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New, radiatively generated, next-to-leading (NLO) quark �u; d; s; c; b� and gluon densities in a real,
unpolarized photon are presented. We perform three global fits, based on the NLO Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi evolution equations for Q2 > 1 GeV2, to all the available structure-function
F
2 �x;Q

2� data. As in our previous LO analysis we utilize two theoretical approaches. Two models,
denoted as FFNSCJK1 and FFNSCJK2 NLO, adopt the so-called fixed flavor-number scheme for
calculation of the heavy-quark contributions to F
2 �x;Q

2�; the Cornet-Jankowski-Krawczyk NLO
model applies the ACOT��� scheme. We examine the results of our fits by a comparison with the
LEP data for the Q2 dependence of the F
2 , averaged over various x regions, and the F
2;c. Grid
parametrizations of the parton densities for all fits are provided.
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I. INTRODUCTION

In this work we extend the leading order (LO) QCD
analysis of the structure function F
2 �x;Q

2� of the unpo-
larized real photon [1–3], to the next-to-leading order
(NLO). As before we are especially interested in the
description of the charm- and beauty-quark contributions
to F
2 �x;Q

2�. We adopt two approaches, the fixed flavor-
number scheme (FFNSCJK) and Cornet, Jankowski, and
Krawczyk (CJK) ones, as discussed in [1] and (with some
modifications) in [2]. In the first model, referred to as
FFNSCJK1 NLO, we adopt a standard approach in which a
heavy quark, h, contributes to the photon structure func-
tion only through the ‘‘direct’’ (Bethe-Heitler) 
� � 
!
h� �h process and the process with ‘‘resolved photon’’

� �G
 ! h� �h. In the FFNSCJK2 NLO model we in-
clude in addition 
� �G
 ! h� �h�G and 
� �
q
� �q
� ! q� �q� � h� �h processes [4]. In the third model,
CJK NLO, we use the ACOT��� scheme [5] in which,
apart from the direct and resolved-photon O��s� contri-
butions [6], we deal with the heavy-quark densities
qh�x;Q

2�. The subtraction of the double counted terms
as well as introduction of a new kinematic variable �h
improves the description of F
2 �x;Q

2� in both regions:
below and above the heavy-quark thresholds.

In [1–3] we followed the idea of the radiatively gen-
erated parton distributions introduced by the Glück,
Reya, Vogt (GRV) group first to describe nucleon [7]
and pion [8] and later used for the real [9,10] and virtual
photon [10,11]. In our LO analyses [1–3] we used Q2

0 �
0:25 GeV2 and adopted the input distributions of the
valence-type form introduced in [9] neglecting sea-quark
densities. In the case of the NLO analysis we found that
the starting scale of the evolution appears to tend to
04=70(9)=093004(24)$22.50 70 0930
higher values, Q2
0 � 0:7 GeV2 (similarly as in [12]). We

tested the assumption on vanishing sea-quark densities at
Q2

0 by performing additional fits.
All our global fits are performed at Q2 > 1 GeV2 uti-

lizing the set of all available F
2 �x;Q
2� data.

We test our results for F
2 �x;Q
2� by comparing them

with the LEP data which were not used in the fits: for the
Q2 dependence of the F
2 , averaged over various x re-
gions, and for the charm contribution to the structure-
function, F
2;c, data.

Our paper is divided into six parts. In Sec. II we shortly
recall the basic schemes applied to the calculation of the
heavy-quark production in the deep inelastic scattering
(DIS) on a real-photon target. Section III is devoted to the
description of the FFNSCJK NLO models of the F
2 �x;Q

2�.
Next, the CJK NLO model based on the ACOT��� scheme
[5] is presented in detail. In Sec. IV we describe the
solutions of the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution equations in all models and
assumptions for the input parton densities. Results of the
global fits are discussed and compared with the F
2 �x;Q

2�,
F
2 �Q

2�, and F
2;c data in the fifth section of the paper. We
end our paper by presenting in the Appendix the technical
details of the calculation. The parton distributions result-
ing from our fits have been parametrized on a grid in
�x;Q2�.

II. PRODUCTION OF HEAVY QUARKS IN DISe�

The deep inelastic scattering on a photon (DISe
) al-
lows one to measure the structure function F
2 , and others,
via the process

e� 
! e� hadrons; (1)
04-1  2004 The American Physical Society



FIG. 1. Deep inelastic scattering on quasireal photon (P2 �
0), e� 
! e� hadrons.
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presented in Fig. 1. The differential cross section for this
process is given by

d�e
!eX

dxdy
�

2��2

xyQ2 f	1 � �1 
 y�2�F
2 �x;Q
2�


 y2F
L�x;Q
2�g; (2)

where x and y are the standard DISe
 variables, defined
through the virtuality Q2 of the probing photon and
momenta of interacting particles shown in Fig. 1,

x �
Q2

2p 
 q
; y �

p 
 q
p 
 k

; (3)

andF
L�x;Q
2� is the so-called longitudinal structure func-

tion corresponding to the exchange of the longitudinally
polarized 
�. For the presently kinematically accessible
values of y the F
L�x;Q

2� contribution is negligible.
Each of the partons (quarks and gluon) of the real

photon contributes to the F
2 �x;Q
2� proportionally to

the corresponding partonic cross section. The calculation
of the light u-, d-, s-quark and gluon cross sections is
straightforward.

Various schemes used in the calculation of the heavy-
quark production have been described in [1]. They are
also explained in the vast literature, [5,13,14]. Let us
shortly recall the main facts on the FFNS and
ACOT��� approaches applied in this analysis.

There exist two standard schemes in a calculation of a
heavy-quark, h, production at the hard scale �. In both of
them the light quarks u, d, and s are treated as massless
because for them �� �QCD >mq, where mq is a light-
quark mass. In the case of the DIS process the hard scale
� is identified with the virtuality of the probing photon,
�2 � Q2. In the massive FFNS heavy c and b quarks are
treated differently: the massive charm and beauty quarks
produced in hard subprocesses 
� � 
! h� �h can ap-
pear only in the final state. In the second, massless
scheme, called the zero-mass variable flavor-number
scheme (ZVFNS), heavy-quark distributions appear
similar to the light-parton densities. When Q2 is larger
than a threshold associated with a heavy quark (usually
taken as Q2 � m2

h), this quark is considered as an extra
massless parton in addition to the three light quarks. This
093004
way, the number of different types of quarks (flavors)
increases with increasing Q2. One introduces a notion
of ‘‘active quarks,’’ for which the condition Q2 >m2

q is
fulfilled and which can be treated as massless partons of
the probed real photon. When active, their densities
qi�x;Q2� differ from zero, otherwise qi�x;Q2� � 0.

The above standard schemes are considered to be reli-
able in different Q2 regions. The FFNS loses its descrip-
tive power when Q2 � m2

h; on the other hand the ZVFNS
does not seem appropriate if Q2 � m2

h. To obtain a pre-
scription working for all hard scales one needs to combine
features of both schemes. There exists a whole set of
approaches, generally denoted as general-mass variable
flavor-number schemes (GVFNS), which in the Q2 ! m2

h
and Q2 ! 1 limits reproduce the behavior of the FFNS
and ZVFNS schemes, respectively. Their recent realiza-
tion is the so-called ACOT��� scheme introduced for the
proton structure function in [5] and used by us in our LO
analysis [1–3].

In the ACOT��� scheme, all contributions to the con-
sidered process, which would be included separately in
the ZVFNS and FFNS, are taken into account. Such a
procedure requires proper subtraction of double counted
contributions, i.e., the large logarithms which appear in
the massive heavy-quark Wilson coefficients (the FFNS
scheme) that are also resummed in the qh�x;�2� densities.
That way one obtains a scheme in principle appropriate in
the whole Q2 range. Still, another problem emerges. In
any process the kinematical threshold for the heavy-
quark production is given by the total energy of that
process, W. Obviously W must be greater than twice the
mass of the heavy quark in hand, W > 2mh, so in the
DISe
 case where the hard scale is Q2, we have W2 �

�1 
 x�Q2=x > 4m2
h. As �2 � Q2 the ZVFNS condition

�>mh (or any similar) for treating a heavy quark h as a
massless parton is not correct. It may happen (for small
enough x) that qh�x;Q2� � 0 in the kinematically allowed
region W > 2mh. On the other hand, we can also obtain
nonzero heavy-quark densities in the kinematically for-
bidden (x;Q2) region. The ACOT��� scheme solves this
problems through the introduction of a new variable �h �
x�1 � 4m2

h=Q
2� which replaces in the ZVFNS the Bjorken

x as an argument of the heavy-parton density.
In the next sections we will present the realizations of

the FFNS and ACOT��� schemes for the calculation of
the photon structure F
2 in the next-to-leading order of
QCD, namely, our FFNSCJK NLO and CJK NLO models.

III. DESCRIPTION OF THE F�
2 IN THE

FFNSCJK NLO

This section is devoted to the FFNSCJK1 and FFNSCJK2
NLO models, which are the realizations of the FFNS
approach for the photon structure F
2 in the next-to-
leading order of QCD. The only difference between these
two models is that the FFNSCJK NLO 2 approach includes
-2
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additional higher order contributions to F
2 neglected in
the FFNSCJK NLO 1 model.

