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Gauge theories on hyperbolic spaces and dual wormhole instabilities
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We study supergravity duals of strongly coupled four-dimensional gauge theories formulated on
compact quotients of hyperbolic spaces. The resulting background geometries are represented by
Euclidean wormholes, which complicate establishing the precise gauge theory/string theory correspon-
dence dictionary. These backgrounds suffer from the nonperturbative instabilities arising from the
D3D?3 pair-production in the background four-form potential. We discuss conditions for suppressing this
Schwingerlike instability. We find that Euclidean wormholes arising in this construction develop a

naked singularity before they can be stabilized.
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L. INTRODUCTION

Diffeomorphism invariance of a gravitational theory
implies that classical backgrounds related by coordinate
transformations are physically equivalent. This is no lon-
ger the case once quantum effects are taken into account.
The reason is simply because different spacelike folia-
tions of the background geometry lead to different defi-
nitions of a time (and thus a Hamiltonian) of a quantum
system. This has profound implications for the gauge
theory/string theory correspondence' [2]. In the simplest
case, the holographic correspondence of Maldacena re-
lates N = 4 SU(N) supersymmetric Yang-Mills (SYM)
theory in R*! and type IIB supergravity in AdSs X S°,
where AdSs is written in Poincaré patch coordinates. As
emphasized in [3], even though classical (Euclidean)
AdSs5 foliations? by R4, 5% H, are related by coordinate
transformations, the corresponding gauge theories are
physically inequivalent. This is so because a classical
supergravity background (in the large N limit, and for
the large ’t Hooft gauge theory coupling) is equivalent to
the full quantum gauge theory on the corresponding
slices. The correspondence between gauge theories on
curved space-times and gravitational duals becomes
more involved for nonconformal gauge theories [3—9].

Quite intriguing, certain supergravity backgrounds
holographic to gauge theories on negatively curved
space-times are represented by wormhole solutions
[8,9]. As stressed in [9], existence of multiple boundaries
in these Euclidean supergravity solutions makes it diffi-
cult to establish a detailed dictionary for the gauge/string
theory correspondence. Moreover, the negative curvature
of the supergravity boundary leads to a nonperturbative
instability3 due to the D3D3 pair-production [10]. The
latter suggests that wormhole solutions arising in this

'For a review see [1].

Corresponding Lorentzian foliations have R*!, dS,, AdS,
slices.

*Strictly speaking, the instability exists only for a compact
negatively curved boundary.
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construction are somewhat unphysical, and should disap-
pear once nonperturbative instabilities are removed. In
this paper we study nonperturbative instabilities of
strongly coupled four-dimensional gauge theories on
smooth compact quotients of hyperbolic spaces, and ex-
istence of nonperturbatively stable Euclidean supergrav-
ity wormholes representing their holographic dual.

Since instabilities on the supergravity side are associ-
ated with the tachyonic modes of the dual gauge theory,
the natural way to eliminate them is to remove tachyons
from the gauge theory spectrum. The gauge theory tachy-
ons come from conformally coupled scalars, which were
massless prior to introducing background space-time cur-
vature. Indeed, an effective potential for such a scalar ¢
is*

1

Vy =5 R (1.1)

giving rise to a negative mass square m?/) =éR4 for
negative 4d Ricci scalar curvature R,. These scalars are
“true’ tachyons only when the spacial directions of the
gauge theory background are compactified. This is also
the case with the instabilities on the supergravity side:
they are present only for compact spatial directions. In the
noncompact case, say H,; of radius L, the mass of a

conformally coupled scalar is above the Breitenlohner-
Freedman bound

> m%}F = — i,
412

(1.2)
and thus does not lead to any instabilities. Similarly, in
this case the potential barrier to create a D3D3 pair in the
dual supergravity background is infinite, simply because
H, volume is infinite. For this reason, we consider four-
dimensional gauge theories on S' X 3 and 3, where X,
is a smooth, compact, finite volume quotient of a hyper-

*We assume ¢ to be canonically normalized, i.e., it has a
kinetic term —1(d¢)>.
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bolic space H, by a discrete subgroup I' of its SO(n, 1)
symmetry group, %, = H,/T".

