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Predictions for e�e� ! J= �c with light-cone wave functions
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Predictions for e�e� ! J= �c from previous studies are made by taking charmonia as a non-
relativistic bound state and by using nonrelativistic QCD (NRQCD) approach. The predicted cross
section is smaller by an order of magnitude than the experimentally observed cross section.We study the
process by taking charm quark as a light quark and use light-cone wave functions to parameterize
nonperturbative effects related to charmonia. The total cross section of e�e� ! J= �c can be
predicted, if these wave functions are known. Motivated by studies of light-cone wave functions of
light hadrons, we make a reasonable assumption of the forms of light-cone wave functions. With these
light-cone wave functions we can obtain the cross section which is closer to the experimentally
observed than that from the NRQCD approach. We also discuss in detail the difference between two
approaches.
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At Belle the production of double charmonia at e�e�

collider with
���
s

p
� 10:6 GeV has been studied. The ex-

perimental result is given as [1]:

	�e�e� ! J= �c�Br��c ! 4 charged particles�

� 33�7
�6 � 9 fb: (1)

Since a branching ratio is smaller than 1, the above
experimental result gives a lower bound for the cross
section. This experimental result is in conflict with theo-
retical predictions. Theoretical predictions are made by
taking a charmonium as a bound state of a c �c quark.
Employing nonrelativistic wave functions for such a
bound state one can predict production rates like the
one measured at e�e� colliders. Starting from this, the
process were studied in [2–4]. From these studies the
cross section is about 2–5 fb. Comparing with Eq. (1) the
experimentally measured cross section is about an order
of magnitude larger than theoretical predictions.

If one takes charm quarks as heavy quarks, a charmo-
nium system can be thought of as a bound state consisting
mainly of a c �c quark, in which the c- and �c-quark move
with a small velocity. This fact enables us to describe such
a system by an expansion in the small velocity. A system-
atic expansion can be achieved by using nonrelativistic
QCD (NRQCD) [5]. Within this framework inclusive
decays and inclusive productions of single quarkonium
can be studied consistently and rigorously, where a facto-
rization of nonperturbative effects can be completed. But
it is expected that theoretical predictions for charmonia
can have large uncertainties in general. There are two
important sources of corrections. One is of relativistic
correction. Because the velocity of a c quark in a char-
monium is not very small, the relativistic correction is
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large. This has been shown in different processes studied
in [6–8]. Another source of correction is from high order
of 
s. If one works with NRQCD factorization for the
process e�e� ! �cJ= , the charm quark mass mc can
not be neglected and large logarithms like ln�m2

c=s� will
appear. Those large logarithms can spoil the perturbative
expansion in 
s and a resummation is needed. However it
is not expected that these large uncertainties can result in
such a large discrepancy. To explain the discrepancy it
was suggested that the experimental signals for the final
state of J= �c may contain those of double J= [9] and
the initial state interaction can enhance the cross section
of J= �c [10]. Indeed, the cross section becomes large if
these suggested effects are taken into account. But the
discrepancy still remains large.

It should be noted that for a process involving two
quarkonia there is no rigorous theory based on NRQCD
in the sense of factorization of nonperturbative effects.
Although a proof of the factorization has not been given
yet, it could be the case that the factorization does not
hold. The reason is the following: NRQCD is only appli-
cable for a quarkonium in its rest frame. For a process
involving only one quarkonium one can always find such
a rest frame through a Lorentz boost. While for a process
involving two or more quarkonia one can not find in
general a frame in which all quarkonia are in rest.
Therefore, a complete factorization may not be achieved.

If the center-mass energy
���
s

p
is very large, i.e.,

���
s

p
	

mc, one can take c-quark as a light quark. Then one can
use light-cone wave functions to describe nonperturbative
effects of charmonia and a factorized form of the pro-
duction amplitude in terms of these wave functions and a
perturbative part can be obtained. Such an approach for
exclusive processes was proposed a long time ago [11].
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FIG. 1. One of the four Feynman diagrams for the amplitude.
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Recently, light-cone wave functions have been employed
for charmonia to study their production in B-decay
[12,13] and in photoproduction [14]. In comparison with
the approach based on NRQCD for the process e�e� !
J= �c, where the expansion parameter is the velocity, the
approach with light-cone wave function is with the ex-
pansion parameters as �=

