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The large decay rate observed by Belle for B� !  �3770�K�, which is comparable to B� !
 �3686�K�, might indicate either an unexpectedly large S-D mixing angle j�j � 40

�
or the leading

role of the color-octet mechanism in D-wave charmonium production in B decay. By calculating the
production rate of  �3770� in the continuum e�e� annihilation at

���
s

p

 10:6 GeV with these two

possible approaches (i.e., the large S-D mixing and the color-octet mechanism), we show that the
measurement for this process at Belle and BABAR may provide a clear cut clarification for the two
approaches. In addition, the radiative E1 transition ratio �� �3770� ! �	c2�=�� �3770� ! �	c1� may
dramatically change from  0.04 (for � � 0

�
) to 200 (for � � �40

�
) due to the large S-D interference

effect, thus the E1 transition measurement of  �3770� at Beijing Spectrometer and CLEO-c will also be
very useful in clarifying this issue.

DOI: 10.1103/PhysRevD.70.094001 PACS numbers: 13.66.Bc, 12.38.Bx, 14.40.Gx
I. INTRODUCTION

The S-D mixing for  0 �  �3686� and  00 �  �3770�
is of great interest in charmonium physics. If we neglect
the charmed meson pair component which is due to
coupling to decay channels,  0 and  00 may be approxi-
mately expressed as

j  0i 
 cos� j 23S1i � sin� j 13D1i;

j  00i 
 cos� j 13D1i � sin� j 23S1i:
(1)

A rough estimate of the S-D mixing angle may be ob-
tained by using the ratio of the observed leptonic decay
widths [1] of  0 and  00 and neglecting the D-wave
component contribution to these leptonic decay widths
tan2� 
 �� 00!l�l��

�� 0!l�l�� � 0:12, which results in � � �19
�
.

However, if the D-wave contribution to leptonic decay
widths is further included, potential model calculations,
e.g., in [2–4] give two solutions: � � �10

�
to �13

�
or

� � �30
�

to �26
�

(� � �10
�

and �30
�

in [2], � �
�13

�
and �26

�
in [3], and � � �12

�
and �27

�
in [4]).

The small mixing solution (i.e., � � �10
�
) is compatible

with the results obtained in models with coupled decay
channels [5,6]. Moreover, � � �10

�
is favored by the

 0 ! �	cJ data whereas � � �30
�

would lead to �� 0 !
�	c0� � 135 KeV due to a large positive S-D interference
[3], which is higher than its observed value by a factor of
6 and is therefore disfavored. The S-D mixing may have
many interesting phenomenological consequences. It
might slightly [2] or substantially [7,8] affect the
04=70(9)=094001(11)$22.50 70 0940
 �3770� ! J= �� decay , which has been recently ob-
served by Beijing Superconductor (BES) [9]. It would also
have effects on the hc search via the  0 ! hc�

0 decay
[10]. The S-D mixing could even provide an explanation
for the notorious �� puzzle that the suppression of  0 !
�� is due to a destructive interference between the S and
D-wave states [4], and it might also be useful in explain-
ing [11] the recent observed enhancement of  0 ! KLKS
by BES [12]. Moreover, the ratio of �� �3770�!�	c2�

�� �3770�!�	c1�
may

sensitively change from 0.04 (for � � 0
�
) to 0.22 (for � �

�10
�
) and to 0.06 (for � � �30

�
) [3]). The experimental

examination of these radiative transitions for  �3770� at
and CLEO-c in the near future will be an interesting test
for the S-D mixing.

Recently Belle Collaboration [13] has observed
 �3770� for the first time in the B meson decay B� !
 �3770�K� with a branching ratio of �0:48� 0:11�
0:07� � 10�3, which is comparable to B�B� !
 0�3686�K�� 
 �0:66� 0:06� � 10�3 [1]. This is quite
surprising, since conventionally  �3770� and  �3686�
are regarded as mainly the 13D1 and 23S1 color-singlet
c �c states, respectively, and the coupling of 13D1 to the c �c
vector current in the weak decay effective Hamiltonian is
much weaker than that of 23S1. One possible explanation
is that the S-D mixing for  �3770� and  �3686� is very
large, much larger than previously expected. If in the B
meson decay we neglect the 13D1 contribution, which is
expected to be much smaller than the 23S1 contribution,
we would get the S-D mixing angle j�j � 40:4

