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Towards a relativistic description of exotic meson decays
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This work analyzes hadronic decays of exotic mesons, with a focus on the lightest one, the JP¢ = 177
1, in a fully relativistic formalism, and makes comparisons with nonrelativistic results. We also discuss
Coulomb gauge decays of normal mesons that proceed through their hybrid components. The relativistic
spin wave functions of mesons and hybrids are constructed based on unitary representations of the Lorentz
group. The radial wave functions are obtained from phenomenological considerations of the mass
operator. Fully relativistic results (with Wigner rotations) differ significantly from nonrelativistic ones.
We also find that the decay channels 77y — 7b,, 7f|, KK, are favored, in agreement with results obtained

using other models.
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L. INTRODUCTION

Strong hadronic decays have been a subject of phenome-
nological investigations for several years [1-6]. The quark
model description of strong decays is based on the assump-
tion that decays originate from creation of a quark-
antiquark (QQ) pair in the gluonic field of the decaying
meson. The produced QQ pair subsequently recombines
with the spectator constituents and hadronizes into the final
state decay products. Such a picture is consistent with the
experimental observation that most hadronic decays in-
volve a minimal number of final state particles in the final
states; this requires a small number of internal transitions at
the quark level. Furthermore, the absence of complicated
multiparticle hadronic decays is also consistent with a
minimal analyticity assumption for the scattering ampli-
tude. The absence of complicated multiparticle cuts in the
s-channel provides justification for a simple resonance
Regge pole parametrization of the t-channel amplitude
over a wide s-channel energy range.

The mechanism of QQ pair production is by itself a
complicated phenomenon, which can in principle be
studied through lattice gauge simulations. In the strong
coupling and/or nonrelativistic limits, pair production
was shown to be similar to electron-positron production
in a strong uniform electric field (the Schwinger mecha-
nism ) [7]. In this case the produced QQ pair carries the
quantum numbers of the vacuum, i.e., unit spin coupled to
unit relative orbital angular momentum. A phenomeno-
logical hadron decay model based on such a QQ produc-
tion mechanism is referred to as the 3P, decay model (the
spectroscopic notation refers to the quantum numbers of
the produced QQ pair); this model has been extensively
used in phenomenological studies of meson and baryon
decays.

Within a nonrelativistic or constituent quark model
Born-Oppeinhemer approach, it is assumed that formation
of gluonic field distributions decouples from the dynamics
of the slowly moving constituent quarks. Consequently the
decay and formation of final state hadrons can be studied
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within a nonrelativistic quantum mechanical framework
[8]. For light quarks the nonrelativistic approximation
can be justified from the observation that dynamical chiral
symmetry breaking leads to massive constituent quarks and
transverse gluon excitations with a mass gap on the order
of 1 GeV [9,10]. This heavy, effective mass of gluonic
excitations results in weak mixing between the valence and
multiparticle Fock sectors and suggests the validity of an
approach to the decay process in which the pair production
interaction is used only once.

This is also consistent with the characteristics of the
experimental data on decays discussed earlier. Since fully
dynamical lattice simulations of the light hadron reso-
nances are not yet available, such a phenomenological
approach seems to be a reasonable starting point towards
a description of the strong decays of light hadrons.

In this paper we discuss some of the remaining issues
pertaining to models based on the ideas presented above.
The first issue is the question of relativistic effects. Even
though a simple nonrelativistic description appears to be
quite successful in predicting decay widths of resonance
with masses as large as 2—3 GeV, the presence of light
quarks moving with average velocities a substantial frac-
tion of the speed of light naturally raises the question of the
validity of the nonrelativistic reduction. In the case of form
factors, it has been demonstrated that relativistic effects in
the quark model are in general quite large [11-14]. A study
of relativistic effects in light-cone quantization has also
recently been performed [15]. In the absence of a fully
consistent dynamical model, one could argue that these
effects might somehow be mocked up by effective parame-
ters, nevertheless if one seeks a more “‘universal’’ constitu-
ent quark model of hadronic properties, it is essential to
address the role of relativistic corrections in decays.

Second, as discussed above since the *P,, decay model
can be related to the characteristics of a Wilson loop, in a
consistent description of a decay process one should con-
sider hadrons including flux-tube degrees of freedom and
the effects of flux-tube breaking [16,17]. The majority of
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models of normal hadron decays do not include such
effects. In those models the strong decay amplitude is
determined by the quark model constituent wave function,
multiplied by a form factor representing pair production
that is independent of the quark distribution in the parent
hadron. This would not be the case for a general string
breaking mechanism.

A simple phenomenological picture of hadrons and their
decays in terms of quantum mechanical wave functions
emerges naturally in a fixed gauge approach. For example,
in the Coulomb gauge the precursor of flux-tube dynamics,
including string breaking, originates from the nonAbelian
Coulomb potential, which also determines the quark wave
functions [18—20]. The string couples to the QQ pair via
transverse gluon emission and absorption in the standard
way. This coupling carries 3S, quantum numbers. It is
interesting to investigate whether this coupling, combined
with the flux-tube dynamics, is consistent with the phe-
nomenological 3P, picture discussed above.

If one were to attempt a description of decays based on
Coulomb gauge quantization, it is necessary to address the
role of the hybrid quark-antiquark-gluon configurations,
since these appear as intermediate states in the decay
process as illustrated in Fig. 1. If such hybrid states also
exist as asymptotic states they would provide an invaluable
insight to the dynamics of confined gluons. In recent years,
evidence has been presented that such states do indeed
exist, in particular, in exotic channels that do not mix
with the QQ sector. The E852 collaboration reported a
large signal (comparable to the a,(1320), D-wave reso-
nance) in the exotic, P-wave of the n'#~ channel near
1600 MeV [21,22]. A somewhat narrower state has been
measured at a very similar mass decaying into p7~ [23].
Both, the E852 and the Crystal Barrel collaborations re-
ported an exotic JP¢ = 1~ state in »# channel with a
mass close to 1400 MeV [24,25], but an analysis of the
Indiana group has questioned the resonance interpretation
of this signal [26]. More recent analyses of the E§52 data
led to reports of two JP¢ = 17 * waves in f,(1285) 7~ [27]
and b;(1235)7r [28] decay modes at M = 1600 —
1700 MeV and M = 2000 MeV. A number of experiments
the near future, e.g., GlueX at JLab, COMPASS at CERN,
or PANDA at GSI, will closely examine the exotic meson
spectrum.

Recently the nonrelativistic *P,, decay model has been
extended to study hybrid meson decay, modeled via a QQ
pair coupled to a constituent, nonrelativistic string (a
“flux-tube’”) [29-32]. It is therefore desirable to compare
the universal decay picture of QQ and QQg mesons
emerging from the Coulomb gauge, as illustrated in
Fig. 1, with the exotic meson decay phenomenology based
on models of flux-tube breaking.

