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A spin  particle propagating in a de Sitter background has a one parameter family of states which
transform covariantly under the isometry group of the background. These states are the fermionic
analogues of the a-vacua for a scalar field. We shall show how using a point-source propagator for a
fermion in an a-state produces divergent perturbative corrections. These corrections cannot be used to
cancel similar divergences arising from scalar fields in bosonic a-vacua since they have an incompatible
dependence on the external momenta. The theory can be regularized by modifying the propagator to

include an antipodal source.

DOI: 10.1103/PhysRevD.71.024002

I. INTRODUCTION

While de Sitter space shares the same number of isome-
tries as Minkowski space, field theories exhibit some sur-
prising properties in this simplest of curved backgrounds.
An immediate example is the enormous stretching of
scales in de Sitter space which naturally connects short
distances in the past to large distances today. This rapid
expansion is a familiar and very appealing feature of
inflation [1]. During the slow-roll regime of inflation, for
which de Sitter space is an idealization, quantum fluctua-
tions grow exponentially large and eventually seed the
large scale structure of the universe. Depending upon the
Hubble scale and the duration of inflation, this large scale
structure could have been determined by fluctuations
which occurred at or well below the Planck scale. Most
models of inflation produce far more than the necessary 60
e-folds necessary to solve the horizon problem and this
connection between large scales and potentially Planckian
physics has been called the ““trans-Planckian problem” of
inflation [2], although it has recently been viewed as more
of an opportunity, since it could allow the observation of
physics well beyond experimentally accessible scales,
most typically within an order of magnitude or two above
the Hubble scale during inflation. Nonthermal features of
the state for the field driving inflation tend to provide a
more robust signal of these trans-Planckian effects [3—9].

A further difference from Minkowski space is the exis-
tence of a much richer family of invariant or covariant
states in de Sitter space. For a free scalar field in a de Sitter
background, the states invariant under the SO(1, 4) isome-
try group can be distinguished by a complex parameter «,
although only real values of « correspond to CPT invariant
theories [10—12]. These a-vacua are not the lowest energy
eigenstates of a globally conserved Hamiltonian, as is the
case of the standard Poincaré-invariant vacuum of
Minkowski space, since de Sitter space does not admit a
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globally defined timelike Killing vector. Nevertheless, a
unique element in this infinite family, the Bunch-Davies
vacuum [13], can be selected by demanding that at short
distances or as the curvature of the de Sitter space is taken
to zero the state should match with the vacuum of
Minkowski space.

Both of these features emphasize the need for under-
standing quantum field theory—particularly the ideas of
decoupling and renormalization—in an expanding back-
ground starting from a nonstandard state. For this purpose
the a-vacua provide an ideal test case to study how these
ideas are to be modified in such a setting since the high
amount of symmetry of these nonthermal states allows
them to be readily analyzed analytically. It was recently
realized that, for a scalar field in an a-state, a point source
propagator does not produce a well behaved perturbation
theory [14-16]. One method for expressing this pathologi-
cal behavior is to impose a cutoff A on physical three-
momentum of the theory. Loop processes then diverge as
A — o in such a way as cannot be canceled by simple
counterterms. For example, the one-loop correction to the
self-energy in a ¢ theory diverges linearly with A and the
dependence of this divergent term on the external momen-
tum does not match that of a ¢ counterterm [16]. The
resolution of these divergences came with the realization
that the propagator should be modified for these states to be
the Green’s function for two point sources [17-19].

In this article, we examine the structure and the proper-
ties of a spin % fermion in a de Sitter background, which
possesses its own one-parameter set of covariant states
[20—22]. One reason for doing so is to learn whether the
double source construction for the scalar field can be
circumvented by using fermionic loops to cancel the non-
renormalizable divergences from bosonic loops. While a
fermion loop correction to a scalar self-energy also di-
verges linearly with the cutoff A, here we show that this
divergence cannot be canceled by that of the bosonic loop,
even allowing an arbitrary fine-tuning of the relative values
of « for the scalar and the fermion fields.
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As with a bosonic @-vacuum, the peculiar divergences
in fermion loops arise from an inconsistency between the
single-source propagator and the fermionic «-state. In
some sense, the physical setting resembles a field theory
where we have imposed boundary conditions along an
initial time surface [23,24]. There, we must also modify
the propagator by adding an image source to obtain a
consistent perturbation theory; any new divergences that
result from this modification only appear as counterterms
restricted to the initial surface. The bulk theory is un-
changed. In de Sitter space, the inconsistency is also re-
solved by adding a new source term in the definition of the
propagator when in an a-state. The remarkable property of
de Sitter space is that there exists a special point, the
antipode, at which a source can be placed without breaking
the SO(1,4) symmetry properties of the state. For a fer-
mion, the extra antipodal source entails some additional
Dirac structure.

The next section derives the a-states for a spin % Dirac
field in a de Sitter background. The a-propagator for a
point source is developed in Sec. III. We then show in
Sec. III A that a theory with a Yukawa coupling produces
divergences in the one-loop corrections to the scalar propa-
gator which cannot be canceled by adding simple counter-
terms to the Lagrangian nor do they cancel divergences
from analogous graphs where a scalar loop replaces the
fermion. Section IV shows that these divergences can be
avoided by modifying the propagator, adding an additional
source at the antipode, resulting in a renormalizable theory.
The final section concludes with comments on the relation
between a-vacua and the problem of quantizing a theory
with a specified initial state.

