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Perturbative spectrum of the dressed sliver
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We analyze the fluctuations of the dressed sliver solution found in a previous paper, hep-th/0311198, in
the operator formulation of Vacuum String Field Theory. We derive the tachyon wave function and then
analyze the higher level fluctuations. We show that the dressing is responsible for implementing the
transversality condition on the massless vector. In order to consistently deal with the singular K = 0 mode
we introduce a string midpoint regulator and we show that it is possible to accommodate all the open
string states among the solutions to the linearized equations of motion. We finally show how the dressing
can give rise to the correct ratio between the energy density of the dressed sliver and the brane tension

computed via the three-tachyons-coupling.
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I. INTRODUCTION

In a companion paper [1], in a search for nonperturbative
solutions with the appropriate features to represent D-
branes, we found a solution of Vacuum String Field
Theory (VSFT), the dressed sliver, endowed with some
interesting properties, the most important being the possi-
bility to define, via a suitable regularization, a finite energy
density. The purpose of this paper is to analyze the pertur-
bative spectrum around this solution.

Before we plunge into the technicalities of the analysis
of the spectrum, it is worth summarizing the motivations
for this research. VSFT [2,3] is conjectured to represent
String Field Theory (SFT) [4] at the tachyon condensation
vacuum, and it is expected to represent a new theory,
radically different from the SFT constructed on the initial
(unstable) vacuum. It was argued that this new vacuum can
only be the critical bosonic closed string vacuum. If so it
should harbor nonperturbative solutions representing (un-
stable) D-branes of any dimensions. As it turned out, such
solutions were found in copious variety [5-9], lending
evidence to the above conjecture. A particularly simple
and appealing one (both from the algebraic and geometric
point of view) was the sliver.

However some important problems have remained un-
solved. First, the energy density of these solutions, in
particular, of the sliver, is evanescent and one is obliged
to postulate an infinite multiplicative constant in front of
the action to account for a physical solution [10-13].
Second, the attempts at finding the perturbative spectrum
around these solutions (i.e., the spectrum of the open
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strings attached to the D-branes) have been successful in
the BCFT approach , but it has proven to be remarkably
hard (particularly in regards to the task of reconstructing
the Virasoro constraints) in the operator approach [16,17].
These failures of the operator approach should not be
underestimated. The issue here is not the practical use one
can make of the spectrum of, say, the D25-brane obtained
in this way, i.e., of the fluctuations around a nonperturba-
tive solution of VSFT. If one wishes to describe some
physics of the D25-brane, one had better use the formalism
of the initial SFT about the trivial vacuum. The crucial
issue here is rather the consistency of VSFT itself. Let us
recall that VSFT is a simplified version of SFT, the sim-
plification being determined by the very simple form taken
by the Becchi-Rouet-Stora-Tyutin (BRST) charge 9,
which is expressed only in terms of the ghost oscillators
¢, (see below). This may at first look as an oversimplifi-
cation: one can derive in a simple and elegant manner the
above-mentioned nonperturbative solutions, but one may
have to pay a cost in terms of loss of information, which
seems to show up when we come to determining the
spectrum. To sum up: can we regard the operator formu-
lation of VSFT as a reliable approach or not? We would
like to explore in this paper the possibility that the answer
to this question is yes. We believe in fact that the true
reason for the above failures is that the sliver solution is too
singular and needs to be regularized, but once this is
properly done the above-mentioned problems disappear.
We have proven in [1] that, using a new type of solution
akin to the sliver, but somehow deformed with respect to it,
which we dubbed dressed sliver, the problem of the energy
density may find a solution. In this paper we continue the
analysis started there by studying the perturbative spec-
trum around the dressed sliver, i.e., the solutions to the
linearized equations of motion (LEOM). We prove that not
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only can the full open string mass spectrum be recovered,
but that the right Virasoro constraints come out naturally
from the LEOM. The key ingredients that make this pos-
sible are, on the one hand, the dressing and, on the other
hand, a careful analysis about the string midpoint. These
are the new elements we introduce in the analysis with
respect to [9], which otherwise we follow rather closely. In
this paper we limit ourselves to the D25-brane case,
although, as shown in [1], the analysis can be extended
to lower dimensional branes.

This result seems to justify on a more substantial basis
the claim that VSFT has solutions that can be interpreted as
D-branes of any dimensions. The existence of such solu-
tions are expected on the basis of the lore that D-branes are
sources of closed strings and on the conjecture that the
tachyon condensation vacuum corresponds to the closed
string vacuum. In turn this adds support to our philosophy
that VSFT is a complete theory. As an aside, we notice that
the D-brane solutions being expressed in terms of the
(initial) open string creation operators, may be considered
a clear manifestation of the open-closed string duality
advocated by A. Sen [18].

It is fair now to also mention that we have not been able
to find an algorithmic way to construct all the solutions to
the linearized equations of motion. As a consequence we
have explicitly analyzed only the first few levels, although
there seem to be no conceivable obstacles to the extension
to higher levels. Our analysis of the cohomological struc-
ture, still far from being exhaustive, confirms that for
dressed sliver solutions physical excitations are concen-
trated around the “midpoint” k = 0 of the continuous
basis, as claimed in [17,19] for previous classical solutions
of VSFT. We also find an additional set of solutions: they
are constructed by means of polynomials of £&at (¢ is the
dressing vector) applied to any physical state. As a con-
sequence, any physical state is accompanied by an infinite
tower of descendants which seem to contain the same
information as far as observables are concerned. These
extra solutions might be remnants of the full gauge sym-
metry of VSFT.

The paper is organized as follows. Section II is a review
about the dressed sliver solution. Section III is a general
and preliminary presentation of the LEOM in VSFT: we
introduce there all the general objects which are needed in
the course of our analysis. In Sec. IV we find solutions for
the infinite vector t and the number G which play a crucial
role in the construction of all the open strings states as
solutions to the LEOM.

Next, in Sec. V, we analyze the lowest level excitations:
the tachyon state is found at the correct mass -shell. The
vector excitation is also rather straightforward: we show
not only how to define the corresponding string field
solution but, in particular, how transversality is imple-
mented thanks to dressing. In order to continue with the
analysis of higher level string modes it turns out that the
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relevant information is concentrated around the midpoint
k = 0 of the continuous basis. We therefore need a tech-
nique to probe this region. To this end in Sec. VI we
introduce a new regulator 1 by means of which we are
able to control the singularity at the k-basis midpoint. In
Sec. VII we determine the solutions corresponding to the
string modes of level 2 and 3 of the canonical quantization.
In Sec. VIII we briefly discuss the cohomology properties
of the previous states. In Sec. IX we show that states that
represent physical modes are accompanied by an infinite
tower of dressing excitations which, as far as we could
verify, does not alter any physical observable. In Sec. X,
we evaluate the three-tachyon coupling and comment on
how the well-known puzzle that links such coupling to the
energy density of the classical solution may be resolved in
our approach, thanks to the dressing. The copious calcu-
lations that underpin the above results are presented or
summarized in several appendices.

II. THE DRESSED SLIVER: A REVIEW

In order to render this paper as self-contained as pos-
sible, in this section we review the main properties of the
dressed sliver solution.

To start with we recall some formulas relevant to VSFT.
The action is

S0 = (0 £ W), @

80
where
Q =co+ D (=1)"(can + cog): (2.2)
n>0
The equation of motion is
[ e I (2.3)

and the ansatz for nonperturbative solutions has the fac-
torized form

V=v,8V, (2.4)

where W, and ¥, depend purely on ghost and matter
degrees of freedom, respectively. Then Eq. (2.3) splits into
OV, = -V, *, ¥,

8 8

(2.5)

\Pm = q’m *Wl \Pm’ (2'6)

where *, and *,, refer to the star product involving only the
ghost and matter part. The action for this type of solution
becomes

S(W) = - %gz@g@ngwmwm) 2.7
0

(¥,,|'¥,,) is the ordinary inner product, (¥, | being the bpz
conjugate of |¥,,) (see below).
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The *,, product is defined as follows

V3 ¥ [ W)y = (W) *, Wy, (2.8)

where the three strings vertex V5 is

[V3)is = fd26p(1)d26p<2)d26p<3)526(1?(1) + o)t Pi)

X exp(—E)[0, p)i23, (2.9
with
_ o~ (! @t yab (bt
E= a,;,Zﬂ(Em,nZanwam Vinn@n
+ ln,wpr)V&i’aﬁf’)” + %nwpfﬁ,)%’gp(b))
n=
(2.10)
Summation over the Lorentz indices wu, v =0,...,25 is

understood and 7 denotes the flat Lorentz metric. The
operators aﬁ,?)" s aﬁ,?)” t denote the nonzero modes matter

oscillators of the ath string, which satisfy

[, a1 ] = 9#8,,6%,  mn=1  (2.11)

P(» is the momentum of the ath string and [0, p);; =
lpa)) ® Ipe) ® |p)) is the tensor product of the Fock
vacuum states relative to the three strings with definite
c.m. momentum . |p,) is annihilated by the annihilation
operators aﬁ,‘f)“ (m = 1) and it is eigenstate of the momen-
tum operator f)g ) with eigenvalue pﬁl )- The normalization
is

<P(a)|l7€b)> = 5ab526(p + Pl) (2.12)
The symbols V¢ denote the coefficients computed in
[20—25]. We will use them in the notation of Appendix A
and B of [6].
To complete the definition of the *,, product we must
specify the bpz conjugation properties of the oscillators

bpz(a’) = (1) 1ask, (3.13)
The sliver solution to Eq. (2.6) is given by
|2) = Ne2'5a'|0),
(2.14)

[e e}
atSal = Z altSmant 1,

n,m=1

where the Neumann matrix S is as follows. Let us intro-
duce the twisted matrices X = CV!, X, = CV'? and
X_ = CV?!, together with T = CS = SC, where C,,, =
(=1)"8,,,- They are mutually commuting and 7 is given by

T = %[1 + X - JAF300 =]

(2.15)
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The normalization constant N is

N = [Det(1 — 2V)]P/?, (2.16)
and
(33 ve(l ) en
The norm of the sliver is
(EIE) = g[det(l — 2P, (2.18)

Both Egs. (2.16) and (2.18) are ill-defined and need to be
regularized, after which they both result to be vanishing
[10].

The dressed sliver is a sort of deformation of the sliver,
which is obtained as follows. We first introduce the infinite
real vector £ = {£,}, which is chosen to satisfy the condi-
tion

pi1& =0, pr€é = ¢

where p,(p,) are the Fock-space projectors into the right
(left) half of the string (see Appendix A). Next we set

(2.19)

1 T
——|& =1, —— &) =« 2.20
(518 sl =k (220)
The first equation sets the normalization of £. The second
tells us that « is a real negative number, see [1].
The dressed sliver solution is given by an ansatz similar
to (2.14)

|2) = RNe~1/2aSat g, 2.21)
with S replaced by
S=S+R
1 (2.22)
an = 7[511(_1)m§m + érm(_l)nfn]
k+1
Alternatively
. 1
T=T+P  P=——(l + [CEXCED.
k+1
(2.23)
As shown in [1] the matrix $ satisfies the equation
N A ~ /121
S=v1+ vz v - EV)”E( “;12), (2.24)
where
s_(S o0
= ~ | 2.25
(Y e
which is required for E tobe a projector.
The normalization is given by
R 1 \D
N = [Det(1 = SV)PP2(——) . (2.26)
k+1
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This determinant, after regularization, turns out to vanish
[10]. The action corresponding to = is ill-defined. In [1] we
devised a way to regularize the action by introducing a
deformation parameter € multiplying R as follows

|12) — |2, §—8.=S+¢€R (2.27)
Therefore ée coincides with the sliver for € = 0 and with
the dressed sliver for € = 1. For € # 0, 1, the new state is
in general not a projector. However its limit for € — 1
allows us to define a finite norm (élé). This goes accord-
ing to the following recipe. We regularize the determinants
involving the sliver matrices X, X, X_, and T by truncat-
ing them at a finite level L. In the limit L — oo these
determinants behave like fractional powers of L. The
next ingredient consists in using the nested limits prescrip-
tion

hm (hm <‘—fel |'—1€2>) (228)
which gives
1
o0 g}3(3;m<~ell~ez>) (2.29)
i 1 D/2/1,~5/36\D
= + ...
] (=)
P 2.30
B |:(K+ 1)232} ’ (2.30)
provided we use the last ingredient, i.e., the tuning
1 — e = sL™3/3 (2.31)

in the limit €; — 1, L — oo, This recipe guarantees that the
equation of motion is satisfied when evaluated on a very
large class of states (including the entire Fock-space and
the dressed sliver itself).

The ghost part of the solution, i.e., a solution to (2.5), can
be found much in the same way. It has the form of a
squeezed state

(2.32)

S:=S+&R R= 4———GC5XB%FMXCBD

for € = 1. Here we have introduced directly the deforma-

tion parameter €, which is necessary in order to regularize
the action. The vectors 8 and & are such that

pB=PB.  p26=10 (2.33)

pi1B=p16=0,

with
T i

=1 (Bl

(2.34)
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The first equation fixes the normalization of 8 and &, and
the second is the definition of #. Once again, the quantity

<~1|~1> is ill-defined but, by using an ordered limiting
prescription, one can show that

11m(11m<_€ |.Q|,_E,>) = (k + 1)%52, (2.35)
é—1 &—
provided
1—& =3L711/%, (2.36)

for some constant §. Equation (2.35) together with (2.30)
allows us to define a finite value for the action (2.7). This
relates the physical coupling constant to the regularization
procedure (see below).

From now on, to simplify the notation, we often under-
stand the limit for € — 1. In the following we will there-
fore represent the dressed sliver solution as the factorized

product |Z)® |Z). We will however reintroduce the
e-dependence whenever a risk of ambiguity arises.