First, we describe the light-quark contributions to
F
2 �x;Q

2� which are common for both analyzed models.
Next, we discuss the heavy-quark contributions for the
FFNSCJK NLO approach. Further, we recall the DIS

factorization scheme used in the model and resume by
giving the final formulas for F
2 �x;Q

2� in the FFNSCJK

NLO models.

A. Light-quark contributions

In the next-to-leading-order logarithmic approxima-
tion of QCD or, in short, in NLO QCD the light-quark
contributions to the photon structure function F
2 �x;Q

2�
can be written in terms of light-quark (u, d, and s)
densities q
i �x;Q

2� as follows:

1

x
F
2 �x;Q

2�jlight �
X3

i�1

e2
i

�
�q
i � �q
i ��x;Q

2��e2
i
�
2�
C�0�

2;
�x�

�
�s�Q

2�

2�

Z 1

x

dy
y

�
�q
i � �q
i ��y;Q

2�

�C�1�
2;q

�
x
y

�
�G
�y;Q2�C�1�

2;G

�
x
y

���
: (4)

Note that q
i �x;Q
2� � �q
i �x;Q

2�. The C�i�
2;j�x� functions are

the O��is� order terms of the hadronic (Wilson) coeffi-
cient functions (j � 
; q; G)

C2;j�x;Q2� � C�0�
2;j�x� �

�s�Q
2�

2�
C�1�

2;j�x� � 
 
 
 : (5)

Each of them is related to the hard process of a parton
originating from the real photon [for instance, quark for
C2;q�x�] interacting with the virtual photon. The relevant
processes for each coefficient appearing in Eq. (4) are
shown in Table I. The formulas for theC�i�

2;j�x� functions up
to O��2

s� can be found in [15]; see also the Appendix.
The evolution of the parton densities in lnQ2 is gov-

erned by the inhomogeneous DGLAP equations [16]. In
the NLO we have
TABLE I. Hard parton processes and the corresponding
Wilson-coefficient functions for light quarks.

Order Hard (parton) process Coefficient function

O��0
s � 
� � q
� �q
� ! q� �q� C�0�

2;q�x� � %�1 
 x�


� � 
! q� �q C�0�
2;
�x�

O��1
s �


� � q
� �q
� ! q� �q� �G C�1�
2;q�x�


� �G
 ! q� �q C�1�
2;G�x�
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dq
i �x;Q
2�

d lnQ2
�

�
2�

e2
i kq�x;Q

2� �
�s�Q2�

2�

Z 1

x

dy
y

�

�XNf
k�1

�
q
k �y;Q

2�Pqq

�
x
y
;Q2

�

� �q
k �y;Q
2�Pq �q

�
x
y
;Q2

��

�G
�y;Q2�PqG

�
x
y
;Q2

��
; (6)

dG
�x;Q2�

d lnQ2
�

�
2�

kG�x;Q
2� �

�s�Q2�

2�

Z 1

x

dy
y

�

�XNf
k�1

�
q
k �y;Q

2�PGq

�
x
y
;Q2

�

� �q
k �y;Q
2�PG �q

�
x
y
;Q2

��

�G
�y;Q2�PGG

�
x
y
;Q2

��
; (7)

where Nf is the number of active quarks. Here Nf � 3 as
all heavy-quark densities are equal to zero in the FFNS
models. The functions Pij�x;Q2� and ki�x;Q

2� are the
NLO splitting functions

ki�x;Q
2� � k�0�i �x� �

�s�Q2�

2�
k�1�i �x�;

Pij�x;Q2� � P�0�
ij �x� �

�s�Q
2�

2�
P�1�
ij �x�:

(8)

The kq�x;Q2� and kG�x;Q2� are referred to as the photon-
quark and photon-gluon splitting functions, respectively.
Up to the NLO order PGq � PG �q. Formulas for O��s� and
O��2

s� splitting functions can be found for instance in
[17].

B. Heavy-quark contributions

In the FFNS models heavy quarks appear only in the
final state of the process and the density functions
qh�x;Q2� are equal to zero. The charm- and beauty-quark
contributions to the structure function are described by
the heavy-quark coefficient functions Ch;�i�2;j related to the
hard processes as listed in Table II. One obtains
TABLE II. Hard parton processes and the corresponding
Wilson-coefficient functions for heavy quarks.

Order Parton subprocess Coefficient function

O��0
s� 
� � 
! h� �h Ch;�0�2;


O��1
s� 
� �G
 ! h� �h Ch;�1�2;G


� � 
! h� �h� G Ch;�1�2;


O��2
s� 
� �G
 ! h� �h� G Ch;�2�2;G


� � q
� �q
� ! q� �q� � h� �h Ch;�2�2;q , C�2�
2;q

-3
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1

x
F
2 �x;Q

2�jheavy;FFNS �
X2

h��c;b�

�
e4
h

�
�
2�

Ch;�0�2;


�
x;
Q2

m2
h

�
�
��s�Q

2�

�2��2
Ch;�1�2;


�
x;
Q2

m2
h

��

�e2
h

�
�s�Q2�

2�

Z 1

�h

dy
y
G
�y;Q2�Ch;�1�2;G

�
x
y
;
Q2

m2
h

�
�

�
�s�Q2�

2�

�
2 Z 1

�h

dy
y
G
�y;Q2�Ch;�2�2;G

�
x
y
;
Q2

m2
h

��

�

�
�s�Q2�

2�

�
2 Z 1

�h

dy
y

X3

i�1

�q
i � �q
i ��y;Q
2�

�
e2
i C

�2�
2;q

�
x
y
;
Q2

m2
h

�
� e2

hC
h;�2�
2;q

�
x
y
;
Q2

m2
h

���
; (9)
where the parameter �h � x�1 � 4m2
h=Q

2� takes care of
the proper region of the integration.

We consider two FFNS models, FFNSCJK1 and
FFNSCJK2 NLO, where only in the latter we include the
O��2

s� and O���s� contributions to F
2 . The reason for
considering two models is twofold. First, to check the size
of the higher order heavy-quark contributions. Second, to
perform a test whether the O��2

s� and O���s� terms
should be included in the calculations as they are of
higher order than the other NLO contributions.

Let us notice that among the higher order terms there
appear two Wilson coefficients originating from the pro-
cess 
� � q
� �q
� ! q� �q� � h� �h, the Ch;�2�2;q and C�2�

2;q (see
Fig. 2), the interference term of two diagrams (propor-
tional to eheq) gives 0 according to [15].

C. The MS and DIS� factorization schemes

All the splitting and coefficient functions introduced in
former sections have been derived in the modified mini-
mal subtraction factorization scheme (MS). (They all can
be found in the literature, see the Appendix.) Let us notice
that the C�0�

2;
�x� term in Eq. (4), describing the direct
contribution of the photon to F
2 �x;Q

2�, causes a problem
in the MS scheme [18]. First, contrary to all other con-
tributions, this term does not vanish at the input scale Q2

0.
One obtains very different boundary conditions for the
light-quark contribution in LO and NLO:

1

x
F
2 �x;Q

2
0�jlight �

�
0; LO;P3

i�1 e
4
i
�
2�C

�0�
2;
�x�; NLO: (10)
FIG. 2. Diagrams relevant for the 
� � q
� �q
� ! q� �q� � h� �h pr
coefficient.
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This leads to very distinct results over the whole x range
(see for instance [19]). The heavy-quark contributions,
Ch;�k�2;
 	x; �Q2=m2

h��, for k � 0, 1, of Eq. (9) do not cause a
similar problem as the O��0

s� term appears already in the
LO calculation and the Ch;�1�2;
 	x; �Q2=m2

h�� coefficient is
only its O��1

s� correction.
Secondly, the C�0�

2;
�x� term calculated in the MS scheme
is negative and divergent in the large-x region, where
C�0�

2;
�x� ’ 3	ln�1 
 x� 
 1�, leading to unphysical negative
values of F
2 at x! 1. It is not cured by the addition of
other NLO contributions to the structure function as they
all vanish at x � 1 (if a typical choice of the shape of the
hadronic input is made).

In a new factorization scheme, denoted as DIS
, intro-
duced in [18], one avoids the troubles connected with the
C�0�

2;
�x� term by absorbing it into the quark distributions
q
i �x;Q

2�, namely,

q
DIS

i �x;Q2� � qMS

i �x;Q2� � e2
i
�
4�

C�0�;MS
2;
 �x�;

C
�0�;DIS

2;
 �x� � C�0�;MS

2;
 �x� � )C�0�
2;
�x� � 0; (11)

where obviously

)C�0�
2;
�x� � 
C�0�;MS

2;
 �x�: (12)

The gluon density and other coefficient functions are
unaltered by the above redefinition but it leads to a modi-
fication of the photon-quark and photon-gluon splitting
functions appearing in the DGLAP evolution of the par-
ton distributions:
ocess corresponding to (a) the Ch;�2�2;q coefficient and (b) the C�2�
2;q

-4
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k
�1�;DIS

q �x;Q2��k�1�;MS

q �x;Q2�

1

2

Z 1

x

dy
y
P�0�
qq

�
x
y

�
C
�0�;DIS

2;
 �y�;

k
�1�;DIS

G �x;Q2��k�1�;MS

G �x;Q2�

XNf
i�1

e2
i

Z 1

x

dy
y
P�0�
Gq

�
x
y

�
C
�0�;DIS

2;
 �y�:

(13)

In our analysis we apply the DIS
 factorization scheme;, for simplicity the DIS
 superscript will be omitted below, if
possible.