II. FERMIONS IN DE SITTER SPACE

The existence of the fermionic a-vacua was originally
established in [20]; here we present the structure of these
states in a conformally flat coordinate system. The action
for a free massive fermion propagating in a general curved
space-time is given by

S = f d*x/=gylie* ,y*D, — mly (2.1

where the el is the vierbein defining a locally flat frame,

guveﬂaeyh = Nab- (22)

Varying this action with respect to the fermion field yields
the Dirac equation,

[ie*,y*D, — m]y = 0. (2.3)

In a curved background, the covariant derivative includes a

term for the spin connection, w pabs
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D, =9, +iw,.,0%" (2.4)

where
ob =1y, ] (2.5)

In terms of the vierbein, the spin connection is given by

- %eyb(a,u,eav - avea,u)

(2.6)

— 1 —
W pab = Eeya(a,u,ebv aveh,u)

_ 1 A _ -
Eevae b(avecA a)teCV)ech'

A standard choice for the coordinates of de Sitter space
[25] is provided by writing the metric in a conformally flat
form,

Nyupdxtdx’  dn? — dX - dx
H2n2 - H2n2

ds* = g,,dx*dx" =

s

2.7)

where 7 € [0, 0] and H is the Hubble constant; we shall
most often choose our units so that H = 1 except later
when comparing analogous fermionic and bosonic loop
corrections. The spatial flatness of these coordinates per-
mits a simple expression for the fields and Green’s func-
tions for either a spatial or a momentum representation.
These coordinates are also equivalent to the standard set
used in inflation by defining Hy = —e ™ #!. Although they
cover only half of de Sitter space, indicated by the un-
shaded region of Fig. 1, the complementary patch is cov-
ered by an analogous set of coordinates given by taking

n — mu = —n with 4 € [0, 0].
In these coordinates, the vierbein becomes (with H = 1)
e, = ndé*, (2.8)

and the spin connection and the covariant derivative of a
spin % field are respectively

1
Wpab = E[n,u,bag - 77Ma52] (29)
and
T+
n
Mo
7-
FIG. 1. The Penrose diagram for de Sitter space. The confor-

mally flat coordinates of Eq. (2.7) cover the unshaded region and
surfaces of constant 7 are as shown.
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1
Dy=9,+ EWW[VO, '] (2.10)
so that the Dirac equation is
iY'[nd, — 3l + in¥ - Vip — myp = 0. 2.11)

Since the metric is spatially flat, a general fermion #(x) is
conveniently expanded in terms of positive and negative
frequency modes,

.
sw= 3 [

s=*1 (27T)3

(s) ik-%1,(5) (s) —ik-% (5)T
[”,; (77)6 b]; +U,; (77)e C]; ]

(2.12)

where the creation and annihilation operators obey the
following anticommutation relations

B, ST} = @mPsr sk - k)

‘ .. (2.13)
{Cl(zr)’ C%’)’r} = 2m)38783(k — k/).
All other anticommutators vanish.

The Dirac equation can be expressed either as two
coupled first order differential equations in terms of a
pair of two-component spinors or as two uncoupled second
order equations. Of the two constants of integration, one is
fixed the canonical equal-time anticommutation relation.
The spinor field ¢ and its conjugate momentum,

7=y, (2.14)
n

satisfy the relation,
{¥(n, %), mp(n, §)} = 1636 (% — ),

where the indices in this equation refer to the components
of the Dirac spinors. This condition fixes the normalization
of the modes. Inserting the mode expansion of Eq. (2.12)
into this relation and applying Eq. (2.13), we find that the
components of the modes should satisfy

Z[(u%s))A(u%S)T)B + (vg))A(vg)T)B] _ 7’]352 (2.16)

(2.15)

The second constant of integration corresponds to specify-
ing the vacuum state of the fermion.

A. The Bunch-Davies vacuum

While it is not possible to define a globally conserved
energy in de Sitter space, with respect to which the vacuum
is the lowest energy state, a standard vacuum can be
selected by prescribing that, at distances much shorter
than the natural curvature length associated with de Sitter
space, the mode functions should match with the positive
and negative frequency solutions defined for flat space.
This prescription allows a theory in de Sitter space effec-
tively to inherit the renormalizability of the analogous
theory in flat space. This prescription generalizes that

PHYSICAL REVIEW D 71, 024002 (2005)

used by Bunch and Davies [13] to define the vacuum for
a scalar field, so we shall also refer to this state as the
“Bunch-Davies vacuum.”

Demanding that the leading time dependence of the
modes should satisfy u}c‘y)(n) o e~k gand vgf)(n) o ekt at
short distances completely fixes the mode functions,

—z (2) (s)
M(»S)(ﬂ) _ wk emw/znze—ie/z H”Z (kn)¢1€
i 2 isHY | (kn) !
2.17)
and

vg)(n) = —js

7 (1) (s)
k emﬂ'/2n2ei9/2< H‘V(kn)/\//é )

—ingl_),,(k’r])X%")
(2.18)

In these expressions e “?/2 represents an arbitrary phase.