In the next section we study D3 probe brane dynamics
in supergravity dual to N =4 SU(N) SYM theory on
S X 35, which is a Euclidean continuation of this gauge
theory on R X 35 at finite-temperature. The motivation to
study this potential mechanism for lifting tachyonic
modes comes from finite-temperature field theory intu-
ition: there, a thermal mass can be induced to lift other-
wise tachyonic mode. We find that the instability still
persists. In fact, no thermal mass is induced for the
conformally coupled scalar in the regime relevant for
the instability. We speculate as to why this happens. A
natural way to lift a tachyon is to give it a bare mass.” On
the dual supergravity side, this corresponds to turning on
3-form fluxes (for fermionic masses), and/or deforming
the asymptotic background geometry (for bosonic
masses). In section III, we study a D3 probe brane dy-
namics in a general warped type IIB background with
fluxes. We present a rather simple equation for the probe
brane effective potential, and obtain some universal re-
sults concerning nonperturbative D3D3 pair-production
instability. In section IV, we study in details the super-
gravity dual to N = 2* SU(N) SYM theory on X,. In
Minkowski space, the notation’N° = 2"’ means that the
theory is obtained from the parent N" = 4 SYM theory
by giving the same mass to two N = 1 chiral multiplets
(a mass to N = 2 hypermultiplet). We will keep the same
label for the gauge theory, even though our deformation
completely breaks supersymmetry. In fact, we will dis-
cuss massive N = 2" supergravity renormalization
group (RG) flows® on 3, induced by (generically) differ-
ent masses for the bosonic and fermionic components of
the N = 2 hypermultiplet. Pertaining to this RG flow we
obtain the following results: (i) Despite the fact that we
turn on masses for bosonic and fermionic components for
the N =2 hypermultiplet only, and thus leaving the
chiral multiplet in the N = 2 vector multiplet massless,
it is possible to remove all tachyonic instabilities from the
D3 probe brane effective action. This eliminates cata-
strophic instability of the supergravity background asso-
ciated with D3D3 pair-production. Interestingly, to
achieve the latter, one necessarily has to turn on different
bare masses for the bosonic and fermionic components of
the hypermultiplet. For equal bosonic and fermionic
masses, the tachyonic instability of the D3 probe is iden-
tical to the instability with zero masses, i.e., for the
supergravity background dual to N = 4 gauge theory

>This mechanism of stabilization of supergravity back-
grounds dual to gauge theories on %, was also suggested in [9].
SN = 2* supergravity RG flows on R*>! were constructed in
[11] (PW). Deformations of the PW solution closely related to
the topic of this paper were constructed in [7]. As in [7,11],
N = 2% flows discussed here admit an exact, analytical lift to
a complete ten-dimensional type IIB supergravity background.
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on 2. (ii) For zero masses of the hypermultiplet compo-
nents, the dual supergravity background represents the
simplest Euclidean wormhole solution [9]:

ds?, = [L2005h2<£><d24>2 + drz} + L2(dSR (1.3)

where the metric in [- - -] is that of the AdSs/T" of radius L
with 3, = H,/T foliations, and (dS>)? is the metric of the
round S° of unit radius. We analytically construct defor-
mations of this wormhole solution to leading order in
bosonic and fermionic masses of the hypermultiplet com-
ponents. The deformed geometry is still a smooth worm-
hole solution. (iii) We study numerically the mass-
deformed wormhole (1.3) as we increase the mass of the
fermionic components of the hypermultiplet, m;. For
simplicity, we keep vanishing the mass of the bosonic
components of the hypermultiplet, as well as the vacuum
expectation values for fermionic and bosonic bilinear
condensates. The tachyonic instabilities in the D3 probe
brane effective action are removed provided

P 12

F = Meritical — F (1.4)

However, well before we reach the critical mass in (1.4),
the geometry develops a naked singularity. For ultraviolet
initial conditions for the RG flow as above, this happens
for my = mgpeutar, Where

Mygingular

~ 0.3719- - - (1.5)

Meritical

Finally, we would like to point out that though we
apply the effective potential for a D3 probe brane of
section III to study instabilities of the gauge theories on
negatively curved space-times, the equations for the ef-
fective potential (3.21) and (3.22) are valid for any sign of
the gauge theory background cosmological constant. As
we briefly mention in section III, this observation pro-
vides a simple explanation for the large n-parameter for
the D3-brane inflation in the Klebanov-Strassler [12]
throat geometries, presented in [13]. We expect that
(3.21) and (3.22) will be useful in search of single-field
slow-roll brane inflationary models in type IIB super-
gravity, and propose a brane inflationary model with
small 7.