���
s

p
, where � is a soft scale and

can be �QCD, mc and masses of charmonia. In this paper
we will use this approach to study the process e�e� !
J= �c. We will work at the leading order of the expan-
sion. The correction to our result is at order of �=

���
s

p
or

��=
���
s

p
�2. Taking � to be the mass of J= , one can expect

that our result at
���
s

p
� 10 GeV has an uncertainty at a

level of 30% or smaller. Since an expansion in masses is
used, there is only one large scale

���
s

p
in the perturbative

part and our prediction will not contain large logarithms
like ln�m2

c=s� if one takes higher orders in
s into account.
However, such large logarithms like ln�m2

c=s� and
ln��2

QCD=s� will appear in light-cone wave functions.
These large logarithms can be resummed with evolution
equations of wave functions, like the Efremov-
Radyushkin-Brodsky-Lepage evolution equation [15].

In principle the c �cg components of charmonia will also
contribute, if one take light-cone wave functions at twist
3 into account. Although NRQCD factorization may not
directly be applicable to the process studied here, it can
be used to study light-cone wave functions of charmonia
as those introduced below, in which nonperturbative ef-
fects can be factorized into NRQCD matrix elements and
light-cone wave functions will be proportional to
NRQCD matrix elements [16]. The light-cone wave func-
tions of c �cg components will be proportional to NRQCD
matrix elements containing gluon fields explicitly. It is
known that NRQCD matrix elements containing gluon
fields are small by NRQCD power counting [5], although
they can be important in some processes because of some
mechanism of enhancement. In our approach such an
enhancement does not exist, hence we neglect contribu-
tions from these c �cg components. We will only consider
contributions from c �c components.

We consider the exclusive process:

e��p1� � e��p2� ! �
�q� ! J= �p� � �c�k�; (2)

where momenta are indicated in the brackets. The ampli-
tude can be written as

T � ie �u�p1���v�p2�
1

q2
"��
�"
��p�p
k�F �q2�; (3)

where "
��p� is the polarization vector of J= and F �q2� is
the form factor defined as

hJ= �p��c�k�jJ
�j0i � iQce"

��
�"
��p�p
k�F �q2�; (4)
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where Qc is the charge fraction of c-quark in unit of e.
From the above the produced J= is transversally polar-
ized. With the form factor the cross section can be calcu-
lated as

	�e�e� ! J= �c� � 4�
2Q2
c
jF �s�j2

64

�
1�

4m2
h

s

�
3=2

�
Z �1

�1
dx�1� x2�; (5)

where x � cos� and � is the angle between J= and e�.
We neglect the small mass difference between J= and
�c:

mh � mJ= � m�c: (6)

From Eq. (4) it is easy to see that the helicity in the
process is not conserved. For helicity-conserving pro-
cesses one can use the power-counting rule in [17] to
determine the asymptotic behavior of relevant form fac-
tors when q2 ! 1. For a process in which the helicity
conservation is violated, one can use the generalized
power-counting rule in [18] to determine the asymptotic
behavior of relevant form factors. In our case one can
obtain that F �s� � s�2 when s! 1.

At the leading order of 
s the contribution to the form
factor comes from four Feynman diagrams, one of them
is given in Fig. 1. The contribution can be written as
-2
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hJ= �p��c�k�jJ
�j0i�

Z d4k1
�2��4

d4k2
�2��4

H�
ij;kl�k1;k2;mc�

�
Z
d4xe�ik1�xhJ= �p�j �ci�x�cj�0�j0i

�
Z
d4ye�ik2�yh�c�k�j �ck�y�cl�0�j0i;

(7)

PREDICTIONS FOR e�e� ! J= �c WITH . . .
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where the hard part H�
ij;kl�k1; k2; mc� is the amplitude for
�
�q� ! ci�k1� � ck�k2� � �cj�p� k1� � �cl�k� k2�; (8)
and all quarks can be off shell. The hard part reads:
H�
ij;kl �

ig2s
�p� k1 � k2�

2 ���T
a�kj

�
��Ta

� � �p� k2� �mc

�p� k2�
2 �m2

c
�� � ��

� � �k1 � q� �mc

�k1 � q�2 �m2
c
��Ta

�
il
�

ig2s
�k� k2 � k1�

2 ���T
a�il

�

�
��

� � �k2 � q� �mc

�k2 � q�2 �m2
c
��Ta � ��Ta

� � �k� k1� �mc

�k� k1�
2 �m2

c
��

�
kj
;