�
from the

observed decay rate ratio
01-1  2004 The American Physical Society
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B�B� !  �3770�K��

B�B� !  �3686�K��

 tan2� � 0:73: (2)
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FIG. 1. Feynman diagrams for e� � e� ! �� !
charmonium � c �c.
Although this large mixing angle seems to be incompat-
ible with all our previous knowledge about the S-D mix-
ing, it is still worthwhile to test it with new experiments.
Another possible explanation is that the color-octet
mechanism in nonrelativistic QCD (NRQCD) may play
the leading role in the D-wave charmonium production in
B meson decays, and it was predicted [14] that for a pure
D-wave state the branching ratio B�B!  �3770�X� �
0:28%, which is comparable to B�B!  �3686�X� 

�0:35� 0:05�% [1] (see also [15] for similar discussions).
In a series of papers [14,16–18] it was pointed out that
based on the Fock state expansion and velocity scaling
rules of NRQCD [19] the production rates of D-wave
charmonium states including the 3D1 �3770�, which
would predominantly decay to the D �D meson pair, and
an expected narrow 3D2 state, which could have some
decay fraction to J= ����, would be comparable to that
of J= and  �2S� in the Z0 decay [16], the p �p collision at
the Tevatron [17], the B meson decay [14], and the fixed
target experiments [18], whereas in the conventional
color-singlet model the D-wave production rates, which
are proportional to the squared second derivative of the c �c
wave function at the origin, should be greatly suppressed.
Despite certain uncertainties associated with the values
of color-octet matrix elements, the color-octet contribu-
tions are expected to be dominant, which are larger than
the color-singlet contributions by more than 1 order of
magnitude in those processes. For instance, in the large
pT charmonium production at the Tevatron, the 3DJ states
could have large rates, comparable to  �2S�, because in
both cases the dominant production mechanism is ex-
pected to be gluon fragmentation into the color-octet
3S1c �c intermediate state which then evolves, respectively,
into the physical color-singlet 3DJ and  �2S� states by
emitting two soft gluons via double E1 transitions with
the same order transition probabilities [17]. Similarly, the
 �3770� production in the B meson decay could provide
another interesting test for the color-octet mechanism in
NRQCD.

In order to distinguish between the large S-D mixing
and the NRQCD color-octet mechanism in the  �3770�
production in the B meson decay, we suggest measuring
the  �3770� production in continuum e�e� annihilation
at the Belle and BABAR energy

���
s

p

 10:6 GeV, and we

will give calculations of the production cross sections in
the following sections. We will show that the  �3770�
production in e�e� annihilation via double c �c does not
receive large contributions from the color-octet mecha-
nism but is very sensitive to the S-D mixing.
J= inclusive production in e�e� annihilation has

been investigated within the color-singlet model [20]
094001
and the color-octet model [21–23]. BABAR [24] and
Belle [25] have measured J= production rate in contin-
uum e�e� annihilations at

���
s

p

 10:6 GeV, which is

found to be much larger than the color-singlet prediction.
More interestingly, Belle further finds J= production to
be dominated by the double c �c production [26]. The
measured exclusive cross section for e� � e� ! J= �
�c is an order of magnitude larger than the theoretical
values [27], and the measured inclusive cross section for
e� � e� ! J= � c� �c is more than 5 times larger than
NRQCD predictions. Therefore the inclusive charmo-
nium production via double c �c is particularly interesting
and worth investigating. As in the case of inclusive pro-
duction of J= , �c, and 	cJ�J 
 0; 1; 2� [28], here we will
also concentrate on the double c �c production for the D-
wave charmonium states �J�J 
 1; 2�.
II. COLOR-SINGLET CONTRIBUTION TO
�1 (3D1) CHARMONIUM PRODUCTION VIA

DOUBLE C �C IN E�E� ANNIHILATION

In NRQCD the Fock state expansion for the D-wave
(without S-D mixing) charmonium �J�J 
 1; 2; 3� is

j�Ji 
 O�1�jc �c�3DJ; 1�i �O�v�jc �c�3PJ0 ; 8�gi

�O�v2�jc �c�3S1; 8�ggi � � � � : (3)

Following the NRQCD factorization formalism, the scat-
tering amplitude of the process e��p1� � e��p2� ! �� !

