
PHYSICAL REVIEW D, VOLUME 70, 103516
Perturbations in a holographic universe and in other stiff fluid cosmologies
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We examine the generation and evolution of perturbations in a universe dominated by a fluid with
stiff equation of state p � �. The recently proposed holographic universe is an example of such a model.
We compute the spectrum of scalar and tensor perturbations, without relying on a microphysical
description of the p � � fluid. The spectrum is scale invariant deep inside the Hubble horizon. In
contrast, infrared perturbations that enter the Hubble horizon during the stiff fluid dominated (holo-
graphic) phase yield oscillatory and logarithmic terms in the power spectrum. We show that vector
perturbations grow during the stiff fluid dominated epoch and may result in a turbulent and anisotropic
universe at the end of the holographic phase. Therefore, the required period of inflation following the
holographic phase cannot be much shorter than that required in standard inflationary models.
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I. INTRODUCTION

Over the past few years many attempts have been made
to merge string theory with cosmology. These models
incorporate certain aspects of string theory like extra
dimensions, branes, T-duality, etc., and often drastically
change our picture of the early Universe. Some popular
examples are the KKLMMT model [1], the cyclic/ekpyr-
otic model [2,3], brane gas cosmology [4–6], Randall-
Sundrum phenomenology [7,8], and the pre-big-bang sce-
nario [9,10].1 Ultimately, these models must make contact
with experimental observation; one of the most demand-
ing being the observation of a nearly scale invariant
spectrum of density fluctuations [19]. So far, these models
rely on inflation (in some form or another) in order to
generate such a spectrum.

Recently, a radical new model based on the holographic
principle of ’t Hooft and Susskind [20,21] was proposed
by Banks and Fischler (BF) [22–26]. In this model the
initial state of the Universe is described by a stiff fluid
(with equation of state p � �) that saturates the holo-
graphic covariant entropy bound. The model conforms
with standard cosmology (obeys the Einstein equations
with Friedmann-Robertson-Walker metric) with this un-
usual form of matter. While we focus on the holographic
universe model, a number of authors have considered
cosmological aspects of such a stiff fluid in the literature
and our conclusions generalize to those models as well
[27–37].2 The microphysical interpretation of this fluid is
a dense gas of black holes [23] which is argued by BF to
emerge naturally from a quantum-gravity regime.
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It is claimed that, during the holographic phase, a scale
invariant spectrum of perturbations is generated inside
the Hubble horizon. Thereafter, it is inflated to super-
Hubble scales during a short burst of inflation [23]. A
careful calculation of the spectrum and an implementa-
tion of the inflationary phase needs to be performed.3

In this article, we address the first of these issues and
compute the spectrum of scalar and tensor perturbations
inside the Hubble horizon. The spectrum originates from
sub-Hubble ultraviolet (UV) perturbations, and infrared
(IR) perturbations that crossed the Hubble radius during
the holographic phase. We find that UV perturbations do
indeed yield a scale invariant spectrum; however, IR
perturbations have oscillatory and logarithmic correc-
tions to scale invariance.

Vector perturbations (VP) are found to grow during the
holographic phase. We argue that the Universe will be-
come turbulent and anisotropic if the p � � fluid domi-
nates for a long enough time.We speculate that it might be
this feature that puts an end to the holographic phase,
since the Universe is no longer describable by an effective
p � � fluid.

Our main conclusion is that due to the imprints of IR
perturbations, a rather long phase of inflation is required
to make the holographic model consistent with observa-
tions. Although the holographic cosmology proposal does
not eliminate the need for a period of cosmological
inflation, there is hope that it will help resolve the initial
singularity [26,39].
II. BACKGROUND

We work with mostly negative signature ��;�;�;��,
scale factor a���, conformal time �, and we assume a flat,
Friedmann-Roberston-Walker universe, so that
3See, however, arguments in favor of a scale invariant
spectrum based on symmetry in [24].
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ds2 � a2d�2 � a2	ijdxidxj: (1)

The matter content is modeled by an ideal fluid

T�
� � ��� p�u�u� � p	��; (2)

where p is the fluid’s pressure, � is its energy density, and
u� is its four velocity satisfying u�u� � 1 [given in a
comoving frame by �u�� � �a; 0; 0; 0�]. The unperturbed
Einstein equations read

G�
� �

1

k24
T�
�; (3)

where k�2
4 � 8�G, so that

2
a00

a
�

�
a0

a

�
2
� �

a2p

k24
; (4)

3
�
a0

a

�
2
�

a2�

k24
; (5)

yielding the well-known relation �� a�3�1�w� for the
equation of state p � w�. In the above and throughout,
prime denotes differentiation with respect to conformal
time �.

