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Linking the quark meson model with QCD at high temperature
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We model the transition of a system of quarks and gluons at high energies to a system of quarks and
mesons at low energies in a consistent renormalization group approach. Flow equations interpolate
between the physics of the high-temperature degrees of freedom and the low-temperature dynamics at a
scale of 1 GeV. We also discuss the dependence of the equation of state on baryon density and compare
our results with recent lattice gauge simulations.
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I. INTRODUCTION

The equation of state of QCD in extreme conditions of
high-temperature and/or high baryon density is at the
focus of interest in heavy-ion collisions and astrophysics,
i.e., neutron stars and supernovae. The current heavy-ion
experiments at SPS (CERN) and RHIC (BNL) have
challenged theoretical work on strong interactions at fi-
nite temperatures, due to the possible observation of new
phases of matter. In particular, one expects a phase tran-
sition which separates a low-temperature region of had-
rons from a high-temperature region of quarks and
gluons, where both confinement is absent and chiral sym-
metry is restored. During the last years various direct
numerical lattice simulations of QCD at finite-
temperature and finite baryon density have been per-
formed [1–3]. These computations are still limited to
rather small lattices, therefore an alternative approach
using an effective field theory is useful. The nonpertur-
bative renormalization group (RG) flow equations present
a practical alternative cf. [4]. Previously, we have dis-
cussed a linear �-model with two massless quark flavors
[5,6] which is treated with the renormalization group to
capture the dynamics of the long-range fluctuations near
the critical point correctly. In particular, this method
includes dynamical chiral symmetry breaking as the
dominating feature of QCD at low energies. The low-
energy model lacks the gauge degrees of freedom, there-
fore it cannot be linked with lattice calculations for T *

160 MeV. As a first step, we propose to extend the flow
equations of the linear �-model by a flow equation for
free massless quarks and gluons at high scale. By having
an infrared cutoff for the QCD degrees of freedom we
include confinement for the gluons in a poor man’s way.
Only gluons with high momenta are considered and con-
sequently also the effective QCD coupling remains small
in this domain. A perturbative calculation is then possible
in principle [7].
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Integrating these two systems with the same cutoff
function successively over both high and low-energy ex-
citations one obtains an adequate equation of state of
strong interaction over a large range of temperatures
and densities even without gluon interactions. We support
this zero order calculation by comparing our results with
recent lattice simulations. In addition, we argue that the
lowest order corrections in the strong coupling constant
make the transition between the two regimes less sensi-
tive to the chosen scale where the two theories are sewn
together. This method is similar to the approach in QCD
sum rules where a perturbative high-energy sector is
combined with a hadronic low-energy expansion. The
independence on the matching scale is the key to a suc-
cessful application of such a technique. Although the low-
energy degrees of freedom do not arise dynamically as
collective excitations of the fundamental gauge degrees
of freedom, the smooth cutoff naturally interpolates be-
tween the different descriptions. In the last section we
give a more detailed discussion of how the quark-meson
system relates to the quark-gluon system, based on
Ref. [8]. The benefit of our approach is to handle more
complicated scenarios of strong interactions like the de-
pendence of the equation of state on the quark mass or the
finite volume of the system in a realistic way. The non-
equilibrium thermodynamics of quarks and gluons may
be another case [9] where semianalytic models help to
elucidate the relevant time scales. Relativistic heavy-ion
collisions cover both the quark-gluon plasma dynamics
and the hadronic final stage, therefore a hybrid theory
seems to be needed. The paper is organized as follows: In
Sec. II we derive the flow equation for the chiral low-
energy part.We propose a modified cutoff function, which
allows us to perform the sum over the Matsubara fre-
quencies analytically. In Sec. III we introduce the flow
equation for the high-energy degrees of freedom and
show that already the simple addition of the high and
low-energy regime yields reasonable results for the ther-
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modynamic quantities. A detailed discussion of the model
and our conclusions are given in Sec. IV.
II. RG FLOW EQUATION FOR THE CHIRAL LOW-
ENERGY PART

The SU�2�L � SU�2�R invariant linear �-model with
constituent quarks q and chiral mesons 
 � ��; ~	� is an
effective model for dynamical spontaneous chiral sym-
metry breaking at intermediate scales of 0 & k & �M. It
is given by the Euclidean Lagrangian density

L L�M � �q@6 q� g �q��� i�	�5�q�
1

2
�@�
�2 �U�
2�:

The grand canonical partition function Z for the quantum
theory has the path integral representation

