi
rk�l�1
BA

� �3�DAB
ijKL

nBA
hjKLi

rk�l�2
BA

� �4�DAB
jKL

nBA
hijKLi

rk�l�3
BA

� �5�DAB
ijmKL

nBA
hjmKLi

rk�l�3
BA

� �6�DAB
injmKL

nBA
hnjmKLi

rk�l�4
BA

� �7�DAB
KL

nBA
hiKLi

rk�lBA

�
; (6.12a)

aABCi �
X1
k�0

X1
l�0

X1
p�0

�1�DABC
KLP

nCA
hPi

rp�1
CA

nBAhiKLi
rk�l�2
BA

�
X1
k�0

X1
l�0

X1
p�0

X1
q�0

�
�2�DABC

KLPQ

nCA
hiPQi

rp�q�2
CA

nBAhKLi
rk�l�1
BA

� �3�DABC
jKLPQ

nCA
hjPQi

rp�q�2
CA

nBAhiKLi
rk�l�2
BA

� �4�DABC
iKLPQ

nCA
hjPQi

rp�q�2
CA

nBAhjKLi
rk�l�2
BA

� �5�DABC
ijKLPQ

nCA
hmPQi

rp�q�2
CA

nBAhjmKLi
rk�l�3
BA

�
; (6.12b)

~aABCi �
X1
k�0

X1
l�0

X1
p�0

�1� ~DABC
KLP

nCB
hPi

rp�1
CB

nBA
hiKLi

rk�l�2
BA

�
X1
k�0

X1
l�0

X1
p�0

X1
q�0

�
�2� ~DABC

ijKLPQ

nCB
hjPQi

rp�q�2
CB

nBA
hKLi

rk�l�1
BA

� �3� ~DABC
KLPQ

nCB
hiPQi

rp�q�2
CB

nBA
hKLi

rk�l�1
BA

� �4� ~DABC
jKLPQ

nCB
hjPQi

rp�q�2
CB

nBA
hiKLi

rk�l�2
BA

� �5� ~DABC
iKLPQ

nCB
hjPQi

rp�q�2
CB

nBA
hjKLi

rk�l�2
BA

� �6� ~DABC
ijKLPQ

nCB
hmPQi

rp�q�2
CB

nBA
hjmKLi

rk�l�3
BA

�
: (6.12c)
tonian order, there are no correction terms generated when one
in the equations of motion, to post-1-Newtonian order, as noted in
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Here the coefficients are given by

�1�DAB
KL�

��1�k�2k�2l�1�!!

k!l!MA

�
MA

LM
B
K

�
1�vAj v

A
j �

6k�11

2�2k�3�
vBj v

B
j �4vAj v

B
j

�
�vAjM

A
jL

_MB
K

�MA
L

_MB
jK

�
4

k�1
vBAj �

2k�1

2k�3
vBj

�
�

1

2k�2l�5
MA

jLP̂
B
jK�

4

l�1
_MA
jL

�
vBAj MB

K�
1

k�1
_MB
jK

��
; (6.13a)

�2�DAB
iKL�

��1�k�2k�2l�1�!!

k!l!�2k�2l�1�MA

�
MA

L

�
4 _MB

KvBAi � _MB
KvAi �

1

2k�2l�3
P̂BiK�

4

k�1
	MB
iK

�

�4 _MA
L

�
1

k�1
_MB
iK�MB

Kv
BA
i

�
�
�2l2�3l�5�

�l�1�
_MA
iL

_MB
K�

1

2l�3
MA

iL

�
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where

P̂ B
K � 	MB

K � 2kvB
hbk

_MB
K�1i � k�k� 1�vB

hbk
vBbk�1

MB
K�2i:

(6.16)

Here we have denoted by nBA the unit vector pointing from
the center-of-mass world line of body A to that of body
B:

nBAi �t� �
cmzBi �t� �

cmzAi �t�
rBA�t�

; (6.17)

where

rBA�t� � jcmzB�t� � cmzA�t�j: (6.18)

We also have defined vAi � cm _zAi and vBAi � cm _zBi �
cm _zAi .

The right-hand sides of Eqs. (6.11) and (6.12a)–(6.12c)
depend on the time derivatives _SAi , _MA, and 	MA of
the bodies’ spins and mass monopole moments. These
dependencies can be eliminated using the single-body
laws of motion (4.2a), (4.3a), and (4.3c), the last two of
which are derived for strongly self-gravitating bodies in
paper II [37]. For the case of the mass monopole moments,
this procedure generates terms that are of post-2-
Newtonian order which can be neglected. Thus, all
time derivatives of mass monopoles appearing in
Eqs. (6.11) and (6.12a)–(6.12c) can be neglected. In other
words, we can make the following substitutions in
044010
Eqs. (6.13), (6.14), and (6.15):

_M A
L ! �1 � (l0� _MA

L; 	MA
L ! �1 � (l0� 	MA

L:

(6.19)

For the case of the spin time derivative terms, using
Eq. (4.3c) together with Eqs. (5.23a) and (5.25b) we obtain
modified values of the coefficients (6.13), (6.14), and (6.15)
which are listed in Appendix F.