In this paper we will investigate hybrid meson decays in
a relativistic, Coulomb gauge motivated description. This
is a necessary first step towards understanding the phe-
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FIG. 1. Quark flow diagram responsible for strong decays of
QQg hybrids mesons (upper) and QQ normal mesons (lower). In
the upper diagram the dashed lines represent the confining
nonAbelian Coulomb potential. The gluons connecting the
Coulomb lines represent formation of the flux-tube, e.g., the
gluon string in the ground state. The overall state depicted is
enclosed by the solid oval. Emission of a quark-antiquark pair
from a gluon leads to a readjustment of the gluon strings and
formation of the normal mesons in the final state. In the lower
diagram the hybrid meson state appears as an intermediate state
in a normal meson decay, which is assumed to proceed via
mixing of a Q@ pair with virtual excitation of a gluonic string
and its subsequent decay.

nomenology of normal meson decays. In the following
section we discuss the construction of the Coulomb wave
function for mesons and exotic hybrid mesons. For exotic
hybrids we concentrate on the J°¢ = 1~ quantum num-
bers which are expected for the lightest exotic multiplets
[33-36]. As more data becomes available and resonance
parameters are better established our approach may be
used to confront the experimental results and to provide
insight into the underlying quark-gluon dynamics. Another
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important contribution of this work is the step towards
developing a strong decay model in a close connection
with QCD, for which Coulomb gauge is the natural choice
when dealing with semirelativistic systems. In Sec. III we
discuss the role of relativistic effects and give numerical
predictions for various decay modes. In Sec. IV we con-
sider decays of normal mesons, in particular, the p and b;.
In Sec. V we summarize our results and present future
plans.

II. MESON AND HYBRID WAVE FUNCTIONS

Recently lattice data has become available for static 0Q
potentials with excited gluonic flux [9,10]. In Born-
Oppeinhemer approximation the lightest exotic hybrids,
which by definition do not mix with the ground state QQ
configuration, correspond to states built on top of the first
excited adiabatic potential. The gluonic configurations can
be classified according to symmetries of the QQ system,
similar to the case of a diatomic molecule. The strong
interaction is invariant under rotations around the QQ
axis, reflection in a plane containing the two sources, and
with respect to the product of parity and charge conjuga-
tion; thus each configuration can be labeled by the corre-
sponding eigenvalues denoted by A =0,1,---, Y = =1,
and PC = =1 respectively. In the ground state the gluonic
flux-tube has A = 0 and in the first excited state it has one
unit of spin, A = 1. Furthermore in the first excited con-
figuration, lattice simulations find PC = —1 for the gluon
cloud [9,10,37]

In the Coulomb gauge the quantum numbers of gluonic
states can be associated with those of the extra transverse
gluon in the presence of a static QQ source. This is because
the transverse gluons are dressed [19,38], and on average
behave as  constituents with  effective  mass
m, ~ 600 MeV[39,40]. Thus low lying excited gluonic
states are expected to have a small number of transverse
gluons. The flux-tube itself is expected to emerge from the
strong coupling of transverse gluons to the Coulomb po-
tential. The transverse gluon wave function can be ob-
tained by diagonalizing the net quark-antiquark-gluon
interactions shown in Fig. 2 (in addition to the gluon
kinetic energy).

The three-body interaction shown in Fig. 2 is of particu-
lar relevance. If the gluon is in a relative S-wave with
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FIG. 2. Two-body (left) and three-body (right) potential be-
tween the transverse gluon and the static QQ sources. The
dashed line represents the expectation value of the nonAbelian
Coulomb potential.
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respect to the QQ system it has a net PC = +1, which is
opposite to the lattice results for the first excited configu-
ration. However, the transverse gluon has a gradient cou-
pling to the Coulomb potential, thus a P-wave transverse
gluon receives no energy shift from this coupling and the
energy of the S-wave gluon state is increased. In the
Coulomb gauge picture, the shift of the S-wave state via
this 3-body interaction may be the cause of the inversion of
S — P levels seen on the lattice [41]. A quantitative analy-
sis of this effect will be the subject of a separate inves-
tigation. In the following, when considering the wave
function of an exotic hybrid we will assume that the
transverse gluon is in a P-wave relative to the QQ state.

A. Mesons as QQ bound states

In this analysis we do not solve the Coulomb gauge
QCD Hamiltonian to obtain meson wave functions.
Instead, we use the general transformation properties under
the remaining kinematical symmetries (rotations and trans-
lations) to construct the states. Finally we employ Lorentz
transformations as for noninteracting constituents to obtain
meson wave functions for finite center of mass (c.0.m.)
momenta that are required in decay calculations. This is
clearly an approximation which cannot be avoided without
solving the dynamical equations for the boost generators
[12,13]. In the following section we examine some single
particle observables to investigate this approximation.

For a system of noninteracting particles the spin wave
function is constructed as an element of an irreducible,
unitary representation of the Poincare group [42-46]. We
will assume isospin symmetry m, ; = m and treat the light
flavors first. The generalization to strange and heavier
mesons will be given at the end of this section.

In the rest frame of a quark-antiquark pair the quark
momenta are given by

and the normalized spin-0 and spin-1 wave function cor-
responding to J”¢ = 0~ " and JP€ = 17 are given by the
Clebsch-Gordan coefficients,

1 1
V,(q 13 =00, 05 = <§, 7435: 05 |0 0>
_ [io-Z]a'q(r,i (2)
V2
and
Agg 1 1
\qu (Q, qu =0, Ty 0',2) = <2, O-q,i’ o 1, /\qq> =
[O-iio-Z](r g;
=5 W) 3)

V2

respectively. These can also be expressed in terms of Dirac
spinors as
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L
\qu(Q; qu = 0’ a-q) O'q) = W”(q) Uq)ysv(_q: (Tq)
99

4)
and
\Ip’\qﬁ —
gq W lgg =0, 0, 07)
1 ; 24"
= ii(q, o -1

\/imqq @ q)[)’ Mgz +2m}

X v(_q) Uc?)ei(/\qg)5 (5)
where m,; is the invariant mass of the QQ pair, my; =

E(m,q) + E(m, —q) = 2{m* + ¢*, and €'(A,;) are the
polarization vectors corresponding to spin-1 quantized
along the z-axis. The boosted spin functions for mesons
are summarized in Appendix A. The wave function of a
QQ system moving with a total momentum l,; =
1, +1; # 0 is given by

Z \P (q’ q O'q)

x D;y;§><q, I

’\M
’\qu (q: lq(]) /\q; )lq)

@DV (=a, 1), (6)

where the Wigner rotation matrix D(}\1}\//2) (q, P) corresponds
to a boost with By =P/M. One can show (see
Appendix A) that the corresponding wave functions can
be written in terms of covariant amplitudes,

1
\I} '(qyl g A » /\') = —I/_l(l » /\ )751}(1_’ )\') (7)
qq ¢ ¢ g ¢ Yq @ 'q
\/zmqt?
and
/\qq € (l » )_
Wi (@ gz Ay Ag) = _#q:q i(ly, Ag)

© w

-
x [W - H}v(lq, A) (8)

where €#(l,;, A,;) are obtained from (0, €'(A,;)) through a
Lorentz boost with By = 1,;/m ;. Obviously 1, = A(0 —
l,5)q and 1I; = A0 — 1,5)(—q).