c �c�2S�1L�1;8a�
J ��p� � c�pc� � �c�p �c� in Fig. 1 is given by
-2
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A�e��p1� � e��p2� ! c �c�2S�1L�1;8a�
J ��p� � c�pc� � �c�p �c�� 
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(4)
where c �c�2S�1L�1;8a�
J � is the c �c pair produced at short

distances, which subsequently evolves into a specific
charmonium state at long distances; A& and A&' are
the derivatives of the amplitude with respect to the rela-
tive momentum between the quark and antiquark in the
bound state. For the case of color-singlet state, the coef-
ficient CL can be related to the origin of the radial wave
function (or its derivatives) of the bound state as

CD 

15

8�
j R00

D�0� j
2 : (5)

The spin projection operators and their derivatives with
respect to the relative momentum are

P1SZ �p; 0� 

1

2
���
2

p %6 �Sz��6p� 2mc�; (6)

P&1Sz�p; 0� 

1

4
���
2

p
mc

��&%6 ��Sz��6p� 2mc�

��6p� 2mc�%6 �Sz��
&�: (7)

P&'1Sz�p; 0� 

1

2
���
2

p
mc

��&%6 ��Sz��' � �'%6 �Sz��&�: (8)

The calculation of cross sections for e� � e� ! �� !
charmonium � c �c is straightforward. As in Ref. [20] we
write the differential cross section as

d+�e� � e� ! �� ! charmonium � c �c�
dz



4CD&

2&2
s

81mc

�
S�z� �

&�z�
3

�
: (9)

where z 
 2E =
���
s

p
. The expressions of S�z� and &�z� for

�J are lengthy and will be given in the appendix for J 

1; 2. With Eq. (9) we can evaluate the inclusive cross
sections for �J. The input parameters used in the numeri-
cal calculations are [30]
094001
mc 
 1:5 GeV; &s�2mc� 
 0:26;

& 
 1=137; j R00
D�0� j

2
 0:015 GeV7 (10)

and the obtained cross section for the �1 at
���
s

p



10:6 GeV is

+�e� � e� ! �� ! �1 � c �c� 
 2:5 fb: (11)

Here we also give the calculated cross section for the �2 at���
s

p

 10:6 GeV

+�e� � e� ! �� ! �2 � c �c� 
 2:4 fb: (12)

We also find that as in the case of other charmonium states
[28] the calculated cross sections for �1 in Eq. (11) and �2
in Eq. (12) are substantially smaller than those obtained
in the fragmentation approximation at

���
s

p

 10:6 GeV

which would cause a enhancement factor of 1.5 and 2.3,
respectively.

Comparing Eq. (11) with +�e� � e� ! �� ! J= �
c �c� 
 148 fb calculated for the J= in [28], we see that
the inclusive double c �c cross section for the D-wave 1��

state is smaller than that for the S-wave 1�� states by a
factor of 60. This illustrates the expectation that within
the color-singlet model the suppression of D-wave state
production relative to the S-wave state production is
usually about 2 orders of magnitude.

III. COLOR-OCTET CONTRIBUTION TO
�1 PRODUCTION VIA DOUBLE C �C

IN E�E� ANNIHILATION

The color-octet contributions to �1 production via
double c �c in e�e� annihilation come from the Feynman
diagrams in Figs. 1 and 2. According to the NRQCD
factorization and velocity scaling rules [19], the contri-
butions of the second term and third term in the Fock
state expansion of �1 in Eq. (3) are of the same order in
the quark relative velocity v as the corresponding terms
in the Fock state expansion of J= or  �2S�. As a rough
estimate for the nonperturbative matrix elements we may
choose
-3
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FIG. 2. Feynman diagrams for e� � e� ! �� !

c �c�2S�1L�8�
J � � c �c.
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hO�1
8 �3S1�i � hOJ= 

8 �3S1�i 
 1:06� 10�2 GeV3; (13)

hO�1
8 �3P0�i=m

2
c � hOJ= 

8 �3P0�i=m
2
c 
 1:1� 10�2 GeV3;

(14)

hO�1
8 �1S0�i � hOJ= 

8 �1S0�i 
 3:3� 10�2 GeV3; (15)

hOH
8 �

3PJ�i 
 �2J� 1�hOH
8 �

3P0�i: (16)