The holographic universe model [22–26] is character-
ized by an equation of state parameter w � 1 so that

a��� �
����
�

p
; (6)

���� � �0��3: (7)

The microphysical interpretation of such a fluid is in-
volved, but is not required in the following analysis. 4
III. SCALAR PERTURBATIONS

A. Metric

In the longitudinal gauge the most general perturbed
metric is given by

ds2 � a2	�1� 2��d�2 � �1� 2��	ijdx
idxj
: (8)

Note that the two Bardeen potentials agree with the gauge
invariant scalar metric perturbations—there is no resid-
ual gauge freedom. Since we do not consider anisotropic
stress, the off-diagonal Einstein equations yield

� � �; (9)

so that only one scalar metric degree of freedom remains.
4Our analysis assumes that the techniques of local field
theory are applicable to describe the origin of fluctuations.
This may not be justified for a theory based on holography.
We thank T. Banks and W. Fischler for raising this point.
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B. Matter and Metric

Since we do not want to rely on a microphysical real-
ization of the holographic matter, it is not straightforward
to identify the gauge invariant, scalar degree of freedom,
once matter is added. Fortunately, this difficult enterprise
has already been carried out in [40], yielding the single
gauge invariant degree of freedom

v �
1���
6

p
l
��v � 2z��; (10)

where l �
���������������
8�G=3

p
, �v is the velocity potential for the

perturbation of the four velocity 	ui, that is

�v;i � �
2
����
�

p
a2

cs
	ui; (11)

and z is given by

z �
a

����
�

p

H cs
; (12)

cs �
p0

�0
; (13)

� � H 2 �H 0; (14)

where H � a0=a. Thus with p � � and our background
solution (6) we have

� �
3

4�2 ; (15)

cs � 1; (16)

z �
������
3�

p
: (17)

The advantage of v lies in the fact that its action takes
the simple form of a scalar field with time dependent
mass

Sv �
1

2

Z
d4x

�
v02 � 	ijv;iv;j �

z00

z
v2

�
; (18)

and thus v can be quantized in a straightforward way
[40].
IV. SCALAR PERTURBATIONS IN
THE p � � ERA

Ultimately, we are interested in the power spectrum

j	���; k�j �
�
3l2

8�2

�
1=2

����
�

p
z

acs

1���
k

p

��������
�
vk���
z

�
0
��������; (19)

where the mode functions vk��� satisfy the equation of
motion derived from (18) (in momentum space)
-2



. . . PHYSICAL REVIEW D 70 103516
v00
k �

�
c2sk

2 �
z00

z

�
vk � 0: (20)

For our specific background the general solution is

vk��� � Ak
����
�

p
J0��k� � Bk

����
�

p
Y0��k�; (21)

where Ak and Bk are determined by initial conditions and
Jn and Yn are Bessel functions.We assume the fluctuations
are seeded by quantum vacuum fluctuations and adopt the
following general initial conditions that define the vac-
uum at � � �i

vk��i� � k�1=2M�k�i�; (22)

v0
k��i� � k1=2iN�k�i�; (23)

where N and M obey NM? � N?M � 2 and the condi-
tions

jM�k�i�j ! 1; (24)

jN�k�i�j ! 1; (25)

for k�i 
 1. Note that the short wavelength behavior is
generic for most choices of the vacuum.