(9)
where ijkl are indices for color and spin.
We will use light-cone wave functions to describe the

two charmonia, in which a collinear expansion is used.
We take an coordinate system in which J= moves in the
z-direction and �c moves in �z-direction. The momenta
of these charmonia in the light-cone coordinate system
read:

p� �

�
p�;

m2
h

2p�
; 0; 0

�
� p�l� �

m2
h

2p�
n�;

k� �

�
m2
h

2k�
; k�; 0; 0

�
�
m2
h

2k�
l� � k�n�;

(10)
where l� � �1; 0; 0; 0� and n� � �0; 1; 0; 0� are two light-
like vectors. The transverse directions to the lightlike
directions are denoted with the subscriber ? . In Eq. (7)
the quark pair of c�k1� �c�p� k1� is transited into the J= .
In general one expects that the dominant contributions for
the integration over k1 are with k1? �� and k�1 �
�2=2k�1 , where � is the soft scale. Similarly the dominant
contributions for the integration over k2 are with k2? ��
and k�2 ��2=2k�2 . Hence for these integrations one can
expand the hard part around k�1 � �k�1 ; 0; 0; 0� and k�2 �
�0; k�2 ; 0; 0� and in any soft scale:
H�
ij;kl�k1; k2; mc� � H�

ij;kl�z1p
�l; z2k

�n; 0� � k(1?

�@H�
ij;kl

@k(1?

�
�z1p

�l; z2k
�n; 0� � k(2?

�@H�
ij;kl

@k(2?

�

� �z1p
�l; z2k

�n; 0� �mc

�@H�
ij;kl

@mc

�
�z1p

�l; z2k
�n; 0� � � � � : (11)
This is equivalent to expanding the two matrix elements
in Eq. (7) along light cones, i.e., the matrix ele-
ment h�c�k�j �ck�y�cl�0�j0i is expanded around x� �
�0; x�; 0; 0� and h�c�k�j �ck�y�cl�0�j0i is expanded around
y� � �y�; 0; 0; 0�. However, the expansion is not system-
atic in the sense that the leading term in Eq. (11) will also
lead to some contributions which are at the same order of
� as those from higher orders. The reason for this is clear:
A Dirac field like c�x� can be decomposed along a light
cone into a ‘‘good’’ and ‘‘bad’’ component. The bad com-
ponent can be solved with the good component with
equation of motion and will lead to a contribution which
is suppressed by � in comparison with that from the good
component. This problem can be solved by expanding the
matrix elements according to twists of operators. Matrix
elements of operators with a given twist are Fourier-
transformed light-cone wave functions. For those matrix
elements with light hadrons, the expansion in terms of
light-cone wave functions have been studied in detail
[19,20]. One can use the results in [19,20] to write
down the expansion for quarkonia. Up to twist 3 the
expansion is [12,19,20]
-3
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h�c�k�j �ck�y�cl�0�j0i �
i
12
f�cf�� � n�5�lkk�

Z
dz2eiz2k

�y�+�2��z2� �
m2
�c

2mc
��5�lk

Z
dz2eiz2k

�y�+�3�
p �z2�

� �	���5�lkn�y?�
Z
dz2eiz2k

�y�+�3�
	 �z2�g � � � � ;

hJ= �p�j �ci�x�cj�0�j0i �
1

12
fifTJ= �	

���jil�"


?��p�p

�
Z
dz1e

iz1p�x� �2�
? �z1� � fJ= mJ= ��

��ji"


?��p�

�
Z
dz1eiz1p

�x� �3�
? �z1�g � � � � ;

(12)
where the subscriber ? denote the transverse direction to
the lightlike directions. It should be noted that the space-
time coordinate x and y in the matrix elements is not on
light cones, in the right-hand side of the above equations
the expansion along light cones is done. The decay con-
stants are defined as:

h�c�k�j �c�0����5c�0�j0i � �if�ck
�;

hJ= �p�j �c�0���c�0�j0i � fJ= mJ= "
��p�;

