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We propose a systematic way to carry out the method introduced in F. Cachazo, hep-th/0410077 for
computing certain unitarity cuts of one-loop N = 4 amplitudes of gluons. We observe that the class of
cuts for which the method works involves all next-to-MHV rn-gluon one-loop amplitudes of any helicity
configurations. As an application of our systematic procedure, we obtain the complete seven-gluon one-
loop leading-color amplitude A7,;(17,27,37,4%,5%,6%,77).
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I. INTRODUCTION

One-loop amplitudes of gluons in supersymmetric gauge
theories possess many remarkable properties. One of them
is that they are four-dimensional-cut constructible [1,2].
This means that the amplitudes are completely determined
by their unitarity cuts.

Recently, a new method for computing certain unitarity
cuts of one-loop amplitudes in N* = 4 gauge theories was
proposed in [3]. The method uses the fact that unitarity cuts
can be computed in two ways.

One is by a cut integral, where two tree-level amplitudes
are connected by cut propagators. The other is by comput-
ing the imaginary part of the amplitude in a certain kine-
matical regime chosen in order to isolate the given cut.

In general, the amplitudes of interest are not known.
However, they can be written as linear combinations of
scalar box functions with unknown rational coefficients in
the kinematical variables [4—6].' These functions are com-
pletely known in terms of logarithms and dilogarithms
[10].

The key observation made in [3] is that if a given first-
order differential operator acts on the cut integral to pro-
duce a rational function, then the operator must annihilate
the coefficients that multiply the scalar box functions in the
amplitude. This ensures that the result of applying the
operator to the imaginary part of the amplitude is also a
rational function.

The problem of finding the unknown coefficients in the
amplitude is thus related to that of comparing two rational
functions.

The rational function obtained from the action of the
operator on the imaginary part of the amplitude naturally
comes out as a sum over ‘‘simple fractions.” On the other
hand, the rational function that comes from the action of
the operator on the cut integral comes out in a compact
form.

The aim of this paper is to provide a systematic method
for carrying out the reduction of the latter into the form of
the former. Once this is done, the unknown coefficients in

"This is strictly true in the spinor-helicity formalism of [7-9].

1550-7998/2005/71(2)/025012(16)$23.00

025012-1

PACS numbers: 11.15.Bt

the amplitude can simply be read off by directly comparing
the two expressions.

In [3], a simple prescription was given for finding suit-
able operators for cuts where at least one of the tree-level
amplitudes in the cut integral representation is maximally
helicity violating (MHV). The idea is that when amplitudes
are transformed to twistor space, they are localized on
simple algebraic sets [11]. In particular, MHV tree-level
amplitudes are localized on lines. In [11], differential
operators for testing the localization of gluons on lines
(collinear operators) were introduced. By using the holo-
morphic anomaly of unitarity cuts found in [12] by com-
bining the results of [13,14], one can prove that these
operators can only produce rational functions when acting
on the cut integrals [3].

We also find that all unitarity cuts of next-to-MHV
n-gluon one-loop amplitudes of any helicity configuration
satisfy the requirements to be computable by our method.
This extends the class of amplitudes given in [3] from
A, (17,27,37,4%,...,n") to amplitudes with three
negative-helicity gluons in arbitrary positions.

One-loop amplitudes of gluons that are known explicitly
are very rare. The largest set is known for N = 4 ampli-
tudes, where all n-gluon MHV amplitudes are known [1].
In addition to this series of amplitudes, only the six-gluon
next-to-MHYV one-loop amplitude with any helicity con-
figuration is known [2].

In this paper, we illustrate our general method by calcu-
lating the seven-gluon next-to-MHV  amplitude
A;,(17,27,37,4%,5%,6%,7"). This calculation involves
the computation of the coefficients of 35 scalar box func-
tions. This is the first amplitude where the three-mass
scalar box function participates.

This paper is organized as follows. In Sec. II, we ex-
plain the systematic reduction procedure that produces
the coefficients of the scalar box functions in the am-
plitude. In Sec. III, we apply our general method to
the calculation of the seven-gluon amplitude
A (17,27,37,4%,57,6%,7%). In Sec. IV, we write
down the explicit form of the coefficient of the 35 scalar
box functions that participate in the seven-gluon ampli-
tude. In Appendix A, we give the explicit form of the scalar
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box functions and discuss their infrared singular behavior.
In Appendix B, we prove that our method gives complete
information about all next-to-MHV amplitudes with any
helicity configuration.

Throughout the paper, we use the following notation and
conventions. The external gluon labeled by i carries mo-
mentum p;.

s =2p; - p; =i plijl
= (pi+ pi + o+ pi)
Cljr A+ e + o+ jlE]
= (i joli, k] + G jre 1 K1+ -+ G ol i)
(1.1)

II. GENERAL REDUCTION TECHNIQUES

One-loop amplitudes of gluons in supersymmetric gauge
theories are four-dimensional-cut constructible. This
means that knowing the discontinuities of the amplitude
is enough to fix the amplitude completely [1]. Having QCD
computations in mind, one should consider one-loop am-
plitudes in N' = 4 super Yang-Mills as well as one-loop
amplitudes with an N" = 1 chiral super multiplet running
in the loop.

Even though we concentrate on N = 4 amplitudes, it
should be kept in mind that everything is valid, with some
minor modifications, for N" = 1 amplitudes.

The problem at hand is the computation of the leading-
color n-gluon one-loop N° = 4 amplitudes. This is the part
of the full amplitude proportional to NTr(7T% ...T%).

These amplitudes can be written as linear combinations
of scalar box functions, which are listed explicitly in
Appendix A. (For 2N = 1 one also has to include scalar
triangle and bubble functions.)

n

1-1
Al _ Z(z,ip}gy + S+ S d, Fa
r r

i=1
+ 'F3m
8rri nerirlsi |f
rr!

This means that computing the amplitude is equivalent to
computing the coefficients. Note that we have not included
four-mass scalar box functions. The reason is that for the
classes of amplitudes considered in this paper these cannot
appear, as proven in [3].

A new technique to compute these coefficients was
proposed in [3]. The basic idea is to compute the unitarity
cuts of (2.1) using the holomorphic anomaly found in [12].
Here we present a systematic procedure to carry out the
proposal of [3] that is directly applicable to all cuts of next-
to-MHYV one-loop amplitudes.

Consider the unitarity cut in the (;,i +1,...,j — 1, )
channel. This is given by the cut integral

2.1)
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Ciivi,.j-1j = fdMAtree[(_€1), I i

+1,..., )= 1, (=€y)]A™(,, j+ 1,
+2,...,i=2i—14), (2.2)

where du is the Lorentz-invariant phase space measure of
two lightlike vectors (€, €,) constrained by momentum
conservation. We find it useful to define €; and ¢, as in
Fig. 1. We follow the conventions of [3].