To end this summary we would like to make a comment
on the eigenvalues of the Neumann matrix of the dressed
sliver, which hopefully clarifies some of the formulas used
below. As we have remarked, this Neumann matrix does
not commute with the sliver matrix 7, so they cannot share
their eigenvectors. However much can be said about the
eigenvalues of 7'. If the vector ¢ is square-summable (as we
suppose), P is a compact operator. Perturbing 7 by a
compact operator does not modify its continuous spectrum
[26]. Therefore T must have the same continuous spectrum
as T. In addition, however, it might have isolated eigen-
values of its own. It is easy to show that 7' does develop an
extra discrete eigenvalue 1. This fact can be easily guessed
from the result of [1]

det(1 —7,.) = (1 — €)*det(1 — T), (2.37)
which suggests that T has a doubly degenerate eigenvalue
1. It turns out that the corresponding eigenvectors have
definite twist and are given by

1
Ix+) = ﬁ(l * 0)l¢), (2.38)

as can be easily proved by applying (2.23) to the above
expression.

This is in fact the reason why the bpz norm of the
dressed sliver can be made finite by appropriately tuning
the vanishing behavior induced by the midpoint £ = 0 and
the divergent one induced by this discrete eigenvalue. We
will see, in the study of the spectrum, that these new
eigenvectors are responsible for creating an infinite tower
of “descendants” of every physical state, with same mass
and same polarization conditions as the initial state.
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III. THE LINEARIZED EQUATION OF MOTION

Let us call for simplicity &, = 12)® |2 ) the overall
(matter + ghost) solution we have just reviewed. If we
write ¥ = @, + ¢, the action becomes

S(W) = S(y) - ( (D1Q018) + 3 (Dl + ¢>)
3.1
where
Qop=9d+Dy*+ ¢p* D, 3.2)

The equation of motion for small fluctuations around the
solution ®,, is therefore

Qo+ Oyxp+ ¢*Dy=0.

The solutions to this LEOM are expected to encompass all
the modes of the open strings with endpoints on the D25-
brane represented by @, as well as all the states which are
9 p-exact.

To find the solutions to (3.3) we follow [9], but we
introduce some significant changes: the dressing and the
midpoint regularization. The ansatz for a general solution
of momentum p is as follows

|6.(P.t. p))
= N, Platexpl— S 1,0k p, 1E,) @ | E)eir

n=1

=le(P .t p)®|E),

where t = {t,}, P(a’) is some polynomial of expressions
of the type >, Lyat, and

(3.3)

(3.4)

peirt = pe'rs,  bpz(p) = ~

We will often drop the labels t, P and p when no
ambiguities are possible. The factorized form of (3.4)
allows us to split the linearized equation of motion into
ghost and matter part

QIEY+1E)#, |E) =0, (3.5)

1Ge) = 12) %, [@.) + 16.) %, |, (3.6)

The ghost part will remain the same throughout the paper,
and from now on we simply forget it and concentrate on the
matter part.

In the above equation | =, ) formally coincides with |Z.),
with e replaced by e. The reason for this seemingly bizarre
change of notation is because the parameter e plays a
different role from e. While € is a deformation parameter
and we are only interested in the limit € — 1 [recall that for
e+0,1 éf is not a solution to (2.6)], we will find that the
linearized equation of motion can be solved for any value
of e. The reason of this lies in a result we found in [1], see
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Eq. (4.15) there,

|ée> * |ée> = Iée*e> (37)
where |é5> is the same as in (2.27) with
jv.ezjv. 1+(1_€)K D’
k+1
:j\v_e:jv_ 1+(1—6)K D’
k+1
and
exe= e¢ (3.8)

1+(1—e)(1—e)x’

The *-multiplication is isomorphic to ordinary multiplica-
tion between real numbers: using the reparametrization

1+ - 1-
o=tz enlze 39
€ €
it is easy to check that f.., = fcf.-
It is evident from (3.7) that
E)*1E)=1E)*|1E) =18 (.10

for any value of the parameter e. This basic equality will
allow us to construct solutions to the LEOM that contain
the free parameter e. We anticipate that eventually, in order
to guarantee finiteness of the three-tachyons coupling, e
will have to be set to 1.

Let us see all this in more detail, i.e., let us find the
general conditions for solving the LEOM (3.3). To this end
we introduce the general state

@0 ) = Neexp[ ~S1,atp,

n=1

- ZB#GZTWM}|ée>e"I’x, (3.11)

n=1

where, with respect to (3.4), we have inserted the parame-
ters 31 . By differentiating with respect to it the appropriate
number of times and setting afterwards ,Bﬁ = 0, we will be
able to generate any polynomial in al and therefore re-
produce any state of the form (3.4).

Now we need

1<Ee|2<¢e,ﬁlv3> -

1
— XKl x —

(detK e)D/2 [
Ly
2 2

NTVEKL )\}

Z a(3)’r Vr3l3m 31t

nm>l

X exp[

- an)T(VOn - V+n)P}|0>3e PVooreipr,

(3.12)

026003-5



L. BONORA, C. MACCAFERRI, AND P. PRESTER

where we introduced
j< e 1-S5 €e Vr

together with

= (Vzla(S)‘r + p(vy — V_))’ )= C(ﬁ i)pt)

(3.13)

VI2a®t + p(v_ — vp)

In all these formulas we have introduced infinite vectors
B, t, vo, v, v_ with components

M — yll — 22
Bn; tnr VOH — Yon — V()n’

3.14
v_y = V2L G149

Vip = V(;;%’
respectively. We are interested in the above formula in the
limit € — 1, while keeping e fixed.

Let us recall from [1], Appendix B.2, that

A, = [Det(1 — w)]D/Z(Kf—ff)D,

& K+ ff 2
Det(1 - 3., V) = [ /e } Det(1 — 3V),
(k + fk + fe)
from which we get the important relation

m M}D =1 (3.15)

lim—————=1i
el (\/dCtKEE)D ff_'1|: K+ fefe

To start with, let us consider the simplest example, i.e.,
B =0, which means P(at) =1 in (3.4) and define the
candidate for the tachyon wave function. We will denote
¢.(1,t, p) by &,(t, p) or simply by ¢,. We find that (3.12)
takes the following form

(EL(@V2) = lim (2 (V)
1 AL
= exp[—ta*p - EGlpz} E.ePx, (3.16)

where t is a solution to

t=vp—vy+ (Vlz, V21)j<;61§1e<v+ B V7>
V_ — V)

. 0
+ (V12 v K C( . ) (3.17)
and

A1 V+ — V_
Gl = 2VOO + (V+ - V.,V — VO)KEI Sel
Vo — YV

A _ 0
+2(vy —v_,v_ — VO).’Kel'C( t)

+ 0, t)c VK, c( (t) ) (3.18)
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where j<1e and 313 equal jCGe and 356 when € = 1,
respectively.

If we repeat the same derivation for the other star
product, we find

1<¢e|2<E|V3> = EEI}1<¢6|2<E€|V3>
1 S
= exp[—tafp - EGzpz}I,:e}e’P*, (3.19)
where, this time, t is a solution to

t = Vo — V- — (Vlz, VZI)j<e_]1§€1< Yo Vi >
V+ —V_

. t
+ (v vy it C(o) (3.20)

and

vV, —V_

s ia [ VoV
Gy =2V + (Vo — V4, V4 — v_)5<e115el( e )
Lt
—2(vog— vy, vy —VvO)K, C 0

+(t, o)chcgfc((t)), (3.21)
where j<el and :?el equal j(ee and gee when € =1,
respectively.

The two couples of expressions (3.17) and (3.20) and
(3.18) and (3.21) are formally different. Of course they
must give rise to the same result. If we require twist
invariance for t, i.e., Ct = t, it is easy to see that the two
couples of equations collapse to a single one. However, for
reasons that will become clear later on, we will not require
twist invariance for t (see Sec. V C for more comments on
this point). This is why we wrote the two couples of
equations explicitly. In general, therefore, t =t, + t_.
Hermiticity of the string field requires that Ct = t*, i.e.,
th =t, and t* = —t_.

We remark now that, if the above equations have a
nontrivial solution for t and

1

-Gp*/2 — _

e X

where G = G| = G,, then |$,) is a solution to the LEOM
3.6).

We also notice, for future use, that for a state of the
general form (3.4) to satisfy the LEOM, the equation for t
and G remain the same. The presence of a polynomial
P(at) does not affect the exponents, but only implies
new conditions for the parameters in P(at) (see below).

(3.22)

IV. SOLUTION FOR t AND G

In this section we study the solutions to Eqgs. (3.17) and
(3.20) and evaluate G. Since, due to the structure of these
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equations, a priori one cannot exclude the possibility of a
singularity in 1 — €, we insert € at the right places and take
the limit € — 1 on the solution.

A. The solutions for t

Let us see first the relation between these two equations.
We write t =t + t_, where Ct. = *t. and apply C to
(3.17). Keeping track of the e dependence, we obtain

A A V_ —V
t, —t_=vyg—v_+ (X+: X—):]cselTEE( " )
Vi — VY

o 0
+ (X4, X_)JCE?( )
t+ - t,

Doing the same with (3.20) we get

- (X+:X)j<se1,j—lee( Yo v )
Vo — V+

.1

t, —t_=vy—v

A f ty —t_
+(X+,x_)3<52< " 0 ) 4.2)
Next we introduce the operator oC, where
_(0 1
We have
(@CP =1 (eOX.(oC) = K.,
4.3)

(0O T oo(0C) = T,

Therefore, by suitably inserting (oC)? in (4.2), applying
the above transformations and applying C to the resulting
equation we find

—v_+ (X+, X—)jcs_elfjﬂee(v o )
v

+ Vo
n 0
+ (X, X)X, :

Taking the sum and the difference of (4.1) and (4.4) we find
separate equations for t, and t_:

t++t_:V0

4.4)

t,—vo— v+ <X+,x,>5<;;ie(“ - V*)

V+ _VO

+ (X, X)X, ( to ) (4.5)
+

= <x+,x,)j<;;(£ ) 4.6)

Now we have to solve these two equations. The rather

lengthy calculations are left for Appendix B. From the

results therein one can see that, for € = 1 and setting t, =
ty + ta, the first equation reduces to
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T2 - T+ 1
T+1

fe

ty = 3 Vo, 4.7

(1&) + 1CONEN

1 - ta)=0. 4.8
o fe }| @) =0. (48)
where t is the result obtained in [9] (multiplied by V2). It
is easy to see that (4.8) has the general solution

alél ——

te)(1 + C)¢, (4.9)

T+1

for any number a. The factor (&| -
duced for later convenience.
As for Eq. (4.6) for € = 1 it has a nontrivial solution

_ =B -0)¢ (4.10)

with arbitrary B. This solution turns out to have an im-
portant role (see below). In conclusion we can say that at
€ = 1 the solution for t can be written as

77 |to) has been intro-

€= to+ alel )1 + OF + B — O (@11)

for arbitrary constants « and (3.

B. Calculation of G
Once again, in order to compute G, we reintroduce the

deformation parameter € as in the previous section (see
Appendix B). We rewrite Eqs. (3.18) and (3.21) as follows

A A V_—V
G, =2Vpo + (vy —v_,v_ —vo) K, T56< i )
V+ - VO
A1 0
+2(vy —v_,v_ — vy K,
t+ - t_
- 0
+(0t, +t )MIK, 4.12)
t+ - t_
and

A1 2 Vg — V_
Gy =2V + (Vo = V4, V4 — V)Keel’fee< ’ )
vV_ — V+

Lt —t
—2(Vo—V+,V+—V)ﬂ<eJ< +0 )

ottt O)jvljgj(t+ ; t ) 4.13)
Using (4.11) we obtain
_ + fe _
Gi = Gy =2 = 055wl = k)
(<to| 10+ B(xB + tal 19|
(4.14)
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and
o o Kt S _
G2 =Gy =2/ = ). fe[““ kar)
% (ttol—1&)) + BB — (ol —— &)
<°1+T ) ﬁ("ﬁ oTTT ﬂ
(4.15)
Therefore, for € =1 we obtain G; = G, = G,,. Naive

manipulations of the relevant formulas lead to the result
Gy = 0. However G, contains two divergent terms, which
need to be regularized. As shown by Hata et al. [9,27,28],
using level truncation one obtains' G, = 21n2.

V. THE TACHYON AND VECTOR EXCITATIONS

After a long preparation we are now ready to start the
analysis of the fluctuations around the dressed sliver.

A. The tachyon excitation

From the results of the previous section it follows that
string fields of the form

8.0 = Noexp( = 3,0k, IE e 6.1

n=1

with t as in (4.11), satisfy the LEOM when the momentum
fulfills the mass-shell condition m?> = —p?> = —1. This
solution depends on three arbitrary parameters e, «, and
[. Eventually we shall see that in fact we have to sete = 1.
As we will see, the other two parameters never enter the
evaluation of physical quantities. There is one more ques-
tion. We expect the tachyon to be represented by a twist-
even state, and we already noticed that (5.1) does not have
definite twist parity. We will see at the end of this section
how to settle this problem.

B. The vector excitation

Fluctuations other than the tachyon can be obtained by
considering nontrivial polynomials in Eq. (3.4). The poly-
nomial will consist of sum of monomials of the type
(5.2)

d#]u#p<§la;&] > s <§P /"’1’>

where (atity = Zn>0§ma,’f"f. As it turns out the
e-dependence is trivial as far as higher fluctuations are
concerned, therefore we drop it throughout.