A. Short wavelength

For the short wavelength part of the spectrum, that is
k� 
 1, the Bessel functions can be expanded:

J0�k�� ’

����������
2

�k�

s
cos�k�� �=4� �O

�
1

k�

�
; (26)

Y0�k�� ’

����������
2

�k�

s
sin�k�� �=4� �O

�
1

k�

�
: (27)

Using (21) and the initial conditions (22) and (23) the
mode functions are given by

vk��� � �
iN���
k

p cos	k��� �i�
 �
M���
k

p sin	k��� �i�
:

(28)

With this, the background solution (6) and (16) and (17),
the spectrum (19) is

j	���; k�j �

������
9

32

s
l
�

�������� 1

�3=2
fM cos	k��� �i�


� iN sin	k��� �i�
g �
1

6k�5=2
fiN cos	k��

� �i�
 �M sin	k��� �i�
g

��������: (29)

If we focus on the dominant solution ���3=2, we see that
the spectrum has a scale invariant shape, since the initial
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conditions (24) and (25) give
j	���; k�j �

������
9

32

s
l

��3=2
: (30)
Note that this is essentially the spectrum that is generated
during inflation inside the Hubble horizon [40].

So far we have only considered the short wavelength
fluctuations. However, in the stiff fluid dominated phase,
IR fluctuations are entering the Hubble horizon. If a
subsequent inflationary phase lasts for only a few e fold-
ings, these primordial IR perturbations can leave an
imprint on the cosmic microwave background radiation
(CMBR).

B. Long wavelength

To discuss the long wavelength perturbations we need
the general solution (21). To compute the coefficients Ak
and Bk we must choose quantum initial conditions.
However, this task is not as straightforward as in the
short wavelength case, since there are ambiguities asso-
ciated to the choice of vacuum [41]. Therefore, we will
consider two general choices.
(1) T
-3
he same initial conditions as for the short wave-
length perturbations (22) and (23)

vk��i� � k�1=2; (31)

v0
k��i� � ik1=2; (32)

this is a sensible choice (e.g., for nonexotic matter
with p � �=3, since the oscillator (20) becomes
tachyonic in that case; see [42] for more details).
(2) R
ealizing that �z00=z � 1=4�2 > 0, we can
straightforwardly quantize the oscillator [40],
yielding

vk��i� � E�1=2 � �2�i�
1=2; (33)

v0
k��i� � iE1=2 � i�2�i�

�1=2; (34)

where we took the ‘‘energy’’ as E2 � �z00=z in the
limit k�i � 1, with z �

������
3�

p
.

Computing Ak and Bk is then straightforward. Now one
can compute an exact analytic expression for the spec-
trum of perturbations (19)—note that there is no match-
ing condition required, as we know the exact solution to
(20). However, since the exact expression is quite cum-
bersome, we shall also provide an approximate solution
valid for k�i � 1 and k� 
 1; this approximation is
good for the spectrum of perturbations (19) inside the
Hubble radius originating from IR perturbations that
crossed the horizon during the holographic (p � �)
phase. With ' � k� and 'i � k�i we find
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j	�1�
� ��; k�j �

3
���
2

p

16

l
�

k3=2

'3=2i '
jJ1�'i�Y0�'i� � Y1�'i�J0�'i�j

�1f	J1�'�

2	Y0�'i�


2 � 	Y1�'�

2	J0�'i�


2

� 4'i�	J1�'�

2Y0�'i�Y1�'i� � J1�'�Y1�'�	J0�'i�Y1�'i� � J1�'i�Y0�'i�
 � 	Y1�'�


2J0�'i�J1�'i��

� 4'2i �	J1�'�Y0�'i� � Y1�'�J0�'i�

2 � 	J1�'�Y1�'i� � Y1�'�J1�'i�


2�g1=2 (35)

’
3

16

l

�3=2

1

�3=2

1��������
k�i

p

��������2 cos
�
k��

�
4

��
(� ln

�
k�i

2

�
� 2

	
� � sin

�
k��

�
4

���������; (36)

j	�2�
� ��; k�j �

3
���
2

p

8

l
�
k3=2

'i'
jJ1�'i�Y0�'i� � Y1�'i�J0�'i�j

�1f	J1�'�

2	Y0�'i�


2 � 	Y1�'�

2	J0�'i�


2

� 2'i�	J1�'�
2Y0�'i�Y1�'i� � J1�'�Y1�'�	J0�'i�Y1�'i� � J1�'i�Y0�'i�
 � 	Y1�'�
2J0�'i�J1�'i��

� 2'2i �J1�'�Y1�'i� � Y1�'�J1�'i��2g1=2 (37)
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�
� 2

�
� � sin

�
k��

�
4

�	
2
�

�
2 cos

�
k��

�
4

��
(� ln

�
k�i

2

��
� � sin

�
k��

�
4

�	
2
�
1=2

; (38)
where the superscript �1; 2� denotes the choice of the
initial conditions and ( is Euler’s constant. Clearly, the
spectrum is not scale invariant.