This cut can also be computed by taking the imaginary
part of the full amplitude in the kinematical regime where
AT = (g4 iy p;)? is positive and all other
invariants are negative [1].

It is now clear that computing C;;y; ;-1 ; provides

information about the amplitude via

Ci,i+l,..4,j—1,j = Im|,[f—f+1] A 2.3)
1

>0

The class of cuts considered in [3] are those for which
one of the tree-level amplitudes in (2.2) is a MHV ampli-
tude. All next-to-MHYV amplitudes have this property. If all
three negative-helicity gluons appear on the same side of
the cut, then the amplitude on the other side of the cut
either vanishes or is MHV. If one side of the cut has exactly
one negative-helicity gluon, there are three cases to con-
sider for the helicities of the cut propagators on this side. If
they are both positive, this tree amplitude vanishes. If
exactly one is positive, then it is MHV. If both are negative,
then their helicities are positive viewed from the other side
of the cut, so that side is the MHV amplitude.

Let the left tree-level amplitude in (2.2) be the MHV
amplitude [16],

ATEMIVI(—0) i, (i + 1), ..., j, (—€))]
_ (k m)*
€ ixii+ 1)y = 1 )G €)X 6)

(2.4)

j+1

j+2

i+1
— 7 1_1

FIG. 1. Representation of the cut integral. Left and right tree-
level amplitudes are on shell. Internal lines represent the legs
coming from the cut propagators.
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Using this in (2.2) we have

B (k my*
Ciith,j1,j = [d’u<i i+ 1)...(— 1 X6 €)

1 tree : :
g eyt e
+2,...,i—14€)). (2.5)

The basic idea is to find a differential operator of first
order that produces a rational function when acting on the
cut (2.5). Let O be such an operator. Then OC; ;. ;- ;is
a rational function. A simple prescription for finding such
operators and for computing the rational function explicitly
was given in [3]. We postpone this for the moment; we do
not need the explicit form of the operator in what follows.

Consider now the action of O on (2.3), i.e.,

At (2.6)

@ Ci,i+l,‘.‘,j* 1,j = @Im|tg,>,-+1]>0
Since the operator O is of first order, it produces two terms
for each term in the amplitude (2.1): one term when it acts
on the scalar box function and one more when it acts on the
coefficient. It turns out that the imaginary part of each
scalar box function is the logarithm of a rational function
R of the kinematical invariants.” Therefore, when @ acts
on the logarithms it produces rational functions. However,
when it acts on the coefficients, the logarithms survive. In
[3] it was proven that the only way this can be consistent
with the fact that OC;;, ;- ;is arational function is that
O annihilates the coefficients.

This means that we can write OC,;,; _;; schemati-

cally as follows:

O(Ry)

@Ci,i+1,...,j—1,j=Zak R
k k

2.7)

where a; stands for a general coefficient in (2.1), and the
sum runs over the terms produced by all box functions that
develop an imaginary part in the kinematical regime of
interest for this cut.

Now we can clearly describe the mathematical problem
involved in the calculations of the coefficients a;.

From the action of the operator on the cut integral we
find a rational function

P

0C; ;1 j-1j = ,
it L1, oT1G
l;[ k

(2.8)

where P, Q, and G, are polynomials. Generically P is not
annihilated by O. On the other hand, we have defined Q
such that @Q = 0. All other factors in the denominator
that are not annihilated by O become one of the G.

>This is not true for the four-mass scalar box function, but as
proven in [3] these do not contribute to the cuts we consider.
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The problem is to find a way of writing (2.8) in the form
(2.7) in order to read off the coefficients. It is important to
mention that every ay, is annihilated by O; this was proven
in [3].

The way to deal with this problem is to realize that for
any two functions G, and G, satisfying ©O*(G,) = 0, the
following combination,

H(G,, G,) = O(G)G, — O(G,)Gy, (2.9

is annihilated by O. In the calculations we have done,
the factors G, arising from the cut integrals all satisfy
0*(G;) = 0, and we believe that this property is satisfied
generally.

Therefore, any rational function with both factors in the
denominator ““splits” as follows,

i I (O(Gl)_@(Gz)>
0G\G [ Gx  QITiGk\ Gi Gy
1
— 2.10
XH(Gl,Gz) @10

/
where [ | means a product not including G, or G,.

It is clear that this procedure can be repeated as many
times as necessary until the original rational function (2.8)
is written in the form

P
P O(Gy)
=V 2.11
CLICH ZQk Gy @D

This formula is very similar to what we want (2.7).
However, the procedure just described only guarantees
that OQ, = 0 but, in general, the same is not true of Py.
Recall that the coefficients a;, which we are after, are
annihilated by O.
The way out of this problem is to realize that near a
kinematical region® where a given G; = 0 we should find
Py
- —a.

[

(2.12)

Since P; is a polynomial, this implies that P; admits an
expansion of the form

P =Qua;+ > h,(G)", (2.13)
m=1

where most terms in the sum are zero because P; has a
finite degree. Note that P; — Q;a, is a polynomial divisible
by G;. Therefore it can be written as P; — Q;a; = G; X,
where X; is some polynomial. We think of this as a kind of
“polynomial division.”

The decomposition of P; in the form (2.13) is easily
done by introducing coordinates where G, is one variable
and all other variables are kinematical invariants which are

*We thank Oleg Lunin for suggesting to look at this particular
regime.
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annihilated by O. This guarantees that Q;a; is annihilated
by O, as it should be.
After this is done for each P in (2.11), we are left with

oG )
s =L T Z :

k k

@Ci,i+l

Z (Q(Gk) (2.14)

Comparing (2.14) to (2.7) we find that a miraculous can-
cellation must take place, namely,

z (O(Gk) = 0. (2.15)

Indeed, we find this cancellation in all the cuts considered
in the next section.

In practice, the splitting procedure is done most effi-
ciently as follows. The operation performed in (2.10) splits
the rational function into two terms, such that G| appears
only in the denominator of one term and G, appears only in
the denominator of the other. To determine the coefficient
P,/0Q, in (2.11), all we need is to isolate the factor G, from
all other factors Gy, one factor at a time. That is, if k runs
from 1 to r, we apply the operation (2.10) r — 1 times, and
each time, we keep only the term with G| remaining in the
denominator. The result is that

P, 0(G))
01 G

T 0G)G
:@Ci,iﬂ,...,j—l,jxl_[ (GG (2.16)

k=2 H(Gl! Gk) ’

Thus, computing all r coefficients (before performing the
polynomial division) requires a total of only r(r — 1) op-
erations. The point is that it is most efficient to obtain first
the coefficient of one factor, dropping terms that do not
contain it, and then start over for the next factor.