A simple special case of the above equations of motion
is the nonspinning point-particle model, or monopole-
truncated model. This is obtained by setting to zero all
the mass multipole moments MA

L for l � 1, and all the
current multipoles SAL. In this case Eq. (6.11) reduces to
the well-known Lorentz-Droste-Einstein-Infeld-Hoffmann
equations of motion [6,7], which were also reported in the
first DSX paper [Eq. (7.20b) of Ref. [2]].

A second special case is the spinning point-particle
model or monopole-spin truncated model, obtained by
setting to zero all the mass multipoles nMA

L and pnMA
L

for l � 1, all the current multipoles SAL for l � 2, but
allowing nonzero spins SAi . For this case our general equa-
tion of motion (6.11) reduces to the equations of motion
obtained for this case by DSX [Eqs. (6.30)–(6.34) of
Ref. [16]].

Finally, we can obtain an explicit expression for the
angular velocity (5.34) parametrizing the dragging of
inertial frames by using the Newtonian equation of motion
(6.3), the formulas (5.23a) and (5.23b) for nGg;A

L and Yg;A
L ,

the formula (6.9b) for Zg;B
L , the formula (5.20) for T �1

K ,
and the definitions (5.38), (5.39), and (5.40). The result
is
-36
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VII. CONCLUSION

In this paper, we have given a surface integral derivation
of the full post-1-Newtonian DSX laws of motion (4.3b).
We have shown that these laws of motion apply to a wide
class of strongly self-gravitating objects, provided that the
mass and current moments are appropriately defined in
terms of the asymptotic weak field metric in the buffer
regions around each body. We have given an explicit form
for the coupled equations of motion of the bodies’ center-
of-mass world lines including the effects of all the post-
Newtonian mass and current multipole couplings. To the
best of our knowledge this is the first time these equations
of motion have been written out explicitly. The second
paper in this series will include surface integral derivations
of the evolution laws (4.3a) and (4.3c) for the energy (mass
monopole) and the spin SAi [37].
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APPENDIX A: USEFUL IDENTITIES INVOLVING
STF TENSORS

In this appendix we give the general definition of the
STF projection of an arbitrary tensor. We also review some
identities that are useful for manipulating expressions in-
volving STF tensors.

The STF projection of any tensor TL is obtained by
taking the symmetric part of TL, and then subtracting out
all the partial traces. One obtains in this way a unique
symmetric tensor that is trace free on all pairs of indices.
The general formula for this projection is

ThLi �
X	l=2

k�0

clk(�a1a2
. . .(a2k�1a2k

Sa2k�1...al�j1j1...jkjk ; (A1)

where 	l=2
 is the largest integer less than or equal to l=2,
the coefficients clk are given by

clk � ��1�k
l!

�l� 2k�!
�2l� 2k� 1�!!

�2l� 1�!!�2k�!!
; (A2)
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l!! means l�l� 2��l� 4� . . . �4��2� or l�l� 2��
�l� 4� . . . �3��1�, and

SL � T�L� (A3)

is the symmetric part of T. For example,

Thabci � Sabc �
1

5
	(abScdd � (acSbdd � (bcSadd
: (A4)

From the definition of the STF projection one can derive
the following ‘‘peeling formula’’ [2] for any STF tensor TL
and vector Vi:

VhjTLi �
1

l� 1
VjTL �

l
l� 1

TjhL�1Vali

�
2l

�l� 1��2l� 1�
VkTkhL�1(alij: (A5)

From this peeling formula one can obtain the identities

TihL(jij �
2l� 3

2l� 1
TiL (A6)

and

TjhL(jii �
1

�l� 1��2l� 1�
TiL; (A7)

which are valid for any STF tensor TL�1.
Next, some useful formulas involving derivatives are

jxj2@L
1

jxj
� ��2l� 1�@hLijxj; (A8)

and

@iLjxj � @hiLijxj �
l�l� 1�

2l� 1
(�ial@L�1�

1

jxj
: (A9)

Also, given a sequence of STF tensors TL, one for each l,
we have the identities

X1
l�0

��1�l

l!
TLx

j@L
1

jxj
�

X1
l�0

��1�l

l!

��
2l� 1

2l� 3

�
TjL@L

1

jxj

� TL@hjLijxj
�

(A10)

and

X1
l�0

1

l!
TLxjL �

X1
l�0

1

l!