Here the color-octet matrix elements for J= were ex-
tracted from the J= data at the Tevatron (see Ref. [29,31]
for detailed discussions). There are large uncertainties
with hOJ= 

8 �3P0�i=m
2
c and hOJ= 

8 �1S0�i=3 and their combi-
nations, and here we have assumed that they are equal and
take the largest fitted values from [29] to avoid under-
estimates of the color-octet contributions. (Note that
these two matrix elements may be overestimated [31].)
094001
In Fig. 1, the color-octet contribution can be obtained
from the corresponding color-singlet contribution divided

by a factor of
32hOH

1 �
2S�1LJ�i

3hOH
8 �

2S�1LJ�i
. With the matrix elements for

hO�1
8 �2S�1LJ�i chosen above, we find the contributions to

�1 production cross section from the color-octet
3S1;

3P0;
3P1;

3P2 states to be 0.12 fb, 1.1 fb, 0.29 fb,
and 0.14 fb, respectively. The total color-octet contribu-
tion to the cross section from Fig. 1 is 1.65 fb.

In Fig. 2 the color-octet contributions come from four
different (the upper two and the lower two) diagrams.
The upper diagrams only contribute via the color-octet
3S1 state, and the differential cross section reads

d+octet

dz



16&2&2
shO

�1
8 �3S1�i

27mc
j �M j2; (17)

where j �M j2 takes the form

j �M j2

�

12�2s2z�z�2�2

(
�4z

��������������������������������
�1�z��z2��2�

4��2�4z

s

�
h
3�4�12�2�z�2��16�10�z�z�10��

i
��z�2�2

h
3�4�8�2�3z�4��32

�

2�z�z�2��
i

�ln

"
z

�����������������������
4��2�4z

p
�2

��������������������������������
�1�z��z2��2�

p
z

�����������������������
4��2�4z

p
�2

��������������������������������
�1�z��z2��2�

p
#)
: (18)

The numerical result for the cross section is

+octet�e�e� ! �1c �c� 
 4:5 fb: (19)

The lower diagrams in Fig. 2 make contributions to �1
production via the color-octet 3PJ�J 
 0; 1; 2� and 1S0
intermediate states. We find the following results.

d+octet

dz



32&2&2
shO

�1
8 �2S�1LJ�i

27mc

����������������������������������
�z2 � �2��1� z�

4� �2 � 4z

s

� j �M�2S�1LJ� j
2; (20)
j �M�3P0� j
2


f16��8� 3�2 � 8z���6 � 8�2��4� z�z2 � 8z4 � 2�4�18� ��10� z�z��g

�27�2s3�4� �2 � 4z�2��2� z�4�
(21)
j �M�3P1� j
2 


1

�9�2s3�4� �2 � 4z�2��2� z�4�

�f16��8� 3�2 � 8z���6 � 16��2� z�2z2 � 2�4�18� ��12� z�z�

�4�2��2� z��16� z��20� 3z���g (22)
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j �M�3P2� j
2


�32��8� 3�2 � 8z���6 � 2�4��3� z���2� z� � 4z4 � 2�2z2�2� z���

�9�2s3�4� �2 � 4z�2��2� z�4�
(23)
j �M�1S0� j2

��8��8� 3�2 � 8z���� z���� z��

�9s2�4� �2 � 4z�2��2� z�2�
(24)

With the chosen parameters mentioned above, the con-
tributions to the �1c �c production cross section from the
color-octet 3P0,

3P1, and 3P2 are 0.18 fb, 2.7 fb, and
0.87 fb, respectively. The contribution of the color-octet
1S0 is negligible.

The total color-octet contribution to the cross section
from Fig. 2 is 8.3 fb, and the sum of the color-octet
contributions from Fig. 1 and 2 is 9.9 fb. This number
could become substantially smaller if we use the matrix
element values given in [31]. In any case, the color-octet
contribution to the D-wave states production cross sec-
tions should be of the same order as the color-singlet
contribution, because from the �J Fock state expansion
in Eq. (3) and from Fig. 1 and 2 it is easy to see that the
color-octet and color-singlet contributions are of the same
order in both short distance [O�&2

s�] and long distance
[O�v4�] parts. Based on the above calculations including
both the color-singlet and color-octet contributions, we
think

+�e� � e� ! �� ! �1 � c �c� � 10 fb (25)

should be a reasonable estimate in NRQCD for the
 �3770� production rate when the S-D mixing is
neglected.