2fJ= mc � fTJ= mJ= :

(13)

In Eq. (12) the numbers in the bracket �� � �� as subscribers
indicate twists. The � � � denote twist 4 terms and those
twist 3 terms which are proportional to the factor

fJ= �
2mc

mJ= 
fTJ= � fJ= 

�
1�

4m2
c

m2
J= 

�
� 0; (14)

which vanishes when the quark mass mc goes to infinite.
074007
We will neglect contributions proportional to this factor.
The above wave functions are normalized, i.e.,

Z 1

0
dzf �2�

? ;  
�3�
? ; +

�2�; +�3�
p ;+

�3�
	 g�z� � 1: (15)

With the expansion in Eq. (12) one can calculate the
form factor in terms of these light-cone wave functions. If
one only takes twist 2 wave functions and neglects the
quark mass mc, the form factor is zero, reflecting the fact
that the helicity is not conserved. This also implies that
the contribution with twist 2 wave functions only is
proportional to mc and it is at the same order of those
contributions in which one of twist 3 wave functions is
involved. We keep the contribution of twist 2 by taking
the finite quark mass into account. It is straightforward to
evaluate the form factor in terms of these wave functions.
We obtain:
F �s� �
8�
s�s�

9
f�cfJ= 

1

s2
Z 1

0
dz1dz2

�
�2m2

c

mJ= 
 �2�
? �z1�+�2��z2�

�
1

�1� z1�2z2
�

1

�1� z2�z21

�

�mJ=  
�3�
? �z1�+�2��z2�

�
1

z22�1� z1�
�

1

z2�1� z1�
�

1

z1�1� z2�
2 �

1

z1�1� z2�

�

�
2m2

�c

mJ= 
 �2�
? �z1�+

�3�
p �z2�

�
1

z2�1� z1�
2 �

1

z21�1� z2�

��
�

�
1�O

�
����
s

p

��
: (16)
It is interesting to note that the wave function +�3�
	 does

not contribute at the considered order, as shown by our
calculation. The correction to our result in Eq. (16) is
suppressed by the power of �=

���
s

p
or �2=s, where � can

be the QCD parameter �QCD, the quark mass mc and
masses of quarkonia.

If we know these wave functions we can give an
numerical result for the form factor and hence the cross
section. Unfortunately, these wave functions are not well
known at the energy scale we are interested in. If the
energy scale is very large, these wave functions approach
to their asymptotic form:

+�2��z� � +�3�
	 �z� �  �2�

? �z� � 6z�1� z�;

+�3�
p �z� �  �3�

? �z� � 1:
(17)

If we take these asymptotic forms of wave functions to
make predictions, we will have end-point singularities.
These singularities may be regularized by introducing a
momentum cut. We regularize the end-point singularities
by change the integration range as:

Z 1

0
dz1

Z 1

0
dz2 !

Z 1�"

"
dz1

Z 1�"

"
dz2; (18)

with " � mc=
���
s

p
. For numerical predictions in this letter

we take numerical values of parameters as:���
s

p
� 10:6 GeV; 
s�

���
s

p
� � 0:1758;

mh ’ 3:0 GeV; mc ’ 1:6 GeV;

f�c ’ 350 MeV; fTJ= �
2mc

mh
fJ= ;

fJ= ’ 405 MeV:

(19)

Taking the asymptotic form of the light-cone wave func-
-4
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tions and these parameters we obtain:

	�e�e� ! J= �c� ’ 1:31 fb: (20)

It is interesting to note that light-cone wave functions
as defined in Eq. (12) can be calculated with NRQCD
factorization, in which nonperturbative effects can be
parameterized with NRQCD matrix elements [16]. It is
easy to obtain the leading order results as:

+�2��z� � +�3�
	 �z� �  �2�

? �z� � +�3�
p �z� �  �3�

? �z�

� ,�z� 1
2�: (21)

Using this type of wave functions we obtain for the cross
section:

	�e�e� ! J= �c� ’ 0:706 fb: (22)