ILN =4 onR X Y 3 AT FINITE-TEMPERATURE

Consider the nonextremal deformation of the
AdSs/T X S solution, where AdSs/T" is foliated with
R X 35. Here, 353 = H;3/T" is a smooth, compact, finite
volume quotient of the three dimensional hyperbolic
space H; by a discrete subgroup of its SO(3, 1) symmetry
group’. Following [2], we want to interpret this as a
supergravity dual to strongly coupled N =4 SU(N)

"The relevant background was constructed in[14].
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gauge theory on R X 35 at finite-temperature. As usual,
after the analytical continuation, the gauge theory back-
ground geometry becomes S' X X5, where the euclidean-
time periodicity coincides with inverse temperature, t; ~
tg + 1/T. After reviewing the properties of the dual
supergravity background, we study the dynamics of
D3, D3 probes. We find that a D3 brane is stabilized at
the origin of the Euclidean supergravity background®,
with vanishing action. On the other hand, the effective
action of a D3 brane is unbounded from below. This
instability comes from the tachyonic mode of a D3 probe
brane effective action, originating from the conformally
coupled scalar corresponding to moving a brane in a
radial direction. In what follows we refer to this (canoni-
cally normalized) scalar as a radion, ¢.We find that while
near the origin the effective radion mass squared m?,, is
positive,

gyuN
m2, = 2w T?, ¢? < 2M—, pT > 1,
p

1 2uN
T @

p p

1

OSp(T_To) < 1, pTOZE,

(gypy>N is the gauge theory *t Hooft coupling) it becomes
tachyonic close to the boundary

2 N
2 8ym

2 —
Mg =

1
- 22)
as appropriate for the conformally coupled scalar on the
St x '3, ((1.1)), withd 5 radius of curvature p,

2
RS1><23 =3 (_ —2) (23)
o
Notice that (2.2) is independent of the temperature, for
which we provide a heuristic physical explanation later in
the section. Because of the unbounded character of a D3
brane action close to the boundary (in the regime (2.2)),

and the fact that a barrier to create a D3D3 pair is finite
(it is of order ﬁ ~ gi), it is always energetically favorable

to create D3D3 pairs near the boundary. Once created, a
D3 brane will move to the boundary, while D3 will move
into the bulk. Such a process reduces the free energy of the
gravitational background, and its four-form ’charge”. In
this sense it is very similar to the Schwinger mechanics
for the electron-positron pair-production in strong elec-
tric field. Equation (2.2) implies that finite-temperature
can not eliminate this nonperturbative instability.

The gravitational background considered in this sec-
tion is not a wormhole. Explicit wormhole example based
on a gravitational dual to Euclidean gauge theory on 3, is
discussed in section IV. Nonetheless, the physics of that

8The point where S' shrinks to zero size.
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wormbhole instability is the same as discussed above. This
is so, because the D3 D3 pair-production instability near a
negatively curved boundary is a local phenomenon, and
thus is insensitive to the presence of multiple boundaries.

A. The Dual Supergravity Background
For the dual supergravity background we take the
following metric ansatz
dsty = —c3(dr)* + c5(d23)? + 3(dr)* + c3(dS)?,
(2.4)
where ¢; = ¢;(r) and (d25)? and (dS°)? are the metrics on
the ’unit radius of curvature” X5 and S° correspondingly.

Additionally, there is a five-form flux, that we take to be
of the form

Fs=TFs+*TFs,

Solving type IIB supergravity equations of motion we
find the following solution [14]

Fs = —4L*dvolg.  (2.5)

pr 1
C1=f]/2, 02=f: C3=]T/2,
2 2
r L Mm
C4:L, f:ﬁ_?_ﬁ, (26)

where p is the “radius of curvature of the gauge theory”
hyperbolic three-space, w is the nonextremality parame-
ter. The thermodynamics of this black hole were studied
in details by Emparan [14], where it was found that the
specific heat is always positive. This result is somewhat
surprising, as we would expect that the gauge theory
instabilities would show up as thermodynamic instabil-
ities [15]. For later references we present the expression
for the black hole (2.6) temperature

r=_1 (r—% + ﬁ) =L e+ et @)