�
TLxhjLi �

1

2l� 3
jxj2TjLxL

�
: (A11)

These identities are used in Sec. III C above in the compu-
tation of the transformation laws for the multipole and tidal
-37
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moments. In Sec. IV we use the identities

TL@iL
1

jxj
�

1

jxjl�2
�alTiL�1n

L�1 � blTLn
iL�; (A12)

TL@ixL � ljxjl�1TiL�1nL�1; (A13)

where al � ��1�ll�2l� 1�!!, bl � ��1�l�2l� 1�!!, and
ni � xi=jxj. We also use the following integrals over the
unit sphere given in Thorne [38]

1

44

I
n2L�1d � 0; (A14)

1

44

I
n2Ld �

1

2l� 1
(�i1i2 . . .(i2l�1i2l�; (A15)
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1

44

I
TKSLn

KnLd �
l!

�2l� 1�!!
TLSL if k � l

� 0 if k � l; (A16)

and

1

44

I
TKSLnKnLnid �

�l� 1�!

�2l� 3�!!
TiLSL if k � l� 1

� 0 if jk� lj � 1: (A17)

Another useful peeling identity, valid for a k� 1 index
tensor which is STF on its last k indices, is
ThiKzL�Ki �
k� 1

l� 1
TihKzL�Ki �

l� k
l� 1

ThK�1zL��K�1�izi �
2�k� 1��l� k�
�l� 1��2l� 1�

zjTjhKz�L�1��K(alii

�
�l� k��l� k� 1�

�l� 1��2l� 1�
zjzjThK�1z�L�1���K�1�(alii: (A18)

Finally, for any STF tensor T and vectors vi and zi we have the identity

vhiTLKiz
K �

l� 1

l� k� 1
vhiTLiKz

K �
k�l� 1�

�l� k� 1��2l� 2k� 1�
vjTjK�1hiL�1zaliz

K�1

�
k�k� 1�

�l� k� 1��2l� 2k� 1�
zmzmvjTjhiLiK�2zK�2 �

k
l� k� 1

vjzjThiLiK�1zK�1: (A19)
APPENDIX B: DERIVATION OF GAUGE
TRANSFORMATION PARAMETRIZATION

In this appendix we consider harmonic, conformally
Cartesian coordinate systems on a spacetime region D�
�t0; t1�, where D is a simply connected spatial region and
�t0; t1� is an open interval of time. We show that the most
general gauge transformation between two such coordinate
systems is of the form given by Eqs. (2.17) and (2.18a)–
(2.18c), up to constant displacements in time and up to
time-independent spatial rotations.

We start by reviewing the well-known argument that
gives this result to Newtonian order. Let the coordinate
transformation to zeroth order in " be

xi � xi��t; �xj� �O�"2�; t � t��t; �xj� �O�"2�: (B1)

Substituting this into the metric expansion (2.4), we find
that the leading order expression for the spatial metric is

�
1

"2

@t
@ �xi

@t
@ �xj

d �xid �xj �O�1�: (B2)

This is in conflict with the expansion (2.16) unless
@t=@ �xi � 0. Similarly, the leading order expression for
the time-time piece of the line element is
�
1

"2

�
@t
@�t

�
2
d�t2 �O�1�; (B3)

which disagrees with the expansion (2.16) unless @t=@�t �
�1. Assuming that the coordinate transformation pre-
serves the time orientation and neglecting constant dis-
placements in time we obtain t � �t�O�"2�. Therefore
we can write

t � �t� "27��t; �xj� �O�"4�; (B4)

where the function 7��t; �xj� is as yet undetermined.
The leading order expression for the spatial metric is

now

(kl
@xk

@ �xi
@xl

@ �xj
d �xid �xj �O�"2� � (ijd �xid �xj �O�"2�; (B5)

where we have used the expansion (2.16). Thus, for each
fixed �t, the function xi � xi��t; �xj� is an isometry of three-
dimensional Euclidean space. It follows that

xi � Rij��t� �x
j � zi��t� �O�"2� (B6)

for some time-dependent rotation matrix Rij��t� and some
time-dependent displacement zi��t�. Using Eqs. (2.4), (B4),
and (B6) the leading order expression for the spacetime
piece of the line element is
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�
2(ikR

k
l��t�	 _Rij��t� �x

j � _zi��t�
 � 2
@7

@ �xl

�
d�td �xl �O�"2�:

(B7)

The first term here must vanish in order to be compatible
with Eq. (2.16), which gives

(ikRkl��t�	 _Rij��t� �x
j � _zi��t�
 �

@7

@ �xl
: (B8)

If _Rij��t� is nonvanishing, it is impossible to find any
function 7��t; �xj� which satisfies this equation, since the
left-hand side is not a pure gradient. Therefore we conclude
that the rotation matrix is time independent, and we choose
the new coordinate system �xi so that Rij � (ij. We can now
solve Eq. (B8) for the function 7, which gives

7��t; �xj� � 7c��t� � _zi��t� �xi; (B9)

where 7c��t� is an arbitrary function of �t, cf. Eq. (2.18a)
above.