All predictions in the above two cases are too small in
comparison with the experimental result in Eq. (1).
However, the choice of forms of wave functions in the
two cases is not reasonable, because the asymptotic form
is only valid when the energy scale goes to infinity and the
NRQCD predictions in Eq. (20) are only reliable at the
energy scale to bemc with possibly large corrections from
higher orders in 
s and relativistic corrections. Here, we
have an energy scale as

���
s

p
� 10 GeV, which is not close

to mc and far from being infinity. In general, predictions
are sensible to the form of wave functions. Light-cone
wave functions are nonperturbative objects, which can be
only determined with nonperturbative methods or ex-
tracted from experimental results. The most extensively
studied one is the wave function of � and ((e.g., see [19–
21]). Motivated by these studies, we can make some
models of wave functions for charmonia.

A model for the twist 2 light-cone wave function+� of
� was proposed long time ago in [21], it takes the form as

+��z� � 6z�1� z�f1� 3
2c�5�1� 2z�2 � 1�g; (23)

with c � 2=3. A study with QCD sum rule gives c � 0:44
at � � 1 GeV [19]. It should be noted that the shape of
+� with these nonzero values of c is dramatically differ-
ent than the shape with c � 0, i.e., the shape of asymp-
totic form. Motivated by this observation we assume the
twist 2 wave function for �c to be

+�2��z� � 6z�1� z�f1� 0:4432�5�1� 2z�2 � 1�g: (24)

The twist 3 wave functions of � are also studied in [19].
Through a study of recursion relations of moments of
+�3;��
p �z� and with QCD sum rule the form of +�

p �z� is
determined at � � 1 GeV as:

+�3;��
p � 1� �0:39� 2:5(2

��C
1=2
2 �2z� 1� � �0:117

� 4:914(2
��C

1=2
4 �2z� 1�; (25)

with (� � �mu �md�
2=m2

�. C.n�x� denotes Gegenbauer
polynomials. It should be noted that the terms with (�
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represent the part of meson-mass correction. This part
can be totally different in the case of �c. Based on this
fact we assume the wave function +�3�

p to be the form:

+�3�
p �z� � 1� �0:39� 2:5(2

�c�C
1=2
2 �2z� 1�

��0:117� 4:914(2
�c�C

1=2
4 �2z� 1�; (26)

where we simply replace (� with (�c and (�c takes the
form as 4m2

ca=M
2
�c with a free parameter a. With similar

technics the wave functions for ( is determined at � �
1 GeV as [20]:

 �2;(�
? �z� � 6z�1� z��1� 0:3�5�2z� 1�2 � 1��;

 �3;(�
? �z� � 1� 1:6248C1=2

2 �2z� 1� � 0:413C1=2
4 �2z� 1�;

(27)

We assume the wave functions of J= to be:

 �2��z� �  �2;(�
? �z�;  �3�

? �z� �  �3;(�
? �z�: (28)

With these wave functions in Eq. (23), (25), and (27) we
obtain the cross section for different values of a:

	�e�e� ! J= �c� ’ 7:37 fb; for a � 1;

	�e�e� ! J= �c� ’ 20:1 fb; for a � 1:5;

	�e�e� ! J= �c� ’ 31:7fb; for a � 1:75:

(29)

The cross section increases with increasing a. The pre-
dicted cross section with a � 1:75 is much larger than
that predicted with the NRQCD approach and it is more
comparable with the experimental result in Eq. (1). It
should be emphasized that the forms of used wave func-
tions are assumed without any solid arguments, although
it is motivated with those of � and (. In this model we
neglect the evolution effects of light-cone wave functions.
The numbers in the light-cone wave functions we use are
calculated with the QCD sum rules for � and ( at � �
1 GeV. The physics reflected by these numbers have
actually nothing to do the physics of charmonia.
However, it shows the possibility to obtain a large cross
section at the order of the experimentally observed with
our approach. A detailed study of these light-cone wave
functions of charmonia is needed to obtain a reliable
prediction.