Z � Tre���H��N�

�
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Z
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�
�
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0
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�
Z

d3xE�LL�M ��qyq�
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where periodic and antiperiodic boundary conditions ap-
ply for bosons and fermions, respectively. A Gaussian
approximation to the path integral followed by a
Legendre transformation yields the 1-loop effective ac-
tion
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Here, the boundary conditions of the functional integral
appear in the momentum traces and we neglect contribu-
tions from mixed quark-meson loops. We consider the
effective action � in a local potential approximation
(LPA), which represents the lowest order in the derivative
expansion and incorporates fermionic as well as bosonic
contributions to the grand canonical potential density �.
It is related to the pressure of the system by

��T;�� � �p�T;��: (3)

To derive RG flow equations, we use Schwinger’s proper-
time method to regularize the respective logarithms. A
straightforward partial evaluation of the trace in momen-
tum space and a transformation of the expression to
proper-time form yields
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where the Matsubara frequencies take the values !n �
2n	T for bosons and &n � �2n� 1�	T for fermions,
respectively. The effective masses are defined as

M2
q � g2
2; M2

	 � 2
��

�
2 ;

M2
� � 2

��

�
2 � 4
2 �2�

��
2�2
:

A general set of smooth cutoff functions fa��k2�, parame-
trized by a real positive number a, fulfills the required
regularization conditions cf. Ref. [5,6,10]

f�a���k2� 
��a� 1; �k2�

��a� 1�
: (5)

In previous works [5,6,10], cutoff functions with integer a
have been applied to similar problems. However, in the
case of a thermal system half-integer cutoff functions are
better suited, since they effectively regularize only the
spatial momentum integral. The relevant derivative of the
cutoff function with respect to the IR-cutoff scale

k
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@k
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2

��a� 1�
��k2�a�1e��k2

involves a half-integer power of the proper-time variable
�, which combines with the half-integer power from the
integration over the spatial momentum coordinates. Thus,
we are able to perform the sum over the Matsubara
frequencies analytically. We choose the smallest possible
value for the cutoff parameter, a � 3=2. With a � 3=2
the RG improved flow equation for the grand canonical
potential � reads
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: (6)

The appearing effective energies are defined by

Ei �
������������������
k2 �M2

i

q
; i 2 f	;�; qg;

and the occupation numbers have the usual form

nB�E� �
1

eE=T � 1
; nF�E� �

1

e�E���=T � 1
;

�nF�E� �
1

e�E���=T � 1
:

Note the exceptionally simple form of this evolution
equation. One can immediately read off the contributions
from the vacuum and thermal dynamics of the respective
particles appearing with their proper degeneracy factors.
Especially, compared to previous vacuum equations [10]
energy denominators appear instead of the usual propa-
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gator terms, which is natural for a thermal equation
because of the broken Poincaré invariance. The analytic
form of this equation allows a numerical solution, espe-
cially in the case of finite-temperature and density where
the computational effort rises considerably.

Proper time flow equations are generally not exact but
represent approximations to certain exact flows [11].
However, it has been shown that the corresponding vac-
uum equation with a � 2 [5,10] is equivalent to an opti-
mized exact flow equation in LPA [12]. Because of its
physically intuitive form, it is likely that an analogous
correspondence holds between Eq. (6) and an appropriate
exact RG flow.

The thermodynamics and phase structure of the chiral
system has been discussed in [5,6,13]. One obtains a good
description of the second-order chiral phase transition at
Tc � 160 MeV and also a qualitative picture of the first-
order phase transition at high densities. However, the
model lacks the correct high-temperature behavior since
it does not contain the appropriate degrees of freedom in
this regime.

III. FLOW EQUATION FOR THE HIGH-ENERGY
DEGREES OF FREEDOM

The fundamental degrees of freedom at high energies
are quarks and gluons of QCD, described by the
Euclidean Lagrangian density

L QCD � �q�D6 �mc�q�
1

4
F�&F�& �Lgf �Lghost; (7)

where mc is the respective quark mass matrix and Lgf

and Lghost denote the gauge-fixing-term and the ghost-
term, respectively. Because of asymptotic freedom,
quarks and gluons decouple at asymptotically high ener-
gies. Lattice gauge simulations cf. Ref. [1,2] suggest that
even at moderate temperatures, T * 200 MeV, the equa-
tion of state of the interacting system behaves almost like
a free gas. Therefore in a first attempt to link the quark-
meson model with QCD we neglect the full gauge inter-
actions and approximate the high-energy part of QCD at
scales k > �M by a free gas of massless quarks and
gluons. In the following we work in the Feynman-gauge
and neglect a possible running of the gauge parameter.