By coupling Egs. (4) and (5) for 1,; = 0 with one unit of
the orbital angular momentum L = 1 and then making the
boost in Eq. (6), one obtains, respectively, the spin wave

function for the quark-antiquark pair with quantum num-
bers JFC =177,

‘]"\6167 —

1
qq '\/imqq(lq’ lq)

or for JP€ =0T, 17" and 277,

"I, I’_t(lqr Aq)ysv(lqr /\q)YlAqq ((_1)! (9)
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1" 1
qz/ — 1 Mmoo 4
Z \/— qq u( ” /\q)|:’y mqq + 2mi|
X v(l A )E (qu, MY (@), AL IJ, /\qq>, (10)

with q = A(l,; — 0)1,. In order to construct meson spin
wave functions for higher orbital angular momenta L
between the QQ pair one need only to replace Y;; with
Y;;. For consistency, we should add the constant factor Y
to wave functions with L = 0.

Now we can proceed with the construction of meson
states characterized by momentum P, spin A ;, and isospin
I. The (I = 1) and n(I = 0) states (J'€=0"") are
constructed in terms of the annihilation and creation op-
erators:

d*p,d’pg

all Ac, f
1

60 Cs
-2m)8(p, +p; — P)W \/%,,

F(I, 13)qu[7
X — 5 V7P Py Agr Ag)
X Pilmyg (P PR/ mIbY o e, dh 25,100
(11)
In the above V¥ ; is the spin-0 wave function of Eq. (7),

written explicitly in terms of the momenta p, and p;
instead of the relativistic relative momentum q and the

c.o.m. momentum P =1 ;, given by
-P)P E(m,
P, =+ P(q J)FE . (mq)P
(mqq: )[mqq (mqq; )] mqq
(12)
and
-P)P E(m,
Py —q- (q-P) N (mq)P
E(myg, P)[m,; + E(m,g, P)] Mg
(13)

In Eq. (11), ¢, f, and I3 denote, respectively, the color,
flavor, and third component of isospin. ¢; represents the
orbital wave function resulting from the quark-antiquark
interaction that leads to a bound state (meson). We assume
that this function depends only on the invariant mass m,;
The normalization constant N (with P = |P|) is fixed by
(P, a|P,

a'y = 2m)32E(my, P)S3 (P — P)S o, (14)
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where m,, is the meson mass and « represents spin and
isospin. The parameter w is a scalar function of the meson
quantum numbers. Finally, F(I, I5) is a 2 X 2 isospin ma-
trix (f = 1 for u and f = 2 for d):

F(0,0) =1, F(1, ;) = o'€i(I5). (15)

The flavor structure of the 7 state (as well as other isospin
zero mesons) was chosen as a linear combination % X

(luity + |dd)), although in general those states are linear
combinations cos()[|uir) + |dd)]/~/2 + sin(¢)|s5). The
|s5) does not contribute to the amplitude of the decay of
the 7r; and therefore may be neglected in calculations,
provided this amplitude is multiplied by a factor cos(¢).
Similarly the p(I = 1) and w, ¢(I = 0) states (J'€ =
177) are given by Eq. (11), but instead of ‘I’qq in Eq. (7)

one must use ‘I’g’ given in Eq. (8). The b,(I = 1) and
hy(I = 0) states (J¥¢ = 1*7) contain the wave function of
Eq. (9). Finally, the a(I = 1) and f(I = 0) states (J'¢ =
0,1,2%%) correspond to Eq. (10).

The above results can be straightforwardly generalized
to the case where m, and m; are different, for example, to
decays into mesons with one strange quark (I = 1/2). The
spin wave function for a quark-antiquark pairina J” = 0~
state is

1
~ I’_t(mq) lq; /\q)ysv(mqy lq) Aq))

v - —_—
g \/jmqq

q’ lq, /\q’ )‘q) =

(16)

where i,; = \/méq — (m, —mg)?*, and the K-meson
states are given by Eq. (11), with an appropriate definition
of the matrix F. In Eq. (11), if ¥ ; in Eq. (16) is replaced
by

Pphas — _#ﬁ(m L. A )|:y'“ — M}
qq \/Eﬁiqq M myg + m, + my
X v(mg 1 A€, (L Ayg), a7

then one obtains the K*-meson states (J© = 17). The wave
functions of strange mesons with nonzero angular momen-
tum (such as J¥ = 17) can be obtained by coupling with
the spherical harmonics.

So far we have treated mesons as noninteracting QQ
pairs. The interaction between a quark and an antiquark
enters through the Hamiltonian H = P° and the boost
generators of the Poincare group MY, It is possible to
produce models of interactions for a fixed number of
constituents that preserve the Poincare algebra following
the prescription of Bakamjian and Thomas [42,44].
Unfortunately such a construction does not guarantee that
physical observables, e.g., current matrix elements and
decay amplitudes, will obey relativistic covariance. In
any case one deals with phenomenological models of the
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quark dynamics, therefore we follow the common practice
of employing a simple (Gaussian) parametrization of the
orbital wave functions with one scale parameter u related
to the size of the meson,

Y (mgg/ ) = e a3, (18)

The Gaussian ansatz is a parametrization of the wave
function which encodes the information about the range
of interactions and can account for the relativistic kine-
matics. Short-range correlations will not be properly de-
scribed by such wave functions. The gaussian wave
functions have also been criticized recently in the context
of the large-x behavior of generalized parton distributions
[47]. We studied effects of short-range correlations on
other observables, e.g., form factors in [12,13] where, as
expected, it was shown that such correlations become
important for matrix elements involving high momentum
transfers. For strong decays this is not the case, since the
break up momenta are of the order of at most a few hundred
MeV. In the nonrelativistic limit (where the Wigner rota-
tion may be ignored) all the spin wave functions for regular
mesons simply reduce to the Clebsch-Gordan coefficients
that we started from.