A. Collinear operators

The question is now how to construct differential opera-
tors that produce rational functions when acting on the cut
integral (2.2). In [3], a simple prescription was given.
Consider any operator F;j; that tests whether gluons i, j,
and k are localized on a line in twistor space. (These
operators were originally introduced in Sec. 3 of [11].
For a short review see Sec. 2 of [3].)

These are defined in the spinor-helicity formalism of [7—
9] as follows:

ljka <l .]> (217)

BV
where a is a negative-chirality spinor index. Therefore
Fjk.q 1s a spinor-valued differential operator.
In the following, it will be convenient to introduce a
fixed, arbitrary, negative-chirality spinor n¢ and consider
[Fijio 1] = € 0iF s (2.18)

Note that the brackets in (2.18) are meant to indicate the
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inner product of two negative-chirality spinors and not the
commutator of operators.

Naively, any operator that tests the collinearity in twistor
space of three gluons in the MHV amplitude of (2.2)
annihilates the cut integral. This is because tree-level
MHYV amplitudes are localized on a line [11]. However, it
was found in [12] that the cut integral has a holomorphic
anomaly that spoils this result. Instead, the collinear op-
erator produces a delta function that localizes the integral
completely when €, or €, participates in it. Therefore, it
produces a rational function.

Going back to the particular cut integral (2.2), it turns
out that the only collinear operators that localize the in-
tegral are those of the form [Fy, n] and [F;, n], where
k, [ are any gluons participating on the left side of the cut.*

Consider, for example, the action of the collinear opera-
tor [F; ;11,42 m] on the cut integral C; ;4 ;.

In order to describe the rational function very explicitly,
we have to exhibit the explicit dependence on the spinors
A¢, and ¢ , of the tree-level amplitude on the right in (2.2):

Ay, j+1,j+2,...,i—1,4€))

= A0y, j+ L+ 2. i — L{Ae, A D). (2.19)

Now we are ready to write the action of the operator [3]°:

,,,,,

t <k m>4 G+1i+2)in]

C@piP)Gi+ ) (G166
X A0, j+ 1, j+2...,0i—1,{A, tA)}), (2.20)
with
P2
‘EZZPL_ZPI', [:7L,
2p. - P
PL:pl+pl+l++pJ

All we need is to put the explicit form of the tree-level
amplitude on the right, make the substitutions, and apply
the procedure described above with the generic operator O
replaced by [F; ;11 ;+2, 1]- To reconstruct the whole ampli-
tude, we need to know that the coefficient of every scalar
box function in (2.1) can be calculated from one of the cuts.
This is proven in Appendix B.

To illustrate this technique, we compute the full next-to-
MHV leading-color N =4 seven-gluon amplitude
A7.,(17,27,37,4%,57,6%,77).

*Of course, if k or [ is equal to i (j) then the operator [Fy;, 1] (
[Fy;» m]) vanishes trivially.

°A similar formula was obtained for MHV one-loop ampli-
tudes in [17].
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III. COMPUTATION OF
Aq,(17,27,37,47,5%,6%,77)

In this paper, we compute the seven-gluon amplitude
with the particular helicity configuration (— — — + + +
+). All other helicity configurations of seven gluons could
be computed in just the same way, with no new ingredients.

The amplitude A,;(17,27,37,4%,57,6"7,7") is ex-
pressed in terms of 35 box functions. We abbreviate the
indices on the coefficients of (2.1) for simplicity.

A (17,27,37,4%,5%,6%,71)
7
= > (0iFi} + ciF35; + do F3, + dy 3,

i=1

+ 8iF%,,)- 3.1)

Ten of these were already computed in [3] from the C|,;
cut, namely,6

by =cs5= d2,2 = d3,5
(t[ﬂ)S
[1 212 34 5)5 6)(6 TX}4|2 + 3|1K7|1 + 2|3]
=dye=d3; =g, =g4=0. (3.2)

CL = C

Here we have defined

<l|]r + jr+1 +oee T+ ]slk]

We apply our reduction technique first by applying
[F4s6, ] on the cut Cys6. This yields five more coefficients.
Next, we apply [ F51,, 7] on the cut C;;,. This calculation is
slightly more involved, because here it is possible for
fermions and scalars to circulate in the loop. We find seven
more coefficients. We can obtain corresponding results for
the cuts Csq7 and C,34 simply by permuting the labels, for
nine new coefficients. At this point we have found 31 of the
35 coefficients. The remaining four are easily determined
by the known infrared behavior of the amplitude.

A. The cut Cys4
The cut Cys¢ is given by

_ 2m 2m 2m
Cys6 = Im|,531>0(01F7;2;1 + dyoF35, + d3 4 F5%,

Im 2m 2m 2m
+boF7G + cal g+ esFihs + dosFil s

+d 1F7'3 T gSF%:z;s + 87F%f121:2;7) (3.3)

or by the cut integral

®We conjugate the coefficients of [3], which were

derived for the seven-gluon one-loop  amplitude
As.,(17,2%,3%,47,57,67,77) with the opposite helicity
assignments.

PHYSICAL REVIEW D 71, 025012 (2005)

Cuss = [ dpA™S[(— )", 47,5, 6%, (— )]

X Avee(gf, €5, 77,17,27,37). (3.4)
Note that in this case only gluons can run in the loop and
that the five-gluon tree-level amplitude is a MHV ampli-
tude. According to the general discussion of Sec. II, we
should consider the action of the collinear operator
[F4s6, 7] on both (3.3) and (3.4).

The first step is to calculate the action of the collinear
operator [Fuss, 1] on Cuse given by (3.3). Note that the
three box functions in the top line of (3.3) are annihilated
by the operator, so we cannot calculate those coefficients
directly using this operator. Let us list the imaginary parts
of the relevant scalar box functions in the kinematical

regime where tgf 1> 0 and all other invariants are negative.’

(3]

L A3
s~ ) 1)
t[z] [2]t[3]
Im|t£3]>OF%:’"2;5 = ln<1 - ﬁ) ln<1 53] g3]>
[3]
+ ln< [3]> +.
[2] [2] [3]
Im|t£3]>OF%;4 = ln< %) - ln< 23]23])
31
+ ln( ﬂ”) +...,
t[3] [2]
Im| ), F355 = 1“( t[2]> +ln <1 [3]> T (3.5)
t[s] A21
1m|t£3]>01:%:'g;1 = ln( [2]> +In <1 %) + ...,
t[3] A2
Im|,531>0F%:’3:2;5 = 1“( [4]) +1In < %)
[2]2‘[2]
- ln(l - t£3]tg4]> +...,
t[s] t[2]
Im|,53]>0F3;"21:2;7 = ln( t[a]) +In <1 ?)