2arg\L*  r2)  2mpbiL?""° S
where ro = byL/p is the position of the horizon (the
largest root of)

flre) =0 < biL> = bIL* — up*=0. (2.8)

B. Probe Dynamics
1. D3 Brane

Let us consider a D3 probe dynamics in above geome-
try. We consider the case when the probe moves in a radial
(r) direction only, r; = r;(¢). Dependence of r; on the
coordinates of X3 does not modify the story in any
substantial way (there is a slight modification though
because ¢, # c;). The probe action reads [16]

Spa=—T d*é—g(r +Tf CW(r)), (2.9
D3 3LX23 &\ —g(r)+T; R, (r1), (2.9)
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where T} is a three-brane tension, and C* is a four-form
potential giving rise to the five-form flux (2.5). As the
radion r; changes with time slowly, we find

SD3 = f dl‘p:idvolz2
RX3; X

% B T3c,_1<?>3c§<6,r1>2 - V(rl)} (2.10)

where V(r,) is the radion potential energy

T
V(r) == (cic3 — CW). (2.11)
p
Canonical normalization of the scalar r; — ¢,
achieved with

Tyer (p) A0, = (9,4)2. (2.12)

We then get the *physical” potential energy V,q for large
é

V(rl) = Vrad((ﬁ)
2 6
_ ‘%z‘%(“ + 1’; ) + 0. (213)

resulting in the radion mass (2.2).

Equation(2.2) gives the radion potential V4(¢p) for
large ¢. For completeness, we also present expressions for
V.4 near the black hole horizon (or the origin of the
corresponding Euclidean geometry). This can be best
done by using the canonically normalized radion, defined
by (2.12), as a radial coordinate for the background (2.2).
One can then solve the equations of motion for ¢; in this
radial gauge as power series. Using the following bound-
ary condition (this can always be done)

d’ |h0rizon =0

near the horizon (small ¢), we find the following expan-
sion

(2.14)

1

T
Viaald) = 23 biaod” - 3/2 by *ay p*
2
2 1ovg — 312 46— 3ay/p/? 4
0 20p3L7 40T31/2Lb(7/2
+0(¢"), (2.15)
where
o= p(2b5 — L) (b§L?* + up?)
0 AT, b] L : (2.16)

0=0b3L> — b3L* — up*, by = L%
Consider first the high temperature limit, so that

pT > 1. (2.17)
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Lol

Then,

_ by L
T_WPL[IJF(O(%)} =

p L
ag=———|1+ (9(—)} by > L, (2.18)
° T3b0L2[ bo °
and
b2 1 ¢6p2
Vrad(d’) = 0 ¢2 - ¢4 + (9( )
12p2"  TL* DALOT?
6
= 2T 42 — 410 4 X (2.19)
T ? T°L°T2
pT > 1.
Noting that T;L* = *2“ 2 g;%N , we obtain the effective

radion mass as in (2.1). In the low temperature limitg,

1
2
we find
1
T=Ty=—, m =0,
2mp
P bo — L
<1 2.21
ap 4L3 ’ I B ( )
and
1 ¢6p2
vV -~ 2 44
rad(d’) 4,02 d) 8T L4 d) LST%
6
= 27242 — 4 4 ¢ i
¢ 5T, L4 ¢ <T5L8T§>
0=p(T—-Ty) K 1. (2.22)

2. D3 Brane

Similar analysis can be done for a D3 brane probe.
Here, for large ¢?p? > T;L* its effective potential is

V 55(d) = ¢t +

1 2 0
% 2p2¢ + 0%, (223

while for ¢?p? < T5L*, we have

“Here, by low temperature we mean the u — 0, limit of the
nonextremality parameter. As discussed in details in [12], the
black hole (2.6) has a nonzero temperature (and h0r1zon area)
at = 0. It exists also for 0> 4 = feyremal = — Lo

T
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1/2

/
T T
Vi) = [3ba0d? + a4

361(5)/2,03/2
40TV Lb]/?

, 1003 — 312
a
O 20p3L2

+0(4'9).