C. Discussion

Comparing (36) and (38) with (30) we see that IR
perturbations do not yield a scale invariant spectrum
once they cross the Hubble horizon. Independent of the
initial vacuum choice, a logarithmic and an oscillatory
correction are present. Furthermore, the spectrum is pro-
portional to ��3=2 as it was for UV perturbations in (30),
so this is a significant effect. Note, the factor ��k�i�

�1=2

in (36) depends on the initial conditions given on super-
Hubble scales—this is not surprising since ambiguities
are well known to arise on super-Hubble scales [41]. The
amplitude of the oscillations is not suppressed by small
numbers. This is in contrast to the case of the minimal
trans-Planckian approach to inflation where the ampli-
tudes are of order H=Mp [43].

Deep inside the Hubble horizon the spectrum of fluc-
tuations is scale invariant according to (30), but due to IR
fluctuations entering during the holographic phase, the
spectrum becomes k-dependent according to (36) or (38)
(even inside the Hubble horizon). For the oscillatory
effects to be invisible in the CMBR, a period of inflation
after the p � � phase has to last for a sufficient number of
e foldings.

Here we would like to get an impression of the portion
of the Hubble radius that must inflate at the end of the
holographic phase in order to make the oscillations of the
IR modes unobservable in the CMBR today. Consider an
initial patch of the Universe during the holographic phase
with Hubble radius H�1. Now let the scale factor grow by
a few orders of magnitude (say 103). During this time the
103516
Hubble radius will grow as H�1 � a3. An initial quantum
fluctuation with physical wavelength of order the Hubble
radius has *ph���=rH��� � 1=a���2 (since *ph � a). So, if
inflation sets in after the scale factor has grown by the 3
orders of magnitude, a patch with a radius of about
10�6H�1 must inflate, and not simply a patch of size
H�1. Thus, it seems the inflationary phase in the holo-
graphic universe cannot be much shorter than typical
inflationary phases in standard cosmological models.

V. VECTOR PERTURBATIONS IN THE p � � ERA

Vector perturbations have recently been studied in the
context of bouncing cosmologies, due to their growing
nature in a contracting universe [44,45]. However, if the
fluid is stiff enough, VP will also grow in an expanding
universe (as was first pointed out in [46]). We will now
examine them in the context of a � � p universe.

The most general perturbed metric including only VP
is given by [40]

�	g-.� � �a2
0 �Si

�Si Fi
;j � Fj

;i

 !
; (39)

where the vectors S andF are divergenceless, that is, Si;i �
0 and Fi

;i � 0.
A gauge invariant VP can be defined as [44]

0i � Si � Fi0: (40)

The most general perturbation of the energy momen-
tum tensor including only VP is given by [47]

�	T�
�� �

0 ���� p�Vi

��� p��Vi � Si� p��i
;j � �j

;i�

 !
; (41)

where �i and Vi are divergenceless. Furthermore Vi is
-4
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related to the perturbation in the four velocity via

�	u-� �
0
Vi

a

� �
: (42)

Gauge invariant quantities are given by

2i � Vi � Fi0 (43)

and �i.
From now on we work in Newtonian gauge where Fi �

0 so that 0 coincides with S and 2 with V. Note that there
is no residual gauge freedom after going to Newtonian
gauge.