42121
31 [3])

- ln<1

The ellipses represent terms that are annihilated by the
collinear operator [Fys6, 17]. In other words, the terms

"In these expressions we suppress an overall factor of 7.
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represented by ellipses depend on py, ps, and pg only through the combination p, + ps + pe.

Now we can compute the action of the collinear operator on Cys6 given by the imaginary part of the amplitude (3.3).
Here we denote [ Fys6, 7] by © in order to make contact with the general discussion of Sec. I and to avoid cluttering the
equations.

OC — b @(t[Z] [2]) . O(t[52] t[13] [3] t[3]) . (Q(I[z] [3] _ t?]t?]) ny (9(%2]) ny (9(,[2])
456 — 5 4 2,5 3,1
7 t£2] Igﬂ t[Z]tD] _ tB]t[ﬂ t[2] [3] t[3]t£3] tgﬂ [2]
@(tgll t[22] [3] t[4]) @(t[Z] [2] t[63] t£3]) O [3] _ [2])

+(=b;+cy+d3; +g7)

T8 RIRT [3] P L) [2] EPEPE] BT
5 %2 Iy 5 1771 6 "4

o — 12

+ (_b7 + Cs + dZ,S + gS) [3] 2]
1,7 — 15

(3.6)

We have written in the first seven terms the contributions Cyse- The cut integral (2.5) is written as
from the poles that uniquely identify a given scalar box
function. This is manifest from the fact that only one €, €,
coefficient appears in front of each of them. On the other Cis6 [ dp (€, 454 5)(5 6%6 €y
hand, the poles in the last two terms are common to several
box functions and so their coefficients are linear combina- X AGee (), €5,77,17,27,37), 3.7
tions of the scalar box function coefficients.

We now turn to the computation of the action of the  where for the tree-level six-gluon amplitude we use a result
collinear operator on the cut integral representation of  from [18,19]:

2 2 t
AP, 203 60,7 = | b TR b Priae ]
L,715¢,757152353¢,  171287151253¢,5¢,¢,  S¢,6,5¢,757151252353¢,
= [€,7K2 3)(11€, + 7€, ], (3.8)
y = [€,6,K1 2)3l€¢; + £,]7],

= pli jl
tie = i Pli j1+ GBI k] + G B k.

This amplitude could be written in terms of the MHV diagrams of [20]. In this case, the formula in (3.8) is simpler, but for
more gluons we expect the MHV diagrams to be most efficient.

The integral (3.7) is of the form analyzed in Sec. II. Here we want to compute the action of [Fse, 17] to Cyse. We can
simply apply the general formula (2.20) to get the result. Note that (2.20) is the result of the action of the operator on a
single pole. In the case at hand, the operator [ F,s¢, 17] acts nontrivially on two poles, namely 1/(€,4) and 1/(6£,). This only
means that we have to apply (2.20) twice and add the results.

Consider first the action on the pole 1/(€;4). We find

[3\2 2 2
([F 456 77:|C456)firSt = L4 n](t4 ) [ i 4
(5 6>t£2] (t[2] t[2] _ t£3] t[3])(tg2 t£4] _ t4 t[3]) 1[2] t[2] t[2] [[3] tg2] 1[12] tg2] t£3]
n 31711[4]
Z[BJ(I[Z] [4] _ [3] [3])t[2] [2] [2] [2] 3.9

—(2 3)4|5 + 6|7]<1|5 + 6|4],
(1 2)(3l14 + 5 + 6]7].

Bi
Y1
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We identify the four poles important to this cut as those
factors in the denominator not annihilated by [Fysq, 17].
These are A%, 42, (2 — B0 (28 - B1s)
which appear, respectively (and uniquely), in the box
functions FJ%, F2%.., F3%.o, F3%, 5. These four poles are
the G, of the previous section. Now we apply our proce-
dure to separate the cut into simple fractions. For example
to isolate the particular pole G, = (t[z]tm [ﬂtm)
evaluate

ﬁ@maxﬁwma>

([ Fass, m1Cas0)™ X
o T H(Go, Y\H(G,, 17

PHYSICAL REVIEW D 71, 025012 (2005)

poles in each term, it is valid. After all, we are multiplying
by factors that appear in pairs that sum to 1. As long as the
arguments G, of H satisfy O*(G;) = 0, we can use any
ones we like.

The first check that our procedure is working is that
(2.15) is satisfied: the extra parts from each of the four
poles sum to zero.

The remainder of (3.10) is found to be of the form

06,
CS—.

Go (3.11)

We now have our first coefficient, ¢s5, and our second
consistency check, because its conjugate was already com-

(2] [4] [31.[3]
X (75 — 15 15 )0(Go) (3.10)  puted in [3]. Indeed, our result agrees:
H[G (1[2] (41 _ /3] [3])] )
0 U571y 4 (t[ﬂ)z
Perform the “polynomlal division” of SCC.'II on the nu- Cs = [1 2][2 3](4 5><5 6><6 7><4|2 + 3|1]<7|1 + 2|3]
merator to separate the “‘extra’ part proportional to Gy. It (3.12)
simplifies computations to perform the operations (3.10) on '
each term of (3.9) separately, for only the poles that appear ~ The  other three  coefficients  calculated  from
in that term. As long as the procedure is consistent for all  ([Fys¢, 7]Cys6)'™" are by, d, 5, and gs.
|
p (12P°(
25455 607 DEKTIT + 213614 + 51314 2 + 2 3)4l5 + 613])°
. (23Y%4l5 + 6/7T (3.13)
* (3 4)a 5)(5 6)[7 11412 + 31114 208 + (2 3)(dl5 + 6I3)((5 6)al2 + 315] — (4 6)))

The expression for b; was found, but by itself is too complicated to write here. We will have more to say on this presently.
The action of @ on the second pole 1/(6¢,) similarly yields four coefficients:

(3.14)

31+ 2|7]3
C4 bl
[7 1701 213 4)(4 5%(5 6)56]7 + 1]2]
ds; =0,
. (6 YT — (7 1614 + 517])°
7=

The coefficient b; appears here too and agrees with the
expression computed from the other term. Moreover, we
can check two more relations among these coefficients.
The box functions participating in this cut have some oles
that do not appear in the integral. These are (tEl ! ) and
(t4 ts ) Equation (3.6) then implies the two relat10ns
—b;tcy+d;; +g,=0and —b;+cs+dys +g5s=
0. We have checked that our coefficients do indeed satisfy
these relations. In Sec. IV, we will use the first relation to
list b5 in terms of ¢, and g, but we must stress that we have
computed it independently.