The integration of the thermal quark and gluon fluctu-
ations within the RG flow using the same smooth infra-
red cutoff function, a � 3=2, allows a smooth transition
of the respective degrees of freedom. Cutoff functions
with higher values for ‘‘a’’ give a slightly higher gluon
pressure near the critical temperature. The infrared cutoff
has the same effect as a self-interaction of the gluons and
provides an effective screening for the gluonic degrees of
freedom. In this section we show that already the simple
addition of the free quark-gluon flow to the meson flow
gives reasonable results for certain quantities as the equa-
tion of state. We will discuss the matching of the quark-
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meson model with the quark-gluon model in the last
section.

We neglect the current quark masses for the two light
quark flavors. Then the equation for the high-energy part
has a very compact form in our simplified approximation
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�
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The sum runs over gluons, quarks and antiquarks includ-
ing the appropriate occupation numbers with degeneracy
factors and sign factors Ng � 16, sg � �1 for the bosons
and Nq � N �q � 2NcNf � 12, sq � s �q � �1, for the fer-
mions and antifermions, respectively. The potential of the
total system is obtained by integrating the quark-gluon
evolution equation from k � �1 to k � �M and the
quark-meson evolution equation from k � �M to k � 0,
i.e., the IR-cutoff parameter of the quark-gluon potential
is identical to the UV-cutoff parameter of the quark-
meson model. We can integrate the simplified QCD flow
equation analytically and get

�QCD��1;�M; T� �
X
i

si
Ni

6	2

	
k4

8
� k3TLi1
sin1i �k��

�3k2T2Li2
sin1i �k��
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1
i �k��
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sin1i �k��



�M

�1

: (9)

The polylogarithmic functions Lin�x� are defined by

Li1�x� � � ln�1 � x�; Lin�x� �
Z x

0

Lin�1�z�
z

dz

and the functions n1i �k� denote the classical Maxwell-
Boltzmann distribution functions of the respective parti-
cles

n1g �k� � e�k=T; n1q �k� � e��k���=T;

n1�q �k� � e��k���=T:

We can evaluate Eq. (9) in the limit �1 ! 1 by making
use of the behavior of the polylogarithms in the vicinity
of zero:
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FIG. 1. Different contributions to p=T4 arising from the
mesons and quarks (constituent quarks and free quarks )
(dashed line) and the gluons (dash-dotted line). The dotted
line shows the scaled pressure function of the linear �-model
with two quark flavors which contains the cutoff �M.

JENS BRAUN, HANS-JÜRGEN PIRNER, AND KAI SCHWENZER PHYSICAL REVIEW D 70 085016
�QCD��1;�M; T� �
X
i

si
Ni

6	2

�
�

�4
1

8
�

�4
M

8

� �3
MTLi1
sin

1
i ��M��

� 3�2
MT

2Li2
sin1i ��M��

� 6�MT
3Li3
sin

1
i ��M��

� 6T4Li4
sin1i ��M��

�
: (10)

Here we kept the divergent part proportional to �4
1, so the

potential still needs to be regularized. In the limit of zero
temperature the vacuum part can be identified, since it is
only a function of �M and �1:

�vac
QCD��1;�M; T � 0� �

X
i

si
Ni

6	2

�
�4

M

8
�

�4
1

8

�
: (11)

To obtain the potential �L�M of the chiral low-energy
part, we integrate the corresponding flow equation from
k � �M to k � 0. We switch the degrees of freedom at a
scale �M � 1:0 GeV where the gauge degrees of freedom
become unreliable and below which the physics can be
described by the chiral model. As initial values for the
low-energy part at this scale we choose U�
2� �
1
2m

2
M
2 � 1

40M
4 with 0M � 37, mM � 320 MeV and
the quark-meson coupling g � 3:45. These initial pa-
rameters are adjusted to get the value of the pion decay
constant h�i � f	 � 88 MeV at k � 0 in the chiral limit
and a quark mass of roughly 300 MeV. In principle, the
starting parameters should result from the integration
over the QCD degrees of freedom. This may be possible
including quark interactions from gluons at higher scales.

The full potential reads

�total��1; k � 0; T� � �QCD��1;�M; T�

��L�M��M; k � 0; T�: (12)

The finite-temperature part relevant for the pressure does
not depend on the vacuum energy. Therefore in the regu-
larized potential the UV-divergent part drops out as it
must and

p�T� � ��total��1; k � 0; T�

��total��1; k � 0; T � 0�: (13)

In the limit of infinite temperature T ! 1 the ratio of
p=T4 yields the Stefan-Boltzmann limit for a massless
quark-gluon gas, because the region k < �M has vanish-
ing weight

p�T�

T4
!