D. Formulas for F�
2

F
2 �x;Q
2� in the FFNSCJK NLO 1 model reads

1

x
F
2 �x;Q

2�jFFNS1 �
X3

i�1

e2
i

�
�q
i � �q
i ��x;Q

2� �
�s�Q2�

2�

Z 1

x

dy
y

�
�q
i � �q
i ��y;Q

2�C�1�
2;q

�
x
y

�
�G
�y;Q2�C�1�

2;G

�
x
y

���

�
X2

h��c;b�

e2
h

�
�s�Q

2�

2�

Z 1

�h

dy
y
G
�y;Q2�Ch;�1�2;G

�
x
y
;
Q2

m2
h

�
� e2

h

�
2�

Ch;�0�2;


�
x;
Q2

m2
h

��
: (14)

In the case of the F
2 �x;Q
2�jFFNS2 model we include the O��2

s� and O���s� terms, obtaining

1

x
F
2 �x;Q

2�jFFNS2 �
1

x
F
2 �x;Q

2�jFFNS1 �
X2

h��c;b�

�
�s�Q2�

2�

�
2
e4
hC

h;�1�
2;


�
x;
Q2

m2
h

�

�
X2

h��c;b�

�
�s�Q2�

2�

�
2 Z 1

�h

dy
y

�X3

i�1

�q
i � �q
i ��y;Q
2�

�
e2
i C

�2�
2;q

�
x
y
;
Q2

m2
h

�
� e2

hC
h;�2�
2;q

�
x
y
;
Q2

m2
h

��

�e2
hG


�y;Q2�Ch;�2�2;G

�
x
y
;
Q2

m2
h

��
: (15)
IV. DESCRIPTION OF THE F�
2 IN

THE CJK NLO MODEL

This section is devoted to the description of the CJK
NLO model based on the ACOT��� approach. The ap-
proach combines the FFNS scheme introduced in the
former section with the ZVFNS scheme in which heavy
quarks are treated in a similar way as the light ones.

A. Light-quark contributions

The light-quark contributions to F
2 are the same in
FFNS and ZVFNS schemes and were already given in
Eq. (4) for the MS factorization scheme and in Eq. (14)
for the DIS
 scheme. The difference between the numeri-
cal values of those contributions originates from the
difference between the number of the active quarks, Nf,
in the DGLAP equations in both approaches. We have
093004
Nf � 3 for the FFNSCJK NLO models, while Nf � 5 in
the CJK NLO model.

B. Heavy-quark contributions

The heavy-quark contributions in the region Q2 � m2
h

are properly described by the FFNS formula, Eq. (9).
Notice that in the CJK NLO model we neglect the
O��2

s� and O���s� contributions because they lead to a
very complicated expression for F
2 �x;Q

2� and their
analysis is beyond the scope of this work. In the region
Q2 � m2

h, however, the ZVFNS is more appropriate than
the FFNS. We, thus, include the ZVFNS contributions as
massless charm- and beauty-quark distributions,
qh�x;Q2�, in the photon. They are combined with the
light-quark densities through the DGLAP equations
with Nf � 5 active quarks. In the ZVFNS approach
heavy-quark contributions to F
2 �x;Q

2� read (in the MS
scheme)
1

x
F
2 �x;Q

2�jheavy;ZVFNS �
X2

h��c;b�

e2
h

�
�q
h � �q
h ��x;Q

2� � e2
h

�
2�

C�0�
2;
�x�

�
�s�Q2�

2�

Z 1

x

dy
y

�
�q
h � �q
h ��y;Q

2�C�1�
2;q

�
x
y

�
�G
�y;Q2�C�1�

2;G

�
x
y

���
: (16)
-5
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C. Subtraction terms

A simple summing of all the discussed terms, namely,

F
2 �x;Q
2� � F
2 �x;Q

2�jlight � F
2 �x;Q
2�jheavy;FFNS

� F
2 �x;Q
2�jheavy;ZVFNS; (17)

would lead to double counting of some contributions. Let
us notice first that the ZVFNS subprocess with the direct
coupling of the real photon to the (massless) heavy quark,
term C�0�

2;
�x� in Eq. (16), was also included in the FFNS

formula (9) as Ch;�0�2;
 	x; �Q2=m2
h��. Those two terms origi-

nate from the same 
� � 
! h� �h process, however
they are not equal as the C�0�

2;
�x� term is obtained in a

massless approximation. The same is true for the C�0�
2;G�x�

[Eq. (16)] and Ch;�0�2;G 	x; �Q2=m2
h�� [Eq. (9)] terms arising

from the 
� �G
 ! h� �h process. Obviously, only one
set of the above terms should be included in the final CJK
NLO formula for the F
2 �x;Q

2�. We choose to keep the
massive Ch;�0�2;
 	x; �Q2=m2

h�� and Ch;�0�2;G 	x; �Q2=m2
h�� and dis-

card their massless approximations from the ZVFNS
because the latter do not vanish at the heavy-quark
thresholds.
FIG. 3. Graphical representation of the contributions to the C
contribution. The third and fifth diagrams show the FFNS resol
second and fourth diagrams are the corresponding subtraction term
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The massless C�0�
2;
�x� and C�0�

2;G�x� terms are not the only
ones that must be subtracted. Still, we double count the
corresponding collinear configurations which are a part
of the DGLAP equations and manifest themselves via the
splitting functions Pij and ki. Such configurations give
rise to terms proportional to lnQ2 and through DGLAP
equations are part of the heavy-quark densities q
h �x;Q

2�.
The same collinear configurations appear in massive
heavy-quark Wilson coefficients Ch;�n�2;j . Therefore, we
must subtract the overlapping contributions. In the case
of our model, where we neglect the higher order heavy-
quark Wilson coefficients, there are only two such terms,
same as in the LO case described in [1,2]. They are related
to the 
� � 
! h� �h and 
� �G! h� �h processes.
We calculate the necessary subtraction terms from the
approximated integration of the corresponding parts of
the DGLAP equations (6) and (7) over the region �Q2

0; Q
2�

(see [2]). The integration produces the ln�Q2=Q2
0� 


e2
h��=2��k

�0�
q �x� and ln�Q2=Q2

0� 
 	�s�Q
2�=2���R

1
�h
�dy=y�P�0�

qG�x=y�G�y;Q
2� terms [20]. These terms mul-

tiplied by 2x and e2
h, according to the formula

F
2 �x;Q
2� �

P
qxe

2
i �q


 � �q
��x;Q2�, must be subtracted
from the sum of Eq. (17).

The described summation and subtraction procedure
leads to the following formula for the F
2 �x;Q

2� :
1

x
F
2 �x;Q

2� �
X3

i�1

e2
i

�
�q
i � �q
i ��x;Q

2� � e2
i
�
2�

C�0�
2;
�x� �

�s�Q2�

2�

Z 1

x

dy
y

�
�q
i � �q
i ��y;Q

2�C�1�
2;q

�
x
y

�

�G
�y;Q2�C�1�
2;G

�
x
y

���
�

X2

h��c;b�

e2
h

�
�q
h � �q
h ��x;Q

2� � e2
h
�
2�

Ch;�0�2;


�
x;
Q2

m2
h

�

�
�s�Q2�

2�

�Z 1

x

dy
y
�q
h � �q
h ��y;Q

2�C�1�
2;q

�
x
y

�
�

Z 1

�h

dy
y
G
�y;Q2�Ch;�1�2;G

�
x
y
;
Q2

m2
h

��

 ln

Q2

Q2
0


 2e2
h

�
2�

k�0�q �x�


 ln
Q2

Q2
0


 2
�s�Q2�

2�

Z 1

x

dy
y
G
�y;Q2�P�0�

qG

�
x
y

��
: (18)
Its graphical representation is given in Fig. 3. If one
includes the O��2

s� and O���s� heavy-quark contribu-
tions, the structure of the subtraction terms becomes
more complicated, since one has to subtract terms pro-
portional to k�1�q �x�, P�1�

qG�x�, and P�1�
qq�x�. Moreover these

functions are divergent at x � 1 and therefore their in-
JK NLO model. The first diagram represents the ZVFNS
ved-photon and direct-photon contributions, respectively. The

s.
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tegrals lead to numerical instabilities. Solution of that
problem is beyond the scope of this work.