To summarize, the cut C,s¢ involves the ten coefficients
seen in (3.3). We have computed the seven that appear on
the second and third lines. Two of the coefficients of the

[2 314 55 6)(6 7)(7 164 + 5|3)(6]7 + 1]2](¢4 6)) —

(@ 5)617 + 115

first line are known from (3.1): ¢; = d,, = 0. The last
coefficient, d 4, will show up in the cut we compute next.

B. The cut Cy;,
The cut Cy, is given by
Crp = Imltg3]>0(C4F%:rg;4 + d2,5F%:'721;5 + d3,7F%;n31;7
+ b3FY + o Fi + o Ffg + doy F35,
+ d3,4F%:"31;4 + glF%:'g:z;l + g3F;:"21:2;3)'

For this cut, there are three possible helicity assignments
for €, €¢,. If we denote the helicity of (€, €,) by the
assignment on the amplitude A™(€;, 7, 17,27, €,), these

(3.15)

025012-7



RUTH BRITTO, FREDDY CACHAZO, AND BO FENG

PHYSICAL REVIEW D 71, 025012 (2005)

three cases are: (a) (€, €,) = (+, —); (b) (€;, £5) = (+, —); (¢) (€;, £,) = (4, +). Notice that the assignment (€, {,) =
(=, —) does not contribute, because the amplitude A™(€7, 7", 17,27, €;) vanishes.

Now let us discuss these three assignments. For cases (a) and (b), the particle circulating in the loop can be a gluon,
fermion, or complex scalar of the N” = 4 multiplet. Thus the expression will be®

clalb) = ]d,u,A‘ree’V[(—Kl)i, nt 17,27, (=) T ATV e, 37, 4%, (n — 1), €7 ]

b (—4) fd,uA“ee’F[(—el)i, 17,20, (—6) T IATSEEE, 37,4, (n— 1)F, €7]

+ (+3) jdﬂA‘f“'S[(—{fl)i, nt, 17,27, (—0) T JATSS[eE, 37, 4%, ..., (n — 1)F, €F]

where (—4) counts the four fermions and (+3) counts the
three complex scalars in the N = 4 multiplet. The super-
symmetric Ward identity relates fermion and scalar MHV
amplitudes to gluon MHV amplitudes by [19,21]

A(Fy, 87,87 Fy)
:%AMHV(gl—,g;,...,gj_,...,gi),

AST, 85,850 SH) ©17)
:g_Y;AMHV(gl_,g;,...,g;,...,g;).

We need to be careful about the ordering when €, €, are
fermions. They should be ordered according to (3.16). If
F* and F~ exchange positions in (3.17), there is an extra
(—) sign. Having taken care of the N = 4 multiplet we
have

(a)+(b)
Cnal2

(=)
[n 1][1 2)(3 4)4 5)...{(n — 2)(n — 1))
% fd,“ P2y n P[4, nF(3 €,)°(3 €,)?
(€1 n][2 €106, €,1€, 3X(n — )€, XE, €5)
(3.18)

where
) _ (3 )€, n?\2 (3 €)1 €, n]?
= (Gere ) “{aerep)*e
(3 €,)’[€, ]\~ (3 €[ €, n\ 2
“aerenr) (Gere )
_ Bl(n + 1+ 2)|n]*
[51 ”]2[€2 n]2(3 €1>2<3 €2>2'

(3.19)

Making the substitution for p2, we get

8We use n for generality. In our particular example, n = 7.

°The (—)° sign comes from the left hand part since it is MHV.
The rule to go from MHV to MHV is to exchange () < [] and
multiply by (—)".

(3.16)

C@+0) _ Gl(n + 1+ 2)|n]*
" (A5

" (D)) ()}
[n 1][12)(3 4)4 5)...{(n — 2)(n — 1))

1
. fd'u [€, n][2 €,1(€, 3X(n — DE,)
31(n + 1+ 2)[n]*
- JE,B]; ] [Closljmjr-

(3.20)

Using the result of [3] for CIB, we can read out the
contribution of the (a) + (b) part to the following coeffi-
cients (with n = 7):

OB = JOHO)  JOr ) _ 4+ ®)
3l +2)|7P
(EH[7 1001 213 4)4 545 6)(617 + 112]
(3.21)

Now we discuss the assignment (c) given by'®

Ciy = f dpA™[(—€), 77, 17,27, (= 6,)*]
X Alree(4+, 5+’ 6+, €]7, €£’ 37)

Notice that for the assignment (c), only gluons can propa-
gate along internal lines. The first factor is again a MHV
amplitude, so we can directly apply the general method of
Sec. II. The second factor has the same helicity structure
(+ + + — ——) that we saw in the previous cut, making
this computation very similar to the previous one. The
collinear operator acts on two poles, namely 1/(7€¢;) and
1/(2¢,). Each of the terms thus obtained involves four
unique poles of the scalar box functions in (3.15). We
apply the reduction procedure to produce the following
coefficients (after again confirming (2.15), that all the extra
pieces sum to zero).

10Relative to assignments (a) and (b), there is an extra (—) sign.
The reason is that for the assignment (c) the left-hand side is
MHY already, so we do not have the (—)° factor here.
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2,1

() _

(7 103 44 5150217 + 11616 5)(711 + 216] — (7 5))’
q! 2>3<7|5 + 6|4]3

(3.22)

$1 T 5 606 707 DB 41711 + 21317 2+ (2 1715 + 61116 5X7I1 + 216] — (7 5)i))’

© _ (12)°[5 4P

T D67y 13 41213 + 4I516l4 + 5131
g = — (12°(23)°[56F

: (7 1)(3 4%2I3 + 4|51217 + 116]((7 1213 + 4]1] — £37 2))(1§92 4y — 3 4217 + 113])’
4 - (12

and a complicated expression for bgc). Here, the analog
of (3.6) from the previous case is the same equation
but with all indices shifted by +3. This is because
box functions are oblivious to helicity. As before, there
are two relations derived from the poles present in the
box functions that do not appear in the cut integral. They
are —by+c;+d;4 =0 and —b3+c +dy +g =
0. We have confirmed that both of these relations are
satisfied.