IV. S-D MIXING AND  �3770� PRODUCTION IN
E�E� ANNIHILATION AND B DECAY

The calculated  �3770�c �c production rate could be
significantly enhanced by the S-D mixing if the mixing
angle is large. With the calculated J= production cross
section +�e� � e� ! �� ! J= � c �c� 
 148 fb [28],
the  �2S� production cross section can be approximately
obtained by the scale factor j R2S�0� j

2 = j R1S�0� j
2 , and

then we have +�e� � e� ! �� !  �2S� � c �c� 
 90 fb
(the color-octet contributions to the S-wave charmonia
are small and negligible). If this estimate for the  �2S�
makes sense, with the large S-D mixing angle � � �40

�

we would have

+�e��e�! �3770��c �c��+�e��e�! �2S��c �c�

�tan2��66 fb: (26)

This value is much larger than 10 fb, the value in Eq. (25)
obtained without S-D mixing in NRQCD.
094001
However, as we already mentioned, the Belle observed
double charm production cross section for the J= has a
much higher value [26]

+�e� � e� ! J= � c �c� 
 �0:87� 0:15� 0:12� pb;

(27)

which is larger than the theoretical expectation in
NRQCD by a factor of 6 (as a rough estimate we neglect
the feed down contribution from the  �2S� and 	cJ states
in the J= production cross section). If this also happens
for the  �2S�, which is very likely, we would expect

+�e� � e� !  �2S� � c �c� � 530 fb (28)

to be the observed double charm production cross section
for the  �2S�. Then with the large S-D mixing angle � �
�40

�
we would have

+�e��e�! �3770��c �c��+�e��e�! �2S��c �c�

�tan2��387 fb: (29)

This is more than an order of magnitude larger than the
value in Eq. (25) obtained without S-D mixing in
NRQCD.

In any case, we see that the large S-D mixing angle
� � �40

�
would result in a much higher cross section for

the  �3770� double charm production than that
without S-D mixing or with a small S-D mixing angle
like � � �10

�
. This is due to the fact that the

double charm production rate for a pure 23S1 state is
much higher than that for a pure 13D1 state in NRQCD.
We therefore suggest measuring the production cross
sections of  �3770� � c �c and  �3686� � c �c in the
continuum e�e� annihilation at

���
s

p

 10:6 GeV by

Belle and BABAR.
In contrast, in the B inclusive decay to  �3770�, the

decay rate is expected to be insensitive to the S-D mixing
in NRQCD because both the 23S1 and 13D1 final states
produced in B decay are dominated by the color-octet
intermediate states with the same quantum numbers in
the two cases and thus they may have comparable pro-
duction rates. The color-octet dominance in B decay
relies on two observations. The first is that in the effective
weak interactions the squared short distance coefficient at
the b quark mass scale for the color-octet part is larger
than that for the color-singlet part by more than an order
of magnitude. The second is that the color-singlet S-wave
-5
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contribution is further suppressed by QCD radiative cor-
rections and therefore negligible (see [32–34] for detailed
discussions). Therefore, despite certain uncertainties re-
lated to the values of color-octet matrix elements and
other parameters, the qualitative features for the D-
wave charmonium production in e�e� annihilation and
B decay should hold and be tested.
V. S-D MIXING AND  �3770� E1 TRANSITIONS

As mentioned already, the small S-D mixing angle like
� � �10

�
is favored by the observed E1 transition rates

of  �3686�. However, as another independent check for
the mixing angle, measurements on the  �3770� E1 tran-
sitions will be also very useful. In Ref. [3] the E1 tran-
sition rates of  �3770� were calculated for
�
0

�
;�10

�
;�30

�
, and the S-D interference effects

were found to be significant. Based on the same potential
model we now estimate the E1 transition widths for � 

�40:4

�
and find

�� �3770� ! �	cJ� 
 386; 0:32; 66 KeV (30)

for J 
 0; 1; 2 with � 
 �40:4
�
; and

�� �3770� ! �	cJ� 
 52; 203; 28 KeV (31)

for J 
 0; 1; 2 with � 
 �40:4
�
; but they are 363, 60,

13 KeV respectively for � 
 �10
�

[3]
We see that the S-D interference effects in the  �3770�

E1 transitions are essential. In particular, the ratio

R2=1 

�� �3770� ! �	c2�
�� �3770� ! �	c1�

(32)

will dramatically change from 0:04 (for � � 0
�
) to

200 (for � � �40
�
) due to the large S-D interference

effect. Similar discussions for � � �12
�

and �27
�

can
also be found in [4].