D. The MS and DIS� factorization schemes

The introduction of the heavy-quark contributions to
the F
2 �x;Q

2� forces us to apply a modified DIS
 scheme
in the CJK NLO model case. Let us recall that in this
model apart from the massless, divergent at x! 1 con-
tribution of light quarks, C�0�

2;
�x�, the massive, finite

Ch;�0�2;
 	x; �Q2=m2
h�� term appears as the analogous heavy-

quark contribution. In order to remove the large-x diver-
gence of the C�0�

2;
�x� we proceed in the same way as
described in the FFNS approach, absorbing that term
into the light-quark distribution functions q
i �x;Q

2�.
What about the massive Ch;�0�2;
 	x; �Q2=m2

h�� contribution
and the heavy-quark densities? The charm- and beauty-
quark distributions in the CJK NLO model appear as a
part of the massless ZVFNS scheme. The evolution of all
partons is performed through the common set of five-
flavor DGLAP evolution equations. Therefore, the sub-
traction of the C�0�

2;
�x� term from Eq. (18) and modifica-
tion of the kqi and kG splitting functions [expressed in
Eq. (13)] affect the heavy-quark densities in the same way
as they affect the light-quark distributions. Namely, the
following redefinition occurs:
q
DIS

h �x;Q2� � qMS

h �x;Q2� � e2
h
�
4�

C�0�;MS
2;
 �x�;

C
h;�0�;DIS

2;


�
x;
Q2

m2
h

�
� Ch;�0�;MS

2;


�
x;
Q2

m2
h

�
� )C�0�

2;
�x�: (19)
As )C�0�
2;
�x� � 
C�0�;MS

2;
 �x�, see Eq. (12), the last equality
takes the form
C
h;�0�;DIS

2;


�
x;
Q2

m2
h

�
� Ch;�0�;MS

2;


�
x;
Q2

m2
h

�

 C�0�;MS

2;
 �x�: (20)
In practice the subtraction of Eq. (20) cannot be per-

formed in such a simple way. Again, the C�0�;MS
2;
 �x� term

on the right side would lead to a divergence at large x and
the advantage of the DIS
 scheme would be lost. We have
to proceed in a different way.

We decide to resolve the above problem by losing part

of the information brought by the massive Ch;�0�;MS
2;
 �x�

contribution. That term calculated in them2
h � 0 approxi-

mation leads to (see the Appendix)
093004
Ch;�0�;MS
2;


�
x;
Q2

m2
h

�
�C�0�;MS

2;
 �x��2k�0�;MS
q �x� ln

Q2

m2
h

�6
�

'x�1
x�

4m2
h

Q2 �

�
x�1
3x�

4m2
h

Q2


x2 8m4
h

Q4

�
ln

1�'
1
'

�
; (21)

where we keep the heavy-quark mass and ' ������������������������������������������������
1 
 	4m2

hx=�1 
 x�Q2�
q

wherever it is possible. Let us

notice now that the term �k�0�;MS
q �x� of Eq. (21) differs

from the first subtraction term in Eq. (18) only by the
constant � ln�m2

h=Q
2
0�. We omit that constant and obtain

in the MS scheme:

Ch;�0�;MS
2;


�
x;
Q2

m2
h

�

 ln

Q2

Q2
0


 2k�0�;MS
q �x�

� C�0�;MS
2;
 �x� � 6

�

'x�1 
 x�

4m2
h

Q2

�

�
x�1 
 3x�

4m2
h

Q2 
 x2 8m4
h

Q4

�
ln

1 � '
1 
 '

�
; (22)

which according to Eq. (20) leads to the following relation
in the DIS
 scheme:

�
2�

e4
hC

h;�0�;DIS

2;


�
x;
Q2

m2
h

�

 ln

Q2

Q2
0


 2e4
h

�
2�

k�0�;MS
q �x�

� 3e4
h

�
�

�

'x�1 
 x�

4m2
h

Q2 �

�
x�1 
 3x�

4m2
h

Q2


 x2 8m4
h

Q4

�
ln

1 � '
1 
 '

�
: (23)

In the following we use only the DIS
 factorization
scheme and omit the superscript for simplicity.

E. The �h variables

Let us recall that VFNS schemes widely utilize an
approach in which q
h �x;Q

2� � 0 for allQ2 values smaller
than m2

h and q
h �x;Q
2� becomes nonzero for Q2 � m2

h. At
each such step the number of active quarks grows by 1.
This approach leads to unphysical heavy-quark densities
near their production thresholds. The kinematical thresh-
old of the heavy-quark production, and therefore its non-
zero density in the photon, is given in DISe
 by the total
energy of the e
� process, W. As discussed in Sec. II, W
must be greater than the sum of two masses of the heavy
quark in hand,W > 2mh.W andQ2 are connected,W2 �
�1 
 x�Q2=x, which is the reason why the ZVFNS condi-
tionQ2 � m2

h for treating the heavy quark h as a parton is
too simple.

In the ACOT��� scheme used by the CJK NLO model
the number of active quarks is five at the whole range of
the DGLAP evolution. To ensure that a heavy-quark,
-7
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q
h �x;Q
2�, distribution disappears when W ! 2mh one

introduces a new variable �h � x�1 � 4m2
h=Q

2� and cal-
culates q
h ��h;Q

2� instead of q
h �x;Q
2�. At threshold,

when W � 2mh, we obtain �h � 1 and the corresponding
heavy-quark density vanishes as desired. The form of the
�h variables could be chosen differently if only their
above threshold behavior was preserved. We chose to
apply the same form as appears in the integration of the
massive heavy-quark Wilson coefficients with the parton
distributions; see also [5]. That way the same variable
takes care of the proper vanishing of the h-quark density
and of the �

R
1
�h
�dy=y�G
�y;Q2�Ch;�1�2;G 	�x=y�; �Q2=m2

h��

contribution to F
2 �x;Q
2� at the kinematic limit. For the

consistency of the approach also in the subtraction
�

R
1
x�dy=y�P

�0�
qG�x=y�G


�y;Q2� term we exchange x with
�h and that way enforce its proper kinematic behavior.

As described in [1,2] the subtraction �k�0�q �x� term does
not vanish asW ! 2mh even when one replaces xwith �h.
In the NLO case we avoid that problem because, as
discussed in Sec. IV D, that contribution cancels in the
modified DIS
 factorization scheme.

Unfortunately, a particular heavy-quark contribution
appears in the NLO analysis which causes new problems
at threshold.The contribution�

R
1
x�dy=y��q



h� �q
h ��y;Q

2��
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C�1�
2;q�x=y� from the ZVFNS scheme could be re-

written in two ways, as �
R

1
�h
�dy=y��q
h � �q
h ��y;Q

2��

C�1�
2;q�x=y� or as �

R
1
x�dy=y��q



h � �q
h ��
h;Q

2�C�1�
2;q�x=y�,

with 
h defined analogously to �h 	
h � y�1 �
4m2

h=Q
2��. The first approach leads to numerical instabil-

ities for y values close to x originating from the 	�1 �

x2�=�1 
 x�� ln	�1 
 x�=x� term in C�1�
2;q�

x
y�. The second

form cannot be adopted for technical reasons in Mellin
space. Therefore, we use the unmodified formula of
Eq. (18). Finally, to avoid the nonzero heavy-quark con-
tributions in the kinematically forbidden �x;Q2� region
we impose by hand the following constraint:

R
1
x�dy=y��

�qh � �qh��y;Q2�C�1�
2;q�x=y� � 0 for �h > 1. Obviously, the

same reasoning would apply to higher order C�j�
2;q coeffi-

cients neglected in the CJK NLO model.

F. Formula for F�
2

Summing the light- and heavy-quark contributions,
converting them into the DIS
 factorization scheme and
finally introducing the �h variables we obtain the final
formula of the F
2 �x;Q

2� in the CJK NLO model:
1

x
F
2 �x;Q

2� �
X3

i�1

e2
i

�
�q
i � �q
i ��x;Q

2� �
�s�Q2�

2�

Z 1

x

dy
y

�
�q
i � �q
i ��y;Q

2�C�1�
2;q

�
x
y

�
�G
�y;Q2�C�1�

2;G

�
x
y

���

�
X2

h�1

e2
h

�

�q
h � �q
h ���h;Q
2� �

�s�Q2�

2�

�Z 1

x

dy
y
�q
h � �q
h ��y;Q

2�C�1�
2;q

�
x
y

�
�

Z 1

�h

dy
y
G
�y;Q2�Ch;�1�2;G

�
x
y
;
Q2

m2
h

�


 ln
Q2

Q2
0

� 2
Z 1

�h

dy
y
G
�y;Q2�P�0�

qG

�
�h
y

��
� 3e2

h
�
�

�

'x�1 
 x�

4m2
h

Q2 �

�
x�1 
 3x�

4m2
h

Q2 
 x2 8m4
h

Q4

�
ln

1 � '
1 
 '

��
:

(24)
To prevent the unphysical situation, in which the
ZVFNS scheme contribution to F
2 �x;Q

2� is negative, or
in other words in which the total F
2 �x;Q

2� is smaller than
the FFNS scheme contribution, as in [1–3], separately for
each heavy quark, we impose an additional positivity
condition, here in the form:

�q
h� �q
h ���h;Q
2��

�s
2�

�Z 1

x

dy
y
�q
h� �q
h ��y;Q

2��

C�1�
2;q

�
x
y

�

 ln

Q2

Q2
0


2
Z 1

�h

dy
y
G
�y;Q2�P�0�

qG

�
�h
y

��
�0:

(25)
V. GLOBAL FITS—SOLVING THE DGLAP
EVOLUTION

In this section the technical details of the solution of
the DGLAP evolution equations are described.
A. Mellin moments

The DGLAP evolution equations (6) and (7) as well as
the structure-function formulas (14) and (24) are very
much simplified if they are transformed into the Mellin-
moments space. The nth moment, where n is a complex
number, for any function f, generally depending on x and
Q2 is defined by fn�Q2� �

R
1
0 x

n
1f�x;Q2�dx. We apply
this definition to the parton distributions, splitting func-
tions and the light-quark Wilson coefficients C�k�

2;i�x�.
Their convolution integrals in the �x;Q2� space transform
into multiplication of the corresponding moments in the
Mellin space. This simple correspondence does not hold
in the case of the convolutions with the heavy-quark
Wilson coefficient Ch;�1�2;G 	x; �Q2=m2

h�� and the P�0�
qG�x� split-

ting function because of the integration limit �h.
Therefore those integrations must be performed in the
�x;Q2� space. All results calculated in the Mellin space
are transformed through the inverse Mellin transforma-
tion to obtain their values in the �x;Q2� space.
-8
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B. Nonsinglet and singlet parton densities

In the photon case we define the singlet (-
) and non-
singlet (f
NS�Nf�

) quark distributions as

f
NS�Nf�
�x;Q2� �

XNf
i�1

�e2
i 
 he2i�	q
i �x;Q

2� � �q
i �x;Q
2��;

-
�x;Q2� �
XNf
i�1

	q
i �x;Q
2� � �q
i �x;Q

2��; (26)

with

heki � N
1
f

XNf
i�1

eki : (27)

For the singlet density we sum over all quark flavors
appearing in the evolution, the active quarks, Nf � 5.
Although in the CJK model Nf � 5, for the nonsinglet
case it is necessary to calculate all q
NS�3�, q



NS�4�, and

q
NS�5� �x;Q
2� to obtain all six parton distributions; see [1].