B. Hybrid mesons as QQg bound states

As we discussed previously, in the exotic hybrid meson
wave function the gluon is expected to have one unit of
orbital angular momentum with respect to the QQ pair. In
the rest frame of the 3-body system, where the QQ pair
moves with momentum —Q and the transverse gluon with
momentum +Q, the total spin wave function of the hybrid
is obtained by coupling the QQ spin-1 wave function of
Eq. (8) and the gluon wave function (J¥€ = 177) to total
spin § = 0,1,2 and JP€ = 0%+, 17+, 2%+ states, respec-
tively. The exotic meson wave function with J?¢ = 17" is
then obtained by adding one unit of orbital angular mo-
mentum between the gluon and the QQ pair:

Aex _ )‘qé —
\Pqég(S)()‘fI’ Ag Ag) = Z V,2(q, —Q, Ay 49)Y1,(Q)

)qu,lT,M,l
X (1, Agq3 1, 1S, YD,

The spin-1 rotation matrix D'V, representing the gluon spin
wave function, relates the transverse gluon states in the
helicity basis o(= *1) to the basis described by spin A,
quantized along a fixed z-axis. The Clebsch-Gordan coef-
ficients and the spherical harmonic in Eq. (19) can be
expressed in terms of the polarization vectors, and the
action of the rotation matrix on the gluon states results in
replacing €'(A,) with €.(Q, A,), where

€:(Q A,) = €/(1,)(87 — 0'0Q)). (20)
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Using the construction of spin wave functions summa-
rized in Appendix B, the corresponding normalized wave
functions are then given by

AEX
\I}qqg(S)

z\lf (q’ -Q )\q» )‘q)é’(s)(Qr /\qqr /\g’ /\ex),
21

where the spin states {5 in Eq. (21) are given by

{(s=0) = \E%[G*(/\qq) (€(Q A)IQ - e(A)]  (22)

g(S=1) = \/g[f*()qu)fz((), )lg)] ' [QE(/\CX)]: (23)

27 -
S(s=2) = WIWQ [€7(Ay5) ® €:(Q, A,)] - €(Ae), (24)

with Q = Q/|Q| and (A ® B);; = 2A;Bj, — %5,(A - B).
It is easy to show (5 = 3/\/E(§(1) — %f(o))- The loss of
linear independence is directly related to the transversity of
€.

The hybrid state in its rest frame is given by

1 d*p,d’p;d*Q
(Qm)°2E 2E,E,

m A= Y o - (@m2
allae, f 77 €X
Ce

%

X (E, + E; +E)53(pq+pq+Q)

/\e)(
\qug(pqx Pq; Aq» /\q; Ag)
t T
X l//L Py qchqdpq Aqfq¢q Q’\ Ce |O> (25)

where the spin wave function ¥, was given in Eq. (21)
for § =0, 1, 2, and the orbital wave function ¢} depends
only on m,; and the invariant mass of the three-body
system, 7m,g,. Here m, denotes the effective mass of the
gluon and E, = E(m,, Q), while ’\?;Ca are the Gell-Mann
matrices.

The orbital angular momentum wave function for the
QQg system should depend only on the invariant masses
Mg, Myz,, and we will again introduce an exponential
function

—m2 2 2 2
WMy Wews Myge why) = € Maa/ 85 - ¢ ™Maas/ 815 (26)

In the nonrelativistic limit only that part of the 7; spin
wave function corresponding to the QQ pair is reduced to a
Clebsch-Gordan coefficient, whereas the functions { given
in Egs. (22)—(24) remain unchanged.
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C. Nonexotic hybrids or Qg components
of normal mesons

As discussed in Sec. I, in Coulomb gauge the decay of a
normal QQ meson is expected to proceed via its QQg
component with the gluon dissociating into a QQ pair, as
shown in Fig. 3. The QQg component of the wave function
is obtained by integrating the QQ state over the amplitude
of transverse gluon emission from the Coulomb line [19],
shown by the vertical dashed line in Fig. 3, which gives,

1 1
q’qt?g(EP + l, _EP - qq— l)

d*k 1 1
- . —1
y eq—LA) [k —5P+1+ q)]‘ o7

J2w,(q — DAE

In Eq. (27) V(p, q) is given by a product of the two
Faddeev-Popov operators (represented by the dashed line
in Fig. 3) modified by a Coulomb kernel vertex correction.
The transverse gluon couples to the Coulomb line via a
derivative coupling which produces the momentum depen-
dence of the numerator. The denominator is given by the
difference between the energy of the QQ state and the
energy of the QQg hybrid (nonexotic) state in the absence
of mixing between the two [48].

The spin-orbit structure of the QQg component can be
inferred from Eq. (27). The momentum vector in the
numerator can be coupled with the spin-orbit component
of the ¥, wave function and later coupled with the J©¢ =
1~ transverse gluon. For example for the p meson the
QQg component can be expanded in a basis of the ay, a;,
a,-like QQ wave functions all having spin one and one unit
of orbital angular momentum between the quark and anti-

k %P+J
>
| q-l

1

SP-1
1

| -5P+q

>—! > 2

_k - %P - q

FIG. 3. Coulomb gauge description of normal meson decays.

The QQ component of the meson mixes with the QQg state with

a subsequent decay of the transverse gluon into a QQ pair. The

vertical solid line represents the sum over all QQg intermediate
states.
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quark, coupled with the transverse gluon wave function
e.(q — 1 2,) to give JP¢ =17". Specifically for the p
meson one obtains,

’\qug(,])(Aq’ Aq; )\ ) = z ’\qu qq(q) qq

A @

X DY (QN, Aggs 1, a1, A,). (28)

QJ )lq) Aq)

Here ‘I’;’q/\’” are the ag, a, and a, QQ wave functions for
J =0,1, 2 respectively, and the gluon helicity o = *=1.
The normalized wave functions for p, similar to those of
mq in Eq. (21), are then given by

Z\P ((L _Q’ )\qr /\z])g(J)(Q’ )\) Agr /\p)r (29)

qqs )

where

{u=0) = \/g[é*()\) “qllec(Q Ap) - e(2,)] (30)

9
Su=1 = 32—77_[6*()\) X q]-[€:(Q, Ap) X €(A,)], (1)

2 .
lin = 1@ A) [ 8] (). ()

Here q denotes again the quark momentum in the rest
frame of the QQ pair. The most general wave function
will be given by a linear combination of the three compo-
nents listed above, and it can be calculated from Eq. (27).
We will also study decays of the b; meson which are
often used as a testing ground for decay models. The QQg
wave function with JP€ =177, I = 1 quantum numbers
requires the QQ to have 7 or 7, quantum numbers. The
corresponding total wave functions are given by

- JA
q;fg(‘])(Aq) /\qJ A- ) = z \I, qq( r qq Q; )\qr /\q)
/\5]5]
X DI QN Aggi 1 a1, Ay, (33)
with ‘I’;’q/\‘” being the 7 (7,) QQ wave function for J = 0