We now have explicit expressions for nine of the ten
coefficients appearing in (3.15). The seven coefficients
appearing in the second and third lines have just been
computed by our reduction method, and ¢4 and d, s were
evaluated in the previous cut. (We did find a contribution to
c4 again in (3.21). But remember that the operator [ F;;5, 7]
gives no information about the coefficients in the first line
of (3.15), because those box functions are annihilated.
Therefore cff) is undetermined, and we must take the result
for ¢, from the previous cut.) It is possible to find the single
remaining coefficient, d;, by imposing the finiteness of
this cut. All cuts in three-particle channels are finite. This
condition is discussed and derived in Appendix A.

d3,7 = _2b3 + 26’7 - 2C4 + 2d3’4 - d2’5 + 2d2‘1

+ g5+ g1 (3.23)

Incidentally, now that we have computed d;, explicitly,
it is possible to test the finiteness of the cut C,s¢ as
a consistency check. This condition, derived similarly,
is

1
0=—b;—c,+cy+cs— Edz,z +dys + ds;

1 1 1
- 56{3‘4 + §g5 + §g7 (324)

4 5)5 607 AT + 2131614 + 5131592 4) — (3 4217 + 113])

C. The cuts Cs¢; and C,34: reflection of indices

Knowing the contributions from the cuts Cys54 and C7y5,
we can use reflection symmetry of the indices to get the
contributions from cuts Csq; and C,34 without further
calculations. Under the reflection of indices

0 -0, (325

every possible helicity assignment of €, €, of, for
example, cut Cysq is mapped to a unique correspond-
ing helicity assignment of €, €, of cut Css; where
the ordering is reversed. Recalling that the cut is given
by multiplication of two tree-level amplitudes, where
one has five legs and the other has six, and using the
identity

Aree(1,2,...,n) = (—)"Ar(m, ..., 2, 1), (3.26)

we immediately get the following results. If the cut Cysq is
given by some function f(1,2,3,4,5,6,7), then the cut
Cse7 is given by —f(3,2, 1,7, 6,5, 4). Since the cut struc-
ture determines the amplitude completely, the same reflec-
tion property holds for the amplitude as well. Now,
remember that the amplitude can be expanded into box
functions as Zja iF;, where F; represents all the box
functions. If the action of ¢ on indices transforms Fj; —
F,, we find immediately that a,| = —a,|,, where |, means
to act o on the gluon labels in the function a;. For our
example, we have
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b, = —b7|,,, b, = _b6|m by = —b5|m by = _b4|m

c1 = —c2les 3= —¢qlg ¢4 = —Clo cs = —¢slg,

g1 = —gslo g = —8ilo &= "8l  8="8lo (3.27)
dyy = _d3,6|m dyy = _d3,5|0" dy3 = _d3,4|m dyy = _d3,3|m
dys = _d3,2|o" dys = _d3,1|m dy7 = _d3,7|a"

Applying this transformation to the coefficients we have
already computed yields expressions for the following
previously undetermined coefficients:

by, bs, ¢3, co, do3, dyqdsy, dye 83

The explicit expressions are listed in Sec. IV.

D. Completion and consistency checks

At this point we have succeeded in computing 31 of the
coefficients. In principle, we could compute the remaining
four coefficients by applying the same general method of
Sec. II to the remaining two cuts, i.e., C345 and Cgy;.

The four coefficients we are missing are b,, bg, d, 4, and
d3,3.

From the condition that both C345 and Cg7; are finite, we
obtain two equations:

1
- b6 + d2,4 - §d3’3 = _C3 - C4 + C7 + d3‘7
1
- 5(—42,1 + 84 1 &),
1 (3.28)

—d2,4 + d3’3 = C3 - C(, - C7 - d2’7

_b_
2 2

1
- 5(_d3,6 + g+ g7)

Therefore we are left with the problem of determining two
coefficients, say b, and bg.

Before we derive the remaining coefficients, let us make
some observations about the known infrared singular be-
havior of one-loop amplitudes [22,23]. We have already
|

Atree(]—’ 2—) 3—} 4+’ 5+, 6+, 7+)

found that in the final form of the amplitude all singular
terms of the form

—iz(—tP])—f (3.29)
€

cancel forall i = 1, ..., 7. This is the statement that cuts in

three-particle channels are finite. However, up to now we

have not considered cuts in two-particle channels. It turns

out that the singular behavior in these cuts is universal and

produces a term in the amplitude of the form

AOP(17,27,37,4%, 5%, 6%, 7)) IR
- [—? Z(—t?])—f}Agee(r, 2-,37,4%,5%,6%, 7).
(3.30)
Note that this translates into seven equations our coeffi-
cients have to satisfy.
Taking the terms of (3.30) involving the i = 5 singular-

ity, we find that our coefficients have to satisfy the follow-
ing equation (see Appendix A for details of the derivation):

—gs)
(3.31)

1
by + by —cs5+ 5(—612,5 tdy; —dsp tds;— g

= Alree(17,27,37,4%,5%, 6%, 7).

This equation only involves known coefficients and is
therefore a consistency check.
The tree-level seven-gluon amplitude is given by [24]

_[(23)116 + 7I5K112 + 3|41
[[2 315 6)(6 77 YAIEID]

(2 (3|5 + 4]6]3]2 + 1|77
[2 1(6 5)(5 4)(4 3)i] BWJ

|:[4 511 2)3I1 + 2|7]((5 6)(3]1 + 2]6] + (5 7)(3]1 + 2[7])

[1 214 5)5 6)(6 Tyl 2143

_ [7613 2113 + 2[4]({6 5X113 + 2|5] + (6 4)X1]3 + 2|4])}

[3 21(7 6)(6 5)(5 4y A1)

(12X2 3)[4 5][6 7I[((3 4)[6 411 6) — (1 T)[5 TI(3 5)) + (3 4)[7 4K1 7)) + ({1 6)[6 51(3 5))]
[ (4 56 7Y LA 313] }

L1124 3143312 + 11714
[[1 2112 312424 5)(5 6)(6 7>}

(3.32)
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With the help of a symbolic manipulation program, we
have analytically verified the relation (3.31). From the form
of the seven-gluon tree amplitude (3.32) it is clear that this
is an impressive check of our coefficients.

Now that we have checked our previous calculations, we
can use two of the equations in (3.30) that involve the
unknown coefficients, i.e., b, and bg, in order to find
them. Take, for example, the equations derived from look-
ing at the i = 4 and i = 7 terms in (3.30),

1
be + by —cy — §(d2,4 —dye+dyy —dyet+ g4t g7)
= AYyee(17,27,37,4%,5%,6%,77),
1
by + b3 —c7 + E(dz,z —dyr +dsp —d3y— 83— &7)

= AYee(17,27,37,4%,5%,6%,7%). (3.33)

These two equations give bg and b, in terms of known
coefficients, respectively. They are expressed as

be = AT(17,27,37, 4%, 5%, 6%, 7%) — by + ¢4
1
+ E(d“ —dye +d3) —dye T+ g4t g7),
(3.34)
by = Atee(17,27,37, 4%, 5%, 6%, 7) — by + ¢;
L dyy =y + dyy— d )
—5 22 T dy7y 32 434 — 83— 87)-