Let us find the level one state, corresponding to the
massless vector. We start with the following ansatz for
the matter part

'Our definitions for t and G differ from those in [9] by factors
of /2 and 2, respectively, see Appendix A.
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Z wah B
|$eu(d 1, p)y = NN (1 — C)alye &7,
12,06 = N ,d{(1 — C)Zal)lg,(t, p)), O

with p, = { and p;{ = 0.
Using the results of Appendices D and E we obtain

|Geu) * 12) + [E) * @0,)
= R a1~ O)zal)

L gqlet
ik

+2B(p - d)<§|%

|§>d“<(1

C)éal)

|§>}N Ju(t P (5.4

From this result we see that in order to satisfy the LEOM
we have to assume that p?> = 0 and to impose the trans-
versality condition

p-d=0. (5.5)

Therefore we recover the massless vector state with the
correct transversality condition. This result is independent
of the value of e. In order to satisfy the LEOM we also have
to impose

fe

(€17 |§> =0.

(5.6)

This is to be understood as a condition on the vector ¢ and
as such it is easy to comply with it. For reasons that will
become clear later, eventually we will set e = 1. In this
case (5.6) becomes simply

1
<§|ﬁ|§>=0,

which is the condition of orthogonality to the extra eigen-
vector(s) of the dressed sliver (2.38). To conclude we re-
mark that dressing is essential in order to obtain the
transversality condition.

C. Twist parity

Let us see how to implement the requirement that the
solutions to the LEOM have definite twist parity.

The twist operator () acts on Fock-space mode operators
as

Q(a, b, c),Q) = (—=1)"(a, b, ¢),

and satisfies Q|p) =
obtains

— (Ca, Cb, Cc),, (5.7)

|p). Acting on the state (5.1) one

Ql¢.(t, p)) = |&.(Ct, p)).

It follows that the states we have constructed (tachyon and
vector) in general are not eigenstates of (). This is in
contrast to the expectation that the tachyon should be
twist-even, the vector twist-odd, etc. Now, from the prop-
erties of the VSFT action it follows that if some string field

(5.8)
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|¥) is a solution to the LEOM, then Q|W¥) is also a
solution. Using this we can define twist parity eigenstates
in the following way: ]
Tachyon (2 = 1) |g,(t, p)) = 5 L+ Dle(t p))

(5.9)

Vector ({2 = —1)
|, (d*, t, p))
1
= E(l - Q)l@e,v(d#’ t, p)>’ (510)

where |$, ,(d*, t, p)) is given in (5.3).
This naturally generalizes to higher states.

At the end of Sec. III we noted that the string field
|®,(t, p)y will satisfy the reality condition if Ct = t¥,
which when applied to (4.11) implies that « is real and
is pure imaginary. Consequently, the same applies to parity
eigenstates (5.9) and (5.10). But, now it is easy to see that
there is another possibility: (5.9) satisfies the reality con-
dition also when g3 is real, and the same is true for (5.10)
when multiplied by i. In short, we take « to be real while 8
can be either real or pure imaginary. Having seen how to
implement the correct twist parity on the states, it should
be mentioned that, in computing physical observables like
masses and amplitudes, one could use the twist asymmetric
states (5.8) since the twist violating part (which is con-
trolled by the parameter B) never enters in such observ-
ables, see also Sec. X.

VI. PROBING THE k ~ 0 REGION

Level truncation is a natural regularization in the SFT
context. It permits many numerical computations, but it is
very unwieldy if one wants to derive analytical results, the
lack of analytical control being related to the impossibility
of using the analytical machinery of the continuous basis.
This is true in particular for the region around k = 0, i.e.,
the string midpoint region, which turns out to be crucial for
higher level excitations. In this section we therefore intro-
duce an analytic surrogate of level truncation, at least as far
as the k ~ O region is concerned. It consists of a regulator
which mimics the level truncation by regulating the singu-
larities arising when the k ~ O region is probed, but has the
good feature of being defined on the continuous basis
(hence permitting analytical control).

To this end the crucial issue is the eigenvalues distribu-
tion at k ~ 0. As proved in [29] this distribution is diver-
gent, but can be regularized in large-L level truncation

InL
p(k) = 2. Prin(K), (6.1)
™
the quantity py,(k) is responsible for finite contributions
which are relevant for large &, see [30], but it will play no
role in the sequel. The eigenvectors of the k-basis have
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infinite norm due to the continuous orthonormality condi-
tion

(klk'y = 8(k — k'), (6.2)

Large-L level regularization suggests that their norm is
given by?

InL

(klk) = 6(0) = pr (6.3)

Consider now the following half (right) string vector in the
k-basis

1 392
) = — / dk|k), n > 0. (6.4)
n Jn/2
The norm of this vector is easily computed to be
1
(mlm) = —. (6.5)
n

From this we define a twist-even and a twist-odd vector as
follows

1 1
|n+>—ﬁ(|n>+Cln>), |n7>—ﬁ(|n>—C|n>)-
(6.6)
Their norm is given by
1
(m-In-) = (n+lns) = L (6.7)

These two vectors are the basis of our regularization. In the
limit n — 0% they collapse to the midpoint k = 0, and
keeping track of the powers of 7 will allow us to give an
unambiguous meaning to the objects we are interested in.

Our first aim is to show that this procedure is inspired by
and very close to the level truncation. To this end let us
expand these two vectors in the oscillator basis |n). Using

nk
-k
2 smh%

(nlk) =

1 1 _
i ] %[1 — exp(—ktan~!z)],

a term by term integration yields

2 1 1
)y =4—=1,0,——=,0,—=,0,...) + O(n?),
(nln-) ﬁ( FOGOI O

7 4 23 ] )
=——=(0,v2,0,—%,0,—,/50,.. | + O(n°).
nln.y = = 202,05 15\£ )+ o0r)

The first vector is therefore the usual |k = 0) twist-odd
vector, while every component of the second vanishes in
the limit 17 — 0. The latter is ( — 4/2/7) times the K> =
0 twist-even vector Rastelli, Sen, and Zwiebach found in
[29], that is

2Again finite corrections are neglected, as they are not im-
portant for our purposes.
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2
0_)=Ii ) = .|—lvgss) 6.9
0_) nirg+|n ) \/;IURSZ> (6.9)
. 2,
|0+> = lim |77+> =7 _lvRsz>. (6.10)
n—0* s

It is important to note that although the twist-even vector
|0, ) is vanishing, due to (6.7), it has the same infinite norm
as [0_). Like all the vectors which form the continuous
basis, this vector does not belong either to the Fock-space,
but, unlike all other |k)’s, it has vanishing overlap with all
oscillators

(nl0y) = 1}%<”|ﬁ+> =0. (6.11)
Nevertheless, as we will see in the sequel, it is crucial for
the consistency of the *-algebra and, moreover, for accom-
modating the complete open string D-brane spectrum in
the VSFT approach.

At this stage it should be clear that the i parameter plays
the role of an effective large-L truncation of the continuous
basis, and that |7 _) represents the eigenvector relative to
the smallest eigenvalue of T at level L(%), which is always
twist-odd. From [28] we expect the first eigenvector to be
located at k = é L. This suggests that one should make the

identification

n = éL. (6.12)
We can verify this assertion by checking that
(0-10-) = €0 10-).
Using (6.9), this gives
Vger |V
ke O

Computing the difference between the right-hand side
(RHS) of (6.12) and the RHS of (6.13) in level truncation
we find that it becomes smaller and smaller as L — 0. For
example at L = 1000 we have éL ~ 0.45479 (not very

near 0!) and such a difference is —0.03 082, while at L =
10000 we have 0.34109 and —0.01040, respectively,
which is a 3% agreement. Proceeding further with the level
it is easy to verify that the agreement improves.’

We have therefore succeeded in relating our regulariza-
tion parameter 7 to the cutoff L. With some abuse of
language we will call the previous empirical set of rules
n-regularization. Now we are going to show that some
ambiguities that used to plague the string midpoint analysis
are naturally resolved within this regularization scheme.
We are interested, in particular, in the action of the half

*This simple example should warn the reader on how level
truncation is slow in probing the midpoint £ = 0.
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string projectors p , on the midpoint modes |0 ). By using
the n-regularization (6.6) we simply get

1 1 1
§|O:>, Pz|0t> = §|01> - §|O:>,

(Pl - Pz)|0t> = |0:>~ (6.14)

If we contract this result with any Fock-space vector (n|,
we recover the result of [17] that the p projectors have §
eigenvalue at k = 0. The latter assertion is however, by
itself, not free from ambiguities and/or associativity incon-
sistencies if we do not want to give up the properties (A9).
For example, a naive manipulation leads to

1
O+ :*04— +
p110+) 2| +)

0= (pipol0) # prpal0 ) = 3100 (6.15)

On the contrary, with our regularization it is very easy to
check that

0= (p1p2)|0+) = pi(p,]0+)) =0,

which is definitely nonambiguous. Other remarkable in-
consistencies which would arise using the same kind of
naive manipulations would be

(6.16)

1 1
5|0—> = (p12P12)10-) # p12(p12l0-)) = Z|0_>’

10_) = (p1 — p2)?10-) # (p1 — p2)[(p1 — p2)I0_)] = 0.
(6.17)

It is easy to check that, with our regularization, this anom-
aly disappears and all the properties (A9) are preserved
even at k = 0. The crucial move was to introduce an extra
twist-even midpoint vector which vanishes in the Fock-
space, but has nevertheless infinite norm. We will see in the
sequel how this vanishing vector is important for the
construction of open string states on the dressed sliver.
For the time being we only point out that the vector |0, )
cannot create string excitations when contracted with os-
cillators since, see (6.11),

(04 lahlstate) = 1im > al(nln . )Istate) = 0 (6.18)
=04

vanishes. However we can excite Fock-space states if, in
n-regularization, we consider the vector

1
lim — ~ |vEe,). 6.19
1, n |m+) ~ lvgsy) (6.19)

-
From (6.8) it is clear that this vector has finite overlap with
any Fock-space vector. We will see that this vector plays a
fundamental role in the construction of cohomologically
nontrivial open string states. The vector |0, ) can also
contribute to matrix elements involving vectors that are
finite at the midpoint (hence out of the Fock-space) like the
“bare tachyon” (t,|. For example the following relations
hold in n-regularization
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(t6104) = V215(0) + O(n), (6.20)
1 2+/2 1

In the sequel we will see that, using n-regularization, all
the divergent brackets that appear in computing solutions
to the LEOM can be explicitly evaluated in terms of some
(regularization dependent) function of 7. We will comment
a posteriori on the regularization independence of our final
and physical results.

VII. HIGHER LEVEL SOLUTIONS TO LEOM

In the canonical quantization of string theory the tower
of massive states is constructed by applying monomials of
creation operators on the Fock vacuum. In order for the
state to have a definite mass one selects all the monomials
of the same level and takes a linear combination thereof,
with tensorial coefficients which are generically referred to
as polarizations. The latter are not completely free, but
must satisfy some constraints, the Virasoro constraints.
The construction of analogous states in VSFT proceeds
differently. Although we will keep talking about level n
solutions in order to relate our results with the familiar
ones, the level is not the right issue here, because in VSFT
we do not have any explicit realization of the L, Virasoro
generator. The most general level n state we will consider
will take the form

|¢(0) n) t) p)) E |¢(01) ey 0"[) t’ p)>
= > otial, o). (al )t p))
i=1

(7.1)

in analogy with the canonical quantization construction,
but without imposing any level restriction. As we shall see
below, the request that the state (7.1) satisfy the LEOM will
be sufficient to select a definite mass and impose the
appropriate Virasoro constraints on the polarizations ;.

A. Level 2
The level 2 state in canonical quantization is

(h,adt + A, 0T alho)eirs, (7.2)

The Virasoro constraints require that p> = —1 and

2V2hEp, + Ak =0, h, +V2A,,p" =0. (1.3)

In view of the forthcoming VSFT construction it is impor-
tant to notice that there is a certain arbitrariness in these
formulas. One can rewrite them for instance as follows

Zx/ig"pﬂ +af, " =0, bg, + \/EGM,,pV =0,

(7.4)
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with a and b arbitrary (nonvanishing) constants, and /, A
related to g, 6 as follows

h,=Ag, +B(p-gpu a5
Apy =CO,, + D(p,pP0,, + p,p0,,)

Using the mass-shell condition it is easy to show that this
simply requires

b 3ab + 2 5 ab
C2ab—1" B=10D, C=cwm-1?

According to the level n ansatz (7.1) the candidate to
represent a level two state is

|¢)(9’ 2’ t’ P)> |¢(91: 02! t’ P»
= 04 al, M e(t, p))
+ 05l (P)al, I, p)). (7.6)

This ansatz has to be made more precise by specifying the

A

vectors |§;i)>- For generic vectors we do not get any on-
shell open string state. In fact, on the basis of our attempts,
it seems that only if the vectors IZJ(.i)> probe the string
midpoint will (7.6) be a cohomologically nontrivial solu-
tion to the LEOM. Therefore we make the choice |§;i)> ~

|0.); the latter states were introduced in the previous
section and were designed to resolve the singularity at k =
0. But we must be more precise: the factors in front of
lim,, o+ |1+) play also a fundamental role and we must
specify them. In summary, our ansatz will be

|¢(g. 6, t, p)) = g*(alls; ) ¢(t, p))
+ 0r7(al |- Xad e e(t, p)),  (1.7)

where s} = lim,_o+ |1+ )s(n),
|¢-) = lim,_o+|n_){(n), and, near n = 0,

s_
s(p) ="L4so+sm+...,
n

7.8
() =0L+an+ o'+ ... 79

As a consequence we have [see (6.9) and (6.10)]

2
(aLler) = —\/;(anl'{SZ)(s_l +som + 51>+ ..0),

(7.9)

2
(afle) = #amvgszxzo Fantom ),
(7.10)

These are well-defined expressions and it would seem that
the terms proportional to 7, 5 play no role in the limit
n — 0. However this is not the case because the star
product with the dressed sliver will take them back into
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the game. Only terms of order n* and higher will not play
any role and can be disregarded.