(J = 2). Thus the normalized spin wave functions are
given by

Ahl
qqg(J)

Z\P (q’ _Q! )‘qr /\q)g(J)(Qr /\r )tgr )\p)r (34)

é/(J:O) = \/g[fz(Q: Ag) ' E(Abl)] (35)

where
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27
=2 = ﬂm(l [€:(Q, A) ® €(A)] - q. (36)

III. EXOTIC MESON DECAYS
A. Relativistic *S; model

We assume that the transverse gluon in the 7 creates a
quark-antiquark pair and the hybrid decays into two me-
sons with momenta P and —P. Since the quark pair is
emitted in the S = 1, L = 0 state this decay mechanism is
also referred to as the S, model. The Hamiltonian H of
this process in Coulomb gauge is given by

and

)ngC
Hyqq f Exie,  (X)gy - A% ()N, (x) ==
(37)

In the constituent basis used here the single-particle quark
and antiquark orbitals correspond to states of massive
particles with relativistic dispersion relations, in which a
running quark mass is approximated by a constant con-
stituent mass,

_ d’k
¢cf(x) = 2‘_ fm[u(k, )l)bk/\cf

+v(=k, Dd'y, e (38)

Similarly the gluon field A is expanded in a basis of
transverse quasigluons, with a single-particle wave func-
tion characterizing a state of mass m, ~ 600 MeV,

A’k .
2“ fm[fc(k, Nay

+ €(—Kk, )\)aiclf)l]e"k"‘. (39)

In Eq. (37), g is the strong coupling constant, later chosen
to be of the order 10, corresponding to a; = O(1). The
decay matrix element

(M, (P), My(—=P)|H|m)) = (2m)*5°(P — P)A(P)  (40)

(where M denotes a meson) determines the decay ampli-
tude A.

For decays of 7r; into 7n or b, the spin part of the
amplitude A is proportional to

B 5(Q, Ay Mg Ag A)€l(Q, Ap), (A1)
)LK

where

ZZ(S)(Q Aggr A

‘1‘[

l//,u,(S) /\ex)e,u,(_Q’ )qu), (42)

and
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- o I
BH = Tr[(]é m)(p m)<7M + muz(p, 1) + 2m>

X (I + m)(F + m)‘yf} (43)

In this expression p and [ are, respectively, the four-
momenta of the quark and the antiquark in the 77|, whereas
r and k are the four-momenta of the quark and the anti-
quark created from the gluon. If u, = u, then A, = 0.
The 1°" state is also found to have vanishing decay
amplitude into two pions because of a relative minus sign
from isospin that makes both terms cancel. Thus we find
that the 1~ isovector does not decay to identical pseudo-
scalars. This is a relativistic generalization of a symmetry
found in other nonrelativistic decay models [30]. Since 7
and 7 are to a good approximation members of the same
flavor multiplet, in the quark model one typically finds
their orbital wave functions to be similar, i.e.,u, ~ Moo
resulting in a small 77; — n7 decay rate. Of the two decay
channels 771 and 7b, the latter will be favored. However,
the parameters u need not be similar for two mesons with
different radial quantum numbers, making corresponding
channels significant. For decays of 7| into 7p, 7f; or na;,
(J = 0, 2), the spin part is proportional to

CMVJleM(S)(Q’ Al]’ )\Q’ /\g’ )‘ex)fi(Q, )lg)fw(_P, )l),
Ag
(44)

where A is the spin of the second meson, and

et =[5+ (v = =

)(f - m)yI = m)y’ }
(45)

X , rl/ — lV
(7 myz(r, 1) + 2m

If w, = p, the amplitude of the decay into 7p does not
vanish (unlike 7771) and this channel can be favored. The
same holds for 77y — 7f; and 7 — ma;. For the decay
7 — pw, the spin part is proportional to

DRI P, 5(Q, A)€l(Q, Ap)e™ (P, A,)er* (—P, A,),
A

8

(46)
where
D#Pl = Tr[(lé - m)()f” - nwﬁ:%)(ﬁ +m)
“( e v3m)

P — 1P

a myg(r, 1) + 2m

X (yf’

)(/ - m)yl } @7
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If u, = p,, then A = 0 and the hybrid will not decay into
p and w. Because both parameters u are expected to be of
the same order, the channel 77; — pw will not be favored.

Finally, for decays into strange mesons, one should use
the above spin factors (depending on the quantum num-
bers), with a small modification resulting from r> = k> =
m?2. The amplitudes Akk, (845 = 0, 1) behave similarly to
Agp, and A, whereas Agg- is like A ,. Therefore the
former will be dominant and the latter is expected to be
much smaller.

The width rate for a decay into a final state with orbital
angular momentum L is equal to

Py
327 m,
where Py is defined by E(m,, Py) + E(m,, —Pgy) = m,,.
The partial wave amplitudes are given by

r,= ai (Py), (48)

a(P) = 3 [A® A ds de)

T
X1, Ay Ja, MM, AYYy(P)
X(J, A L, M1, Aey)dQQ, (49)

with d() being the element of the solid angle in the
direction of P, while m and A are, respectively, the masses
and spins of the outgoing mesons.

B. Nonrelativistic limit

The nonrelativistic limit is obtained when the quark
masses are large compared to the quantities w and P,
This is equivalent to ignoring the Wigner rotation and
taking nonrelativistic phase space. In the orbital wave
functions, however, we must keep next to leading order
terms that depend on momenta, otherwise the amplitude
would become divergent. For 77y — 7, wb; the dominant
term has the form

B — —32m*81 (50)
while the other components are much smaller. Therefore

the spin factor of Eq. (41) vanishes for § = 1, and for § =

0 it tends to 8/24/mm*Q'€'(A.,). From the above it fol-
lows F(S:I) — 0 and F(Szz)/r(szo) — 4/13 For T —
mp, wf; we have

CH — —32im* "t (51)

and the other components are much smaller. Therefore the
spin factor of Eq. (44) vanishes for § = 0, whereas for S =
1 it tends to —8/6/mim*Q'e/(A)€e*(A)e/. Thus
I's—0) — 0 and I'(5— /51y — 9/13. Finally, for 7| —
pw we have

D — 324 (818K — siksil + §ilsik)  (52)

(the other components are again much smaller). Therefore
the spin factor of Eq. (46) tends for S=0 to
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824/mm*Q'e'(A, )€/ (A,)e*(A,), and for S=1 to
86/ mm* (0157 — QI5M)e™ (A, ) (A, )€k (A,).