To summarize: We have studied the exclusive produc-
tion of e�e� ! J= �c, in which we have taken charm
quarks as light quarks and used light-cone wave functions
to parameterize nonperturbative effects related to char-
monia. In comparison with NRQCD factorization, the
factorization of our approach may be achieved in a
more clean way and the perturbative coefficients will
not have corrections with large logarithms like
ln�

���
s

p
=mc� from higher orders, while in the approach of

NRQCD factorization, these large logarithms exist and
call for resummation. The forms of these light-cone wave
functions are known if the energy scale is close tomc or is
very large. Unfortunately, these wave functions at the
-5
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considered energy scale, which is not close to mc and far
from being very large, are unknown. With a simple model
of light-cone wave functions, we are able to predict the
cross section which is at the same order of that measured
by Belle. But this model may not represent the physics of
074007
charmonia. A systematic study of these light-cone wave
functions is required to have a precise prediction.

This work is supported by National Natural Science
Foundation of P.R. China.
[1] Belle Collaboration, K. Abe et al., Phys. Rev. Lett. 89,
142001 (2002).

[2] K.-Y. Liu, Z.-G. He, and K.-T. Chao, Phys. Lett. B 557, 45
(2003).

[3] E. Braaten and J. Lee, Phys. Rev. D 67, 054007 (2003).
[4] K. Hagiwara, E. Kou, and C.-F.Qiao, Phys. Lett. B 570, 39

(2003).
[5] G. T. Bodwin, E. Braaten, and G. P. Lapage, Phys. Rev. D

51, 1125 (1995).
[6] M. Gremm and A. Kapustin, Phys. Lett. B 407, 323

(1997).
[7] G. T. Bodwin and J. Lee, Phys. Rev. D 69, 054003 (2004);

G. T. Bodwin and A. Petrelli, Phys. Rev. D 66, 094011 (
2002).

[8] J. P. Ma and Q. Wang, Phys. Lett. B 537, 233 (2002); C. B.
Paranavitane, B. H. J. McKellar and J. P. Ma, Phys. Rev.
D 61, 114502 (2000); J. P. Ma, Phys. Rev. D 62, 054012
(2000).

[9] G. T. Bodwin, J. Lee, and E. Braaten, Phys. Rev. Lett. 90,
162001 (2003).

[10] A.V. Luchinsky, hep-ph/0401216.
[11] S. Brodsky and G. P. Lepage, Phys. Rev. D 22, 2157

(1980); S. Brodsky and G. P. Lepage, Phys. Rev. Lett.
43, 545 (1979).

[12] H.Y. Cheng and K. C. Yang, Phys. Rev. D 63, 074011
(2001); H.Y. Cheng, Y.Y. Keum, and K. C. Yang, Phys.
Rev. D 65, 094023 (2002).
[13] Z. Z. Song, C. Meng, Y. J. Gao, and K.T. Chao, Phys. Rev.

D 69, 054009 (2004); Z. Z. Song, C. Meng, and K.T.
Chao, Phys. Rev. D 69, 054009 (2004); Z. Z. Song and
K.T. Chao, Phys. Lett. B 568, 127 (2003).

[14] L. Frankfurt, M. McDermott, and M. Strikman, J. High
Energy Phys. 0103 (2001), 045; L. Frankfurt, W. Koepf,
and M. Strikman, Phys. Rev. D 54, 3194 (1996); A.
Hayashigaki, K. Suzuki, and K. Tanaka, Phys. Rev. D
67, 093002 (2003).

[15] S. Brodsky and G. P. Lepage, Phys. Lett. B 87, 359
(1979); A.V. Efremov and A.V. Radyushkin, Phys. Lett.
B 94, 245 ( 1980).

[16] J. P. Ma and Z. G. Si (to be published).
[17] S. J. Brodsky and G. R. Farrar, Phys. Rev. Lett. 31, 1153

(1973).
[18] X. D. Ji, J. P. Ma, and F. Yuan, Phys. Rev. Lett. 90, 241601

(2003).
[19] V. M. Braun and I. B. Filyanov, Z. Phys. C 48, 239

(1990).P. Ball, J. High Energy Phys. 01 (1999), 010.
[20] P. Ball and V. M. Braun, Phys. Rev. D 54, 2182 (1996); P.

Ball, V. M. Braun, Y. Koike, and K. Tanaka, Nucl. Phys.
B529, 323 (1998); P. Ball and V. M. Braun, Nucl. Phys.
B543, 201 (1999).

[21] V. L. Chernyak and A. R. Zhitnitsky, Phys. Rep. 112, 173
(1984).
-6