We hope these measurements can be performed at BES
and CLEO-c in the near future. They will be very helpful
in clarifying the S-D mixing problem for  �3770� and
 �3686�.
VI. DISCUSSIONS AND SUMMARY

We first discuss the uncertainties associated with the
color-octet matrix elements with different choices from
Eqs. (13)–(15). According to the NRQCD velocity scal-
ing rules, we may have
094001
hO�J
1 �3DJ�im

7
cv

7;hO�J
8 �3P1�i

m5
cv7;hO

�J
8 �3S1�im3

cv7: (33)

If we use hO�1
1 �3D1�i as the input parameter,

hO�1
1 �3D1�i 


45Nc
4� j R00

D�0� j
2
 0:16 GeV7, we would

have the following matrix elements

hO�1
1 �3D1�i

m7
c

�
hO�1

8 �3P1�i

m5
c

�
hO�1

8 �3S1�i

m3
c


 0:0094: (34)

Then the color-octet contributions to the cross section
+�e�e� ! �2S�1L�8�

J � � c �c! �1 � c �c� can be estimated
to be 0.36 fb, 1.1 fb, 0.28 fb, and 0.12 fb for
3S�8�1 ;

3P�8�
0 ;

3P�8�
1 ;

3P�8�
2 color-octet intermediate states,

respectively, from Fig. 1; and 13.5 fb, 0.17 fb, 2.6 fb,
and 0.83 fb, respectively, from Fig. 2. The total contribu-
tion to the cross section +�e�e� ! �� ! �1 � c �c�
is about 20 fb, a factor of 2 larger than 10 fb, the value
given in Eq. (25) obtained by using Eqs. (13)–(15).
The above results may demonstrate the possible
uncertainties associated with the color-octet matrix ele-
ments, which are estimated according to the NRQCD
velocity scaling rules but with different choices for the
input parameters. We expect that these uncertainties do
not change our main analysis that the  �3770� production
in e�e� annihilation receives much smaller contributions
from the color-octet channels than from the large S-D
mixing.

We suggest performing the measurements on the  �2S�
and  �3770� production in the continuum e�e� annihi-
lation by Belle and BABAR in order to check (i) if the
 �2S� � c �c cross section is as large as about 0.5 pb, which
would confirm the S-wave (not only for 1S but also for 2S)
charmonium production enhancement via double c �c; (ii)
if the cross section of  �3770� � c �c is comparable to that
of �2S� � c �c, which would confirm the large S-D mixing
angle; (iii) if the cross section of  �3770� � c �c is as small
as say 10 fb, which would favor the prediction in
NRQCD. It is very likely that Belle and BABAR will
find a strong signal for  �2S� � c �c, because experimen-
tally Belle has found a large cross section for the inclusive
 �2S� � X cross section, which is comparable to that for
J= � X [25]. If a large  �2S� � c �c cross section turned
to be the case, then one can easily distinguish between the
large S-D mixing and the NRQCD prediction (together
with the small S-D mixing) by simultaneously measuring
the  �3770� � c �c cross section.

In conclusion, we notice that the large decay rate
observed by Belle for B� !  �3770�K�, which is com-
parable to B� !  �3686�K�, might indicate either an
unexpectedly large S-D mixing angle j�j � 40

�
or the

leading role of the color-octet mechanism in D-wave
charmonium production in B decay. By calculating the
production rate of  �3770� in the continuum e�e� anni-
-6
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hilation at
���
s

p

 10:6 GeV with these two possible ap-

proaches (i.e., the large S-D mixing and the color-octet
mechanism), we show that the measurement for this
process at Belle and BABAR may provide a clear cut
clarification for the two approaches. In addition, the
radiative E1 transition ratio �� �3770� !
�	c2�=�� �3770� ! �	c1� may dramatically change
from 0:04 (for � � 0

�
) to 200 (for � � �40

�
) due to

the large S-D interference effect, thus the E1 transition
measurement of  �3770� at BES and CLEO-c will also be
very useful in clarifying this issue.
094001
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APPENDIX