We can straightforwardly understand the difference in
amplitudes coming from the spin wave function. If we
assume my = m,, iy = K, and my, = myp =
my,, iy, = My, = Mg, (the second condition for masses
is satisfied to a good approximation), then one obtains

1 1
A7Tp = EAﬂ.n i Fﬂ'p = Erﬂ.n (53)
and
1 1
Agp = ﬁAwb, =y = grwbl’ 54

where A, A, are taken for S =0 and A ,, A, for
§ = 1. The relation between A, and A, (or between
An, and Azg ) is more complicated and depends on the
orbital angular momentum wave functions ¢; and ¢} . If
M, = M thenin the nonrelativistic limit 77; will not decay
into 7p. Therefore the width for this process is expected to
be much smaller than that of b, assuming the parameters
W, and w, are very close to one another. Analogous
calculations can be made for the decays of 7| into strange

mesons. If wx+ = ug then in the nonrelativistic limit
AKK* = O

C. Numerical results

Our model contains the following free parameters: the
quark masses m; the effective gluon mass m; the size
parameters u for the wave functions; and the strong cou-
pling constant g. The wave function parameters are con-
strained by the pion decay constant f . and the elastic form
factor F . They are, respectively, given by

©lA*HO)| 7 (p)) = fP"Burs (55)

and
(i (pHIV#i(0)| 7k (p)) = F,(p* + p'™)ie.  (56)

The axial current A*(0) is equal to ¢.(0)y*yso'h /2
and the vector current VA4J(0) to ¢.¢(0)y*a/if.;/2. By
virtue of the Lorentz invariance f is a constant, whereas
F, is a function of Q> = —(p — p’)>. As was discussed
previously, it is not possible to construct the currents and
wave functions with a fixed number of constituents in a
Lorentz covariant manner. Thus the current matrix ele-
ments are expected to violate Lorentz covariance. This
will be reflected, for example, in different values of f,
obtained from spatial and time components of the axial
current (rotational symmetry is not broken). Even if we
replaced the factor E(m,,, P) in Eq. (14) by 1, it would be
very difficult to find generators of the Poincare group that
satisfy the exact commutation relations. Thus our model
with exponential orbital wave functions will not be com-
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pletely invariant. The resulting form factors will depend on
the frame of reference and in order to obtain F_(Q? =
0) = 1 one typically employs the time component u = 0
and works in the Breit frame. For other light unflavored
mesons we do not expect much variation on the ground
state wave function and we choose the scale parameter u to
be of the same order as w ... For kaons the same procedure
fits mg and .

We will assume that the mass difference between 7 and
p arises only from spin. Therefore we can write

my = iy + k(sy - 5,), (57)

where M denotes either meson and i, is its ’averaged’
mass. Substituting m, = 140 MeV and m, = 770 MeV
we obtain m,; = 612 MeV, and thus for the constituent
quark masses we choose m, = my; = my,;/2 = 306 MeV.
A similar relation can be used for the K and K* mesons,
leading to 7 =792 MeV and m, =mg —m, =
486 MeV. The ’averaged’ masses should be used in the
normalization constants.

The weak decay constants can be used to fit the parame-
ters u, and wg. Because of the Lorentz covariance break-
ing mentioned before, they become a function of the meson
momentum and we choose them to be equal to their
experimental values at rest. Thus setting f.(0) =
93 MeV and fg(0) =113 MeV, leads to u, =
221 MeV and g = 275 MeV. The momentum depen-
dence of f, in our model is presented in Fig. 4, which
shows ~20% difference between the value of f calcu-
lated for the meson at rest and for the meson with momen-
tum approaching the light-cone. In Fig. 5 we present
F?(Q?) calculated with the wave function parameters ob-
tained above and compared with data. There is good agree-
ment for small momentum transfer; the discrepancy for
larger Q7 indicates the lack of sufficient high momentum
components in our wave function. The strong coupling
constant at this scale is approximately g? = 10, and we

85 -

f [MeV]

n

80— —

51+ —

. | . | . | . | .
0 1000 2000 3000 4000 5000
p [MeV]

FIG. 4. The pion weak decay constant f,. as a function of the
pion momentum p for m = 306 MeV and u, = 221 MeV.
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FIG. 5. The pion electromagnetic form factor F2 as a function
of the momentum transfer Q2 for m = 306 MeV and u, =
221 MeV. The experimental values are from Ref. [51].

take m, = 500 MeV for the gluon effective mass. Around
this value the Coulomb interaction between quark and
antiquark appears to be linear.

Next we proceed to discuss relativistic effects in 7|
exotic meson decays. In Tables I and II we present the
rates for various decay channels. The numbers in paren-
theses correspond to calculations using the nonrelativistic
formulae, where S denotes the total spin of the QQg
component of the 7r; wave function. For all unflavored
mesons and the 77, the value of the parameter u was taken
equal to ., and for all strange mesons w was set equal to
M. This assumption makes the widths for the channels
7m, 77’ and pw identically equal to zero.

In Fig. 6 we compare relativistic and nonrelativistic
predictions for the width for the decay 7y — 7b, as a
function of the mass of the light quark m. It also shows
the semirelativistic values, which include relativistic phase
space and orbital wave functions, but no Wigner rotations.

TABLE I.  Relativistic (nonrelativistic) widths in MeV for
decays of the r(1600). The first column gives the decay
mode and the angular momentum of the corresponding partial
amplitude. The three columns labeled S = 0, 1, 2 give the partial
widths (in MeV) with S referring to the spin of the gluon-QQ
component of the exotic hybrid meson. The values in parenthesis
refer to the nonrelativistic limit.

1_‘rel(rlmrel) §=0 §S=1 §=2

b, (1235) S 150(259) <1(0) 44(80)

D <1(<1) <1(0) <1(<1)

f(1285) S <1(0) 20(33) 14(23)

D <1(0) <1(<1) <1(<1)

f>(1270) D <1(0) <1(<1) <1(<1)
wp(770) P 3(0) <1(0) 1(0)
KK*(892) P 1(0) <1(0) <1(0)
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TABLE II.  Relativistic (nonrelativistic) widths in MeV for
decays of the 77,(2000). The labels of columns are the same as in
Table 1.

l_‘rel(l_‘nrel) §=0 S=1 §=2
7wbh,(1235) S 48(70) <1(0) 13(22)
D 1(2) <1(0) <1(<1)

f1(1285) S <1(0) 7(11) 5(8)
D <1(0) 2(<1) 1(<1)

7 f>(1270) D <1(0) 2(<1) 1(<1)
TP P 2(0) <1(0) <1(0)
na;(1260) S <1(0) 13(22) 9(16)
D <1(0) 1(<1) <1(<1)
na,(1320) D <1(0) 1(<1) <1(<1)
KK,(1400) S 127(45) <1(0) 39(14)
D <1(<1) <1(0) <1(<1)

KK,(1270) S <1(0) 11(4) 7(3)
D <1(0) <1(<1) <1(<1)

KK*(892) P 1(0) <1(0) <1(0)

The ratios of nonrelativistic to relativistic (and semirela-
tivistic to relativistic) values are shown in Fig. 7.