It is time to pass to the explicit calculation of the LEOM.
We have to find the conditions under which

16(g, 6, t, p)) = 1E) + |1E) = ¢(g, 6, t, p))

=1¢(g 6, t, p)) (7.11)

The star products in (7.11) yield cumbersome formulas. In
order not to clog our exposition with them we defer a full
treatment to Appendix F, and use a technical simplifica-
tion: we assume that the function £(k), which represents
the dressing vector ¢ in the k-basis and which is non-
vanishing only for negative k, is actually nonvanishing
only for k <ky <0 where k; is some small but finite
negative constant. The consequences of this simplification
will be commented upon in Sec. VIII. We can of course
suppose that the regularization parameter 21 < |ko|. As a
consequence all the quantities appearing in this computa-
tion which involve ¢ can be neglected. On the other hand
this restriction on the form of £(k) does not imperil the
properties we have requested for £ in this and the previous
paper [1]: this point is further developed in Sec. VIII. With
this understanding we obtain

[64(al | NablZOe(t, p))] = |E) + |E)
[0 (al 12 NablZ )@t p)]

_ eGPZ/ZBew<aL|g_><az|g_>

T
+ 29Z<§7|W|§7> + 29MV<GL|§+>PV}[+

+ 29“”pﬂp»,,5-[2+}|¢(t, P (7.12)
where we have used |£.) = (p; — pu)|{ ), with (6.18),
and

[g#(alls M@t p))] = ) + |E) = [g"(alls I é(t, p))]

= e-GPZ/Z[gwa,tlm

—p g<to|1|s+>} | a(t, ). (7.13)

1+T
The quantity FH , (see Appendix F) is a complicated
expression of order n~!, (/_| 1_TT2 [£-), as well as
(tol 737 Is+), is of order 2, while, as we have already
seen, <a}:|§+> is of order 7.

Now, from the first term in the RHS of Eq. (7.12) we see
that the only way to satisfy the LEOM is to set e3P =2,
i.e., p> = —1, which reproduces the desired mass-shell
condition. Next, in (7.13) we must split g”(a:ﬂls+> (which
is a finite term in 7)) in two halves. The first half recon-
structs the first term in the RHS of (7.7), the second half
must annihilate the linear term in a? in the RHS of (7.12).
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This is the only way this unwanted term can be canceled.
The latter operation on the other hand is only possible if

gt ~0*p,. (7.14)

Finally, the remaining unwanted terms in the above equa-
tions must cancel with one another order by order in 7.
Looking at the order —2 in 7, one easily realizes that the
only way to implement such cancellation is to require that

Ouf ~ 0" pup, ~p-8 (7.15)
with nonvanishing proportionality constants.

Equations (7.14) and (7.15) are not enough to conclude
that the level two Virasoro constraints (7.4) are satisfied.
However the accurate analysis of Appendix F proves that
this is the case. In Appendix F it is also shown that the
LEOM (7.11) is exactly satisfied together with the Virasoro
constraints (7.4), provided some (not very restrictive) rela-
tions among the constants a, b, {y, {1, {5, S—1, So, §1 are
satisfied. From the analysis in Appendix F it is clear that
the coefficients a and b are regularization dependent, but,
in turn, a and b can be absorbed via the redefinitions (7.5).

B. Level 3

The level 3 state in canonical quantization is

(h’uagﬂr + )\Waéda’lﬂr + /\/M,,pa’{‘fa’l’faff)|0>eipx,
(7.16)

The Virasoro constraints require that p> = —2 and

3h#p, + V24,5 =0, 3h, + V2A,,p" =0,

(7.17)

V2@, p" = Auup”) + 3xh, =0,

(7.18)
\/EA(MV) + 3Xppp” =0,

where A,,) is the symmetric part of A,,. It can be seen
that the first equation is a consequence of the other three.
It is however possible, as above, to redefine the polariza-
tions as shown in Appendix G . In terms of the new ones
8w @up 0,,, the Virasoro constraints become

3xgkp, +\/§wM“ =0, 3gM+\/§wa,,p"=O,

(7.19)

2\/—2_vw,,ﬂp” — \/iuww,p” + 30, =0,

(7.20)
V20 () + 328,105 P" = 0.

It is now easy to verify that the first condition is a con-

sequence of the other three provided we set x = @

Therefore it need not be verified separately. The remaining
constants y, u, v, z are arbitrary non—vanishing ones. From
the general form (7.1), we select the following ansatz
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16(g, w, 6,t, p)) = (g*(allr_) + w**(a}, | XablA,)
+ 9rve¢al | Nabl{o)

X {aflENé(t, p)),

where [r_) = lim,_+[9_)r(n), and the same definition is

(7.21)

understood for [Z0), 1020, while [AL) =
lim,_o+[74)A(n). Near n = 0,
A(n) =£+A0+ Mt
K (7.22)

() =0+ an+ o'+ ...

{'(n) and r(n) have an expansion similar to (7).
Consequently, for the brackets inside (7.21), expansions
similar to (7.9) and (7.10) hold.

The formulas involved in the evaluation of the linearized
EOM are too large to be written down here. We can avoid
such complications by introducing the simplifying as-
sumption of the previous subsection. We render the dress-
ing vector contributions evanescent in the limit 7 — 0 so
that we can simply avoid writing them down. The resulting
formulas are as follows:

[6470¢al, 1 Mable-Xable et p)]=15)
+ 12y« [0#70(al | NablZ XablZe(t, p))]
T 1
o qleNatley + (g
X (ab1e-NablZ-XablZ-) + 3al | p,p, H*

+ Xal | Nablz ), 3 +)}l@(t, o)

- e—%Gp2[39Mup<g|

(7.23)

[wr* (a1 Xat A g(t, )]+ |E)
+18) # [ (a1 Xab A ) g(t, p))]

= e oo bl allA) + S bl alln )
T
+ <aL|§/—>Pu<t0| 1-12 [AL)

T pulabla )3 +}|¢(t, P, (7.24)

and

[e™(allr )@t p)]=|E) + |5) * [g(al|r Y@t p))]
= e~V 2gr(al rO)@(t, p)), (7.25)

where [A_) = lim, o+ [p_)A(n), and
[£1) = lim,_+|n1){(n), A(n) and {(n) being the same
functions as above (7.22).

Now, in order for the LEOM to be satisfied the sum of
these three terms, (7.23), (7.24), and (7.25), must reproduce
(7.21). From the second term in the RHS of (7.24) we see
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that we must have e~ 67"/2 = 4, je., p? = —2, the mass-
shell condition for level 3 states. This implies that the RHS
of the second equation w“”(a;&l{ " Ya}|A, ) appears with a
coefficient 2 in front, therefore half of this term will
reproduce (7.21) and the other half must be canceled
against the other terms. Similarly in the RHS of (7.25)
the term g#(a},|r_) appears with a coefficient 4. So 1/4 of
it will reproduce (7.21) and 3/4 will have to be canceled.

Next, as in the previous subsection, we count the degrees
of divergence for n — 0 of the various terms in the above
three equations, which is —2 for the first and third terms of
the RHS of (7.23) and O for the remaining ones; it is O for
the first two terms in the RHS of (7.24) and —2 for the other
two; finally it is zero for the term in the RHS of (7.25). Now
what we have to do is collect all the unwanted terms in the
RHS and impose that the sum of the coefficients in front of
them vanish. From what we just said, we can deduce that
we must have

v o v
w Gurp,

pp0L ~ 0~ p,p, ~aw’p, + bo’*p,,  (7.26)

wl"pp# ~ ng

for some constants a and b. These are very close to (7.19)
and (7.20). However it must be proven that the arbitrary
constants we have at our disposal (i.e., x, y, u, v, z and the
coefficients of £(7), A(n) and r(n)) are sufficient to satisfy
all the conditions. This is an elementary algebraic problem.
The straightforward calculations are carried out in
Appendix G where it is shown that all the conditions are
met. So we can conclude that

(g, w, 6,t, p))*|E) + |E)*|d(g, w, 6, t, p))

= 1¢(g @, 0, t, p)). (1.27)

VIII. COHOMOLOGY

A solution to the LEOM is not automatically a solution
fit to represent a physical string state. The reason for this is
the huge gauge invariance which soaks all physical states
in SFT. Any solution to the LEOM is in fact defined up to

where @ is our reference classical solution (see Sec. III)
and A is any string state of ghost number 0. Only string
field solutions which cannot take the form of (8.1) are
significant solutions and can represent physical states.
Phrased another way, @ is nilpotent, therefore it defines
a cohomology problem: only nontrivial cohomology
classes are physically interesting. Unfortunately a system-
atic approach to this problem is missing (although some
progress can be found in [31]), the more so for VSFT.
Partial elaborations on the gauge freedom in VSFT can be
found in [17,19]. In this section we will not try a systematic
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approach to the cohomology problem. Nevertheless it turns
out to be rather easy to figure out A “counterterms” that
“almost trivialize’” the solutions we have found in the
previous section, but actually do not kill them at all. This
makes us confident that what we have found in the previous
sections singles out nontrivial cohomology classes.

To simplify the problem as much as possible we will
exclude all the A’s with a nontrivial ghost content. If A is a
matter state tensored with the ghost identity, see [17,19],
then the gauge transformation (8.1) for a (pure matter) state
¢ can be written simply through A’s matter part as follows:

Sp=Ex, A—Ax, 5, (8.2)
where = is the dressed sliver. Our problem is now to find
matter states A such that (8.2) gives some of the solutions
we found in the previous sections. Let us try the following
one (we set e = 1 and drop the label m in *,, throughout
this section)

IA(g, O)) = g((1 + O)fal)l@((t, p)),

where |®,(t, p)) is the tachyon wave function. The gauge
transformation (8.2) becomes

1) #|A(g, ) — |A(g, O)) * | )

= eGPZ/z{gWGT(Pl = p2)(1 +O))

1
k+1

(8.3)

g al (€€l ~ |CEXCEN T

T

— 1+ 00

X |(1+ C)0) — 2B(p - g)[<§|

1

~ el ——

a1+ c>z>}}|¢,<t, o) 8.4)

Now suppose that p,{ = ¢ and p;{ = 0. We get
|12) 1A (g, ) — 1A (g, ) *5)
= e O —grat - O0)

T — Kk

~2B(p - gl

|z>}|¢t<t, P (85

Comparing now this with Eq. (5.3) we see that, if we
choose the {’s in the two equations to be the same, we
set g# = d* and suitably normalize A(g, {), the gauge
transformation (8.5) gives back just the vector state eigen-
function (5.3), or, in other words, the latter belongs to the
trivial cohomology class.

Therefore, if {(k) is a regular function for k ~ 0 (hence-
forth let us refer to such a | £) as regular or smooth at k = 0)
, the vector state we have constructed in Sec. VA is
cohomologically trivial. In order to get something non-
trivial we have to probe the string midpoint. Therefore let
us try with |[{) ~ C|n) (from now on let us refer to the latter
as singular or concentrated at k = 0). It satisfies p, = ¢
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and p;¢ =0 and |[(1 + C)0) ~ [n4), [(1 = C)) ~ In-)
[see Eq. (6.6)]. Therefore, in this case too, as long as the
parameter 7 remains finite, the vector state is trivial. One
may be tempted to conclude that also in the limit » — O,
such a conclusion persist and therefore the vector wave
function we have defined be always trivial. But this would
be a sloppy deduction. For in the process of taking the limit
n — 0, there emerges the true nature of cohomology.

For a cohomological problem to be well-defined it is not
enough to have a nilpotent operator; one must also define
the set of objects which such an operator acts upon, i.e., the
space of cochains. In our case a precise definition of the
cochain space has not been given so far, and it is time to fill
in this gap. It is clear that the issue here is the distinction
between the states that vanish and those that do not vanish
in the limit n — 0. For instance, [see (6.9) and (6.10)], |0.,)
belongs to the former set (let us call it an evanescent state)
while |0_) belongs to the latter. We define the space of
nonzero cochains as the space of states that are finite in the
limit » — 0, while the zero cochain is represented by 0. All
this is well-defined and makes up a linear space and it is the
only sensible choice to define a cohomology in this context
(see Appendix H for a discussion of this point).

With the previous definition let us return to the vector
eigenfunction. Thanks to the discussion following
Egs. (8.4) and (8.5), we see immediately that if  in (5.3)
is smooth near k = 0, then the corresponding wave func-
tion is a coboundary. If, on the other hand, { ~ |Cn), i.e., is
concentrated at k = 0, then the state is a nontrivial cocycle,
because we cannot figure out any nonevanescent A which
generate it via (8.2): the only one that does the job is
evanescent. This same conclusion can be drawn for the
level two and level three states we found above (which
were formulated directly in terms of vectors concentrated
at k = 0). All these states are cohomologically nontrivial.

At this point we can discuss also the implication of the
simplifying assumption we introduced in Sec. VII, i.e., that
the dressing function £(k) is nonvanishing only from a
certain finite negative point down to —oo in the k-axis.
This assumption induced remarkable simplifications in our
analysis, but that was the only reason why it was intro-
duced: one can do without it. Anyhow let us ask ourselves
what would have happened had we introduced this assump-
tion in the vector case. In the case of { being concentrated
at k = 0 the last two terms at the RHS of (5.4) would
vanish and we would not need to impose the transversality
condition (5.5). If, on the other hand, ¢ is smooth at k = 0
then, in order to satisfy the LEOM we would have to
impose the transversality condition (5.5) together with
the additional condition (5.6), but in this case we would
get a trivial solution. This conclusion seems to be para-
doxical only if we forget the relation between cohomology
and the Virasoro conditions. In fact it is perfectly logical.
First of all we should remember that we have two ways of
expressing the physicality of a given state. Either we say
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that this state is a nontrivial cocycle defined up to generic
coboundaries (this is the cohomological way of putting it),
or we impose conditions on the parameters of the state
(polarizations) in such a way that its indeterminacy (co-
boundaries) get suppressed (and this is the gauge fixing
way). Now, the above apparent paradox means that the
simplifying assumption, which seems to suppress the trans-
versality condition on the nontrivial cocycle (singular ¢),
can be made up for by adding to the solution a trivial
cocycle (regular ). In other words, the simplifying as-
sumption corresponds to partially fixing the gauge free-
dom. It can be seen that this is true also in the more
complicated cases of level 2 and level 3.