If we assume for simplicity �i � 0 (no anisotropic
stress), the equations of motion for each Fourier mode
Vk and Sk are solved by [44]

Sik �
Ci
k

a2
; (44)

where Ci
k is a constant and

Vi
k �

k24k
2

2��� p�a2
Sik (45)

�
k2Ci

k

a1�3w : (46)

Thus, in the stiff fluid dominated phase the metric per-
turbation is decreasing Sik � ���1 but Vi

k � � is increas-
ing. Nevertheless, the contribution to the perturbed
energy momentum tensor (41) is still finite and, in fact,
decreasing since

�p� ��Vi
k � a�3�1�w�a�1�3w � ��2: (47)
Consequences

The interpretation of this peculiar behavior of VP is as
follows: in the holographic phase there is so much inertia
in the matter sector that eddies expanding with the
Universe are actually speeding up [46]. Since the energy
density in the black hole fluid scales as �� a�6, the
contribution to the energy momentum tensor due to vor-
ticities becomes more and more significant as the
Universe expands [from Eq. (47), �p� ��Vi

k � a�4].
This results in a turbulent universe at the end of the
holographic phase. Note that the old arguments that ruled
out turbulent cosmologies based on nucleosynthesis, e.g.,
[48], do not apply here, since the holographic universe
requires an inflationary phase.

Furthermore, a significant rotation always creates a
significant shear.5 It seems likely that this will produce
a highly anisotropic universe after the holographic phase.
We speculate that it is this backreaction of VP that could
put an end to the stiff fluid dominated epoch, since after
5We thank J. Barrow for useful comments on this point.
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some time the simple p � � fluid description is no longer
accurate. If this is the case, any subsequent inflationary
phase has to resolve an isotropy problem, in addition to
stretching UV perturbations to super-Hubble scales.

VI. TENSOR PERTURBATIONS IN
THE p � � ERA

Here we study gravitational waves in the holographic
universe. Consider tensor metric fluctuations [31,49,50]
about a classical cosmological background

ds2 � a2���	d�2 � �	ij � hij�dx
idxj
: (48)

The gravitational waves are represented by the second
rank tensor hij��;x�. Expanding the Einstein-Hilbert
action to second order in the fluctuating fields yields

	2S �
Z
d4x

a2���
2

	�hij�
0�hji �

0 � @k�hij�@
k�hji �
: (49)

Decomposing hij into its two polarization states e�ij and
exij gives

hij��;x� � h���;x�e�ij � hx��;x�exij; (50)

where h� and hx are coefficient functions. Decomposing
hs, s 2 f�; xg, into its Fourier modes and defining -s

k �
ahsk such that the action for both -s

k takes canonical form,
we arrive at the equations of motions

-00
k �

�
k2 �

a00

a

�
-k � 0; (51)

where we suppressed the superscript s. Since, in the case
of holographic cosmology,

���
3

p
a � z, the above equation

has the same solution as the equation for the scalar
perturbations (20). Thus the spectrum of gravitational
waves behaves in the same way as the spectrum for scalar
perturbations in Secs. IVA and IV B.6

VII. CONCLUSION

In this article we have computed the spectrum of scalar
and tensor metric perturbations in a universe that is
dominated by a stiff fluid with equation of state p � �
(e.g., the holographic universe). UV perturbations that
stayed inside the Hubble horizon during the entire holo-
graphic phase exhibit a scale invariant spectrum.
However, IR perturbations that enter the horizon during
this phase yield oscillatory and logarithmic corrections.
Despite ambiguities related to quantum mechanical ini-
tial conditions, the results seem to be robust with respect
to different choices of the initial vacuum. Because no
such oscillations are observed on scales that enter the
horizon today, we conclude that the required era of in-
6The presence of logarithmic terms in the spectra of tensor
modes agrees with the results found by Giovannini in [51–53].
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flation after the holographic phase cannot be much
shorter than it has to be in standard inflationary models
of the Universe. That way, only the scale invariant UV
part of the spectrum becomes observable.

Vector perturbations exhibit growing solutions during
the holographic phase. These result in an anisotropic and
turbulent universe, if the holographic phase lasts long
enough. We speculate that it is this backreaction of vector
perturbations that will ultimately put an end to the holo-
graphic phase.

It should be noted that the holographic universe model
is still in its infancy. The implementation of the much
needed inflationary phase has yet to be achieved. Also, a
better understanding of the microphysical properties of
the black hole fluid and how it originates from an epoch of
quantum gravity is desirable. Although the holographic
103516
cosmology proposal does not eliminate the need for a
period of cosmological inflation, there is hope that it will
help resolve the initial singularity.
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