The normalization of these mode spinors is consistent with
Eq. (2.16) since the Hankel functions satisfy the following
identity,

4i
HP@H, @) + HO @B, () = = —e™. (2.19)

The indices of the Hankel functions are related to the mass
of the fermion,

(2.20)

The label s refers to the helicity of the mode. The two-
component spinors gog') and XS) are eigenvectors of the
helicity operator,

k J'golg = sgog), k &XS) = —S,\/E:), s = *1,
2.21)

and they are related by
X = —io? (el (2.22)

Further properties of these two-component spinors are

included in the appendix.
Note that the negative frequency modes are the charge
conjugates of the positive frequency modes,
() = cla (n)]'; (2.23)

in the Dirac representation, the charge conjugation opera-
tor is given by C = iy%y2.
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B. The Mottola-Allen (MA) transform

We now define a new vacuum |a) which is annihilated
by the operators bg(x) and cg(‘v), given by a Bogoliubov
transformation of the Bunch-Davies operators,
als) () _ Lar (9T

bE(Y) Na[b,; e * e’y ] 224

cg‘ = Na[cg) + e® b(j)g]
with

1

e

The fermionic a-vacuum is then defined to be the state
such that

N, = (2.25)

Tk .
ug(”(n) _ NaTﬂem”/znze_”m(
and

vg(s)(n) — —isN, v ;’k M2 2 pif)2 (

respectively. Note that the @ modes are also charge con-
jugates of each other,

ve® = a7 (2.30)
For simplicity, we include an « index for the mode func-
tions associated with the fermionic « state so that mode

functions written without an index always refer to the
Bunch-Davies (o« — —0) state.

III. PROPAGATION—POINT SOURCES

The correct prescription for defining the propagator
depends on the state being considered. This dependence
is very familiar in systems with boundary conditions; for
example, in flat space, if we were to choose Neumann
boundary conditions at some initial time (so that time
derivatives vanish there), the ordinary free-field propagator
is not consistent with these conditions—since the
O-functions that enforce the time-ordering are not consis-
tent with Neumann boundary conditions. By adding a
fictitious image source at the same position but with the
opposite displacement in time as the physical source, we
obtain a consistent structure for the time-ordering in the
propagator [23]. The extra source encodes the propagation
of the initial state information.

In de Sitter space, the enhanced family of SO(1,4)
covariant states, which is linked with the existence of
antipodal pairs of points, makes the construction of the
propagator more subtle than in flat space where only the
unique vacuum state transforms consistently with the
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p91a) = c*la) = 0. 2.26)

This Bogoliubov transformation is the fermionic analogue
[20,21] of the transformation introduced by Mottola [11]
and Allen [12] to define the a-vacuum for a scalar field.

The MA transform also induces a transformation of the
mode functions,

ug®(n) = Nolu (m) = e*v"y(m)]

v () = No[v () + @ u ()]

(2.27)

In terms of the conformally flat patch, the @ modes assume
the form

[H? (kn) + ise"‘e"”H(fl)v(k’?)]go;zS) (2.28)
isfHY  (kn) — ise“eieHgl—)v(kn)]‘P%Y) |

[HO) k) + ise™ e HE () ) (229)
—is[H",(kn) — ise“*e‘ierjz—)1(k77)]X§5) ’ |

\
Poincaré invariance of the background. In this section we

show how the most naive generalization of the flat space
propagator,’

#u—wl

NEFON

lietiy*D, — m]SE(x, y) = (3.1)

is only appropriate for the Bunch-Davies state. What
emerges when we study the loop corrections in an
a-state is an inconsistency in this definition. It is reflected
in a dependence on antipodal points on the left side of the
equation which is absent from the right side.

We begin by separating the propagator S%(x,y) in
Eq. (3.1) into two-point functions,

SExy)=0(n-1)5;(xy) —0(n —n)S5(xy)
(3.2)

where

'To distinguish the a-propagators used in this section from
those used in the next, we write the former using script charac-
ters, e.g., ST, while the latter will be written as S%. These latter
are the Green’s functions associated with two sources. Green’s
functions without an explicit « index are those for the Bunch-
Davies limit, which is the same function in either case.
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Salxy) = elp)d()le)

. d3lg i (=% als —al(s /
- ,/We,k @ y)z”;()(")“;()(”)
i<a|tﬁ(y)¢(x)|a>

= f(z )3 zk (x— })ZUQ(S)(U)UQ(S)(TI/)‘

with x = (5, X) and y = (%', ¥). The momentum represen-
tation of the two-point functions then corresponds to the
|

(3.3)
Sa(xy)

> /zﬂﬂl’ﬂ 12
S (n.7') 1 ¢ (7777)[

k
Sz(m.m') = —e’””(nn’)z[

where the lack of an « label indicates the values for the
Bunch-Davies limit. If we note that

HP(z) = —H")(—2) H)(z) = -H%(—2) (3.6)

and define the following Dirac operator

s k- 0
M =tk'775=[l OG _l-,g,;,}

then we can formally write the Dirac structure of the
S (x, y) part of the propagator as

S ') = NA{S7 (n, ')
+ e T MSZ (=, =) MT
— e MS; (=n, 1)

3.7

— e e ST (n, —n) M} (3.8)
while that of the S5 (x, y) part is
S= i) = NSz (n, n')
+ e”‘+“*.’MS;(—17, -y Mt
— e e P MST(=m, 1)
- eaei"sg(n, —npYM1}L (3.9)

Recall that in conformally flat coordinates the antipodes
associated with points x and y can be formally written as
x4 = (—m,%) and y4, = (— 7', ¥). By defining the Fourier
transform of the operator M to be j/l, we can write the
position-space representation of the two-point functions as

HY (kp)H|" (kn') - 1

H? (kpH (k') - ik - &
HY (kmH,, (k') - 1
HY (kemH (k') - ik - &
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appropriate sum over products of spinors,

S i) = 3 )

: (3.4)
S=(m,n') =iy v V(oW (y)

The sums over the Dirac spinors can be more compactly
expressed in terms of the corresponding spin sum for the
Bunch-Davies state, with some terms evaluated at antipo-
dal points. Using the spinor modes in Egs. (2.17) and
(2.18), we have

—H (kpHY (k') - 1

H“)(kn)H@)(kn’) k-
Hy! (kn)H(Z)(kn’) 1

H(z)(k"r])H(l) (kn') - ik 5-:|

(3.5)

|
S o y) = NA{Sz (v y) + e MSg (x4, y) M
— el MS7(xp,y) — e e 057 (x, y ) M}
= Na{SE (0 y) + e M5 (v, y) M
— e eI MST(xy, y) — e85 (x, y ) MY,
(3.10)

From the expression for M in Eq. (3.7), note that M=
—M" is an anti-Hermitian operator. In these expressions,
it is understood that the operator M (MT) acts on the
nearest argument of the two-point function to the right
(left).