With these remarks we end our analysis of cohomology
in VSFT. This problem would deserve of course a more
thorough treatment, but we believe we have caught some of
the essential features of it.

IX. PROLIFERATING SOLUTIONS

All the solutions to the LEOM considered so far depend
on three parameters: e, «, 8. As will be seen below, ¢ has to
be set equal to 1, but the other two parameters are free. We
wish to show in this section that the solutions to the LEOM
are even more general than this. In fact we can prove that, if
|(t, p)y is the matter part of the tachyon solution to the
linearized equation of motion, i.e., a solution to (3.6), then
any state of the form

(ak,éx).. Laf ENN@(t, p))

where £+ = (1 £ C)¢&, is also a solution for any s, with the
same mass as the tachyon for any random choice of the =
signs. For

KalOlg(t, p)] =) + |E) = [(al, ) (t, p)]
= (al OM1e(t, p)y* |E) + |E) * ¢(t, p))]
= (al, &) ¢(t, p))

The derivation of the first equality is given in
Appendix I. The same can be shown if we replace (a;ﬂf}
with (aLCf}. This proves the above claim for s = 1. But
it is evident that now we can proceed recursively by
replacing in (9.2) |&(t, p)) with (a}&)|é(t, p)) and
(abC&)|(t, p)), respectively, which are also solutions,
thereby proving the statement for s = 2, and so on.

We refer to all these states as the descendants of
|&(t, p)y, or tachyon descendants. We can easily define a
generating state for them

9.1

9.2)

A t t N
|@(g, t, p)) = e8lané I TeXaeN| (¢, p)y  (9.3)

By differentiating with respect to g/ we can generate all
the solutions of the type (9.1).

A similar result holds also for the other (tensor) solu-
tions of the LEOM. At level n such states take the form
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16(6, n, t, p)) = 180y, ..., 0, t, p))
= ottial, o). (al, et p))
i=1
9.4)

where the polarizations #; must satisfy constraints similar
to those found for level 1,2 and 3. As shown in Appendix I,
we have a result similar to the above. The LEOM is
satisfied with the same mass

[l )@ (0. n, t, p))] + |5)
+ ) = [1(al £)1(0, n. t, p))]
= h"(al 196, n.t, p)) * | E)
+1E) * |n, ¢(6, n, t, p)H]

= h"(alé)|¢(0, n,t, p)) 9.5)
but, now, under some conditions: either
T — K i
(€l—slcg’)y = o, (9.6)

(which is the case for instance when ngj(-i) =/ @ plg”j(-i) =
0 or, if this is not true (as is the case in our previous
analysis), the polarization # is transverse to the 6;’s when
contracted with the index u;:

9.7)

v My fMjo i
h T]V,ujﬂi - 0’

and this musthold Vi, j, 1=j=<i 1=i=n.

Also here we can replace (a} &) with (a} C£) and obtain a
new solution with the same mass, and therefore we can
define the = combination, as above. Inductively we can
prove that

(h{(al, &) ... hial, @0, n.t, p)y  (9.8)
satisfy the LEOM with the same mass provided each #; is
transverse to each 6; on all indices. We can then introduce
C in every (at|&) factor and obtain new independent
solutions. It is evident that the most general state with
the same mass takes the form

<a1t1§i>~"<altxé:t>

x S oprisebiat () (ah oM é(t ), (9.9)
i=1

with generic s, provided the tensor 6; are traceless when
any index v is contracted with any index w. However, any
state of the type (9.9) is a finite linear combination of states
of type (9.4). A generating function for the latter is
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|¢(h, t, p)) = e ae)Th aléN|5(6, n,t, p)).  (9.10)

Differentiating with respect to . the required number of
times, we can construct any state of the type (9.4). A
generating function is particularly useful in computing
norms or amplitudes.

To finish this section a comment is in order concerning
the enormous proliferation of solutions to the linearized
equations of motion. All the states we have found seem to
be cohomologically nontrivial on the basis of the analysis
in the previous section. The existence of an infinite tower
of descendants of a given solution is, generically speaking,
hardly a surprise. We notice that a similar phenomenon is
familiar in field theory. If ¢(x) is a solution to the Klein-
Gordon equation (9> + m?)¢ = 0, then all the derivatives
of ¢ are solutions with the same mass. We conjecture that
here we are coming across something similar, although the
difference among different states of each tower is given
here not by the application of the space derivatives (i.e., by
powers of p), but rather by the application of the creation
operators a,J,f, n>0.

But now, the important question is: what is the nature of
these states? They seem to be physical, so it is important to
clarify whether they are simple copies of the first state of
the tower (the parent state, not containing {a' &) factors in
their 2P polynomial) or have a different physical meaning.
Looking at the generating state (9.3) one can see that, if
g+ ~ p, this turns into a redefinition of the arbitrary con-
stants a and B (see Sec. IVA). Therefore, since these
constants do not enter into physical quantities, such as G,
(they might appear in quantities like H, see below, which is
not by itself physical) we conclude that the states of this
type are copies of the tachyon eigenfunction, without any
physical differentiation from it. It is possible to see that this
is true for any other tower of solutions. So the proliferation
we find seems to be a proliferation of representatives of
physical states (much in the same way as in the Coulomb
representation of CFT we have two representatives for any
vertex). This redundancy of representatives, which, it
should be stressed, is due to dressing, may be a residue
of the gauge symmetry of VSFT.

X. ON THE D25-BRANE TENSION

One of the unsatisfying aspects of the sliver in operator
formalism was the disagreement between the energy den-
sity of the classical solution and the brane tension com-
puted via the 3-tachyon on-shell coupling. In this section
we would like to show that our approach can lead to a
solution of this problem.

A. 3-tachyon on-shell coupling

The cubic term of the VSFT action evaluated for three
on-shell tachyon fields should be equal to g;/3, where gr
is the 3-tachyon coupling constant for the open string, i.e.,
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1
8r = —2<¢l(tJ pl)lgol(t: pz) * ng(t, p3)>
8o pi=p3=pi=—m;=

(10.1)

Here |¢,(t, p)) must be normalized so as to give the
canonical kinetic term in the low-energy action (see [9],
Sec. 5.2). Using (5.1), an explicit calculation gives

2 = 8;‘J(Z)Amfflex (—6H)
8T G p
where (see Appendix J)
(e = DX+ fo)?
2fe + DU -1
1

(g o) wlagler - 8] a0

(10.2)

H:HO

and
_ [det1 -T7,T,)P
[det(1 — T, 00 M) P

_ (Aifa—1D° [det(1 —THP
(fifafs — D* [det(l — TM3)*

A is obtained from A by replacing all the relevant objects
with tilded ones (ghost part). Hy is a naively vanishing
“bare” term. However in level truncation it turns out to be
nonvanishing due to the so-called ‘“‘twist anomaly”
[27,28].

It was shown by Okuyama that the ratio of determinants
in the RHS of (10.4) diverges like L5/'8 as L — oo,
Similarly, the corresponding term in A behaves as L''/18,
Now, in order for g to be finite, the only possibility is to
tune the “‘dressing” parameter e to the value one in some
suitable way. This is the reason why, as anticipated many
times in the previous sections, we have to set e = 1. But in
the formula (10.4) this has to be done with an appropriate
scaling of e to 1, in such a way as to get an overall finite
result. This is very close to what we did in [1] to make the
dressed sliver action finite. Following the same prescrip-
tion, we render separately finite A and A (the matter and
ghost part). This entails that H must be finite too. It is easy
to see that the only way to implement this is to let f, — 1
(i.e., e — 1) in such a way that

(10.4)

fe—1=sL7%% and  f,—1=3§L /3%

(10.5)

where s, and §, are constants. We note that f, and f; scale
the same way as f. and f; in [1].

Using f, — 1in (10.3) we obtain H = H,,. From (10.2)
it then follows that gr is independent of the dressing
parameters « and 8. We expect this to be true for all
physical quantities.

As in the case of the energy of the dressed sliver, the
precise value of g depends not only on the value of the (so
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far undetermined) scaling parameter s,, but also on the way
in which the multiple limit f1, f5, f3 — 1 is taken. Now we
would like to argue that, with the proper choice of limit
prescriptions, two problems, which affect the approach
with the standard sliver, may be solved:
(i) Validity of EOM and LEOM when contracted with
the solutions themselves.
(i) Correct value of the product of the sliver energy
density and g.

B. Scaling limit

In general, observables contain such terms as (f;f, — 1)
and/or (f,f2f3 — 1). In the scaling limit f; — 1 = s,L",
where x < 0 and L — o0, one expects

(fifa — 1) = spL%, (fifafs — 1) = s13L* (10.6)

but the scaling coefficients s;, and s1,3 are a priori not
unique. They depend on the precise prescription for taking
the multiple limits (see [1], Sec. 5 and Appendix C).

In Sec. 5 of [1] it was shown that there is a connection
between the prescription for taking limits and the validity
of the EOM. Considering the EOM for the dressed sliver
contracted with the dressed sliver, we have

Gl =(1-LY"(1-LYEoeE
2B =(1-77) (1-77) E1QE
(10.7)
<é51€] |éezéz * ée;€3>
- Y - L V==, a0s)
= - - === == x =), .
< f1f2f3> ( f1f2f3>

where |2) = |E,) is Hata and Kawano’s sliver. Let us
denote

(10.9)

If the EOM holds for this sliver solution one gets /.. = 1.
However, it was argued in [16] that this may not be the case
in the level truncation regularization. We believe that this
“anomaly”’ should be resolved within the level truncation
scheme and we expect (see below) that the result should
be /.. = 1. However we would like to point out that the
formalism we have presented in this paper can also allow
for values of /.. # 1. So, to keep this possibility into
account, we leave ¢, generic. In fact, as we will see, this
variable can be absorbed by the dressing.

From the requirement that “contracted”” EOM be satis-
fied

lim (5, Q15,.0) =

~ ~ ~
— lim (B, : |Bcz * Bez)
= e € |l eé T —eyE;

€;,€— 1

(10.10)

we obtain the following condition on the scaling parame-
ters

PHYSICAL REVIEW D 71, 026003 (2005)

—-26/5. \2

() () e
SCC SCC

We see that a possible anomaly in the contracted EOM can
be cured by an appropriate limit prescription. However it
should be noticed that the limit prescription to be used in
such a case is not a priori clear and far from simply
describable. We recall that in [1] (see Sec. 2) we defined
a privileged way of taking this kind of limit: the nested
limits prescription. In the light of the analysis of [1] this
looked like the most natural prescription. Any other way
seems to be artificial. This is the reason why we tend to

believe that there should not be any anomalous ..
In the case of the contracted LEOM for our tachyon

solution (5.9)

(10.11)

($.(t, P)IQol.(t, p)) =0 (10.12)
the possible anomaly [14,16] is cured by taking
(¢:|21d)) S1c\ 20 (S1c\?
== — 10.13
< Ap b+ E) (Sn> <Stt> ( )

where ¢, is the undressed tachyon ¢ = 0 (from the sym-
metry of 3-string vertex for cyclic permutations it follows

Stte = Ster = Scur)-

C. D25-brane energy

Let us now calculate the product of the dressed sliver
energy density and g2, which if our dressed sliver repre-

sents the D25-brane, should be
(E.gDost = —
c81)osT = o

From (10.7) and (10.2) we obtain

b= () () (e s
et Sce See St Su et

where (E,g2), is the result for the standard sliver®. In
[14,28] it was shown that (E,g%), is given by

/16 \3
E.g2) = =
(Ecgr)o =3 (27 1n2>

(10.14)

(10.16)

which is obviously different from (10.14).

Note that scaling parameters s,,, and §,,, do not appear in
any LEOM and so are not affected by the analysis of the
previous subsection. Therefore they can take values such
that (10.14) is satisfied for the dressed sliver.

The possibility we have just pointed out is important
because it removes a sort of no-go theorem [16] that
seemed to exist in the operator treatment of the sliver

“It should be mentioned that the calculation of gy using the
definite—twist tachyon (5.9) shows a dependence on the parame-
ter 8. This dependence may of course be absorbed within the
scaling parameters.
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solution. However we should point out that there is a
difference between the limiting/tuning procedure used
in [1] to define a finite energy density of the dressed sliver
and the same procedure used here in order to obtain
the matching between the RHS and LHS of (10.14). In
the first case the critical dimension was behind the argu-
ment we used and supported it (see Appendix K); in the
latter case we have not been able to find a similar argument
in favor of our tuning procedure. Without this the theory
has apparently lost some of the predictability: see, for
instance, (10.15) which is undetermined without knowing
sy and §,,. However we believe that such an argument
should exist which relates tuning to the consistency of the
whole theory (of which we have explored only a minute

part).

XI. DISCUSSION

In this paper we have addressed the problem of finding
the open string spectrum on a D25-brane in the operator
formulation of VSFT. From previous works [9,16,17,32] it
looked like the (standard) sliver solution is unable to
capture such a spectrum with the expected physicality
conditions (Virasoro constraints); in particular, it was not
possible to derive the transversality condition for the U(1)-
gauge field and to describe lower spin components of
massive excitations.