From these results it is clear that fully relativistic results
are significantly different from nonrelativistic ones. There
are two sources of this difference: the Wigner rotation
which introduces relativistic coupling between spin and
spatial degrees of freedom in the wave functions, and
different relations between energy, momentum and the
invariant masses (in the phase space and orbital wave
functions). For realistic quark masses, both corrections
appear to introduce corrections as large as 10% and thus
should be included in phenomenological models.

Finally we address more quantitatively the question of
reliability of the gaussian ansatz to represent the relevant
component of the meson wave function participating in

300

— Rel.
Non-rel.

2501~ T . ---- Semi-rel. N

200 F |

I [MeV]

m [MeV]

FIG. 6. Relativistic, nonrelativistic and semirelativistic widths
for 7, — b, in the S-wave state as a function of m, for § = 0
and m., = 1600 MeV.
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4 T T

- 1-NR/ rR

T/ T

m [MeV]

FIG. 7. Ratios of nonrelativistic to relativistic, and semirela-
tivistic to relativistic width rates for 77y — b, in the S-wave as
a function of m, for § = 0 and m., = 1600 MeV.

strong decays. In Fig. 8 we show the dependence of the
71(1600) — b7 width as a function of the gaussian size
parameter (u ) for the b meson with all other parameters
fixed to their values discussed above. We notice that for
in a broad range of 150 — 400 MeV the width changes by
lest then 50%.

IV. NORMAL MESON DECAYS

In this section we will calculate the widths of the decays
p— 27 and b, — mw. These are the dominant decay
channels (accounting for almost 100% of the total width)
and their values are well known from experiment, and
therefore can be used to test the model presented in this
work.

200 ‘ ‘ ‘ ‘ ‘

I [MeV]

0 ‘ 200 ‘ 400 ‘ 600 ‘ 800 ‘ 1000
My, [MeV]
FIG. 8.  Relativistic (solid line) and semirelativistic (dashed

line) width for 7; — b, in the S-wave state as a function of
Mp1, for me, = 1600 MeV.
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As discussed previously, in Coulomb gauge the decay of
anormal meson is expected to proceed via QQ mixing with
the QQg hybrid component followed by gluon dissociation
to a QQ pair. However, the common approach to normal
meson decays is based on the 3P0 model where QQ pair
creation is described by an effective operator that creates
the pair from the vacuum, in the presence of the normal
QQ component of the decaying meson. We will first dis-
cuss the role of relativistic effects in the 3P, model and
then compare with predictions based on the Coulomb
gauge picture.

A. The decay p — w7

We start from the *P, Hamiltonian
H= AZ f X (X)ihp(x), (58)
of

where A is a mass scale that can be fixed by the absolute
decay width, and is expected to be of the order of the
average quark momentum. In the decay matrix element
the spin factor is proportional to

whe =T (4 mi(h v/ =

X (= m)(f — mqefup), (59)

with the same notation used in the previous section. In the
nonrelativistic limit the above expression tends to
32m3(p' — P)€'(A,,). The expression for this process is
much simpler than for decays of 7 because there is no
gluon.

The decay of a p treated as a gluonic bound state has a
similar structure to the decay 7y — 77, and proceeds via
the 3S, interaction given by Eq. (37). The spin factor is the
same as in Eq. (41) with § = J and A, replaced by A,
but the functions ¢ are now given by Egs. (30)—(32). In

the nonrelativistic limit this factor will Dbe-
come —82/mm*G'e/(A,)(8" — Q'QY) for J =0,
—89/2mm*q'e€/(2,)(67 + Q'Q/) for J=1, and

—8\27/10mm*q'€/(A,) 3 (76" — Q'(QY) for J = 2. None
of these functions vanishes, but only two of them remain
linearly independent.

In Table III, we present numerical predictions for the
widths of this decay. The experimental value of the width
for p — 277 is 149 MeV. This number can be used to fit the
free parameter A, the coupling constant g, or the hybrid
scale parameter ..

B. The decay b; — ww

This process is a better test for the different decay
schemes, because the ratio of D-wave to S-wave widths
is independent of the values of A and g. We will begin with
the picture of the b; as a QQ bound state and the decay
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TABLE III.  Relativistic (nonrelativistic) widths in MeV for
the decay p(770) — 7 for A = w .. The first column gives the
prediction of the P, model. The three columns labeled ag, a;, a,
give the predictions of the model described in this paper with
spin S of the decaying gluon-QQ component of the p meson
equal to S = 0, 1, 2, respectively. The values in parenthesis refer
to the nonrelativistic limit.

3
I‘rel (Fnrel) Po ap ag a

2w P 59(195) 7(15) 12(45) 58(75)

Hamiltonian of Eq. (58), i.e., the P model. The spin
factor is proportional to

WM=T{v+mw—mw—mw—m>

X<,}/M_ r:u'—l/"’

mys(r, 1) + 2m
with the same notation as for p — 2. In the nonrelativ-
istic limit this expression tends to 32m>*(p’ — P')e™(A,,).
The spin factor for the decay of a b; treated as a gluonic
bound state is given by Eq. (41) in which

) |en-P A0, @0

BM=T{w—mw—mw—m>

o (i — H— e
<y myz(r, 1) + 2m

Jo+my ] 6n
with § = J, A replaced by A, , and the functions ¢ given
by Eqgs. (35) and (36).

The numerical predictions for the decay widths are
presented in Table IV. The experimental value of the total
width for the process b; — mw is 142 MeV, and the
experimental ratio of the D-wave to S-wave widths is
0.08. Our predictions give a value less than 0.02 for this
ratio in the *S; model, and close to 1 for the 3P, decay. The
real mechanism for this decay appears to lie somewhere
between the two predictions. The QQg wave function
component of the b; wave functions used here is that of
Eq. (34), corresponding to a QQ pair with pion quantum
numbers. For a QQ pair with 7, quantum numbers the
numerical value for the width is much smaller than 1 MeV

TABLE IV. Relativistic (nonrelativistic) widths in MeV of the
decay b,(1235) — 7w(782) for A = . The first column gives
the prediction of the P, model. The second column labeled 7
gives the predictions of the model described in this paper with
the spin of the decaying gluon-QQ component of the b, meson
equal to S = 0. The values in parenthesis refer to the non-
relativistic limit.

l_‘rel (Fnrel) 3Po T
Tw(782) S 16(15) 52(82)
D 17(42) <1(<1)
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for the S-wave and approximately 1 MeV for the D-wave.
The ratio D/S is, respectively, 230. In the nonrelativistic
limit one obtains similar results. It is clear that treating b,
as 7, + g increases dramatically the D/S ratio; therefore
this may be an important component of the wave function.
The relatively small values of the decay widths of a | with
7, quantum numbers (L = 2) compared to those of a b,
with pion quantum numbers (L = 0) remind the situation
for the process 77, — b, whose D-wave width was small
compared to the S-wave.