To summarize, the coordinate transformation to
Newtonian order is given by

xi��t; �xj� � �xi � zi��t� �O�"2�;

t��t; �xj� � �t� "27��t; �xj� �O�"4�;
(B10)

where 7 is given by Eq. (B9). The transformation law for
the Newtonian potential � can now be obtained by sub-
stituting Eqs. (B10) into the metric expansion (2.4) and
comparing the time-time piece with the metric expansion
(2.16); the result is given by Eq. (2.20a).

We now turn to the post-Newtonian extension of this
computation. We assume that the coordinate transforma-
tion can be written as the Newtonian-order coordinate
transformation (B10) plus arbitrary post-Newtonian cor-
rection terms:

xi � �xi � zi��t� � "2hi��t; �xj� �O�"4�;

t � �t� "27��t; �xj� � "48��t; �xj� �O�"6�:
(B11)

Here the functions hi��t; �xj� and 8��t; �xj� are arbitrary. As
before we can compute the transformed metric by combin-
ing the coordinate transformation (B11) with the metric
expansion (2.4). The resulting leading order expression for
the spatial metric is

f(ij � "2	�2�̂(ij � _zi _zj � hi;j � hj;i
gd �xid �xj; (B12)

where we are using the notation (2.21). Comparing this
with the metric expansion (2.16) and using Eqs. (2.18a) and
(2.20a) gives the following differential equation for
hi��t; �xj�:

hi;j � hj;i � �2(ij

�
	zk �xk � _7c �

1

2
_z2

�
� _zi _zj: (B13)

The general solution to this equation consists of a homo-
geneous solution plus an inhomogeneous solution. The
homogeneous solution is just the general Killing vector
044010
of three-dimensional Euclidean space, which is

hi��t; �xj� � hic��t� � !ijk �xjRk��t�; (B14)

where the functions hic��t� and Rk��t� are arbitrary. The full
solution that we will use for hi is the sum of (B14) and the
inhomogeneous solution, which can be obtained by inspec-
tion. The result is [cf. Eq. (2.18b) above]

hi��t; �xj� � hic��t� � !ijk �xjRk��t� �
1

2
	zi��t� �xj �xj � �xi _7c��t�

� �xi �xj 	z
j��t� �

1

2
�xi _zj��t� _zj��t� �

1

2
_zi��t� _zj��t� �xj:

(B15)

Next, we use Eqs. (2.4), (2.16), (B11), and (B15) to
compute the transformed gravitomagnetic potential �1i.
The result is

�1i��t; �xj� � 1̂ i��t; �xj� �
1

2
	zi��t� _zj��t� �xj �

1

2
z:::i��t� �xj �xj

� �xi	2 _zj��t�	zj��t� � �xjz:::j��t� � 	7c��t�


� _zi��t�
�
4�̂��t; �xj� � 2 _7c��t� �

3

2
xj 	zj��t�

� _zj��t� _zj��t�
�
�
@8
@ �xi

��t; �xj� � _hic��t�

� !ijk �xj _Rk��t� � !ijkRj��t� _zk��t�: (B16)

Combining this with the expression (2.20a) for the trans-
formed Newtonian potential, and using the harmonic gauge
condition (2.6) applied to both the original and barred
coordinate systems gives the differential equation

�r 28 � z:::j��t� �x
j � 	7c��t�: (B17)

The general solution to this equation is

8��t; �xj� � 8h��t; �xj� �
�

1

10
z:::k��t� �x

k �
1

6
	7c��t�

�
�xj �x

j; (B18)

where 8h is an arbitrary harmonic function, cf. Eq. (2.18c)
above. This completes the derivation.
APPENDIX C: PIECE OF SURFACE INTEGRAL
THAT DEPENDS LINEARLY ON MOMENTS

In this appendix we compute explicitly the piece of the
surface integral (4.43) that depends linearly on the multi-
pole, tidal and gauge moments. That linear piece appears
on the right-hand side of Eq. (4.44) as the function
Gi�

nM
::::
L;

nG
::::
L; H
:::
L; S
:::
L; &
:::
L; '
:::
L;R�. We will show that this

function vanishes.
We start by noting that the splitting of the surface

integral (4.43) into pieces that are linear in the moments
and pieces that are quadratic in the moments is unambig-
uous for all the multipole and tidal moments, except for the
Newtonian mass dipole nMi�t�. That mass dipole is con-
strained by the Newtonian equation of motion (4.2b), and
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therefore a term proportional to the fourth time derivative
of nMi could be reexpressed as a quadratic expression in
the moments nML and nGL and their time derivatives up to
second order. We resolve this ambiguity by demanding that
there be no dependence on nMi in Gi; the relevant term if
present can be reexpressed as a quadratic expression and
moved into the function F i.