The evolution of the nonsinglet distributions is gov-
erned by the simplified DGLAP equation. In the Mellin-
moments space it reads

df
;nNS�Nf�
�Q2�

d lnQ2
�

�
2�

knNS�Nf�
�
�s�Q2�

2�
PNS;n
qq f
;nNS�Nf�

�Q2�:

(28)

The singlet distribution evolution is coupled with the
evolution of the gluon density

d-
;n�Q2�

d lnQ2
�

�
2�

kn- �
�s�Q

2�

2�
	Pn---
;n�Q2�

� Pn-GG

;n�Q2��; (29)

dG
;n�Q2�

d lnQ2
�

�
2�

knG �
�s�Q

2�

2�
	PnG--
;n�Q2�

� PnGGG

;n�Q2��: (30)

Therefore, one has to solve the matrix equation

d ~f
;nS �Q2�

d lnQ2
�

�
2�

~knS �
�s
2�

P̂S;n ~f
;nS �Q2�; (31)

with

~f 
;nS �

�
-
;n

G
;n

�
; ~knS �

�
kn-
knG

�
;

P̂S;n �

�Pn-- Pn-G
PnG- PnGG

�
:

(32)
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The new pointlike splitting functions are defined as

kNS�Nf��x� � 2Nf�he
4i 
 he2i2�

�
k�0�q �

�s�Q2�

2�
k�1�q

�
�x�;

k-�x� � 2Nfhe
2i

�
k�0�q �

�s�Q2�

2�
k�1�q

�
�x�: (33)

The formulas for the above splitting functions
Pij�x;Q

2� can be found for instance in [17]. Their
Mellin moments were calculated in [21].

C. Point- and hadronlike parts

The solution to the DGLAP equations can be divided
into the so-called pointlike (pl) part, related to a special
solution of the full inhomogenous equations and hadron-
like (had) part, being a general solution of the homoge-
nous equations. Their sum gives the parton density in the
photon, so we have

f
;nNS�Nf�
�Q2� � f
;nNS�Nf�;had�Q

2� � f
;nNS�Nf�;pl�Q
2�; (34)

~f 
;nS �Q2� � ~f
;nS;had�Q
2� � ~f
;nS;pl�Q

2�: (35)

The nonsinglet hadronlike solution is given as

f
;nNS�Nf�;had�Q
2� � L
2P�0�;n

qq ='0

�
1



�s�Q

2� 
 �s�Q
2
0�

�'0
R̂
�
f
;nNS�Nf�;had�Q

2
0�

(36)

and the nonsinglet pointlike solution is

f
;nNS�Nf�;pl�Q
2� �

4�

�s�Q2�
	1 
 L1
2P�0�n

qq ='0�an

�	1 
 L
2P�0�n
qq ='0�bn; (37)

with

an �
�

2�'0

k�0�nNS

1 
 2P�0�n
qq ='0

;

bn � 

1

P�0�n
qq

�
2R̂an �

�
2�

K̂
� (38)

and

L �
�s�Q

2�

�s�Q2
0�
; R̂ � P�1�;n

NS 

'1

2'0
P�0�;n
qq ;

K̂ � k�1�;nNS 

'1

2'0
k�0�;nNS :

(39)

Here '0 and '1 are the coefficients of the running strong
coupling, �s, which we discuss in detail in Sec. V E.

The singlet point- and hadronlike solutions have the
same form but are more complicated than the correspond-
ing nonsinglet solutions. All formulas can be found for
instance in [19].
-9
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D. Input parton densities: VMD

The hadronlike parts of the singlet and nonsinglet
densities, denoted in this section as fhad, need input
distributions. For this purpose we utilize the vector me-
son dominance (VMD) model [22], where

f
had�x;Q
2
0� �

X
V

4��

f̂2
V

fV�x;Q2
0�; (40)

with the sum running over all light vector mesons (V)
into which the photon can fluctuate. The parameters f̂2

V
can be extracted from the experimental data on 0�V !
e�e
� width. In practice we take into account the -0

meson while the contributions from the other mesons
are accounted for via a parameter .

f
had�x;Q
2
0� � .

4��

f̂2
-

f-�x;Q2
0�; (41)

which is left as a free parameter in the fits.
We use the input densities of the -0 meson at low Q2

0 in
the form of valencelike distributions both for the (light)
quark (v-) and gluon (G-) densities. All sea-quark dis-
tributions (denoted by 0-) are neglected at the input scale.
At this scale, the densities v-, G-, and 0- are related,
according to Eq. (41) to the corresponding densities for a
photon, see below.

The v- density is given by

v-�x;Q2
0� �

1
4�u

-�
� �u-



� d-



� �d-

�
��x;Q2

0�; (42)

where from the isospin symmetry

u-
�
�x;Q2

0�� �u-


�x;Q2

0��d-


�x;Q2

0��
�d-

�
�x;Q2

0�: (43)

Note that all the densities in Eq. (42) are normalized to 1,
e.g.,

R
1
0 u

-�
dx � 1.

Two constraints should hold for the v-�x;Q2
0� density;

the first one is related to the number of valence quarks in
the -0 meson,

Z 1

0
2v-�x;Q2

0�dx � 2; (44)

and the second constraint represents the energy-
momentum sum rule:

Z 1

0
x	2v-�x;Q2

0� �G-�x;Q2
0��dx � 1: (45)

We parametrize the input densities as follows:

x0-�x;Q2
0� � 0; xv-�x;Q2

0� � Nvx��1 
 x�';

xG-�x;Q2
0� �

~NGxv-�x;Q2
0� � NGx��1 
 x�';

(46)

where NG � ~NGNv. Like in the LO analysis, [1–3], the
input gluon distribution is proportional to the valence one
and both have the valencelike form. One should treat this
as a simple ansatz. A similar form has been used also in
the most recent NLO analysis [12]; see also discussion
093004
below. Further, we impose two constraints given by
Eqs. (44) and (45) in both types of models: FFNSCJK

and CJK NLO. These constraints allow us to express
the normalization factors Nv and NG as functions of �,
', and .. This leaves these three parameters as the only
free parameters to be fixed in the fits to the F
2 experi-
mental data.

E. �s running and values of ��Nq�

We distinguish between the number of active quarks in
the photon, Nf, and the number of quarks contributing to
the running of �s, which we denote by Nq, [2]. The Nf
depends only on the choice of the type of the model: once
we decide to use the FFNSCJK or CJK NLO approach, then
Nf � 3 or 5, respectively, through the whole Q2 range of
evolution. On the contrary Nq depends on the Q2 value. It
is equal to 3 when Q2 <m2

c and increases by one unit
whenever Q2 reaches a heavy-quark threshold, i.e., when
Q2 � m2

h.
The running of the strong coupling constant in NLO is

given then by the well-known formula:

�
�Nq�
s �Q2�

4�
�

1

'0 ln�Q2=��Nq�2�


'1

'3
0

lnln�Q2=��Nq�2�

���Nq�2�2
;

(47)

with

'0 � 11 

2

3
Nq; '1 � 102 


38

3
Nq: (48)

For Nq � 4 we take the QCD scale ��4� equal to
280 MeV [23]. In order to ensure the continuity of the
strong coupling constant at the heavy-quark thresholds

the condition �
�Nq�
s �m2

h� � �
�Nq�1�
s �m2

h� is imposed. We
calculate values of the remaining ��Nq� constants accord-
ing to the above condition, using the relation between
constants ��Nq� and ��Nq�1� given in [24]. That way we
obtain ��3� � 0:323 MeV and ��5� � 0:200 MeV.

The parton evolution equations depend on Nq through
their dependence on�s�Q2� and independently'0 and'1;
see Eqs. (36) and (37). Therefore, because of the implicit
introduction of the heavy-quark thresholds into the �s
running we must proceed in three steps to perform the
DGLAP evolution. In the first step, describing the evolu-
tion from the input scaleQ0 to the charm-quark massmc,
the hadronic input q
had�x;Q

2
0� is taken from the VMD

model. In the second step we evolve the parton distribu-
tions from mc to the beauty-quark mass, mb. Then, a new
hadronic input is given by the sum of the already evolved
hadronic and pointlike contributions. The pointlike dis-
tribution at Q2 � m2

c becomes zero again. The same is
repeated for Q2 >m2

b.
-10
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VI. GLOBAL FITS—RESULTS

We have performed a series of fits to the F
2 �x;Q
2� data

[25–38]. All together 192 data points were used, includ-
ing the recent results of the ALEPH Collaboration [36],
which replaced the old preliminary data [39], as well as
recent preliminary results of the DELPHI Collaboration
[33] replacing the old preliminary data [40]. In that case
only the LEP1 data were applied because no final results
for the LEP2 data are given in a form useful for our global
fits [41] in [33]. Our fits based on the least square principle
(minimum of �2) were done using MINUIT [45].
Systematic and statistical errors of data points were added
in quadrature.