¢+ ¢*

(2.24)

Thus, a D3 experiences an attractive potential and is
pulled away from the boundary. Upon analytical continu-
ation, the Euclidean-time direction is compactified with
periodicity 1/T. This Euclidean-time circle shrinks to
zero size at ¢ = 0, precisely where D3 is stabilized. D3
Euclidean action will thus vanish at ¢ = 0.

C. Thermal Mass for the D3 Brane Radion?

In previous section we found that no thermal mass is
generated for a D3 probe brane radion close to the bound-
ary. On the other hand, the effective mass of a D3 brane
radion near the boundary differs from that of the bound-
ary conformally coupled scalar (it has even a wrong
sign), though it is still temperature independent. We do
not have a field-theoretical explanation for this. It could
very well be a strong coupling effect, and thus inacces-
sible to the perturbative reasoning. Nonetheless, it is
tempting to draw an analogy to finite-temperature four-
dimensional scalar field theory with quartic self-
coupling. There, starting with a zero temperature sym-
metry breaking potential

o M A
one finds that interactions with a high temperature ther-
mal background introduce corrections

T2

V(g T) = V(g,0) + - VI, 0) +---, (220
where the derivatives are with respect to ¢. As a result,
for A > 0 and sufficient large temperature, the effective
mass square of the scalar field at the origin (¢ = 0) can
become positive
> 4—’“.

A

A
m}, = ST% = u? >0, (2.27)

4
Precisely this mechanism for lifting the nonperturbative
instability of the supergravity dual to N =4 gauge
theory on R X X3 we had in mind earlier in this section.
The likely reason why it did not work is because the D3
brane radion near the boundary (where it is tachyonic)
does not have a quartic self-coupling: the Laurent power
series expansion of its effective potential starts with a
O(¢?) term, (2.13), as the O($*) term vanishes due to the
asymptotic supersymmetry. Alternatively, while the ta-
chyonic contribution to the D3 brane radion mass (due to
the curvature coupling) is classical, the thermally in-
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duced mass correction is radiative. Radiative effective
potential corrections typically flatten out for large vac-
uum expectation values of the field. Thus, for large values
of ¢ they can not counteract classical tachyonic curvature
induced mass'®. Perturbative analysis indicating such
saturation of the thermally induced mass in finite-
temperature ¢*-theory was reported in [17].

ITII. PROBE BRANES IN GENERIC FLUX
BACKGROUNDS

Having failed to eliminate nonperturbative instability
due to D3D3 pair-production in supergravity duals to
gauge theories on X3 with finite-temperature, we now
turn to a more mundane method: we give gauge theory
would-be tachyons sufficiently large bare mass. On the
supergravity side, this is mapped into turning on appro-
priate three-form fluxes. This leads us to study D3, D3
probe brane dynamics in general warped geometries with
fluxes. Curiously, one can obtain a rather simple equation
for the effective probe brane potential. Our discussion is
rather general, in particular, we do not specify the sign of
the curvature of a four-dimensional slice wrapped by a
D-brane. We explain under what conditions fluxes can
’lift” the D3 brane radion close to the negatively curved
boundary. In section IV, this idea will be explicitly im-
plemented for N = 2* PW flow on 3,. Additionally, we
comment on the utility of (3.21) and (3.22), for the
cosmological brane inflationary model building,

A. D3, D3 Probe Dynamics in Warped Geometries
with Fluxes

Consider a generic type IIB supergravity flux back-
ground on direct warped product M, X j/l(,.
Specifically, we take the metric ansatz (in Einstein
frame) to be

ds%o = eZA(y)dsém(x) + esz(y)dszj%(y)
= Mg, ()dxtdx” + e AV, (y)dy"dy",
3.1

where M, is taken to be a smooth compact Einstein
manifold, i.e.,

rH 00 = Ag,, (),

and Mg is a six-dimensional noncompact manifold. The
four-dimensional cosmological constant A can be of ei-
ther sign (or zero). Additionally we assume that all fluxes,
dilaton depend on y only. For the 5-form F5 we assume

Fs=(1+%)[dw Avolyy] (3.3)

where vol 34 is the volume form on M,. The complex 3-

(3.2)

"OStrictly speaking, effective potential (2.26), leading to
(2.27), is valid only near the origin in the field space.
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form flux G = G(y) is transverse to M, also the type IIB
axiodilaton (in convention of [18]) 7 = 7(y) satisfies