When written in terms of antipodal coordinates, we can
begin to see how loop corrections from fermions, based
upon the « propagator defined in Eq. (3.2), lead to exactly
the same new divergences as arose in the a-vacua of a
scalar field in de Sitter space. In the large momentum limit,
k = |k| — oo, the two-point functions simplify consider-
ably since the Hankel functions become proportional to
exponentials; for example, the leading behavior of the
Bunch-Davies spin sums are given by

Sa(xy)

( ) 2 _' —n/ T
Z“()(n)u”(n’)—* 1777 Ho=mkey® — k- ]
(3.11)
and
s —(s ( /)3/2 ik(n—mn' s
S vty = ST e ey + k- 7]

(3.12)

Therefore, the Fourier components of the S (x, y) two-
point function in the high momentum limit reduce to
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(mn')3/?
2k

et M)y sy ky” — k- Flysy”

S m m) — iN; fe My — k- 7]

— eaeiﬁeik(n+n’),y5,}/0[k,yo — ]z . 5’/]

_ ea*efiﬂefik(nJrv]’)[k,yO _ ,; 77]),5),0}
(3.13)

while for the S5 (x, y) two-point function,

o ()2
< N — 2
SQ,,;(n, n') — iNg, BT

+ et e MMy sy Oky + k- Ylysy°

{eik(n—n’)[kyo + k- y1

e ey iy + £ 7]
. eaeiaeik(n“i')[k'yo +k- ’7]’}’57’0}'
(3.14)

Different signs appear in the [ky° = k - ¥] factors since we
have chosen the same sign for the three momentum in
Eq. (3.3) in both cases when defining the Fourier modes.

In the Bunch-Davies limit, the ®-functions in the propa-
gator keep the momentum dependence in the exponentials
from canceling between different lines in a loop. For
example, in a loop consisting of two propagators through
which momenta p and p — k flow, respectively, the
O-functions only allow the products
S5 (. n)S> i (n', m) and S5(n, 7')S_(n', m) to appear.
From Egs. (3.13) and (3.14), these products are propor-
tional, respectively, to e~ irtn=n) g=ilp=Kln=n)  anq
ePn=1)ellp=K(n=n) jp the p = |p| — oo limit. Since the
p-dependent parts of the phases do not cancel, it is possible
to define a consistent ie prescription that renders the
integral over p finite.

The appearance of all possible phases in the « case
immediately indicates that the time-ordering inherited
from the Bunch-Davies limit will always produce some
phase cancellation. As an example, the product
Sj,ﬁ(n, 77’)5;13713(77’, 1) also occurs in the « case, since

the ®-function structure is identical; but in this product
now occur terms proportional to
ea+a*e—ip(n—n’)eilﬁ—lgl(n—n’), ea+a*eiﬂ(n+n’)e—ilﬁ—§|(n+n’)
and their complex conjugates. In the p — oo limit, the
p-dependent part of these phases cancels so that the loop
integral will divergence if sufficiently many powers of p
appear in the loop integrand. Stated differently, these loops
contain pinched singularities [14].

This phase cancellation is a first indication that in using
a single d-function source we have not constructed a
Green’s function which is compatible with the underlying
structure of the state. We next establish that the pathologies
which arise when we use this propagator do not fortui-
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tously cancel among various divergent terms in an actual
perturbative correction.

A. Loop corrections from fermions

To understand these pathologies better, we examine a
simple one-loop graph in a theory with a scalar and a spinor
interacting through a Yukawa coupling,

L = ylieGy'D, — mlp +30,p% ¢ — 3u° >

—gphh+ . (3.15)

Later we include as well a scalar self-interaction term,

L= —irg? (3.16)
to be able to compare the corrections from a fermion and a
scalar loop to the self-energy of the scalar field, as shown in
Fig. 2.

Since de Sitter space lacks a well-defined S-matrix [26],
we evaluate the self-energy corrections to the scalar using
the Schwinger-Keldysh formalism [27-29] which essen-
tially corresponds to time-evolving both the “in” and
“out” states of a matrix element. This evolution is accom-
plished by formally doubling the interactions of the theory,
writing the interacting part of the Hamiltonian as

ood3-) _ _
H,=gf n—j‘www—wwﬂ (3.17)
Mo

with an analogous field doubling for the scalar self-
interaction. In essence, the first term represents the effect
of time-evolving the ‘““in” state while the second results
from time-evolving the “out’” state. We assume the system
is initially in a general «a-state,

lin(no)) = lout(n)) = |&, a), (3.18)
where & is the parameter for the bosonic vacuum and « is
the parameter for the fermionic state. When evaluating the
contraction of two fields, there are four possibilities for
each field depending upon whether the states are labeled
with a =. The important feature of this formal field dou-
bling is that the time-ordering is such that the arguments of
the — fields always occur after and in the opposite order as
those of the + fields. Thus the four possible contractions of
two spinors yield four propagators,