Finally, using these expressions for b, and bg in the two
equations in (3.28), we solve for d,4 and dj 5 to find

d2,4 = 2At7ree - 2b4 - 2b5 + d2Y2 - d3’4 + d3,6 + gS’
d3,3 - 2At7ree - 2b4 - 2b3 + d3y5 - d2,3 + d2,1 + gl‘

PHYSICAL REVIEW D 71, 025012 (2005)

IV. THE FULL AMPLITUDE
A7;1(17y 27’ 37; 4+: 5+’ 6+, 7+)

Here we summarize all results for
A (17,27,37,4%,5%7,6%,7") that were scattered
through the previous sections into one complete form, so
that a reader interested only in results can skip all deriva-
tions. The amplitude is

A;(17,27,37,47,57,6%,77)

7 7 7
— Im 2m 2m
- Z bjF7:j + Z CjF7:2;j + Z d2,jF7:2;j
J=1 J=1 J=1

7 7
+ Z dS,jF%;j + Z g./‘F%:z;j' 4.1
J=1 Jj=1

A few remarks must be made before we list the 35 coef-
ficients. Twenty-five of them have explicit forms. Four of
them (b, b3, bs, b;) are expressed in terms of the 25 ex-
plicit ones. We stress that we calculated them indepen-
dently but are abbreviating them for convenience only. The
last six coefficients were derived in terms of the others in
the following order: d, 7, ds7, by, b, dy 4, ds 3.

First we recall our conventions and make a couple of
convenient definitions:

2p; - p; =i pli jl
£ = (pi + picy + -+ P
<l|.]r + jr+l +toe+ .]slk]

= <l ]r>[]r k] + <l jr+l>[jr+1 k] toee

(3.35) + (G joli sl (4.2)
g = 31+ 27P
1= ,
This completes the list of all 35 coefficients in the one- 7 1101 23 4)4 5X5 6)(617 + 112]
loop seven-gluon amplitude. (1]3 + 2]4
Now we use the remaining equations derived from the Sy =— [3][4 3103 2K1 757 6)6 )51 + 3|2].
infrared structure (3.30) as further consistency checks of f X6 5K
our coefficients. We successfully checked that the equa-
tions for i = 1,2, 3, 6 are satisfied.
In the next section we summarize our results. Here is the list of the 35 coefficients.
|
b ce T b Al — by + ld +1d 1d +1d +1 +l
= ) = - C7 — < = - = ~ ~ - »
1 6T 86 2 3 7T %2 T 567 T 502 T A3 283 287
(t[3])3
by =g +dy, by : bs = g5 + dsg, (4.3)

- [12][2 3](4 5X5 6)(6 T)(4]|2 + 3[1K7]1 + 2|3]

1 1 1 1 1 1
bg = A" — bs + c3 _§d3,5 +§d3,7 - Edz,s + §d2,3 t78 158 b; =c4 + g7
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(23)[6 7P

a=0 @=0 o= D3 a7 e + sisls + 1’ S
(t[l3])2
s = 1213 214 557 606G @z + 3R + 137 0~ 52
- (2 1[5 4]
A7) 6)[4 31214 + 315615 + 413]
hi—s - Gl4 + 51611 2)?
’ (7 1)3 434 5017 + 116116 5)(711 + 216] — (7 5)A)’
(t[13])3
b2 = 272 37 596 6)(6 TYA2 + 311N + 23]
_ (3 2Ly
dr3 =8 —

(3 4)(5 6)(6 T)iN412 + 3111516 + 71112 7) — (1 7X2I3 + 41])’
dyy = 247 — Dby — 2bs + dy, — dyy + dyg + gs,

_ (12 (i)

2 (4 5)5 6)T XTI + 213)614 + 51314 2 + (2 3)4l5 + 6]3])

dy7 = —2bs + 2c5 — 2¢c6 + 2dy3 — d3p + 2d36 + 83 1 g5

dy =0,

(3 2 (15
(7 6)(6 5)4 3413 + 2111517 + 61117 2 + (2 1716 + 511])
dys = 2AY — 2b, — 2bs + dys —dy; +dy + g1,
(12 (5

d;; =0, d3p =

d — —
3 = 51 (@ 55 6)7 DAL + 2131614 + 51312 4) — (3 4)217 + 1[3])’
(t[13])3
b5 = (1272 37 596 6)(6 TAR + 31171 + 23]
B (117 + 6|513¢(3 2)°
ds6 =S,

* BJE) By
@ 3XLTXT )t '15°(214 + 3|5]((5 6)(4|3 + 2|5] — (4 6)157)
d3’7 = _2[93 + 2C7 - 204 + 2d3,4 - d2,5 + 2d2’1 + g3 + g1

(1 2)%(715 + 6l4F

§17 (5 6)(6 77 1)[3 41711 + 21317 2 + 2 1715 + 6]1])((6 5)TI1 + 2[6] — (7 5)E))’
g3 = (12)323)[56P
=

(7 1)3 423 + 4|51217 + 116](7 1)(213 + 4[1] — £X7 252 4) — 3 4)2|7 + 1]3])’
B (3 23416 + 5|7T
(6 5)(5 4)(4 3)[1 71413 + 21114 2 + (2 3)4l6 + 513]((5 6)413 + 2|5] — (4 6)5))
(5 3y — (4 3)516 + 714])°

85 =

fo— [121(3 4)4 5)(5 6)(6 7)(516 + 7111513 + 412]((7 5)) — (7 6)(513 + 4l6))’
o = (6 DA — (7 1)(6]5 + 4/7))}
=

3211 7X(7 6)(6 55 4X(6]5 + 4131(6]1 + 712]((4 6y — (4 5)611 + 715))

We repeat here the tree-level amplitude [24] for the reader’s convenience.
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=[@3X”6+75RH2+3MP
[2 31(5 6)(6 7)(7 1A

(2 1)(3]5 + 416](3|2 + 1|7]2}

[2 16 5X5 4)(4 3y ]

)

[[4 511 2)(311 + 2|7]((5 6)(311 + 2|6] + (5 T)(3|1 + 2|7])

[121¢4 5)5 6)(6 7yl

_ [76)(3 2)(113 + 2|4]((6 5)(1|3 + 2[5] + (6 4)1|3 + 2|4])}

[3 217 6)(6 5)(5 4y A1)

(12X2 3)[4 5](6 7][(3 H)[6 4K1 6) — (1 TS 73 5)) + (3 H)[7 4K1 7)) + (1 6)[6 513 5))]
|: (4 56 7>t[2] [2] [3] [3] i|

L[ G2+ 3141612 + 1714
[[1 2112 3142124 5%(5 6)(6 7>}

We have written the tree amplitude so that every brack-
eted expression changes sign under the index shift 1 <«
3,4+ 7,5« 6. This is the reflection symmetry made
manifest.
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Note added.—The reader will be interested to know that
the seven-gluon amplitude with the helicity configura-
tion (—— — + + + +) has now also been computed
in [15], along with all other helicity configurations, us-
ing the direct unitarity method. (Please be warned that
the first version of our paper contained a typo in
the coefficient ds4 and a corresponding typo in d,3,
which was obtained by a permutation of labels.) It
is interesting to note that, according to [15], the reduc-
tion techniques of the direct unitarity method give *“quite
large” formulas for the coefficients. One advantage of
our method is that we derive the coefficients analyti-
cally in a simple form. The authors of [15] were able
to produce similarly simple formulas by postulating
Ansitze that were checked numerically at random kine-
matic points.