First, we made two test fits in which, following the
analysis of the Glück, Reya, and Schienbein (GRS) group,
[10], we assumed the input scale value Q2

0 � 0:4 GeV2.
The results of both fits are presented in Table III. The first
two columns show the quality of the fits, i.e., the total �2

for 192 points and the �2 per degree of freedom. The fitted
values for parameters �, ', and . are presented in the
middle of the table with the symmetric parabolic errors
obtained from MIGRAD requiring )�2 � 1 [46]. In addi-
tion, the values for Nv and ~Ng obtained from these pa-
rameters, using the constraints (44) and (45), are given in
the last two columns. As can be seen the fits give high �2

per degree of freedom. Further, the relatively small .
value indicates, respectively, a small contribution of
heavier mesons which is compensated by a very high,
especially in the case of the CJK NLO model, valence-
quark input (Nv � 9:26).

In order to obtain better agreement with the data two
other fits were performed, in which Q2

0 was treated at first
as a free parameter. For both models we obtained very
similar Q2

0 values: Q2
0 � 0:765 GeV2. Therefore in our

final CJK and FFNSCJK NLO fits we fixed the input scale
as Q2

0 � 0:765 GeV2. This value agrees with the Q0 �
0:85 � 0:09 GeV obtained in the recent NLO fit presented
TABLE III. The �2 and parameters of the test fi
CJK NLO models with assumed Q2

0 � 0:4 GeV2

obtained from MIGRAD requiring )�2 � 1.

NLO models �2 �2=d:o:f: .

FFNSCJK1 318.0 1.68 1:40 � 0:06
CJK 299.9 1.51 1:40 � 0:05

TABLE IV. The �2 and parameters of the fina
and CJK NLO models with assumed Q2

0 � 0:765
MINOS requiring )�2 � 1.

NLO models �2 �2=d:o:f: .

FFNSCJK1 243.3 1.29 2:288�0:108

0:096

CJK 256.8 1.37 2:662�0:108

0:099

093004
in [12], where contrary to our analyses the input gluon
density is neglected while the sea input is present. The
results of both CJK and FFNSCJK1 NLO fits are presented
in Table IV. The errors shown in the table were obtained
from MINOS requiring )�2 � 1.

As expected, estimation of the Q2
0 value through the

test fits allowed us to find sets of parameters which give
better agreement of both models with the data. We use
these sets as the final results of our analysis. Comparison
of the �2=d:o:f: values obtained in the test and final fits
shows the �0:40 and �0:30 improvement in the
FFNSCJK1 and CJK NLO models, respectively. Further,
in both cases we observe an increase of the . parameter
with the simultaneous decrease of �, ', and Nv. That
change can be explained by the fact that in higher Q2

valence distribution broadens (change of �;') but at the
same time the constraint (44) maintains its integral con-
stant. Finally, the ~NG parameter grows at higher Q2

0

because the gluon contribution to the photon structure
increases with the increasing Q2.

The choices of the F
2 �x;Q
2� distributions predicted by

the test and final fits are presented in Figs. 4 and 5 for the
FFNSCJK1 and CJK NLO models, respectively. As the
main difference we observe faster growth of the F
2
function at small x in the case of the test fits with Q2

0 �
0:4 GeV2, especially at small Q2. The medium- and
high-x predictions for the photon structure function are
similar apart from the low Q2 region.

Moreover, we see that unlike in the LO case (see [1,2]),
and in the case of the test fits with Q2

0 � 0:4 GeV2, the
obtained �2 per degree of freedom is better in the stan-
dard type FFNS model than in the CJK model. The origin
of the relatively high �2=d:o:f: in both fits comparing to
much lower �2 � 0:9 obtained in [12] is the same as in
the LO case, discussed in detail in [3]. Namely, the
exclusion of the CELLO [25] and recent DELPHI [33]
data from the fits leads to much better agreement among
fits and the data.
ts for 192 data points for FFNSCJK1 NLO and
. The �, ', and . symmetric parabolic errors

� ' Nv ~NG

1:15 � 0:16 1:24 � 0:42 2.80 0.949
1:38 � 0:18 3:40 � 0:77 9.26 2.19

l fits for 192 data points for FFNSCJK1 NLO
GeV2. The �, ', and . errors obtained from

� ' Nv ~NG

0:502�0:071

0:066 0:690�0:282


0:252 0.685 2.369
0:496�0:063


0:057 1:013�0:284

0:255 0.745 3.056
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FIG. 4. Predictions for the F
2 �x;Q
2�=� for the FFNSCJK1 NLO model obtained by the main fit with Q2

0 � 0:765 GeV2 and by the
test fit with Q2

0 � 0:4 GeV2.
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Further, we performed test fits with a modified set of
the input densities (46). Namely, we used the input gluon
distribution independent of the valence one

x0-�x;Q2
0� � 0; xv-�x;Q2

0� � Nvx��1 
 x�';

xG-�x;Q2
0� � NGx�G�1 
 x�'G:

(49)

Fits gave very high values of the �G and 'G parameters,
around 14 and 16, respectively, leading to fast oscillations
of the input gluon densities and all parton densities at low
Q2. The NG parameter calculated using constraint (45) is
of the order 109. Moreover, the �G and 'G values have
very high uncertainties and therefore it is hard to obtain
the final convergence of the fits. Taking all this and the
fact that the �2=d:o:f: values obtained in the test fits are
slightly higher than the ones presented above, we con-
clude that the choice of the simple form of the input
distributions of Eqs. (46) is very reasonable even at
Q2

0 � 0:8 GeV2.
FIG. 5. The same as in Fig. 4

093004
A. Comparison of the CJK and FFNSCJK NLO fits
with F�

2 data and other NLO parametrizations

Figures 6–9 show a comparison of the CJK and
FFNSCJK1 NLO fits to F
2 �x;Q

2� with the experimental
data as a function of x, for different values of Q2. Also a
comparison with the GRS NLO [10] and Aurenche,
Fontannaz, Guillet (AFG) NLO [47] parametrizations
is shown. (If a few values of Q2 are displayed in a panel,
the average of the smallest and biggest one was taken in
the computation.) As can be seen in Figs. 6 and 7, both
CJK and FFNSCJK1 NLO models predict a much steeper
behavior of the F
2 �x;Q

2� at small x with respect to other
parametrizations. In the region of medium and high x, the
behavior of the F
2 �x;Q

2� obtained from the FFNSCJK1
and CJK NLO fits is similar to the one computed with the
GRS NLO parametrization while it is very different from
the AFG parametrization prediction; see Figs. 8 and 9.
Below the charm-quark threshold the CJK model gives
the highest F
2 and the GRS NLO parametrization the
lowest F
2 of the three similar predictions while above the
for the CJK NLO model.

-12



FIG. 6. Predictions for the F
2 �x;Q
2�=� for the CJK NLO and FFNSCJK NLO models and GRS NLO [10] and AFG NLO [47]

compared with the experimental data [25–38], for small and medium Q2 as a function of x (logarithmic scale). If a few values of
Q2 are displayed in the panel, the average of the smallest and biggest Q2 was taken in the computation.
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threshold that order is inverted. Finally, at high Q2 and
high x the F
2 computed in the FFNSCJK1 NLO model and
GRS NLO parametrization become undistinguishable
while the CJK NLO prediction is visibly larger.

Next, in Figs. 10 and 11 we compare the CJK and
FFNSCJK1 NLO fits with the corresponding CJK and
FFNSCJK2 LO fits presented in [2]. Figure 10 shows very
small differences; only in the low x region the FFNSCJK1
NLO model gives greater values than other models and
parametrizations. On the other hand, as can be seen in
Fig. 11, the NLO models predict higher F
2 than the LO
ones at the x region right below the charm-quark thresh-
old. Moreover the NLO predictions vanish more rapidly at
x! 1.

Apart from the direct comparison with the photon
structure-function data, we perform another comparison,
093004
this time with LEP data that were not used directly in our
analysis. Figures 12 and 13 present the predictions for
F
2 �x;Q

2�, averaged over various x regions, compared
with the recent OPAL data [38]. For comparison, the
results from the GRS and AFG NLO parametrizations
are shown as well. In Fig. 12 we observe that in the
medium-x range, 0:1< x< 0:6, all models give expecta-
tions of the same shape, all in fairly good agreement with
the experimental data. Still, in smallQ2 the F
2 computed
with the AFG NLO parametrization is above the others,
and starting at approximately Q2 � 3 GeV2 the predic-
tions of the GRS NLO parametrization are lower than the
other three. In the x ranges presented in Fig. 13 we also
notice many differences among the averaged F
2 �x;Q

2�
predictions computed in various models. The only excep-
tions give the FFNSCJK1 NLO and the GRS NLO predic-
-13



FIG. 7. The same as in Fig. 6, for Q2 � 20 GeV2.
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tions which are very close to each other in the whole Q2

range and in all, apart from the lowest, x ranges exam-
ined. Let us now name all the dissimilarities observed in
Fig. 13. First, the F
2 �Q

2� predicted by the CJK NLO
model shows a clear change of the behavior in the high
Q2 and high-x range where we observe its larger increase
than predicted by the other models. Second, the expecta-
tions of the AFG parametrization in the same regions
(also for small Q2) lie much below the other results.
Finally, the GRS NLO parametrization predicts slightly
lower F
2 �Q

2� values than the remaining models.