FIG. 2. The leading loop corrections to a scalar propagator
from a theory with a Yukawa coupling to a fermion, — g,
and a cubic self-coupling, — £ A¢°.
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ST (e y)=0(n—1)55(xy)—0(n' —n)S5 (x,y)

Sa (e y)=0(n'—1n)S3(xy) —0(n—17)S3(x,y)

S (v y) =53 (xy)

Sa (y)=—S5(xy). (3.19)

Notice that the time-ordering of a contraction of two —
fields, S, 7, is the opposite that of a contraction of two +
fields, S;*. The structure of the contractions of scalar
fields is analogous. A more extensive discussion of the
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|&, a) state at y = 7 is given by
dn'TH(p*,¢")—H (4™, d7)]q) ~
(@ alT[O()e” T4y g

(@ alT(e

=i [ dn'lH "¢ =H &, a)

(3.20)

In a generic fermionic a-state, the self-energy correction
to the scalar propagator contains some terms which diverge
linearly in terms of a cutoff A imposed on the integral of
the loop three-momentum. If we define the Fourier trans-
form of the fermion loop correction in Fig. 2 as

3F .
Schwinger-Keldysh formalism as applied to de Sitter space —i ] d_k% eik'(ff—)")]‘[g (n, 1), 3.2
is contained in [16,19]. There we show that time-evolution Q2m)
of the matrix element of an operator ©@ from the initial  then the linearly divergent term is
\
f A . ndn 7 dn
-( 7’) ——z@ evte Nif l[g (mom) — G5, m)] 2[6 ' m2) — Gz (', m))]
7o 7o
% [Sink(m — M) — k(”h — 1m3) cosk(n; — 1) n sink(n; + 772) k(n, + m,) cosk(n, + 772)}
(11 = M) (1 + o)
(3.22)

The functions i,f are the Fourier transforms of the

Wightman functions for the scalar field,

Gz(xy) =Gz (nx) = (@alp(x)p(y)a.

Here we have only explicitly written the new divergent part
for the @-vacuum although the full self-energy correction
contains other finite terms as well as some divergent terms
which can be canceled by a mass counterterm. These latter
terms survive in the Bunch-Davies limit and correspond to
the usual need to renormalize the theory, which occurs
even in flat space.

An unrenormalized interacting field theory in flat space
typically has divergent corrections. The theory remains
predictive since these divergences can be removed by‘

(3.23)

min(n,1’) d
11 (n, 7)) = _3m2{f UL [g w(nm) —

Mo

[" DN G2 () —

Mo

7 d
2 m)1G5 (', my) + f %‘

Lieﬁning rescaled fields and couplings, in terms of which
the perturbative corrections are small and finite for small
couplings. This process is possible since the divergent parts
of diagrams come from the region, in position space, where
a loop shrinks to a point. Thus such divergences are can-
celed with local counterterms.

The divergences in the a-states are quite different. If we
shrink the loop in Fig. 2 to a point, it might appear that the
divergence in Eq. (3.22) could be canceled by the insertion
of a mass counterterm,

L., =—3m*¢* + (3.24)
However, the resulting leading correction to the self-

energy from a mass counterterm yields instead

ax(mm)IGE (0, 1) — G5 (', my)]

<0, G0 ) — G, m)]}.
(3.25)

n0 M

The important feature of this contribution is that its dependence on the external momentum, k = IEI, differs from that of the
divergence from the fermion loop. This difference means that there is no constant choice for dm? which removes the

divergence.

For comparison, the loop correction from a cubic scalar vertex %Adﬁ is [16]

iz A

T8 kHAC

y [sink(m — M)
m - "M

12(n, 7') =

Mo

ink +
L sin (m 772)} L
m+m

PEAL ! /" am, [Gzc(m 1) — G5 (m, m)]

M d’)’]z

[G (1, m0) — G5 i (n, m2)]

Mo

(3.26)
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where we have let the scalar field be in an @-vacuum. N is
the bosonic normalization,

1

In order to be able to compare the self-energy corrections
from bosonic and fermionic loops, we have restored the
Hubble scale H in these expressions. Here also the
k-dependence prevents the possibility of using the
¢-loop in Eq. (3.26) to cancel the divergence from the
original ¢-loop in Eq. (3.22).

N4

(3.27)

IV. PROPAGATION—ANTIPODAL SOURCES

The divergences in the loop corrections for a field in an
a-state are not renormalizable in the sense that they cannot
be canceled by a counterterm which contributes through an
analogous graph with the loop shrunk to a point. In the case
of the standard scalar a-vacuum, these divergences are
removed, not by modifying the interaction part of the
Lagrangian, but rather by altering the propagator. This
approach emerges naturally from a generalized time-
ordering prescription [17,19] or by regarding the a-states
as squeezed states [18]. In either case the propagator is
given by the sum of two Bunch-Davies propagators,

GE(x,y) = AgGE(x, y) + B;Gh(xa, ), (4.1

corresponding to placing sources at x =y and x4, =y,
weighted appropriately. Here GZL(x,y) is the Bunch-
Davies propagator for a scalar field,

GL(x,y) = O(n — 7'XE|p(n, ) d (v, H)E)
+ O(n' — n{El(n', y)d(n, D|E).

The values for A; and B differ slightly among the various
prescriptions but they agree for CPT-invariant (real &)
theories [17,18]. The removal of the divergent terms does
not depend on the detailed form for these coefficients.