APPENDIX A: BOX FUNCTIONS AND
DIVERGENCE ANALYSIS

The scalar box functions used in this paper are the
following:

4.8)
F]nl‘l - _[( t[2]3) €+ (— t[2]2) e —(— t[3]3) ]
(3] [3] [2]
;- 1, 1
+L12<1— = >+L12<1 _zfﬂ) Sn <m>
l 3 i—2
2
T
+ =, Al
6 (AD)
1 r r € rN—e
Faty = = L0007 + (=7 e = (=17
e i1 -
I el
1 1
Arl t[r+l2]
+ L12<1 [ +1]> + L12<1 [ +1]>
1 1
[r+2] [r] [r+2]
f , 8
+ L12<1 - m) - L12<1 - Mm)
i1 i
1 [r+1]
1
+ Eln ( Er+1]> (A2)
Fﬁ"ﬁl - 7[(_1‘[2]2) €4 (— t[r+l]) € _ (—tgr]fe
(e - L CA A
i €2 _
(_tgz]z) €
1 t[2] t[r]
+§ln (t[ +1]> +L12<1 —[ +1]>
l 1
[r+2]
. )
+L12<1 tE’“])’ (A3)
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3m
nrirlsi

= S e A e e (-

t:
12
(]

1 (- ZE:]r) €(— t[""""H]) €
262

[r+1]
i—

(— t[rﬂ]) €

The dilogarithm function is defined by Liy(x) =
— [5In(1 — z)dz/z. Now we specialize to seven gluons
and discuss the infrared singular structure of the one-loop
amplitude. Recall that the seven-gluon amplitude is written
as a sum of scalar box functions as in (3.1). The box
functions contain divergences when € — 0 of the form

1

1 - -
S S (A35)
€ €

[7-7]

remembering that A1 = A7~

mentum conservation.

for seven gluons, by mo-

)

1 . _
[rir ]> + L12<1
t
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Now it is clear that the divergent structure of the seven-
gluon amplitude takes the form

17
Azilr = — 2 Z[ai(—tgz])’f + Bi(_f?])fel (A6)
=

where «a; and 3; are linear combinations of the coefficients
in (3.1). The «; and B; appear in the body of the paper.
Here we describe how to compute them from the box
functions, taking a5 as an example.

The infrared behavior of the box functions contributing
to a5 are as follows.

1 _ _ _ 1 _ _ _
Fiile = = 5[+ (=) = (=) Pl = = S[@) 7+ (=40 e = (=47 <]
1
Fishe = = S + (=407 = (=)< = (=) 7]
171 1 1
Fishle = — ?[5(_@)_5 + (e = (e - 5(—#73])—6}
171 _ 1 _ 1 _ (A7)
il = = | g CE ) S () }
P e = — [ L Lo pny-e Lo pny-e Loy
7:2:2;11IR 62 2 2 5 2 1 2 5 4
1L Looph-e Lo 1. _pi
I U (S U T R S R
|
Collecting all the terms with tgz]’ we find that calculate the amplitude, we must be sure that we can
1 1 1 1 determine each coefficient in (2.1) from one of these cuts.
as=b, +b; —c5— Edz’s + §d2,7 - 5d3,2 + §d3,7 To see that this is correct, consider the scalar box
function associated with each coefficient. To be able
- % g — % gs. (A8)  to determine the coefficient by our method, the box func-

Similar calculations give expressions for the S3;.

APPENDIX B: CONSTRUCTING A GENERAL
NEXT-TO-MHV AMPLITUDE

Here we flesh out the claim that our method can compute
all next-to-MHYV amplitudes (i.e., those with exactly three
negative helicities, in arbitrary positions). In Sec. II we
already argued that all next-to-MHYV amplitudes have the
property, required for our method, that one of the tree-level
amplitude factors in the cut integral (2.2) is MHV. But to

tion must have the property that it appears in some
cut C,;yy;» where the amplitude A"[(—¢€),i,i+
I,...,j—1,j,(—#€,)] is MHYV, but is not annihilated by
all operators [ Fy;,,, 7] where i < k, [, m < j. (The operator
[Fi1» m] annihilates box functions where gluons &, [, m are
attached to the same corner of the box.)

One-mass scalar box functions appear in only one cut
(disregarding cuts in two-particle channels). See Fig. 2.
The cut has three gluons, say k, /, m, on one side. Since the
tree-level amplitude on that side has five particles, it is
MHYV (unless it vanishes). The box function appears in the
cut Cy;,, and is not annihilated by the operator [ F;,,,, 1], s0

025012-14
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FA{2m,h)} FA{3m}

cut™~4. e --

FIG. 2 (color online).

(b3)

MHV

Cuts of a general next-to-MHYV amplitude. The first row shows cuts, for each type of scalar box function, that

are guaranteed to have at least three gluons on each side. The second row illustrates, for two-mass and three-mass box functions, how
to identify one side or the other as a MHV tree amplitude, so that a suitable operator can be chosen to calculate the coefficient.

the coefficient can be calculated by this operator acting on
this cut.

The remaining scalar box functions can be analyzed as a
group. For this general analysis, we should consider the
cuts indicated in Fig. 2, to be sure that there are at least
three gluons on each side. There are two cases. Case (a):
If all three of the negative-helicity gluons appear on the
same side of the cut, then the opposite side must be MHV
(or vanish). We can choose k, [, m from that side such that
they are not all on the same corner of the box. Case (b): If
there are two negative-helicity gluons on one side of the

cut, and one on the other, then the sides will alternately be
MHY, depending on the helicity assignments of the cut
propagators. In any case it is possible to choose three
gluons k, [, m from the MHV side that are not all on the
same corner of the box. The operator [ Fy;,,, 7] then can be
used to analyze the cut in question without annihilating the
scalar box function. The three cases (bl), (b2), (b3) would
suggest using two separate operators, depending on which
side of the cut is MHV. In fact, a single one of them will
suffice to determine the coefficient of a particular box
function.
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