B. Parton densities

In this section we present the parton densities obtained
from the CJK and FFNSCJK1 NLO fits and compare them
with the corresponding distributions of the GRV [9],
GRS, and AFG NLO parametrizations. First, we present
093004
all parton densities at Q2 � 10 GeV2 (Fig. 14). The big-
gest difference between our CJK NLO model and others
is observed, as expected, for the heavy-quark distribu-
tions. Unlike for the GRV and AFG NLO parametriza-
tions (there is no beauty-quark density in the AFG NLO
parametrization), our c
�x;Q2� and b
�x;Q2� densities
vanish not at x � 1 but, as it should be, at the kinematical
threshold. Moreover, we notice a huge difference between
the beauty-quark distributions computed in the CJK NLO
and GRV NLO models. Indeed, the latter predicts a
b-quark distribution very similar to the c-quark one,
while much smaller values for b
�x;Q2� are expected in
the CJK NLO model. In Fig. 15, where the charm-quark
distributions are presented for various Q2 values, apart
from different threshold behavior we observe that CJK
c
�x;Q2� distribution is the largest of all down to very
small-x values where the GRVdensity becomes larger (the
x value at which this occurs depends on Q2, being larger
-14



FIG. 8. The same as in Fig. 6 for a linear scale in x.
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for larger Q2). The light-quark and gluon densities calcu-
lated in our models and the GRVand GRS NLO parame-
trizations generally have the same shapes but their values
differ. Main differences are observed in the up-, down-
quark, and gluon distributions. The u
 densities computed
in both our models are lower than in other parametriza-
tions at high x. In Fig. 16 we see differences among
predictions of all models at very low x. Still we do not
find a general pattern of those distinctions. In the case of
the gluon distribution, see Figs. 14 and 17, we observe that
at all Q2 regions the CJK model gives the largest pre-
dictions. At high Q2, G
�x;Q2� calculated in the
FFNSCJK1 NLO model and in GRV NLO parametrization
become similar. The GRS and AFG NLO predictions lie
below all other lines in the whole x and Q2 range.

Further, we compare our CJK and FFNSCJK1 NLO
parton distributions with the corresponding CJK and
093004
FFNSCJK2 LO ones. As can be seen in Fig. 18, for Q2 �
10 GeV2, the NLO models predict higher up- and down-
quark densities in the medium-x region and steeper in-
crease when decreasing x of the gluon distribution. The
growth of G
�x;Q2� at low x is especially fast in the CJK
NLO model case while the FFNSCJK1 NLO model pre-
diction tends to fuse with the LO ones. Moreover, all NLO
quark densities vanish more rapidly at x! 1 than the LO
quark densities.

C. Comparison with F�
2;c

In Fig. 19 we present the CJK NLO predictions for the
F
2;c. ForQ2 � 5, 20, 100, and 1000 GeV2 we compare the
individual contributions included in the model.
Analogously to the LO case, see [1,2], we introduce the
following notation:
-15



FIG. 9. The same as in Fig. 7 for a linear scale in x.
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F
2;c�x;Q
2� � 2xe2

cc
�x;Q2� � F
2;cjdir�x;Q2�

�F
2;cjres�x;Q2� 
 F
2;cjres;sub�x;Q2�

�	2c � C�1�
2;q��x;Q

2�; (50)
with

F
2;cjdir�x;Q
2� � 3xe4

c
�
�

�

'x�1 
 x�

4m2
c

Q2 �

�
x�1 
 3x�

�
4m2

c

Q2 
 x2 8m4
c

Q4

�
ln

1 � '
1 
 '

�
;

F
2;cjres�x;Q2� � xe2
c
�s�Q

2�

2�

�
Z 1

�c

dy
y
G
�y;Q2�Ch;�1�2;G

�
x
y
;
Q2

m2
c

�
;

(51)
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F
2;cjres;sub�x;Q
2� � xe2

c
�s�Q2�

2�
ln
Q2

Q2
0

�2
Z 1

�c

dy
y
G
�y;Q2�P�0�

qG

�
�c
y

�
;

	2c � C�1�
2;q��x;Q

2� � xe2
c
�s�Q2�

2�

Z 1

x

dy
y

��c
 � �c
��y;Q2�C�1�
2;q

�
x
y

�
:

Let us stress that the above direct contribution effectively
includes both the direct and the direct subtraction terms,
as discussed in detail in Sec. IV D. Therefore, it is not the
same as the F
2;cjdir�x;Q2� in the LO analyses. That way in
the NLO analysis we removed the troublesome subtrac-
tion term �k�0�q . Unfortunately, also the 2c � C�1�

2;q contri-
bution does not vanish at the threshold and therefore an
additional constraint 2c � C�1�

2;q � 0 for �c > 1 is neces-
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FIG. 10. Predictions for the F
2 �x;Q
2�=� for the CJK NLO and FFNSCJK NLO models compared with corresponding LO fits from

[2] and with the experimental data [25–38], for small and medium Q2 as a function of x (logarithmic scale). If a few values of Q2

are displayed in the panel, the average of the smallest and biggest Q2 was taken in the computation.
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sary. This term is important in the high and medium x, its
values in the latter range are negative. As can be seen in
the plot all other terms vanish in the W ! 2mc threshold.
The direct term influences the F
2;c only in the medium
and high x at low-Q2 range, where it is negative. The
charm-quark density contribution, i.e., the term
2xe2

cc
�x;Q2�, dominates the F
2;c in the whole kinemati-
cally available x range. In the low-x region also the
resolved-photon contributions increase, but they cancel
each other.

A good test of the charm-quark contributions is pro-
vided by the OPAL measurement of the F
2;c, obtained
from the inclusive production of D�� mesons in photon-
photon collisions [48]. The averaged F
2;c has been deter-
mined in two x bins. These data points are compared to
093004
the predictions of the CJK and FFNSCJK1 NLO models, as
well as of the corresponding CJK and FFNSCJK2 LO
models in Fig. 20. The CJK NLO model seems to give
the best description of the data, especially for the high-x
bin. The FFNS-type models predict the same F
2;c at x >
0:03, while below that value the FFNSCJK2 LO predicts
higher F
2;c which finally becomes very similar to the
NLO results.

D. Test of importance of O��2
s � and O���s� terms

In this section we would like to present the results of
the fit of the FFNSCJK2 NLO model to the data. As
discussed in Secs. III B and III D, in this approach we
include theO��2

s� andO���s� contributions to the photon
structure function:
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FIG. 11. The same as in Fig. 10 for a linear scale in x.
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Alike in the main CJK and FFNSCJK1 NLO models our
fit was performed in two steps. First, we treated Q2

0 as a
free parameter in order to obtain better agreement with
the data, next it was fixed to the estimated value, Q2

0 �
0:716 GeV2, and a final fit was done. Its results are pre-
sented in Table V; all errors were obtained from MINOS

requiring )�2 � 1.
First let us compare the results of the two FFNSCJK

NLO models, given in Tables IV and V, respectively. We
notice that higher �2=d:o:f: is obtained in the model in-
cluding additional terms. Next, the input scale and the
093004
parameters obtained in both approaches are very similar.
The largest distinction is observed between the . values
and can be explained by the small difference between the
Q2

0 values (0.716 and 0:786 GeV2, respectively). Namely,
when we start the evolution of the parton densities at a
lower input scale then smaller input distributions are
required in order to obtain the same results at the given
Q2.

Further, we compare results computed using four vari-
ous FFNSCJK models, the NLO ones described in this
work as well as the FFNSCJK1 and two LO models,
-18



FIG. 14. Comparison of the NLO parton densities predicted
by CJK NLO and FFNSCJK1 NLO models and by GRV NLO
[9], GRS NLO [10], and AFG NLO [47] parametrizations at
Q2 � 10 GeV2, as a function of x.

FIG. 12. Comparison of the OPAL data [38] for the Q2

dependence of the averaged over 0:1< x< 0:6 F
2 =� with
the predictions of the CJK NLO and FFNSCJK NLO models.

AFG NLO

GRV NLO

CJK NLO
(× 100)1000 GeV2
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presented in [2]. The main differences among the four
models, apart from the different order of the QCD
DGLAP equations applied, lie in the heavy-quark con-
tributions to F
2 . Those differences are summarized in
Table VI where all included or excluded terms propor-
tional to Wilson-coefficient functions are listed.