To compute the linear piece of the surface integral, we
simply drop all the quadratic source terms in the post-2-
Newtonian field equations and gauge conditions (4.13),
(4.14), (4.15), and (4.16). We also drop the term pnT ij in
Eq. (4.43), since the expression (4.22) for pnT ij is explic-
itly quadratic. We also assume without loss of generality
that nMi � 0, for the reason discussed above. This yields
from Eqs. (4.43) and (4.44) the set of equations

G i � �
1

164

I
	@j _Di0 � 	Eij0 
d

2&j; (C1)

where

@jE
ij
0 � � _1i0; @iDi0 � _Ekk0 � �4 _ 0; (C2)

r2Di0 � 	1i0;r
2Eij0 � 0: (C3)

Here the subscripts 0 indicate that the post-1-Newtonian
mass dipole associated with the potentials ��0; 1i0;  0�
vanishes, cf. the discussion in Sec. IV E above.

To compute the function Gi,
31 we can pick any solution

of the post-2-Newtonian Eqs. (C2) and (C3), since we
showed in Sec.IV E that the result is independent of which
solution is chosen. A particular solution �Di1; E

ij
1 � of

Eqs. (C3) can be obtained using the expansion (3.5c) of
the gravitomagnetic potential 1i. This gives

Eij1 � 0; (C4)

Di1 �
X1
l�0

�
��1�l�1

2l!
	ZiL@Ljxj �

jxj2

2�2l� 3�l!
	YiLxL

�
: (C5)

These potentials do not satisfy the gauge conditions (C2),
but we can fix this by adding appropriately chosen solu-
tions of Laplace’s equation. Thus, we define

Di0 � Di1 �
X1
l�0

��1�l�1

l!
XiL@L

1

jxj
�

1

l!
WiLxL; (C6)
31One might think that the easiest way to evaluate the expres-
sion (C1) for Gi is to use Gauss’ theorem to convert the surface
integral to a volume integral. However, this strategy does not
work: Because the fields are only defined on the domain r0 <
r < r1 one obtains a surface term at r � r0 in addition to the
volume term. It is impossible to extend the definitions of the
fields smoothly all the way to r � 0, so one is always forced to
evaluate a surface term.
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Eij0 � Eij1 �
X1
l�0

��1�l�1

l!
CijL@L

1

jxj
�

1

l!
BijLxL: (C7)

Inserting Eqs. (C4)–(C7) into the formula (C1) gives

G i � �
1

12
R3 	'i �

1

4
Xi �

1

12
_Cijj �

R3

12
_Bijj: (C8)

To obtain the moments Xi, _Cijj, and _Bijj we substitute
Eqs. (C4)–(C7) into the gauge conditions (C2). A useful
intermediate result is

@iDi1 � �
X1
l�0

��1�l�1

l!

�
2M
:::

n
L@Ljxj �

	&L

2l� 3
@L

1

jxj

�

�
X1
l�0

xL

�2l� 3�l!
	2jxj2G

:::
n
L � 	'iLxi
: (C9)

This gives Bijj � � _'i and Xi � _Cijj=3 � 0, yielding from
Eq. (C8) that Gi � 0.
APPENDIX D: LAW OF MOTION FOR A SINGLE
BODY WITH WEAK SELF-GRAVITY

In this appendix we sketch briefly the DSX derivation
[16] of Eq. (4.3b), translated into our notation. This equa-
tion is obtained by direct computation of the second time
derivative of the mass dipole, making use of the stress-
energy conservation law in the interior of the body. In our
notation, the total mass dipole is [cf. Eqs. (3.2) and (3.24)
above]

nMi � "2 pnMi �
Z
r<r�

�
xi nT00 � "2

�
xi pnT00 � xi nTjj

�
xijxj2

6

@2 nT00

@t2
�

6xhiji

5

@ nT0j

@t

��
d3x:

(D1)

The conservation equations r&T
&' can be written using

the expansions (2.2) and (2.4) in the form [16]

@
@t

�nT00 � "2 pnT00� �
@
@xj

�nT0j � "2 pnT0j�

� "2 nT00 @�

@t
�O�"4�; (D2)

@
@t

	�1 � 4"2���nT0i � "2 pnT0i�


�
@
@xj

	�1 � 4"2���nTij � "2 pnTij�


� �	nT00 � "2�pnT00 � nTkk�

�
"2 @
@t
1i

�
@
@xi

�� � "2 �
�
� "2 nT0j

�
@
@xj

1i �
@
@xi

1j

�

�O�"4�: (D3)