To begin, in this paper we have proved that the dressing
creates an extra structure whereby the photon transversality
can be accounted for. Then we have coped with the prob-
lem of higher level states, where we have come to terms
with the crucial role played by the k ~ 0 region. Our
analysis implies that one has to take into account a twist-
even k = 0 mode of the k-spectrum. This mode is usually
disregarded because it vanishes when contracted with any
Fock-space operator. Because of the star product, however,
it becomes essential for the consistency of the formulas
necessary in our calculations. In particular, it preserves the
validity of many of the properties of the 3-strings vertex
Neumann coefficients when the k ~ 0 region is probed.

We have also analyzed part of the cohomology problem
implicit in the LEOM which generates on-shell fluctua-
tions of the background D25-brane. In view of our analysis
we find that two sets of modes are not gauge trivial. The
first set covers the whole open string spectrum (our analy-
sis stopped at level 3, i.e., m*> = 2, but we do not see any
conceivable obstruction in going further). The second set is
“orthogonal” to the first and consists of states constructed
by applying powers of f,,a,t factors to the states of the first
set. They give rise to an infinite tower of descendants for
every physical state, but they seem to describe the same
observables as their parent states, thus creating a degener-
acy of “representatives.” A possibility is that this (numer-
able) redundancy is inherited by the gauge invariance of
SFT and, thus, that it may be gauge fixed via some more
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refined study of the gauge structure of VSFT that takes into
account the ghost sector.’

Finally we turned our attention to the well-known prob-
lem of matching the energy density of the classical solution
with the D25-brane tension computed via the three on-shell
tachyons coupling; although this problem was resolved in
[15] in the BCFT formulation of VSFT, it remained an
open puzzle for the operator formalism [16]. By extending
the analysis started in [1], we showed that the arbitrariness
we have in tuning the dressing parameters e to the level
truncation cutoff can be used to satisfy the LEOM, when
contracted with the solutions themselves. Appropriately
choosing the scaling limit, we can obtain the correct value
for the energy density expressed through the 3-tachyons
coupling constant. However, at present this value can only
be accommodated, not uniquely determined.

Because of the extensive matter dealt with in this paper it
was inevitable to leave aside or only partially treat a
number of issues. We have already pointed out that our
analysis of the dressed sliver spectrum lacks an algorithm
to find general solutions to the LEOM. Our cohomological
analysis of the spectrum is also incomplete. Finally a
comment about regularizations is in order. It looks like
we are using three different regularizations of the
k-spectrum: the level truncation to evaluate G, and H,,
Okuyama’s prescription to evaluate determinants and the
n-regulator to compute LEOM’s solutions. As we have
shown in Sec. VI, the n-regularization is based on the
density of eigenvalues formula (6.1) in the L — oo limit.
Okuyama’s regularization [10] and the twist anomaly com-
putation of [28] are also based on the same formula and use
1/logL as a regulator. In Sec. VI we have shown that,
for large L, the identification (6.12) is justified. Therefore
the three regularization procedures are based on the same
regulator and they must lead to the same regularized quan-
tities. A direct comparison of the results obtained with
the three different procedures is, however, in general,
not easy because they are devised to compute different
objects in different contexts (G, and H, with the large L
level truncation, infinite matrix determinants with
Okuyama’s prescription and state polarizations with the
7 regulator). It would certainly be desirable to have a
unified prescription.

Even with these cautionary remarks, we believe we have
produced strong evidence that if VSFT is properly regu-
larized, it can consistently describe the physical content
(both perturbative and nonperturbative) of bosonic string
theory. It may therefore be a useful tool in tackling more
challenging problems like the search for time-dependent
solutions [33] and open-closed string duality [18].

5Some analysis of this kind was performed in [32] in order to
implement the U(l) gauge transformations on the massless
vector.
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APPENDIX A: A COLLECTION OF USEFUL
FORMULAS

In this appendix we collect some useful results and
formulas involving the matrices of the three strings vertex
coefficients.

To start with, we recall that

(i) V3, are symmetric under simultaneous exchange of
the two couples of indices;

(i1) they are endowed with the property of cyclicity in

the r, s indices, i.e., V'* = V'*1Ls*1 where r, s = 4
is identified with r, s = 1.

Next, using the twist matrix C (C,,,, =

define

(_ l)mamn)v we

XS =CVS,  rs=12 (A1)

These matrices are often rewritten in the following way
X" =X, X2 =X, X?" = X_. They commute with one
another

(X7, X™*] =0, (A2)
moreover
CvV"™ =V¥C, CX"™" = X*"C. (A3)
Next we quote some useful identities:
Xll + X12 + X21 — 1, X12X21 — (X11)2 _ X,
(X'2)3 + (X21)3 = 2(X!1)3 — 3(X'1)2 + 1,
and
1-7TX 1 X T
= , = . AS
—x 1-7 1-x (-77 W
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Using these one can show, for instance, that

s — 1 (1 -TX TX, )
1+n1-x\ 7x. 1-TX
=#( 1 T(p, — sz))
1 =T\ T(p, — Tpy) 1 ’ (A6)
1 1-TXx X
MK = 1+ —X)(( X_) (a —+T)X)
_ 1 ( T P —sz>
1=T?\ py — Tp, T .

Where we have defined the left/right Fock-space projec-
tors,

1
p1 = m[xlz(l - TX)+T(X*')*] (A7)
1
pr = m[XZ](I —TX) + T(X")?].  (A8)
They satisfy
pi=p,  p3=p A9)
prtpr=1 p1p2 =0,

i.e., they project onto orthogonal subspaces. Moreover,

pl =p1=CpC,  pj=p,=CpC, (AlD)

where T represents matrix transposition. As was shown in
[71, p1, p» project out half the string modes. Using these
projectors one can prove that

(X4, XK = (p1, p2),

X_ TXp, + TX All
MK-T _ P2 1) (A1T)
X+ TX,pz + TXp1

which are used throughout the paper.

The following relations are often useful
p1 Xy + ppX_ =1-XT,
144 2 (A12)
mX_+ p X, =X(T - 1).

The next set of equations involve vy, v.. We start with

4
V(2)+V%_ +V2_ =§V00,

2 (A13)
VoV_ + VgV +v_ov, = _gvoo-

Next we have the representation in terms of v,

v, tv_+vy=0,

1
Vi = 7l =2+ (1= 21)p v,

1
1+T

from which we get

vV_

(T =2)p, + (1 —2T)p,1v,,
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3

Vi = Vo= _m(Pz + Tp)vo,
1-

Vi v = m(ﬂz PV, (Al4)
3

Vo =V = _m(pl + Tpa)vo.

Using these equations in (A13) it is easy to obtain in
particular

2 —-T+1
=V = 3<Vo|

3 W Ivo), (A15)

=(t
|V0> <0|1+T

T T+1

where t, = 3 [vo).

In this work we use the continuous basis to evaluate
various brackets which appear in the computations. We
therefore need the matrices and vectors that define the 3

strings vertex in the k-basis. We use normalized k-vectors,
see [34],

nk
o = Zk\/zsmhﬂkjgzm znﬂ[l ~ exp(—ktan™19)]|n),

so that
klk"y = 8(k — K').
With these conventions we have

1

X= | ax(lk, Xk)=-——
[—oo ()l ><| () 1+2COSh7T7k

T = f T AT, Tk = —e ™2 (A1)
00 0
pr= [T akiow. pa= [* ki,
and
Ivor = [ w0,
4 k sinh? Zk
k |,
volk) = © 3k Y[sinhZ 1 + Zcosh%kl
. (A17)
ty) = [7 dkty(k)|k),
tolk) = — 4 . k sinhQW—k.

k(e™/2 — 1) \/sinhZ* 4

All other matrices and vectors can be easily obtained
using the properties (A12) and (A14). Notice that, since
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Clk) = —| — k), twist-even vectors are represented by odd
functions and vice-versa.
Notice also that ty has a jump discontinuity in k = 0

1(0%) = ~1(07) = = /2.

APPENDIX B: SOLVING FOR t, AND t_

To solve fort = t, + t_ in the LEOM in full generality,
we reintroduce the parameter € in the equation of motion
(3.6). This means deforming it as follows

expl—t'al plIE ) = |E€) * (exp[—tal p]IE,))

+ (exp[—tat plIE,)) * |Ee).
B1)

This seems to be a sen31ble deformatlon of (3.6), since we

know that, as € — 1, 2,.. — =,. As for t’, this deforma-
tion makes sense only if t' — t as € — 1. This is indeed
what happens.

In the following we will find a solution to (B1) and then
take the limit for € — 1.

tlJr:V - V- +(X+rX )xeelTGe<V _“I,+>
0

+@9X)kJ<f> (B2)
+

t. = (X+,X_)j<;el<t()_> (B3)

We rewrite Eq. (B2) in a more explicit form, using the
methods and results of Appendix B of [1]. In particular we
need the formula

(1 - f‘Peejvl:]c_l)_l:-Pee

g ( ef. elpy - xp2)
Bee\ e(py — kp1) €fe

)Q)ee) (B4)

where

(e O
:Pfe—<0 e)P,

Then Eq. (4.5) can be rewritten as follows

e=1+0—=¢e)(1— e«
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) =vy—v_ + (x+,x)j<l:r(v‘

V+ _VO

+
BE@

T X4
. 1-12 I+DI-%) 0
X _T_ t ’
a+D1-x) 1-72 +

Carrying out the algebra one finds

L=t pita (- 101
X (el lt) ~ 1C8)
x <§|f ) (o= DIaKE 1)
|c5><§|f S

Applying now C to both sides of this equation and sum-
ming the two we get a C—symmetric equation.

2, =ttty + [ (= fole ¥ Co
Xl ltg) — 1¢ + coxcal’ Tty
+ (o= DIE+ CENE 5 1t) + [+ €2)
<§|fe |t+>} (B6)
Taking the difference we get instead
0= (p2 = pi)ts = t0) + | (1= fol€ = €O
X (el ) + 16 = coxcal " Tty
(= DIE - COE Ity — 16— CO)
x et ey ®7)

Recalling that (p; — p,)> = 1, we multiply the last equa-
tion by p; — p, and obtain

1
L=ty 7 P L AU i
ot T
+ <Cf| |t0> + (fe - 1)<§|m|t+>
- <§|f e |t+>}|§ T co). (B8)

The solution to this equation is clearly of the form t =
ty + H|&E + C&), for some constant H. The latter can be

1 efe e(py — kp2)
’ Tee
(o1 pz)(e(Pz_ Kp1) €fe ) [(
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o ) + (X0 X K(ty)

1 TX,
(B (e [ 9) ( 315 (p2 — po)Ivo) )
TX_ 3

(1+7)(1-X) 1—1T2 _T(P2 + Tpy)lvo)

(BS)

determined by plugging this ansatz in (B8). One easily gets

t, =ty + Ito> (B9)

Now we can replace this solution back into (B6). One
easily obtains

th =tg+———|&+ C§><§I Ito>

B10
P fefe (B10)

We see that as e — 1, t/, — t,.
As for (B3) we proceed in the same way. From the
difference equation we obtain

T
Mo =1l = col (o~ el

~ et }}n )= o.

(B11)

The solution must be in the kernel of the operator M_ and
must have the form

It_) = BI(1 = O)¢), (B12)

for some constant 3. Plugging this in the previous equation
we find

(fe = D(fe +

M_[t_)=p P

If Cé).

Therefore, (B12) solves (B11) either when f, = 1 (e = 1),
or when f, = —k (e — o) and f, # 1. We are interested
here in the first case. Putting f, = 1 and (B12) in (B3) we
obtain t” = t_ for any B and f,.

APPENDIX C: CALCULATING G

Let us first compute G with t =t starting from
Eq. (4.12). Our procedure consists of separating the
&-independent part from the rest. The latter corresponds
to Hata et al.’s calculation [9,27,28]. For instance

026003-21



L. BONORA, C. MACCAFERRI, AND P. PRESTER
A1 A vV_ — V+
(V+ - vV.,v.— VO)Kee Tee( )
V+ - V()
V_ —V
=(V+—V,V—VO)KIT( +)
V+ - VO
+ (vy

—V_,V_ — V)

X K1

1 ( efe e(p — kpy)
B\ e(py — kpy) €fe

X P (1 + Mac-lir( - ) 1)
V+ - VO

where again B, = 1 + (1 — ¢)(1 — €)«. The first piece in
the RHS is the &-independent part. Carrying out the alge-
bra one gets the following result (C1)

A _1 A
(V+ —vV.,v.— VO)KEE Tee( v

V.o — v,
+_V0

. TQRT — 1)
- 3<to|m| )+ 5 ftol =310
X |:€(1 - €)<§|ﬁ|t0> - 5<§|1T2|t0>}}
(C2)

Proceeding in the same way with the third term in (4.12) we
find

N 0
(vy —v_,v_ — VO).’K;1< )
t,

= ol T o) + 5 ee = it =5 16)
T
X <§|W|t+> + <to|ﬁ|§>([€ —e(l = e)]

Xl F el | ©)

Similarly for the last term on the RHS of (4.12) we find

~ 0
(0, tQWlIK;l( )
t,

=l =t + gl ekt =516
X 1t — el 1)
x (¢l 1_—TT2 )] )

Now we turn to the terms containing the twist-odd part.
We need
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A 0
= 2(vy — v, Vo VO)Keel<t )

. 0 . 0
—(O,t+)3\/lﬂ<;1<t )+(O,t)ﬂvlﬂ<;l(t )

_ B — € B
1+ (1 -e0 - e)K[(2 + 26~ )
X {tol Ty 16) + eyl |§>} (©5)
and also
0 (1—-ek+1)
©,t )M, <t7> = 2B
(Co)

Using above formulae in (4.12) and (4.13) one obtains
(4.14) and (4.15), respectively.