In this section, we generalize this prescription to the
fermionic a-states. The origin of the divergences of the last
section lay essentially in an inconsistency in the nonlocal
features of the two-point functions in Eqgs. (3.10) and the
time-ordering prescription given in Eq. (3.2). The time-
ordering was chosen so that the propagator was the Green’s
function associated with a single point source, which was
appropriate for the standard vacuum choice. However, for a
nonstandard choice for the initial state, the propagator must
be appropriately modified to be compatible with that state.
In this section we describe this modification, which leads
to an essentially unique prescription for obtaining a renor-
malizable theory in an «-state.

Consider a propagator of the following form,

(4.2)

SE(x, y) = A SE(x, y) + By MSE(xy, y). (4.3)

We shall demonstrate that this propagator yields no new
nonrenormalizable loop divergences such as occurred in
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the previous section. The operator M again corresponds to
the Fourier transform of the Dirac operator M defined in
Eq. (3.7) and is always understood to act on the Dirac index
of the spinor that depends on the antipodal coordinate. The
part of the propagator which depends on the antipode x, is
given explicitly by

—iMSE(xa, y) = O(n4 — 9){EIMp(x,)h(y)|E)
— O(n' — AXEIJ() Mip(x,)|E)

4.4)
with
. PR i ) b (s
Mip(x,) = Z](27)3 [e ’gv(_)ig(n)e’k "bﬁz)
_ eiﬂu(_s)]:(n)e*iic"fccg)f] (45)

in conformally flat coordinates. Here |E) represents the
fermionic Bunch-Davies state.

The structure of this a-propagator is essentially unique
since the terms SE(x, y,) Mt and MSE(x,, o) MT are
related to those already present,

SECr y ) MT = MSE(xy, y)

~ ) 4.6)
MSE (g ya) T = —SEr y). (

Here we have used that antipodal times have the opposite
ordering, ®(n, — n,) = O(n' — ). Thus, once we have
chosen the time-ordering of the individual terms within the
a propagator to be consistent with that of the associated
Euclidean two-point functions, Eq. (4.3) represents the
most general structure. Note that since M is anti-
Hermitian, the sign which would have appeared on the
right side of the first line in Eq. (4.6) is canceled.

A. The path integral with two sources

The free-field generating functional,
[ DyDije’ [ xRl Lo+ E0)W () + T ()£ (0}
[ DyDie’ [ /0

Wol€ €] =

i

4.7)

is constructed so that a functional derivative with respect to
each of the sources yields the correct propagator,

N —
i3z | 5z ote Ele-se
(a| T[(x)p(y)]la)

Since the propagator in this theory contains both the x and
its antipode x4, the source should couple to the field at both
points which is represented in the generating functional by
the spinor field W (x),

—iSt(x,y). (4.8)

V(x) = agh(x) + by Mip(x,), 4.9)
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which through a change of coordinates can be written as
coupling the spinor #(x) to sources &(x) and &(x,). We
assume that a, and b, are real. Extracting the propagator
from Wy[&, €], we obtain Eq. (4.3) when

A,=d%—b> and B, =2a,b,. (4.10)

The free generating functional can also be written in a
form that is quadratic in the sources. If we shift the fermion
field by replacing #(x) with

agP(y) = ba Mib(y,)
ai + b%( ’
4.11)

W) - ] &'y J=ESE(x, y)

the generating functional becomes
W&, &] = e i [4vT8 [dy/TREWsiEnen),

The generating functional for an interacting theory is
given by extending the Lagrangian in the path integral to
include interactions,

[ DyDife’ [ 4/ FLOHEV+FWEw)
[ DyDe’ [ 78w

(4.12)

WIE ] =

(4.13)

For illustration, we examine a general Yukawa interaction
of the form

Line = Vi) + [VV, ()¢ + He] + VY3 (x0)W.
(4.14)

WIE ] =

PHYSICAL REVIEW D 71, 024002 (2005)

For generality, we have coupled a complete set of fermion
bilinears constructed from the local field ¢(x) and the
nonlocal field W(x) given in Eq. (4.9) to potentials V,(x),
V,(x) and V3(x) which could represent other fields present
in the theory and can include a nontrivial Dirac structure as
well. We have included a general set of interactions, in-
cluding terms which contain an antipodal dependence,
since the sources ¢ and & have already introduced some
antipodal nonlocality into the theory.

The fields that appear in the interactions, whether a ¢(x)
or W(x) field, determine the corresponding functional de-
rivative required to rewrite W[¢, €] in terms of Wy[&, £].
Since both #(x) and #(x,) couple to the source £(x), the
functional derivative used to extract a factor of i(x) is
constructed remove the antipodal term,

o 1 R
SE(X) X+ b2 [aa S8&(x) ba 5§(XA):|’ (4.15)
thus, for example,
0 4 - -
52 [(WVTEIOED) = —ie. @16)

A simple functional derivative, with respect to £(x), ex-
tracts instead the linear combination W(x),

8 T, -
5E(x) f d*y gV ()éQy) = —W(x). (4.17)

Therefore, for the Yukawa interactions given in Eq. (4.14)
the corresponding generating functional is

eifd4x\/——§{[—i{5/85(X)}]V1(X)[i{S/SE(X)}]+[(—i{5/5§(X)})Vz(X)(i{B/SE(X)})+H-C-]+[—i{3/8§(X)}]V3(X)[i{é/SE(X)}]}Wo[fy &

The appearance of the different types of interactions
leads to a richer propagator structure depending upon
whether the contraction is between an internal or an exter-
nal vertex and the type of interaction. An n, 7i-point func-
tion with n external ¢ lines and 7 external ¢ lines is given
by