These conservation equations can be used to evaluate
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explicitly the time derivatives appearing in Eq. (D1). Some algebra leads to the following expression:
nMi � "2 pnMi �
Z
r<r�

d3x
�
xi�nT00 � "2 pnT00� � "2 nT00

�
xixj

@�

@xj
�

jxj2

2

@�

@xi

��
: (D4)
Taking two time derivatives of this expression and using the conservation Eqs. (D2) and (D3) gives
d2

dt2
�nMi � "2 pnMi� � �

Z
r<r�

�
	nT00 � "2�pnT00 � nTkk�


�
"2 @
@t
1i �

@
@xi

�� � "2 �
�
� "2 nT0j

�
@
@xj

1i �
@
@xi

1j

��
d3x

� "2 d
dt

Z
r<r�

�
4� nT0i � xi nT00 @�

@t

�
d3x� "2 d

2

dt2
Z
r<r�

�
xixj �

1

2
xkxk(ij

�
nT00 @�

@xj
d3x:

(D5)
We next substitute in explicit expressions for the gravita-
tional potentials in which the intrinsic terms are expressed
in terms of integrals over the matter distribution using the
field Eqs. (2.8a)–(2.8c):

� �
Z
r<r�

nT00�t; x0�
jx� x0j

d3x0 �
X1
l�0

1

l!
nGLx

L;

 �
Z
r<r�

pnT00�t; x0� � nTjj�t; x0�
jx� x0j

d3x0 �
d2

dt2

�
Z
r<r�

nT00�t; x0�
jx� x0j

2
d3x0 �

X1
l�0

1

l!

�
pnGL

�
jxj2

2�2l� 3�
n 	GL

�
xL;

(D6)

and

1i �
Z
r<r�

nT0i�t; x0�
jx� x0j

d3x0 �
X1
l�0

1

l!
YiLxL: (D7)

It is a straightforward exercise to show that all the terms
involving double integrals over x and x0 in Eq. (D5) cancel
out. The laws of motion can thus be obtained by simply
substituting the tidal pieces of the gravitational potentials
into Eq. (D5). The remaining integrals over x can then be
expressed in terms of the moments nML, pnML, and ZiL via
the integral definitions (3.2) and (3.24) and

ZiL�t� � 4
Z
r<r�

nT0i�t; xj�xhLid3x: (D8)

This gives
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F i �
X1
l�0

1

l!

�
pnML

nGiL �
nML�

pnGiL � _YiL � _YhiLi�

�
�l� 2��2l� 1�

�2l� 3�
nMiL

n 	GL � �2l� 1� n _MiL
n _GL

� l n 	MiL
nGL �

�2l� 1�

�l� 1��2l� 3�
_&L

nGiL

�
1

2
ZjLY	ij
L � _ZiL nGL � ZiL

n _GL

�
;

(D9)

where we have used Eqs. (4.2b), (4.46), and (D5). Using the
STF decompositions (3.15) and (3.16) of the moments ZiL
and YiL, it is straightforward to check that Eq. (D9) is
equivalent to Eq. (4.3b).
APPENDIX E: FORMULAS FOR MOMENTS IN
TERMS OF SURFACE INTEGRALS

In this appendix we show that the various moments are
uniquely defined by the expansions (3.5a)–(3.5c), by writ-
ing down surface integrals from which the moments can be
explicitly computed. From the definitions (3.5a), (3.5b),
and (3.8) we obtain

I
&
nhLi@j�d

2&j �
1

�2l� 1�Rl
nML �

lRl�1

�2l� 1�!!
nGL;

(E1)

I
&
nhLi@j1id

2&j �
1

�2l� 1�Rl
ZiL �

lRl�1

�2l� 1�!!
YiL; (E2)

and
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I
&
nhLi@j d2&j �

1

�2l� 1�Rl
pnML

�
1

�l� 1��2l� 3�Rl
_&L

�
lRl�1

�2l� 1�!!
	pnGL � _'L


�
l� 1

2�2l� 1��2l� 1�Rl�2
n 	ML

�
�l� 2�Rl�3

2�2l� 3�!!
n 	GL: (E3)

Here d2&j is the natural surface element determined by the
flat metric �dx1�2 � �dx2�2 � �dx3�2, and the two-surface
& is the coordinate sphere r � R. By evaluating the right-
hand sides of these equations at several different values of
R, and by using the decompositions (3.15) and (3.16), one
can extract explicit expressions for the moments nML, nGL
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[Eq. (E1)], HL, SL, &L, 'L [Eq. (E2)], and pnML, pnGL
[Eq. (E3)] in terms of the surface integrals and their time
derivatives.