APPENDIX D: FORMULAS FOR STAR PRODUCTS
IN LEOM

In this appendix we explicitly write down some formulas
which are needed in order to evaluate the star products in
the LEOM when the involved state is of the type (3.4) with
a nontrivial polynomial 2, or, in other words, is the prod-
uct of a tachyonlike state times a polynomial of the crea-
tion operators like (5.2). The best course in this case is to
introduce the state (3.11), which depends on the variable
vector B#, compute the star products of this state with the
dressed sliver and then differentiate with respect to B*,
setting B* = 0 afterwards, in such a way as to “pull
down” the desired monomials of the type (5.2). The cal-
culation is straightforward and the relevant results for the
matter part are recorded in the following formulas (where,
for simplicity, we have set € = 1)

(... (gal).. )@
=(..(~¢

( Py * =)
)...)exp[—%ﬂll _ B

YR

(G + Dn}m(t, ) \ (D1
B=
(. (gaby. et )+ 12)
= (e =5 A~ By
—p-<c2+@2>}|¢e<t,p>>\ , (D2)
=0

where
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. [CB
ﬂl = (ﬁ; O)MKell( 0 )

T T

T 1
A, =0,B8MXK;) 0
»=(0,B) le(C,B)
—(Bl——_1cpy - (Bl el —— |CB)
B Ay LA I e
T 1
~ (CBl s EXEl =5 1), (D4)

B, =al(v., v,)qu(COB)

— (@) + (@l canel i Leicp), ms)

tfe

- 1[0
B, =al(V., v_)5<1;<cﬁ>

el r+s.

1-7°

1
=(atpB) + 1B), (D6)
K+

C, = omjgll(COB)

— ICB> (Ul |CExEl - 18)
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~ 0
C, =0, t)mxle‘(cﬁ>

7 |CB) — (]

— leXel——1cB)

- <Ct|ﬁ|§><§|ﬁlﬁ% (DS)

and

Dy = (v, —vov_ — u)&#(cﬁ )

=—<to|”1T L21CB) + (tol——1)

T2
<[l =icm + <§IWIB>}

A 0
Dy=(v. —v..v. — vO)acls(Cﬁ)

(I P2 ) 4 <to|_#T2|§>

x [<§| e = siep] @)

APPENDIX E: CALCULATIONS FOR THE
VECTOR STATE

Applying the formulas of the previous section in the

1
— 1-77 )¢l 1—-12 CB) ©7 particular case of the vector excitation (5.3) we get
|
1£0) 12+ 12) %10, = e lar(at1 - 00+ —— d#<a,t<1 - oaeE 1o
- d[—2<t| 0= 00+l 10 - 08Kl 510
+ (5101~ O8xel - }}wvlaea, ). (E1)

A necessary condition to satisfy the LEOM is

fe

€ |§>—0

On the other hand, the presence of the operator 1 — C in all

the terms of the second line tells us that only the t_ part of

t contributes to this terms. Inserting the explicit form of t_
one easily finds the result (5.4).

APPENDIX F: LEVEL 2 CALCULATIONS

Using the results of Appendix D, and keeping in mind
the formulas

1 1 1 1
+)==10+)+ =10+ +) = < IV+) — < |Ux
P10 = 21020+ 2102 pal0.) = 110.) — 110,

the explicit formulas for the level two state are as follows
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[0"”<aL|§7><aI|§7>I¢(t,p))]*|é>+Ié>*[9‘”<a*|§ XallZ et p)>]

- e—Gp2/2{%0,uv<aL|§_><a [Z_) + 20’M<<§ | ——

+ 200 I, 3L+ a3+

T H%)}}l@(t, P,

where we have used |,) = (p;
evanescent terms like (6.18). Moreover

1

IZ )+ 2L |

s e0el

o)

1
Gl c>|§><f|ﬁ|g_>pyﬂf Fepup I3

(F1)

— p2)I{_) and we have disregarded terms that explicitly vanish when n — 0, i.e.,

5'[+=—<t+| 72 E0E] 1£-) + (te]4

T2

<f'm'f )

and

T—«k
H_ =_B<§|W

The other relevant star product is

[e#(alls M@t p))] = 1) + |E) = [g"(alls )l e(t, p>>]

— eGP {gu{alls )+ gHal (1 + CléNel

XCEl s = 2l s+ A

x (¢l ﬁmnl@a, )

In order for the LEOM to be satisfied the sum of (F1) and
(F4) must reproduce (7.7). A first condition for this to be
true can be eas11y recognized: the coefficient in front of the
0#7(al|{ Nal |§ ) term in the RHS of (F1) must be 1,
which 1mp11es p* = —1. This identifies the mass of the
solution with the level 2 mass. Next, many terms in the
RHS of (F1),(F3) diverge as i — 0. Therefore another
condition for LEOM to be satisfied is that the correspond-
ing coefficients vanish. Every bracket in the previous for-
mulas are calculated by going to the k-basis, i.e., by
inserting a completeness [ dk|k)(k| and then evaluating
the k integral. The brackets that contain s ), |n_) |{)
involve integrals evaluated essentially at k = 0; the other
brackets are finite. Remembering (7.22), (7.9), and (7.10),
and moreover that t, is finite at k = 0 (see Appendix A),
while —— 1+T(k) ~ 1/kand (k) — Oas k — Oand |ky| > 27, it
is easy to determine the degrees of divergence for n = 0.
To simplify the analysis we introduce an auxiliary assump-
tion which was already mentioned in the text. We assume
that £(k) # 0 only for k < ko < 0. This makes all terms
containing ¢ in the previous formulas irrelevant as far as
the LEOM is concerned. Under this hypothesis Eq. (F1)
reduces to (7.12) and Eq. (F4) to (7.13). The surviving
quantities are as follows

G I | P

1£:0) + (tol 7= 19)

1+7T 1-12

(F2)

1£-)- (F3)

1

— 18

715400 = (P &)({tol g Is) = Atol =

2 [EXEl T s ) + Atul =5 1€)

T2
(F4)

_§§1H3L2_2§o§11n3l+ 2
n n

o

In3
- i(a + 240 + . (FS)

H. <t0| |§+>

=_5§;3%_51j;3+..., (F6)

25 I3 1
VT
< \/_S 1

2s91n3 1
VT o7
2S1 1n3>
+... (F7)
NG

It is important to notice that the numbers (in particular In3)
that appear in this expansion depends heavily on the par-
ticular regulator state |7) (6.4) we are using. Therefore
they should not be attributed any particular significance.
This also imply that the conditions we will obtain below
are regularization dependent (see comment at the end of
Sec. VITA).

1
<t0|m|s+> = -
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Now we can impose the necessary cancellations. We
must have

1
2007 al L p, H 4 + 5gﬂ<a,tls+> =0 (F8)

in the limit 7 — 0. This implies that g, ~6,,p".
Assuming (7.4) we find

2
s_q = —2\/;17{02 In3. (F9)

The next requirement is that

T
20,48 N 7= 18) + 204" p,p, HHE

1

1
—p-gltgl——=ls4) = 0. (F10)

1+T
All three terms diverge like < as 5 — 0. The most
divergent contribution vanishes if 5abIn3 = 4. The van-
ishing of the 1/7 term requires

V24o¢ (ab1n3 — 4) + Jmas, = 0.

This equation binds together the values of s, {j, {;. Finally
we must impose that also the 1° term vanishes. This results
in an equation of the same type as (F11), involving also ¢,
and s;. It is not very illuminating and therefore we will not
write it explicitly.

After imposing these (mild) conditions we see that the
linearized EOM is satisfied provided p> = —1 and the
Virasoro constraints in the form (7.4) are satisfied.

To end this appendix, let us add a few lines on how one
can do without the auxiliary assumption made before
Eq. (F5). In this case we give up this assumption and
simply take &(k) ~ k as k — 0 (this satisfies (2.20) in a
far less restrictive way than the auxiliary condition). Then
all the terms in the RHS of (F1) and (F4) are nonvanishing.
Two types of terms are dangerous: the term containing
(at|Z_) in the RHS of (F1) and the two terms proportional
to (af(1 + C)|&), which are present in both equations.
These terms cannot be canceled within the present ansatz
for the level 2 state. To deal with the first term we can add
to the ansatz (7.7) a term g”(aLIu}l@(t, p)), where |r_)is
similar to |£_), and r(n) = ro + r; + .... Adjusting the
parameter ry we can easily cancel the first dangerous term.
As for the other two, we can simply add to the ansatz
two terms formally equal to the two terms of (7.7), where
|£_) and |5, ) are replaced by |(1 — C){’) and |(1 + C)s’),
with p,' = ', p1 ' = 0and p,r' = ¥, pyr' = 0. We can
easily take ¢’(k), r'(k) to cancel the above two terms as well
aer all the remaining terms not containing string oscillators
a'.

2

(F11)

APPENDIX G: LEVEL 3 CALCULATIONS

The first part of this appendix is devoted to redefining
the polarizations as mentioned at the beginning of
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Sec. VIIB. Such redefinitions are as follows
h, =Ag, +Bp-gp,
Ay = Cwyy + (Dypyw,, + D_p,w,,)p’

+D'pup, @7 p,po,

Xuvp = EO0uvp + F(puboip + Pu0uop + Pp0uvs)p”
+H(pupiborp + PuPpboir + PuPp0uo)P P’
+ H'pup,p 0 prpop-. (G1)

Inserting the above redefinitions into (7.17) and (7.18)
we get

A—2B _AD,+D_-D
3@( 20t

C C D, -2D )g'p+2“’*’“#=0’

C—-2D_
38, T \/Eiwl’ip,, =0,

A
c C+4D, —2D_

22 0P - ﬁ( .

(Dy +D_)(F — H)

+ v 4367, =0,
E(F — 2H) >w‘”p w
E-2F
20 () + 3J§Tewpp =0.

These equations are of the same form as (7.19) and (7.20),
with an obvious identification of the coefficients

X, y, u, v, z. The coefficients A, ..., H' are subject to the
conditions
E—2F_H—2H’ E—-2F F-2H
C D’ 2C D, +D_’
—-2D_ D, —2D'
¢ = F(C+2D_ —4D,
A B
_(F=H)(D, +D.)
F—-2H >
2D'(H — H'
=E(2D_— D, —2D’—¥
H —2H'

The second part of the appendix concerns the equations
that must be verified among the terms of Egs. (7.23), (7.24),
and (7.25) for the LEOM (7.27) to be satisfied. As ex-
plained in the text we have to impose that all the terms in
the RHS of Egs. (7.23), (7.24), and (7.25) that do not
reproduce the level 3 state vanish. There are two such
terms: one linear in af

sl Nable)

+ 301 (ab|{ Y, p, H2

36, 17(L-|

T
+ o ((allP Mol = 1)

4 (a,JEIA_>P,L5'-[+> + %G“(azﬂlr_) —0,  (G3)
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and another quadratic in at
1
3000 @1 Xalld ), 3 s + ot (G alle at0.)
1
+ 5<aL|§’+><aI|A_>) —0, (G4)

Now we use the n-expansions (F5) and (F6), together with

T A3 1 /A3 Jm 1
tol ——[A,) = —+ YT ) -
ol alh) = T2 o (A

v 1
- —77/\,1—’\1 n3+ﬁA0 +...
48 Jr 4

Equation (G4) implies 2w ur) T 3\/§zl9fw Pp = 0 for some
z. The terms in the RHS of (G4) are of overall order O in 7,
therefore only one condition is requested:

&
3v2z¢A - = 8% In3.
Z{O 1 \/_77_'
The RHS of (G3) contains terms of order —2, —1, and 0 in
n as 7 — 0. We must therefore satisfy three conditions.
Using that 6*"?p, p, ~ w(p")pw we see that the condi-

tion involving the term of order —2takes exactly the form
of the first Eq. (7.20) with

(G5)

A, In3
=z - G6
V2T g e (GO

1 [wA; In3
—_ [Ty G7
v 2\@;3 12z 6D

For generic values of ¢y, £}, A—1, Eqs. (G5)—(G7) fix u, v,
and z to some specific (nonvanishing) values. Now the
vanishing of the term ~n~! leads to an equation similar
to the first Eq. (7.20), with identifications for u and v
different from (G6) and (G7),

_ _2 7T§6/\0+§l//\_1 _1113
u 3\6 21, 6 @

1 /\lévl + /\Ogo In3
v = +—. G9
N 122 ©

These equations, however, involve three additional pa-
rameters {j, Ao, {{. So it is easy to tune them to the same
specific values for u and v. Finally the term of order 7°
involves also g*. In this case there are several possibil-
ities.® One of these is that g u ~ @,,p". In the latter case

®In order to restrict the number of these possibilities and obtain
more binding conditions one should give up the simplifying
assumption and treat the level 3 in full generality.
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also the constant y in (7.19) gets determined in terms of all
the parameters, which include now also {5, {3, Ay, ry. Since
the relevant equations are cumbersome and not particularly
illuminating we do not write them down. In conclusion, the
LEOM for the state (7.21) is satisfied together with the
Virasoro constraints (7.19) and (7.20) (the first is a conse-
quence of the other three), provided some mild conditions
on the various parameters that enter the game are complied
with.

APPENDIX H: THE COCHAIN SPACE

In this appendix we would like to explain in more detail
the definition of the space of cochains given in Sec. VIIIL.