In this appendix, for �1 and �2 we give the expressions
of S�z� and &�z� which are defined in Eq. (9).
S�1 

16�

225�6s4���z���2�z�10z7���z�

(
�4z

��������������������������������
�1�z��z2��2�

4��2�4z

s
���5529600�12�1382400�14

��42393600�10�38246400�12�5529600�14�z��124600320�8�260259840�10�109255680�12

�10114560�14�z2��145981440�6�702873600�8�687037440�10�175499520�12�10955520�14�z3

��106168320�4�732979200�6�1706803200�8�1037391360�10�178859520�12�7741440�14�z4

��483655680�4�1502760960�6�2324674560�8�992090880�10�121618560�12�3672000�14�z5

��106168320�2�759152640�4�1448421376�6�1866987008�8�606618880�10�54528192�12

�1110144�14�z6��524943360�2�98590720�4�329316352�6�803530752�8�221747328�10

�15245760�12�188688�14�z7��70778880�1436221440�2�1035042816�4�448612352�6

�146389760�8�42081920�10�2067024�12�26616�14�z8��566231040�2742845440�2

�1070004224�4�82320896�6�40385536�8�73280�10�262944�12�3180�14�z9

��2235432960�3145580544�2�493045760�4�287114752�6�34498880�8�1811280�10

�41160�12�630�14�z10��5315624960�1154056192�2�773548544�4�101372288�6

�12039424�8�258940�10�5445�12�z11��8075444224�1656672256�2�1123221504�4

�50333664�6�1196496�8�110862�10�315�12�z12��8028487680�2410575872�2�723781760�4

�38182256�6�791960�8�795�10�z13��5278310400�1389795328�2�236564032�4�8583048�6

�16302�8�z14��2310758400�445429248�2�39874240�4�590984�6�z15��673812480

�84606976�2�3518976�4�z16��124616704�9082368�2�z17�11939840z18�

�15�2�z�2�4ln

"
z

�����������������������
4��2�4z

p
�2

��������������������������������
�1�z��z2��2�

p
z

�����������������������
4��2�4z

p
�2

��������������������������������
�1�z��z2��2�

p
#
��23040�12��176640�10�69120�12�z

��519168�8�585984�10�89856�12�z2��608256�6�1620480�8�799296�10�63936�12�z3

��442368�4�1380864�6�1912960�8�578944�10�26880�12�z4��724992�4�378112�6�924480�8

�227248�10�6144�12�z5��1032192�2�256000�4�1437696�6�22176�8�46976�10�1056�12�z6

��2310144�2�503808�4�1262528�6�108816�8�11916�10�252�12�z7

��229376�2�856576�4�194944�6�29976�8�3592�10�42�12�z8��294912�3428352�2

�1397248�4�571184�6�25516�8�447�10�z9��1392640�4259840�2�583680�4�215072�6

�3078�8�21�10�z10��1998848�2720768�2�20736�4�16052�6�345�8�z11��1163264�1031936�2

�98816�4�3554�6�z12��284672�172800�2�22288�4�z13��35840�5376�2�z14�4096z15�
�
: (A1)
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&�1 

16�

225�6s4��� z���2� z�10z7��� z�

8<
:�4z

����������������������������������
�1� z��z2 � �2�

4� �2 � 4z

s
� �5 529 600�12 � 1 382 400�14

��46 080 000�10 � 39 168 000�12 � 5 529 600�14�z� �124 600 320�8 � 248 832 000�10

�105 477 120�12 � 10 114 560�14�z2 � �48 660 480�6 � 613 171 200�8 � 574 632 960�10

�155 262 720�12 � 10 955 520�14�z3 � �35 389 440�4 � 78 028 800�6 � 1 309 163 520�8

�755 489 280�10 � 140 951 040�12 � 7 741 440�14�z4 � �117 964 800�4 � 359 485 440�6

�1 567 180 800�8 � 620 524 800�10 � 82 139 520�12 � 3 672 000�14�z5 � �318 504 960�2

�290 734 080�4 � 1 587 570 688�6 � 1 071 024 640�8 � 324 301 568�10 � 29 522 496�12

�1 110 144�14�z6 � �1 032 192 000�2 � 235 642 880�4 � 3 195 049 984�6 � 256 432 128�8