�
Ng �

7

8
�Nq � N �q�

�
	2

90
: (14)

For small temperatures T ! 0 we find a massless gas of
pions with

p�T�

T4
! 3

	2

90
: (15)
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In Fig. 1 we show the different contributions to p=T4

arising from the integration over the flow of the mesons
and all quark contributions (including both the constitu-
ent quarks with cutoff �M and free quarks without cut-
off) (dashed line) and the integration over the gluons
(dash-dotted line). Furthermore we plot the scaled pres-
sure of the linear �-model with cutoff �M (dotted line)
described by Eq. (6).

The comparison indicates clearly that the quark-meson
model with cutoff �M alone becomes unreliable for a
description of the equation of state at temperatures T >
150 MeV. It definitely has to be linked with quark and
gluon degrees of freedom at higher temperatures. The
linear sigma model is adequate at low-temperature where
massless pions dominate the pressure and the quarks are
massive due to spontaneous breaking of the chiral sym-
metry. Gluons contribute to the pressure only at rather
high temperatures since the smooth infrared cutoff
around the scale �M introduces a gluon mass and gives
deviations between our model and the free gluon gas.
IV. DETAILED RESULTS AND DISCUSSION OF
THE MODEL

The flow equation with the successive integration over
different degrees of freedom avoids a first-order transition
which typically arises in simplified models with two
components like the bag model combined with a pion
gas [14].

The critical behavior of the system is described by the
pion decay constant which is shown as a function of
temperature for vanishing chemical potential in Fig. 2.
The figure shows that the pion decay constant goes to zero
for Tc � 154 MeV continuously. For temperatures below
Tc the quarks are massive and the pions are massless, so
the system is in the chiral broken phase. For temperatures
-4
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FIG. 2. The pion decay constant as a function of temperature
for vanishing chemical potential. The dynamics of the phase
transition arise entirely from the quark-meson sector in our
model, since the quark-gluon interaction is neglected in the
QCD sector.
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above Tc the system is in the chiral symmetric phase,
where the quarks are massless and the pions are massive.
Thereby one obtains a second-order chiral phase transi-
tion at T � Tc, which is about 20 MeV smaller than the
result of lattice calculations [2]. Note that the pion decay
constant as a function of temperature for the chiral low-
energy system does not differ from the function of the
total system, because the pion decay constant is zero in
the high-energy part of our model. In Fig. 3 we compare
the curve of the scaled energy "=T4 with 3 times the
pressure 3p=T4 as a function of temperature. Both quan-
tities "=T4 and 3p=T4 gradually increase across the
second-order phase transition. The scaled pressure den-
sity reaches about 95% of the Stefan-Boltzmann limit at
T � 4Tc, whereas respective lattice calculations [2] reach
about 85%. The energy density becomes more rapidly
FIG. 3. The scaled pressure multiplied by a factor of 3
compared to the scaled energy density as a function of tem-
perature. The upper and lower Stefan-Boltzmann limits corre-
sponding to a free quark-gluon gas and a pion gas are drawn as
dashed lines.
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asymptotic cf. Figure 3. Thereby, the ‘‘interaction mea-
sure’’ "� 3p has a peak at T � 1:27Tc � 196 MeV,
whereas the respective maximum of lattice calculations
of �2 � 1�-flavor QCD [3] is located at approximately T �
1:1Tc � 189 MeV. The interaction measure "� 3p has
more subtle features at finite chemical potential. For in-
stance, we find a low-temperature maximum in "� 3p at
finite chemical potential which does not agree with finite
density lattice calculations. This low-temperature maxi-
mum arises from the fact that we have constituent quarks
in our model and no baryons for temperatures below Tc.
Lattice calculations of the same quantity go rapidly to
zero for temperatures below Tc which may be an effect of
confinement and/or of the limited grid sizes and the high
masses of the nucleons.