From Eq. (8.4), it would seem that, should we keep
7 finite throughout the cohomological analysis, all the
states we have constructed would be trivial. This is due
to the fact that in the gauge transformed expressions there
appears the operator p; — p,, which has the property that
(p; — p2)Im«) = |n+). However this would be mislead-
ing, since in this argument we forget all the corrections
to the LEOM that vanish only when 1 — 0. In addition,
one should not forget that the n dependence is an artifact
of our regularization, it does not correspond to anything
that has to do with the physical string modes. It can
only appear at an intermediate step in our calcula-
tions. Therefore, the space of cochains should not contain
any reference to the n dependence. There are only two
ways to implement this. We can say that every cochain
is defined up to evanescent states, but this would lead to
incurable inconsistencies. For instance, the 0 state would
be defined up to evanescent states, but we know that
by applying, for instance, a gauge transformation to
[1,), which is evanescent, we get |n_), which is in a
nonzero class; so we would get the paradoxical result
that applying the BRST operator to 0, we get something
different from zero. This possibility has consequently to be
excluded.

The only consistent possibility is the one put forward in
the text. The nonzero cochains are those obtained by ex-
plicitly taking the limit 7 — O for nonevanescent states,
that is taking the limit in expressions of the type (a' ) both
for regular and singular {’s [see Sec. VI, in particular,
formula (6.8)]. It is clear that one gets in this way well-
defined expressions for the states. This will form the set of
nonzero cochains. To this we have to add the zero cochain,
which is simply the zero state. All together they form a
linear space. By definition this is the space of cochains
where we want to compute the cohomology of the VSFT
fluctuations. The n-regularization enters into the game
when we come to compute the star products of the
LEOM or of (8.2). Without such regularization these star
products are ambiguous. From this point of view we see
that the m-regularization concerns the star product rather
than the states themselves. The cohomological problem at
this point is well-defined.
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APPENDIX I: TOWERS OF SOLUTIONS

In this appendix we prove the statements used in Sec. VIII to show that for any solutions to the LEOM we can construct
an infinite tower of solutions with the same mass. We begin with the calculation of the star product

[h"{al EN @6, n, t, p))] * |Z). Written down explicitly this becomes

[h”<alf> > ortial, o). (ah, Mg, p>>} =)
i=1

D S ARl S LI B L >exp[ ﬂtl—Bl—mcl+Dl>}|¢><t,p>>|ﬂ -
i=1 —

aB” 1 9B a B

Now we set F; = —1 A, and G, = —B, — p(C, + D,). Then the RHS of (I1) becomes

) (=D T G5

_thQM R Cel 3B VG ‘B=0

8,8”1 |&(t, p)

i

_ g Lot ) (i) G\ [F,+G,] . b et P F Lo
S XA e R e e e I TR 3 "3

r\_/

x(=¢ agﬁ (=g aBM> (= aB))@”‘*gl]|B_0|¢(t,p)>

- fzgi [Z”""’”<"M"}> Lal, &Mlet, p>>*|ﬁ>}

+ h? Z<§ g g,,;fﬁl# LMoLt ial, oL (a8 al d @t p)) + |E)]

Tilded quantities denote omitted ones. Now, using the formulas of Appendix D, and the fact that p,& = &, p1 & = 0, it is
easy to prove that

09y _ ity @ T

“ aﬁy IB" 9B

g(l)> - T]V,u,j<§

Inserting this back in the previous equations, we obtain

[ (al f>20’““ #(af, &} >...<aL,.z§">>|¢<t,p)>}*|é>

= h”<alf>[zl g dal, 7). (al, £ @(t, p)) + |é>} + b Zl Mo, 0y
pa
X [9? b {0 ad 29 ad (e, py # |é>} 1®@)
Now we repeat the calculation for the commuted product
12+ [(ale) ; 0p b, &) (ol £ )
— h Zl o BV>< 4’ B’“> =g B >eXp[ 5 A= B p(Cy+ Dﬂl@(t, P) | m

Now, to simplify notation, we set F, = —1 A, and G, = —B, — p(C, + D,), and proceeding as before (I3) becomes
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d GZ (
B,

d *F,
hV
+ ;<§785”8,8/‘f

=h(—¢- ==

l

i=1

= h”(a;ﬁf){E) * [Z 0;41‘.~Mi<allév{i)>”‘

since

G,

— (a1
550~ (@o,

(=¢

Collecting the above results we have

gj(z)>(|é> % [alklmlljwmm;a] di))

(o
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[z oi-#(al, ¢y .. (al, (M@, p»D

Aal, z“>> Aal &M e(t, p)D)

(al {M a1, p>>}}, (14)

P’ T,

9B" 9" 7" =

[h*(a} €)1¢(0, n, t, p))] = |2) + |2) * [h"(al €)1 (6, n, t, p))] =
= m{al EN1¢(0, n t, p)y* |E) + 1E)* 66, n, t, p))]

d K
RS Ml
=i

The last line vanishes if <§| T2 ICg"(’)} = 0 or if, for those
J’s for which this is not true, h is transverse to the tensor 6.
In this case, if |$(6, n, t, p)) is a solution to the linearized
equation of motion,

[h"(al &) (6, n, t, p))] = =)
+|2) = [h*{al &)1 ¢(6, n, t, p))]
= h"{alE)e8, n, t, p)), (16)

ie., also h”{(al &) @(6, n, t, p)) is a solution. All the results
similar to this used in Sec. VIII can be obtained by obvious
extensions of the previous argument.

APPENDIX J: CALCULATING H

The number H comes from the three-point tachyon
vertex. If we take (5.1) as the tachyon solution, the three-
tachyon vertex is given by

KD (t, pD)lADe(t, p2)l3{be(t, P3)IV3)1a3
= (et PPN expl—H ((p1, pa p3)]l - (D)

H , is given by
A 1 -
H (pr, p2p3) = XK' A+ SATVIG LA

A2 1
1
+ EXTfK3 23x + E(P% +p3
+ p3)Voor (J2)
with p; + p, + p3; = 0. In this equation the various sym-
bols are as follows

T i el L i Ni
T2|c;§>>[9;“ Pretal o). a0

(@l {NNe(t, p)) = 12, (15)

T = (A, Ay, A3), A=—pitC, i=1,23,
Vop1 + V_p2 T Vip3
X=| V+P1 T Vop2 T V_p3
vV_p1 tVipy T vps
Vo V- Vi 1
=Y+ Yo V- P2 )
V- V4 ¥ pP3
S, 0 0 vV Vv, V.
S;=10 8 ol Vi=|v. Vv v,
0 0 &, V., V_ Vv
J3)
Finally 53 = 1 — 3;V;. Since
‘ derl 577 P[—lpzt . Ct}
\/_ det(1 — §°) 20 1+T,
J4)
the total exponential in (J1) is given by
H=H,+H,
Ho(p1, p2 p3) = (P + p3 + p3)Hz, ds)
H, = —<t| Te Clt).
Similarly one can show that FH ,(py, p p3) =

(p3 + p3 + p3)H,. Letus set H = H, + H,.
All expressions can be straightforwardly computed once
we explicitly determine the quantity
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s = (1 - S3V)_l.
It turns out that

K3t =IG 1+ (0 = PeM K 1P My K]

J6)

Moreover we have

(1—=PM;HKH 1P, Z(T MK P,

n=0
_ktf,
fi—1

fe (fep1 + p2) (fep2 + p1)
X\ (fepa + p1) fz (fep1 + p2) | P
(fep1 + p2)  (fepa + p1) 1?
d7n

With the use of this formula one can directly compute all
the contributions in (J2) given the general tachyon solution

t=t, +t
t, =ty +aW(¢+ C9), = (¢| I T|t0>’
t. = B - Cé). (J8)

When momentum conservation holds we have the follow-
ing identity

a b c 1
(P1»P2,P3)<C a b)(ﬁz)l
b ¢ a)\ps Zpi:o
= [a - %(b + c)}zl:plz J9)

Let us begin analyzing the contribution coming from the
twist-even part of the tachyon. With lengthy but straight-
forward manipulations we get

A 1
I = =30+ ok (=)
2
B e i (A
T

X<§|W|t+>

-1+ 2fe)<§|17 (J10)

lﬂnn}
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A T
AVWKKA=Qﬁ+ﬁ+pﬂ«AT;FHQ

1 1 1
- §<t+|ﬁ|t+> +

fFfet1
x@leJ 167 = 2f, + 1)
X (s 18P+ 20/ +2)
Xaﬁlygﬂnu o an

e 3
XK S x = S0+ 3+ p3)

(1 = 27)
x <<t°|(1 “ 1+ 1)

f.o+2 1
Al pler) A

Plugging inside the expression for t, we get

Hf(Pbpzy p3)
= (p1 + p3 + p3 { <to|
1 1
+M@_ﬁw_ﬁ+n+1ﬂz
X (f,(1 + 2k —2k%) — (1 — 4k + K?))
2,2k — 1) + (k — 2)) — (2f, + 1)]w2}.

J13)

[vo)

|t0> + 20(W2

The second contribution to H comes from the normaliza-
tion in front of the tachyon state (J4), that is

1
3'[;(171, P2 P3) = _*(P% + P% + P%)

t Cit
<+| 7 It).

e

We have
<u“:tdn><uu+ﬂuﬂkfﬂ
an1+TwV§x:;;f
J14)
= <t0| |t0> + 4aW? + 2a2%(k — 1)W?
+ o 1[a(K — 1)+ 1Pw2 d1s)

The total twist-even contribution in H, let us call it H™, is
then
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H" =H + Hy J16)
R (P VA G P A SR
0 wwm%—n@+ﬂ @
1 2
X (tol T TI§>- J17)

The bare contribution H, is naively zero, but in level
truncation regularization it acquires a nonvanishing value
[28]. We stress once more that the dressing contribution is
not affected by the twist anomaly as the half string vector &
does not excite the k =0 (zero momentum) midpoint
mode.

Now we turn to the twist-odd contributions which, for
e # 1, do not vanish identically for any solution to the
LEOM. Let us analyze first the purely imaginary contribu-
tion linear in . It is easy to see that the part coming from
H, is identically zero by twist symmetry, and the same is
true for the term A V; j(; ! A4 in H;. So the only poten-
tial contributions arise from the tachyon linear term
,\/TjC; A Itis straightforward to compute these terms
by plugging t_ = B(& — C¢) and to show again that twist
symmetry requires this contribution to vanish. So there are
no imaginary contributions in H. The quadratic terms in 8

come out from AT VK3 '5A_ in H, and (t_]| 1+1f Clt_)in

H,. They can be directly computed plugging the explicit
expression for t_. The result is

K f. 2k —1)+ (k=2

AMLVEK A =2 (fe *

Iy,

Fot fot]
J18)
P _ _ppk= D+ 1)
Ul Ot =~ 1)

Together they sum up to

H-=H>p}
= v —1<t| : Clt-)> p?
20T T T g, e
(120)
—1)2 2
H,zﬁz(fe Dk + f.) a21)

2fe + D2 -1

APPENDIX K: ROLE OF THE CRITICAL
DIMENSION

This appendix is devoted to the role played by the
critical dimension (D = 26) in VSFT, see Sec. X. Let us
start from the normalized action
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- 1/1,. PO
U1 = = (301Q1D) + 5T = D). KD
85 \2 3
By means of the operator field redefinition [13]
'ﬁ — e—l/4lny(K2—4){’Z, (K2)

it can be brought to the form

Mgl = — (1 Loty
ST = — s (012 + 3ty =)

= (S QU i D) k)
8o \2y 3
where i = yi. Both forms of the action have been con-
sidered previously in the literature [8,9] in the limit y — 0,
implying a singular normalization of the action. What
we have shown above is that free effective parameters
appear in the process of regularizing the classical action
so that a singular normalization of the latter can be
avoided. This remark is of more consequence than it looks
at first sight. The point is that the redefinition (K2) can
harmlessly be implemented only in D = 26. In noncritical
dimensions, as a consequence of such a redefinition, an
anomaly appears [20]. In the course of our derivation above
the critical dimension has never featured, but this remark
brings it back into the game. This has an important con-

sequence: setting y = gé/ 3 in the middle term of Eq. (K3),
it is evident that in critical dimensions we can make
any parameter completely disappear from the action by
means of a field redefinition. So, in D = 26, the value of
the brane tension is dynamically produced and not put in
by hand.

The very reason for this is that the family of operators
K, =L, — (—1)"L_, leaves the action cubic term invari-
ant (only in D = 26) while it acts linearly on the kinetic
term as [13]

(K, Q1= —4n(=1)"Q.

In other words @ is an “eigenvector” of K,,, so every
parameter can be absorbed by a field redefinition. In Open
String Field Theory, on the other hand, one cannot imple-
ment a redefinition like (K2) since Qp does not transform
as an eigenvector of Kj,, so the coupling constant there is
really a free parameter in the action.

Let us elaborate more on this aspect. We remark that
both the string fields ¢ and  above satisfy the same EOM.
Therefore, there seems to exist different solutions of the
EOM corresponding to the same energy, and, on the other
hand, a given solution can be attributed different tensions
(depending on what constant we put in front of the action,
which does not affect the EOM). Since any constant put in
front of the action in VSFT in critical dimension can be
absorbed via a field redefinition, it is illusory to try to cure
this problem by multiplying the action by some constant.
This is a fact of VSFT in critical dimension and we have to

(K4)
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come to terms with it. It is apparent from the above that
VSFT does not predict the exact value of the D-brane
tension, but rather makes room for it to emerge dynami-
cally. It is at this point that dressing comes handy. We
showed in [1] that in the theory there naturally arise scaling
constants s and § (see eq. (6.25) there) that can be adjusted
to the physical value of the D-brane tension. Therefore the
answer to the above puzzle is that if we redefine the string
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field in the action as in Eq. (2.38), the parameters s and §
should be scaled accordingly in such a way as to preserve
the physical value of the brane tension. Of course, in this
way, we are left with a multiplicity of solutions corre-
sponding to the same tension. This has to be attributed to
an invariance of the type discussed in Secs. IX and
Xl(perhaps a remnant of the original gauge invariance of
the theory).
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