In Fig. 21 we show the parton densities computed in the
FFNSCJK models obtained in LO and NLO. A small
difference between the LO results seen in Fig. 21 only
at small x may be explained by the fact that in that case
the models differ only by the resolved-type �Ch;�1�2;G con-
tribution, which plays an important role only in the low-x
region. However, there exist important differences be-
tween the two NLO fits, observed especially in the up-
and down-quark distributions, which indicate the impor-
tance of the higher orderO��2

s� andO���s� contributions
to F
2 �x;Q

2� at medium x. The distinctions between the
FIG. 13. As in Fig. 12 for F
2 �x;Q
2�=�, averaged over four

different x ranges.
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FIG. 15. Comparison of the charm-quark density at four
values of Q2 in the CJK and FFNSCJK1 NLO models with
the GRV NLO [9], GRS NLO [10], and AFG NLO [47]
densities.
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FIG. 16. The same as in Fig. 15 for the up-quark density.
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FIG. 18. Comparison of the parton densities predicted by the
CJK NLO and FFNSCJK1 NLO models and by corresponding
LO models, CJK LO and FFNSCJK2 LO (i.e., including the
resolved-photon 
�G! h �h contribution) from [2] at Q2 �
10 GeV2, as a function of x.
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pairs of LO and NLO lines are large at high x where, as
discussed before, the NLO distributions decrease much
earlier. The maximal values of the NLO u
 and s
 dis-
tributions are reached at smaller x, x� 0:75 than in the
LO case where the corresponding x value is x� 0:95.
Note however that some other changes such as of the
factorization scale or heavy-quark masses may introduce
additional differences between LO and NLO fits [10].
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GRS NLO

GRV NLO

FFNSCJK1 NLO
CJK NLO
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FIG. 17. The same as in Fig. 15 for the gluon density.

FIG. 19. Comparison of various contributions to the photon
structure function F
2;c�x;Q

2�=� in the CJK NLO model for
Q2 � 5, 20, 100, and 1000 GeV2.
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FIG. 20. Comparison of the structure function F
2;c�x;Q
2�=�

calculated in the CJK and FFNSCJK models for NLO and LO
with the OPAL measurement [48].

FIG. 21. Comparison of the parton densities predicted by the
FFNSCJK1 and two NLO models and by the corresponding
FFNSCJK1 and two LO models presented in [2] at Q2 �
10 GeV2, as a function of x.
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E. Influence of the DELPHI LEP2 data

Finally we tested the possible influence of the recent
DELPHI data [33], which were not included in the final
fits on the results of our models. We performed test fits for
the CJK NLO model including separately each of the sets
of the LEP2 data obtained with TWOGAM [42], PHOJET

[43], and PYTHIA [44] Monte Carlo generators and pre-
sented in [33]. As can be seen in Figs. 22 and 23 for the
choice of the F
2 �x;Q

2� distributions and the parton den-
sities computed at Q2 � 10 GeV2, respectively, the re-
sults of those fits are very similar to the expectations of
the final CJK NLO fit (denoted as ‘‘no LEP2’’). Still, the
�2=d:o:f: obtained in the test fits are much worse; see
Table VII.

VII. DISCUSSION AND CONCLUSIONS

A new analysis of the radiatively generated parton
distributions in the real photon based on the NLO
TABLE V. The �2 and parameters of the fit f
Q2

0 � 0:716 GeV2. The �, ' and . symmetric pa
)�2 � 1.

NLO model �2 �2=d:o:f: .

FFNSCJK2 252.2 1.31 1:892�0:101

0:090

TABLE VI. The heavy-quark
Wilson-coefficient functions co
heavy-quark structure function i

FFNSCJK model Ch;�0�2;
 Ch;�1�2;G

LO 1 � 


LO 2 � �

NLO 1 � �

NLO 2 � �
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DGLAP equations is presented. An updated set of the
F
2 �x;Q

2� data including recent ALEPH as well as new
preliminary DELPHI measurements has been used to
perform three global fits. Our models are based on two
schemes, the fixed flavor-number scheme and variable
flavor-number scheme [ACOT���] which were already
applied in our former LO analysis; see [1–3]. We observe
that in comparison to the LO models a higher input scale
of the NLO DGLAP evolution is required in order to
satisfactory describe the data. Further, unlike in the LO
case we obtained lower �2=d:o:f: in the FFNS-type ap-
proach than in the CJK model. The test fits showed that a
or the FFNSCJK2 NLO model with assumed
rabolic errors obtained from MINOS requiring

� ' Nv ~NG

0:527�0:089

0:080 0:966�0:387


0:333 0.797 2.727

terms proportional to the
ntributing (or not) to the

n various FFNSCJK models.

Ch;�1�2;
 Ch;�2�2;G Ch;�2�2;q C�2�
2;q


 
 
 



 
 
 



 
 
 


� � � �
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FIG. 22. Comparison of the parton densities predicted by the
test fits obtained with the CJK NLO model using various sets of
the DELPHI LEP2 data [33] at Q2 � 10 GeV2, as a function of
x.

TABLE VII. Number of experimental points used in the test
fits for the CJK NLO model and the resulting �2.

Set �2 No. of points �2=d:o:f:

TWOGAM 307.4 209 1.50
PHOJET 312.0 207 1.54
PYTHIA 341.1 209 1.66
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change of the simple form of the input parton distribu-
tions applied in [1–3] and in this work does not lead to the
improvement of the fits.

Predictions of the FFNSCJK1 and CJK NLO fits are
compared with the F
2 �x;Q

2� data, other parametriza-
tions, and corresponding LO models. Both models de-
scribe very well the Q2 evolution of the F
2 �x;Q

2�,
FIG. 23. Predictions for the F
2 �x;Q
2�=� for the CJK NLO model

data [33].
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averaged over various x regions. The F
2;c calculated in
the CJK NLO model gives best agreement with the data.

Next, we check the difference between the results
obtained in the FFNSCJK1 NLO model and the
FFNSCJK2 NLO model which includes additional O��2

s�
and O���s� contributions to F
2 �x;Q

2�. Those higher

order terms prove to be of importance. Therefore, further
studies of the CJK model including terms of the same
order are required.

Finally, we examine the influence on the results of our
models of the various sets of the LEP2 data presented in
the recent preliminary results of the DELPHI
Collaboration but excluded from final fits. Test fits show
a very small change of the F
2 �x;Q

2� and parton distribu-
tions obtained using these data comparing to the final fits
but a large deterioration of their quality.

FORTRAN parametrization programs for our CJK and
FFNSCJK NLO models can be obtained from the web page
[49].
APPENDIX: THE WILSON-COEFFICIENT
FUNCTIONS

Lists of all Wilson-coefficient functions used in this
analysis are given in Tables I and II. The Wilson coef-
ficients C�1�

2;q, C�1�
2;G, and C�0�

2;
 have been first calculated in
obtained in the test fits using various sets of the DELPHI LEP2
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the operator product expansion [50] in the Mellin space in
the articles [51,52], respectively. In the �x;Q2� space the
C�0�

2;
 in the MS factorization scheme reads (see for in-
stance [10])

C�0�
2;
�x� � 6

�

1 � 8x�1 
 x� � 	x2 � �1 
 x�2� ln

1 
 x
x

�
:

(A1)

The lowest order heavy-quark coefficient Ch;�0�2;
 , given
by the Bethe-Heitler 
� � 
! q� �q process, has been
first presented in [53]. It has the following form:

Ch;�0�2;


�
x;
Q2

m2
h

�
� 6

�
'
�

1 � 8x�1 
 x� 
 x�1 
 x�

4m2
h

Q2

�

� ln
�
1 � '
1 
 '

��
x2 � �1 
 x�2 � x�1 
 3x�

�
4m2

h

Q2 
 x2 8m4
h

Q4

��
; (A2)

with ' �
�����������������������������������������������
1 
 	4m2

hx=�1 
 x�Q2�
q

.
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When we neglect the heavy-quark mass in some parts
of the coefficient Ch;�0�2;
 we can rewrite it as in Eq. (21)

Ch;�0�;MS
2;


�
x;
Q2

m2
h

�
� C�0�;MS

2;
 �x� � 2k�0�;MS
q �x� ln

Q2

m2
h

�6
�

'x�1 
 x�

4m2
h

Q2 �

�
x�1 
 3x�

�
4m2

h

Q2 
 x2 8m4
h

Q4

�
ln

1 � '
1 
 '

�
; (A3)
where the direct-photon-quark splitting function is

k�0�q � 3	x2 � �1 
 x�2�: (A4)
The Ch;�1�2;G function related to the 
� �G! q� �q
process reads
Ch;�1�2;G

�
x;
Q2

m2
h

�
�

1

6
Ch;�0�2;


�
x;
Q2

m2
h

�

� '
�

1 � 8x�1 
 x� 
 x�1 
 x�

4m2
h

Q2

�
� ln

�
1 � '
1 
 '

��
x2 � �1 
 x�2 � x�1 
 3x�

4m2
h

Q2 
 x2 8m4
h

Q4

�
: (A5)
Finally, the higher order heavy-quark coefficients,
Ch;�1�2;
 , C�2�

2;G, Ch;�2�2;q , and C�2�
2;q, are calculated in a series of

publications [15]. They are given in the form of a two
dimensional array. ThoseO��2

s� andO���s� order Wilson
coefficients are given as

Ch;�k�2;i �x;m2
h;Q

2;�2��Ch;�k�2;i

�
x;
Q2

m2
h

�
� �Ch;�k�2;i

�
x;
Q2

m2
h

�
ln
�2

m2
h

;

(A6)

where �2 is the mass factorization scale. In our calcula-
tions we simplify the above formula by choosing
�2 � m2

h.
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