To study the effects of a finite baryon chemical poten-
tial on the pressure it is useful to consider the difference
(p of the pressure of the system at finite and vanishing
chemical potential and the same temperature, respec-
tively:

(p � 
p�T;�� � p�T;� � 0��: (16)

Small chemical potentials compared to the baryon mass
suppress the baryonic pressure at low temperatures. Our
calculation shows a suppression of (p=T4 in agreement
with the low-temperature expansion for a gas of non-
relativistic and noninteracting constituent quarks with
masses m>� � �B=3, which reads

(p

T4
�

g

2
���
2

p
	3=2

�
m
T

�
3=2

�e��m���=T � e�m=T�: (17)

Here g denotes the degeneracy factor of the fermions. In
Fig. 4 one can see the scaled pressure (p=T4 of the
quarks for different chemical potentials �B � 100 MeV
to �B � 530 MeV. We have chosen these values identical
to the ones in the lattice calculation in Ref. [3], where the
equation of state includes heavy strange quarks. At high
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FIG. 4. The scaled pressure difference (p=T4 � 
p�T;�� �
p�T;� � 0��=T4 is shown as a function of temperature for
�B � 100; 210; 330; 410; 530 MeV (from bottom to top).
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FIG. 5. The scaled pressure as a function of temperature for
two different sets of initial parameters. The upper curve shows
the scaled pressure for �M � 1000 MeV. The lower curve
represents the result for the scaled pressure, if one changes
the transition scale from �M � 1000 MeV to �M � 1200 MeV
but keeps all other parameters fixed. The upper and lower
dashed line shows the Stefan-Boltzmann limit for a free
quark-gluon gas and a free pion gas, respectively.
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temperatures the scaled pressure difference decreases
according to

(p

T4
� 4NcNf

�
�2

24T2 �
�4

48	2T4

�
: (18)

This behavior is also reproduced by our calculation cf.
Figure 4.

Let us finally discuss the matching between the quark-
gluon and quark-meson sector by including QCD dynam-
ics on the high-energy side [8,15–18]. In Fig. 5 we show
the scaled pressure as a function of the temperature for
two different matching scales �M � 1000 MeV and
�M � 1200 MeV when we sew the two flow equations
together as described in the paper. No readjustment is
made. The scaled pressure increases when the infrared
cutoff is lowered. For the gluon system the fade out of the
colored degrees of freedom sets in at lower momenta
whereby gluons contribute more pressure. A lower cutoff
also postpones the breaking of chiral symmetry and
therefore the quarks become less massive and contribute
more to the pressure at low temperatures.

In the quark-gluon regime the first-order correction
from gluon radiation to the scaled pressure is well known
[19]:

(
p

T4 � �g2

�
1

9
�

5

72

�
: (19)

Here the sum includes the gluon and quark degrees of
freedom and g2 runs approximately as g2��2

M � T2� [7].
Therefore the gluon correction is larger negative for the
lower cutoff bringing the two curves with the scaled
pressure closer to each other. In the meson regime the
085016
main effect of a lower cutoff is the change of the effective
four fermion coupling which corresponds in the boson-
ized theory to a change of the boson mass. In Ref. [8] the
evolution of the four fermion coupling has been derived.
Neglecting subleading terms, the respective evolution
equation for the inverse scaled four fermion interaction
~3 reduces to

k
@~3
@k

�
3

8	2 �

�
2 �

4g2

4	2

�
~3�

40

3

g4

16	2
~32; (20)

with

~3 �
2m2

g2k2 : (21)

The right-hand side of the evolution equation has two
zeros at ~3 � ~31 and ~3 � ~32 with ~31 < ~32. The starting
value ~3��M� lies to the left of ~31 and the flow equation
causes ~3 to decrease, i.e., ~3��M � dk�< ~3��M�. This
change produces a growing four fermion interaction
which will evolve the system faster to the chiral symme-
try breaking point with k. Consequently the evolution
below the symmetry breaking scale and with it the low-
temperature scaled pressure will be approximately repro-
duced when we readjust the four fermion coupling in
agreement with the evolution equation d~3=dk.
Although, high-temperature and low-temperature physics
depend on the matching scale, gluon radiative corrections
reduce the dependence on the scale �M in both regimes.

Nevertheless, one must be cautious. We cannot fully
abolish the matching scale, because then we would run
the QCD coupling too deep into the infrared where it
becomes undefined. Moreover, the above results come
from a different cutoff scheme than the heat kernel cutoff.
Since there exists not yet a fully consistent treatment of
gluon radiative corrections using a heat kernel cutoff, this
needs further work.

Linking the quark-meson model with QCD degrees of
freedom we find that the low-energy sigma model can be
extended to high-temperature T > 150 MeV. The combi-
nation of different degrees of freedom within a single
renormalization group flow opens the window for a con-
sistent description of QCD both at low and high scales
which is needed in the equation of state. Already the
simplified model we constructed shows good agreement
with lattice simulations. As indicated above, the match-
ing of the low-energy model with the quark-gluon sector
can be improved to get an equation of state that is largely
independent of the precise value of the matching scale.
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