(TTHe) - Yl - - ) la)
u 1)
-1~ af(x>m[ 520y e o

(4.19)

which also implicitly generalizes the time-ordering used in
the a-vacuum to products of more than two ﬁelds Thus an
external point is always associated with a 5—§ or a 6%
derivative. The functional derivative for an 1nterna1 vertex,
however, can be either of these as well as ~ T Or == depend-

ing upon the form of the interaction, as mdlcated in
Eq. (4.18). A theory whose interactions only contain the

eifd4XJ—_g{[—i{5/5E(X)}]V1(X)[i{é/SE(x)}]ﬂ(—i{5/Sf(x)})Vz(x)(i{é/SE(X)})+H-c.]+[—i{5/5§(x)}]V3(X)[i{ﬁ/és_‘(X)}]}Wo[f E]|§_§_0'

(4.18)

‘ﬁeld W(x) will only contain « propagators, defined in
Eq. (4.3). But a theory with only local interactions, depend-
ing solely on #(x), or mixed interactions, as in the term
coupled to V,(x) in Eq. (4.14), will contain several sets of
propagators—either a purely Bunch-Davies propagator,

IS y) = [ _(x)}[

a mixed propagator,

o

526 )}Wo[-f Ell—zoo

(4.20)

—iSh(x, y) = —i[a,Sh(x, y) + by MSE(x,, )]

_ [_iag(x)}[ié;(y)}Wo[f, s

_ [_i%}[i%@)]%[a Ellemio
4.21)

024002-9



HAEL COLLINS

or a genuine a-propagator,

—i%@,ﬁ{—i%}[ 5§(y)i|W0[§ Ellymeos

(4.22)
here the a-propagator is that given in Eq. (4.3) and not the
propagator corresponding to a single point source, as dis-
cussed in Sec. III.

One of the consequences of Eq. (4.20) is that a theory
with only local interactions, so that W(x) does not appear in
L, automatically has the same divergence structure in
loop corrections as a theory in the Bunch-Davies vacuum.
Consequently, the counterterms and the renormalization is
identical to the usual vacuum state. The only source of
a-dependence is that which occurs in the external legs
which will be mixed propagators, Eq. (4.21).

A more interesting scenario, which more closely resem-
bles the real-time-ordering prescription applied to a scalar
theory in [17], is to consider a theory constructed only out
of the linear combination W(x). In this case, all of the
fermion propagators in a diagram are a-propagators and
the renormalization differs slightly from that of the Bunch-
Davies limit [19]. In the next section we shall show that
even with the additional antipodal terms in the double
source « propagator, no phase cancellation occurs in the
UV region of the loop momentum which produced the
nonrenormalizable divergences seen in the previous
section.

B. Loop corrections in a theory with antipodal sources

As an example we examine a theory with a nonlocal
Yukawa interaction of the special form,

L= —gdVV. (4.23)

For complete generality, we have coupled the linear com-
bination W(x) which yields only a-propagators in the
diagrams to a similar linear combination for the scalar
|

d 'min(7’,m,) d
H;{l)(ﬂ, _lg n 771[ M 772[Gk>

7o Mo
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- %[A& /A2 - B3] (x)

v P $(x)
Riag+ s

constructed so that the scalar lines in a graph correspond to
the bosonic a-propagator of Eq. (4.1). As before, each field
can be in a different invariant state, as we have denoted by
writing different labels for the scalar, @, and spinor, «,
states.

The leading correction to the scalar propagator is given
by the one-loop graph shown in Fig. 3. The only new
element for the Schwinger-Keldysh approach is to state
how the additional antipodal propagators affect the struc-
ture of a contraction between = fermions,

S i(nn)=A,0(n—n)S;(n,7)
—AO(n' = m)S=(n,7')
+B, MSZ(—=n,7')
S i(nn)=A0(n"—n)S:(n.7)
—A.O(m =718z (n.7)
—B,S7(n, —n) M1
S i (nn)=AS7(n,n')+ B MSZ (=, 7')
—n )Mt

field [19],
d(x)

(4.24)

St () =—A,ST(n.1) ~ B,SE (n, (4.25)

Note that the additional terms can be written with either
coordinate evaluated at the antipode using the relation
MS7(=n,m) = =87 (n, =) M1 (4.26)

which follows directly from Eqs. (3.5), (3.6) and (3.7).
With these forms for the propagators, we find

(m, 1) = G (n, n)IGE (', )Ly~ (1, m2) — G (', )L™ (01, m2)]

j v f‘"‘“("’“)"’“ )L (1) — G2 (. )L (s mo) G (' ) — G 'y o)

j"dm/m L0267 (n,m0) — G (. ) IGE (' )LLE () — L™ (o, )]

f” " fﬂz@Gk (. n0[GE (0, m2) = G (', o)LLy (1, m2) — L

In this expression the fermionic loop integrals have been
written as

L7 (nma) = [ & PULS; ()8 ()]

LE7 ()= [ @ ulS; Cre ma)S;_Cns )]
(4.28)

“(n1,m)] (4.27)

FIG. 3. The leading loop correction to the scalar propagator
from a theory with a special nonlocal Yukawa coupling to a
fermion, —g®WVV.
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and we have grouped together the two-point functions to
include both ordinary and antipodal pieces; for the fermi-
ons we have

SZ(m, m2) = AgSZ (1, M) + Ba MSZ (= my, 1)

Sz (1, m2) = AuST (1, M) + BaST (1, —mp) M1
(4.29)

while for the scalar field,

G (nm) = A6~ (') + BaGL (=, 7).
(4.30)

In the ultraviolet region of the loop integral, the leading
p-dependence of either integral in Eq. (4.28) is the same,

oS5 (1, 1S3 (2 )] = —(qm2 1+ p p = ]
X [Aie—i[pﬂﬁ—lzl](m—nz)
— B%lei[PHI}*EH(”’ll*'flz)]
+oe (4.31)

Note that there is no longer any phase cancellation in the
far UV of the loop integral, such as occurred in the previous
section. In fact, the second term will never present any new
divergences since n; + 17, < 0 and it is always possible to
define an ie prescription which renders the B%-term finite.