V. SUMMARY AND OUTLOOK

In this work we studied relativistic effects for the decays
of normal and exotic mesons, and discussed a new picture
of meson decays in the Coulomb gauge point of view. In
Coulomb gauge the gluon degrees of freedom are physical.
Since they carry color, isolated gluons do not appear in the
physical spectrum, and colorless excitations of QQg states
are expected to be suppressed by a mass gap of the order of
1 GeV. This is what lattice QCD studies find for the energy
of gluonic excitations in the presence of QQ sources. Since
strong decays are expected to proceed via gluon decay into
a QQ pair, the Coulomb gauge provides a natural frame-
work for disentangling the dynamics of bound state for-
mation (via a static Coulomb potential) and the decay of
the gluonic component of a state.

This work led to two important conclusions. First, nu-
merical results showed significant relativistic corrections
arising from spin-orbit correlations introduced by Wigner
rotation. The widths calculated using fully relativistic for-
mulae are in general larger than the corresponding values
calculated with no Wigner rotation (by a factor of roughly
10%), but smaller than completely nonrelativistic rates.
Some decays that are suppressed in the nonrelativistic limit
(for example 7y — 7p assuming identical orbital wave
functions for 7 and p) acquire nonzero amplitudes in the
relativistic case.

The second conclusion from this work is that the lightest
exotic meson, the 7|, prefers to decay into two mesons,
one of which has no orbital angular momentum while the
other has L = 1 (the so-called S + P selection rule) [30].
Thus this selection rule, also found in other models seems
to be quite robust [49]. Some decays (77, pw, KK*) are
suppressed by symmetries in orbital wave functions, or the
assumption that the parameter p should be almost equal
for mesons with the same radial quantum numbers. We
have also noticed that, for decays where two waves are
possible, the rates for the higher partial waves are larger in
the 3P, than in the *S, model. However, there is one caveat
that needs to be explored further. There are several com-
ponents to the QQg normal meson wave functions and if
there are sizable contributions from wave functions with
large relative angular momentum in the QQ system, it is
possible to obtain large amplitudes for high partial waves.
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This has, in particular, been illustrated in the case of the D-
wave/S-wave ratio for the b; — 7w decay.

The process 7 — p seems to be suppressed and this
agrees with the S + P selection rule [49]. However, some
models predict larger values for its width [50]. It is possible
that these are increased by the final state interactions
between the outgoing mesons. The most important contri-
bution may come from the process 7b; — p, that pro-
ceeds through an o exchange. Calculations of this
contribution will be the subject of future work.

ACKNOWLEDGMENTS

The authors wish to thank J. Narebski and S. Glazek for
several discussions. This work was supported in part by the
U.S. Department of Energy under Contract No. DE-

|

[Em,q) + m][E(M,P) + M]+P-q+ioc:(PXq)

PHYSICAL REVIEW D 71, 016004 (2005)

FGO0287ER40365 and National Science Foundation Grant
No. NSF-PHY0302248.

APPENDIX A: BOOSTED SPIN WAVE FUNCTIONS
FOR MESONS

The polarization vectors corresponding to spin one
quantized along the z-axis are given by

ey 0
e(+1) —ﬁ<61>, €(0) = ((;) (A1)

The Wigner rotation matrix corresponding to a boost with
By = P/M is given by

(1/2) -
D/\/\/ ( rP) - |:

whereas S (qu — 0) is the Dirac representation of the boost
taking 1, to q and I to —q:

1
S0, —0) =
\/quq[E(mqq, lyg) + my;]
% (E(mqé’ Lyg) +myg —o -y )
—o -y E(myg1y5) + myg
(A3)

We make use of the relations:

> DU (= 1)v(~g, o) = S,

9g

- O)U(lqy Aq),

(A4)

ZD*(]/Z)((], qu)u'r(q, loa ) = MT(lq, A )ST(qu - O)

(A5)

and the formulae:

S’r,y0 — 70s—1’
S7lyis = ALy,
Ev(qu) = AZV(O - qu)ei(Aqq))

one obtains Eq. (8) from Eq. (5) and (6). One can derive the
spin wave functions for other mesons in similar fashion.

V2[E(m, q) + m][E(M, P) + M][E(m,qQ)E(M,P) + P - q + mM]

} , (A2)
AN

\
APPENDIX B: SPIN WAVE FUNCTION OF THE 7

The transverse gluon states in the helicity basis o are
related to the states in the spin basis A, (quantized along a
fixed z-axis) by

Q. A,) = ZD“”‘(aﬁ 0,-$)IQ o), (B
where 6 and ¢ are, respectively, the polar angle and
azimuth of the gluon momentum direction. For the gluon
polarization vector we obtain

€Qr)= > DV"(¢,0,-d)€Q o), (B
o==1
where the helicity polarization vectors are given by
€(Q a) =D (4.6, —)e(). (B3

g

Using the unitarity of the matrix D) one can show

€(Q A€ (Q o) = DV1(Q), (B4)
and with the help of the identity

€;/(Q 0)€(Q. o) = 87 = 0'Q/
we arrive at the result:

€i(Q, Ay) = €/(1,)(87 — 0'Q), (B5)

where Q' = Q'/IQI.

The Clebsch-Gordan coefficients and the spherical har-
monic in Eq. (19) can be expressed in terms of the polar-
ization vectors (A1), for example:

(1, A';0,0[1, A) = €*(X') - €(N), (B6)

016004-13
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(1, A5 1, |0, 0) = €*(X) - €*(X), (B7)
(L, AL A1, Q) = é[e*(/\’) X €' (A")] - e(A), (B8)
_ 3 _
Y;,(Q) = \/4:6(1) - Q. (BY)
o
Therefore we obtain:
AL Aggs 1, 410, 0)Y1,(Q)0, 05 1, 111, Aey)

l

=[€"(A,9) - € (A )]Q - €(A)], (B10)
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SUL Aggi L Al )Y (QXL 531, 111, Aoy
Ls

= [€(Ayq) X € (W] [Q X e(Ae)] (B11)
S0 A 1 A2 V(@255 1111 A
= Q [€(A) ® €(A)] - elAey). (B12)

The action of the rotation matrix D on the gluon states
results in replacing €'(A,) with €,.(Q, A,) and that leads to
the spin wave functions given in Eqgs. (22)—(24).
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