APPENDIX F: COEFFICIENTS OF FINAL
EQUATION OF MOTION AFTER

SIMPLIFICATION USING SPIN EVOLUTION
EQUATION

In paper II [37], the following spin evolution equation is
derived

_SAi �
X
B�A

X1
k�0

X1
l�0

��1�k

k!l!
�2k� 2l� 1�!!!ijmMA

jLM
B
K

�
nBA
hmKLi

rk�l�2
BA

: (F1)

If we substitute this equation into the full equation of
motion (6.11), the following coefficients take the following
new values:
�3�DAB
ijKL �

��1�k�2k� 2l� 1�!!

k!l!MA

�
MA

L

�
�

4

k� 1
vBAj

_MB
iK �MB

K�4v
BA
i vBAj � vAi v

B
j � �

3

MA �M
A
ij

	MB
K � 2 _MA

ij
_MB
K

� 	MA
ijM

B
K� � !ijm

�
4�1 � (0k�

k� 2
_SBmK � SAm

_MB
K

MA

��
� 2MA

iL
_MB
K

�
�l� 2��2l� 1�

�2l� 3�
vBj � �l� 1�vAj

�

� _MA
L

�
!ijm

�
4

k� 2
SBmK � SAm

MB
K

MA

�
�

6

MA �M
A
ij

_MB
K � _MA

ijM
B
K�

�
�

�2l2 � 3l� 5�

�l� 1�
vBAj

_MA
iLM

B
K

�
3

MAM
A
ij

	MA
LM

B
K �

4

l� 2
!ijm	S

A
mL

_MB
K � �1 � (0l�

_SAmLM
B
K


�
(F2)
and

�5� ~DABC
iKLPQ �

��1�k�p�2k� 2l� 1�!!�2p� 2q� 1�!!

k!l!p!q!MA

�

�
�l� 2��2l� 1�

�2l� 3�
MA

iLM
B
K

MB
Q

MB M
C
P

�
4(0k

k� 2
MA

LM
B
iQM

C
P

�
:

(F3)

A new three-body term is generated, which contributes to
~aABCi . It can be written as

X1
l�0

X1
p�0

X1
q�0

�7� ~DABC
jLPQ

nCB
hiPQi

rp�q�2
CB

nBA
hjLi

rl�2
BA

(F4)
where
�7� ~DABC
jLPQ �

��1�p�1�2l� 1�!!�2p� 2q� 1�!!

l!p!q!MA

� 2MA
LM

B
jQM

C
P: (F5)
Finally, note that the _SAm terms in the second and last lines
of Eq. (6.13c) cancel each other out. Therefore no three-
body terms are generated from _SAm.
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TABLE II. In this table we list, for ease of reference, some of the symbols used in the paper in alphabetical order. We do not list
symbols whose meaning is very conventional, or which are used only in the immediate vicinity of where they are introduced. For each
item listed, we give a brief description, and also a reference to the equation or section in the text where the symbol first appears, or in
the vicinity of which the symbol is first introduced.

Symbol Meaning First appears in

g Superscript appended to a symbol denoting that it is defined with respect to the global coordinate system (5.11a)
n Superscript prepended to a symbol denoting the Newtonian piece of a quantity
pn Superscript prepended to a symbol denoting the post-1-Newtonian piece of a quantity
A Index appended to a symbol indicating that it is associated with the Ath body in an N-body system (B and C are used similarly) Sec. I C
7�t; xj� Function appearing in gauge transformation which parametrizes Newtonian-order changes in the time variable (2.17)
7c�t� Piece of 7�t; xj� that is independent of spatial coordinates (2.18a)
8�t; xj� Function appearing in gauge transformation which parametrizes post-1-Newtonian changes in the time variable (2.17)
8h�t; xj� Piece of 8�t; xj� that satisfies Laplace’s equation (2.18c)
Eij Symmetric tensor parametrizing the post-2-Newtonian spatial metric (4.11)
" Post-Newtonian dimensionless expansion parameter (2.4)
FL�t� Tidal moment of order l parametrizing  about a world line (3.61a)
g&' Tensor density sometimes called the ‘‘gothic metric’’ equal to

��������
�g

p
g&' (4.6)

nGL�t� Newtonian gravitoelectric tidal moment of order l (3.1)
pnGL�t� Post-1-Newtonian gravitoelectric tidal moment of order l (3.5b)
GL�t� Total gravitoelectric tidal moment of order l (3.7)
hi�t; xj� Free function in gauge transformation which parametrizes post-1-Newtonian translations (2.17)
hic�t� Piece of hi�t; xj� that is independent of spatial coordinates (2.18b)
H &7'8 Tensor density appearing in the Landau-Lifshitz formulation of general relativity (4.4)
HL�t� Post-1-Newtonian gravitomagnetic tidal moment of order l (3.5c)
JL�t� Tidal moment of order l parametrizing  about a world line (3.61a)
K The multi-index b1b2 . . . bk Sec. I F
L The multi-index a1a2 . . . al Sec. I F
?L�t� Intrinsic-type multipole moment parametrizing the harmonic gauge-transformation function 8h�t; xj� (3.27)
!�
L �t� Inertial moments that appear in the transformation law of nGL�t�, nonvanishing for l � 0; 1 only (3.34)