The remaining term, proportional to A2, has exactly the
same structure as the loop divergence in the Bunch-Davies
vacuum. It can be renormalized therefore in the same way
as in the standard vacuum through a wave function and
mass renormalization.

C. Discussion

While the construction of the two-source propagator
arose from a need to remove the nonrenormalizable diver-
gences that appeared for the single-source propagator, it
can be viewed from the more general vantage of the need to
write the propagator consistently with the initial state. This
perspective should apply even if the state we are using is
well behaved in the ultraviolet—approaching the Bunch-
Davies state at short distances—but dramatically different
at longer distances, such as the ““truncated a-vacua’ [6,8].
It would be useful to learn whether using the construction
here leads to a different estimate for the size of trans-
Planckian effects in the cosmic microwave background.

The existence of fermionic «-states can lead to a more
important role for fermions in inflation than is usually
assumed. For example, when the inflaton is coupled to a
fermion in a nonthermal state, the loop corrections can be
significantly larger than would be expected from the
Bunch-Davies vacuum [8]. Moreover, since this effect
only depends on the state of the field in the loop, it can
occur even when the inflaton is itself in the Bunch-Davies
vacuum. The presence of many potential fermionic degrees
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of freedom in the standard model allows for further en-
hancement, depending upon what fraction of the fermions
are in a nonthermal state during inflation.

It is important to note that if the a-vacua are to be
applied to a model for inflation, then the model must allow
for their decay once the inflationary phase has ended. Just
as with the scalar a-vacuum, the value of « today for a
fermion is severely constrained by cosmic ray measure-
ments. The values of a during inflation and during a
possible de Sitter phase today, however, do not need to
be the same. The a-states are only the vacua of a pure de
Sitter background; the de Sitter symmetry is clearly broken
in our universe. Nothing therefore precludes the decay of «
to an observationally acceptable value after inflation has
ended [6,30].

V. CONCLUSIONS

While interesting in itself, the a-vacuum is perhaps even
more valuable as an illustration of the new elements re-
quired to describe the propagation of a field in a state other
than the standard vacuum. One of these new elements is
that the propagator is modified. In the « case, it becomes
the Green’s function associated with two sources; one
corresponds to the physical source while the other is lo-
cated at its antipode. The antipodal source encodes the
effect of the background state on the propagation of a
fermion very analogously to how a fictitious image charge
encodes the effects of a conducting plate on the propaga-
tion of a charge in classical electrodynamics.

Ultimately we would like to extend this formalism to a
generic initial state in a general Robertson-Walker back-
ground. The enormous stretching of scales during inflation
would suggest that the power spectrum of the cosmic
microwave background should be sensitive to the details
of a field theory in the deeply ultraviolet region. However,
the observed spectrum is still completely consistent with
having the inflaton—and all other fields which could
appreciably affect it, such as the fermions discussed
here—in the Bunch-Davies vacuum. What is needed to
reconcile these two observations is an extension of the
principle of decoupling to rapidly expanding backgrounds.

In flat space, we have a well-defined prescription for
understanding the corrections from a more fundamental
theory valid at high energies on the effective theories we
apply at low energies [31]. Similarly, we need to consider
the size of the error we make in choosing a Bunch-Davies
state when the actual short distance properties of the state
are different. To do so requires being able to renormalize
the theory in that state. By examining the a-vacuum, we
have learned that the propagator must be modified to obtain
the correctly renormalized theory. More generally, while
the a-states respect the background space-time symme-
tries, an arbitrary initial state does not. This lessened
symmetry means that we must also renormalize the initial
state [23,24]. When such a program has been completed,
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we shall be able to understand the extent to which our
ignorance of the short distance details of the state can be
exchanged for a scale-dependent, renormalized initial state
and, more importantly, the size of the corrections we can
expect to observe.
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APPENDIX: HELICITY EIGENSTATES

Throughout this article, we work in the Dirac represen-
tation for the y-matrices,

o (1 0 . /0 & /0 1
7o a) (5 0) (i)
(A1)

The two-component positive and negative helicity ei-
genspinors are denoted, respectively, by go(s) and XEZS)' Their
normalizations are fixed to satisfy

Z[%ﬁ] [e'1]; = &,
D" = 9

(A2)

and

sle Ml =k 63,

WP, oy &)
ZS[X X'y = —lk- Gl
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where the indices i and j refer to the components of the
spinors. If in addition we would like these spinors to obey

go(fl = )(55), then this condition, along with Egs. (2.21) and
(A2), is enough to fix the form of the helicity eigenspinors,

) k,—ik,
(+) e Uik
Y T X T
V2 1—k,
(A4)
id — —k
o0 = X = kllwe -
k k 2 X ly
V2 1—k,
where
N
- Y (AS)
ky + ik,
Note that these two-component spinors satisfy
X = =il T
-) (= ) (=) (A6)
)(k = ¢ ;= —ic’le; T

In this article we have used the following spinor product
relation,

ot o TR =101 — ki - ko), (AT)

which vanishes when 122 = 121.
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