�97 444 224�10 � 4 799 424�12 � 188 688�14�z7 � ��70 778 880� 276 234 240�2

�1 370 357 760�4 � 4 314 056 704�6 � 282 550 016�8 � 6 669 952�10 � 647 376�12 � 26 616�14�z8

���566 231 040� 6 529 515 520�2 � 4 711 155 712�4 � 4 188 711 424�6 � 355 571 200�8

�6 214 976�10 � 832 320�12 � 3180�14�z9 � ��2 235 432 960� 14 312 718 336�2

�6 829 299 712�4 � 2 844 373 504�6 � 199 898 048�8 � 4 164 432�10 � 42 696�12

�630�14�z10 � ��5 315 624 960� 15 998 746 624�2 � 5 588 809 216�4 � 1 329 557 888�6

�74 936 896�8 � 265 900�10 � 19 515�12�z11 � ��8 075 444 224� 10 653 200 384�2

�2 855 909 376�4 � 440 017 440�6 � 16 253 328�8 � 284 850�10 � 315�12�z12 � ��8 028 487 680

�4 372 645 888�2 � 953 109 376�4 � 93 564 688�6 � 3 276 232�8 � 795�10�z13 � �5 278 310 400

�1 039 542 272�2 � 183 272 384�4 � 12 182 904�6 � 16 302�8�z14 � �2 310 758 400� 70 162 944�2

�11 162 432�4 � 590 984�6�z15 � �673 812 480� 33 531 904�2 � 3 518 976�4�z16

��124 616 704� 90 823 68�2�z17 � 11 939 840z18�

�15�2��2� z�4ln

"
z

��������������������������
4� �2 � 4z

p
� 2

����������������������������������
�1� z��z2 � �2�

p
z

��������������������������
4� �2 � 4z

p
� 2

����������������������������������
�1� z��z2 � �2�

p
#

��23 040�12 � �192 000�10 � 69 120�12�z� �519 168�8 � 507 648�10 � 89 856�12�z2

��202 752�6 � 1 337 856�8 � 533 952�10 � 63 936�12�z3 � �147 456�4 � 463 360�6 � 1 415 552�8

�245 120�10 � 26 880�12�z4 � �61 440�4 � 2 630 912�6 � 731 072�8 � 13 136�10 � 6144�12�z5

��737 280�2 � 219 136�4 � 4 452 352�6 � 169 760�8 � 38 144�10 � 1056�12�z6 � �835 584�2

�724 992�4 � 3 959 872�6 � 2256�8 � 10 380�10 � 252�12�z7 � �1 179 648� 3 260 416�2

�4 187 648�4 � 1 798 528�6 � 46 024�8 � 488�10 � 42�12�z8 � �3 244 032� 10 629 120�2

�7 306 752�4 � 69 936�6 � 32 804�8 � 465�10�z9 � �3 031 040� 13 373 440�2 � 6 077 440�4

�218 592�6 � 7418�8 � 21�10�z10 � �95 0272� 8 346 624�2 � 2 431 744�4 � 61 164�6 � 345�8�z11

��57 344� 2 462 976�2 � 4 284 16�4 � 3554�6�z12 � �63 488� 259 328�2 � 22 288�4�z13

��17 408� 53 76�2�z14 � 4096z15�
o
: (A2)
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S�2 
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45�6s4��� z���2� z�10z7��� z�

8<
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��������������������������������������������
z2 � �2

�4� �2 � 4z��1� z�

s
� �1 843 200�10�4� �2�2z� 614 400�8
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�15�2��8 323 072� 26 431 488�2 � 3 950 848�4 � 2 012 880�6 � 5492�8 � 173�10�z13

�15�2�196 608� 5 984 256�2 � 673 536�4 � 272 864�6 � 182�8 � 7�10�z14

�15�2�2 064 384� 1 408 000�2 � 93 184�4 � 13 620�6 � 69�8�z15 � 30�2�587 776� 184 704�2

�24 944�4 � 219�6�z16 � 240�2�21 632� 4192�2 � 321�4�z17 � 1920�2�440� 41�2�z18 � 61 440�2z19�

� ln
z

��������������������������
4� �2 � 4z

p
� 2

��������������������������������������
�1� z����2 � z2�

p
z

��������������������������
4� �2 � 4z

p
� 2

��������������������������������������
�1� z����2 � z2�

p
9=
;: (A4)
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