!1
L�t� Inertial moments that appear in the transformation law of YiL�t�, nonvanishing for l � 1; 2; 3 only (3.36b)

! h
L �t� Inertial moments that appear in the transformation law of pnGL�t�, nonvanishing for l � 0; 1; 2 only (3.41)

nML�t� Newtonian mass multipole moment of order l (3.1)
pnML�t� Post-1-Newtonian mass multipole moment of order l (3.5b)
ML�t� Total mass multipole moment of order l (3.6)
ML�t� Mass multipole moment of order l defined in a body-frame nonrotating with respect to distant stars (5.35)
&L�t� Intrinsic gauge moment of order l (3.5b)
N The multi-index a1a2 . . . an Sec. I F
NL�t� Intrinsic multipole moment of order l parametrizing  about a world line (3.61a)
nBAj �t� jth component of a spatial unit vector pointing from the world line of body A at time t to the world line of body B at time t Sec. I C
'L�t� Tidal gauge moment of order l (3.5b)
P The multi-index c1c2 . . . cp Sec. I F
Pi& Momentum enclosed by a surface & (4.8)
PL�t� Intrinsic multipole moment of order l parametrizing  about a world line (3.61a)
� Newtonian potential (2.4)
 Post-1-Newtonian correction to the Newtonian potential (2.4)
Q The multi-index d1d2 . . . dq Sec. I F
Rk�t� Function appearing in gauge transformation which parametrizes post-1-Newtonian rotations (2.18b)
rBA Coordinate distance between the center-of-mass world lines of bodies A and B, defined with respect to the flat metric (ij Sec. I C
sA Time coordinate of a coordinate system adapted to body A (5.1)
SL�t� Current multipole moment of order l (3.5c)
SL�t� Current multipole moment of order l defined in a body-frame nonrotating with respect to distant stars (5.36)
t Time coordinate of a generic, harmonic, conformally Cartesian coordinate system in Secs. II, III, and IV (2.4)
t Time coordinate of a global coordinate system for an N body system in Secs. V and VI Sec. VA
T&' Components of the stress-energy tensor (2.2)
T &' Landau-Lifshitz pseudotensor (4.4)
$L�t� Tidal-type multipole moment parametrizing the harmonic gauge-transformation function 8h�t; xj� (3.27)
T p

N�z� Taylor coefficients of the function jz� xj about x � 0 (5.18)
Uj
i �t� Rotation matrix describing the dragging of asymptotic rest frames (1.3)

vAi Velocity of the Ath body (6.18)
vABi Relative velocity of bodies A and B (6.18)
xi Spatial coordinates of a generic, harmonic, conformally Cartesian coordinate system in Secs. II, III, and IV (2.4)
xi Spatial coordinates of global coordinate system for an N body system in Secs. V and VI Sec. VA
Di ith component of the post-2-Newtonian correction to the gravitomagnetic vector potential (4.11)
yjA Spatial coordinates of a coordinate system adapted to body A Sec. I C
YiL�t� Tidal moments of order l of the gravitomagnetic potential (3.8)
zi�t� Free function in gauge transformation which parametrizes Newtonian-order translations (2.17)
zi�t� The center-of-mass world line of a body, to Newtonian order (5.4)
cmzi�t� Center-of-mass world line of a body, to post-1-Newtonian order Sec. V C
ZiL Intrinsic multipole moments of order l of the gravitomagnetic potential (3.8)
1i ith component of the gravitomagnetic vector potential (2.4)
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[44] É. É. Flanagan, Phys. Rev. D 58, 124030 (1998).
[45] K. S. Thorne, in Gravitational Radiation (Ref. [42]), p. 25.
[46] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation

(W. H. Freeman and Company, San Francisco, 1973).
[47] S. Weinberg, Gravitation and Cosmology: Principles and

Applications of the General Theory of Relativity (John
Wiley & Sons, New York, 1972).

[48] L. Blanchet and T. Damour, Ann. Inst. Henri Poincare
Phys. Theor. 50, 377 (1989).

[49] R. Geroch, J. Math. Phys. (N.Y.) 11, 2580 (1970); R. O.
Hansen, J. Math. Phys. (N.Y.) 15, 46 (1974), W. Simon
and R. Beig, J. Math. Phys. (N.Y.) 24, 1163 (1983); see
also Ref. [38]

[50] W. Suen, Phys. Rev. D 34, 3617 (1986).
[51] L. D. Landau and E. M. Lifshitz, The Classical Theory of

Fields, 4th ed., Vol. 2, Section 96 (Butterworth
Heinemann, Washington, DC, 1975).
-44