1+ B
g

T=Cy +iec®= (3.4)

Equations of motion for these warped geometries in the
case of A =0 were derived in [19], and for general
Einstein manifolds /M, in [20]:

V2 = %eSAGG_ + e M[16(Vw)? + (Ve*)2] + 4A,

3.5
V2w = 2e VwVe + éegAG *¢ G, (3.6)
1 - . .
rS,?L = zeng(Vme“AVne“A - 16V, 0V, w) — Ae *g,,,
FT) + LG Ga + GG 3.7
mn Ze pgm n pqm n ) ( . )

0=dL + f?[Z AdB + %ﬁ A (BdB — i%de)} (3.8)

V2B + 2f4B(VB)? = — %eﬁf‘cmi (3.9)

In (3.5), (3.6), (3.7), (3.8), and (3.9) all index contractions
are done with unwarped metric g,,, r9 is the Ricci
tensor constructed from g,,,, V =V, %4 is defined on

j\/lﬁ, also
GG=G,,,G"", f*=(1-BB),

PN D
G ZEG_E*GG, G :§G+§*6G’

L=eM%;G—4iwG, (3.10)
T(l) 1 vavﬂ_’ + @,ﬂ-@mq‘-
"4 (Im7)?

Notice that there is always solution to the 3-form
Maxwell Eq. (3.8),

L =0 = *o G = 4ie M wG. (3.1D)
If all the following conditions are satisfied: A = 0, lef, is
a Calabi-Yau 3-fold, B = const, then & = —1¢*, and
(3.11) implies that the 3-form flux G is imaginary self-
dual [12,19]. We emphasize that while (3.11) is always a
solution, it is not the most general solution. In fact,
supergravity backgrounds dual to four-dimensional gauge
theories with generic bare masses violate (3.11).

PHYSICAL REVIEW D 70 066004
A linear combination of (3.5) and (3.6) give rise to
V(4w + e*) = e (V4w + e*])? + 2—14e8A|iG
+ %4 G|> + 4A,
Vo + M) = T —dw + M2 + 5 MG
— %6 G|* + 4A. (3.12)

For the class of £ = 0 solutions we further have
Vo + M) = ¢ (T4 + ]2 + 5 IGP
X(4w + e*)? + 4A,
Pt + ¢4) = e (T[—dw + ]2 + 1 IGP
X(—4w + e*)? + 4A. (3.13)

The importance of (3.12) (and (3.13)) stems from the fact
that Vpg, VD—3 defined according to

V py=Ta(—4o + ), V=T +e*), (3.14)

are precisely the potentials describing effective dynamics
of D3 and D3 probe branes! Indeed, the effective action of
a 3-brane probe of charge g, |g| = 1 (D3 brane has g =
+1), is

S, = —T f d*EJ=F + qTs f oW,
M4 M4

where ¢ is the induced metric on the world-volume of the
probe, equal in the gauge &* = x*, ie., d*é = d*x,

8 =g () +e M0z, (y,)d,ym, v, (3.16)

where {y}' = y/'(x)} represents the coordinates of the

probe 3-brane in M. Also,

(3.15)

C® = 4wvol 4, (3.17)

where the factor of 4 comes from the different normal-
ization of the fourform potential in [18] and the one used
in Dp-brane effective action [16]. For slowly varying
¥4(x), we find an effective action

S, = d*x
P

Lo
X =3 T8 0,05 0,55 = V,00) | G18)

where the effective potential Vq is (compare with (3.14))
V() = T3[e*Y) — dqw(y)] (3.19)

To extract a physical potential we need to rewrite it in
terms of canonical normalized scalar fields yZL(x)—>

¢'(x),
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dpi =Ty el (y)dy™,

|
__T3gmrl(yq)g'uyauy’qnavyg_) -

6
5 D 8" 00,8
=

(3.20)

where ¢! (y) are the vielbeins of the metric g,,(y).
Finally, with (3.19) we can rewrite (3.12), (3.13) as

VAT IV,) = e MEIT V)

1
2

1 :
+ﬂe8A|lG — g *¢ G|* + 4A,

for generic backgrounds, and for £ = 0 backgrounds as

VAT V,) = e AVIT 'V, )2

(3.21)

1
+ ﬁ(T;IVq)HGP +4A. (322

B. Effective Mass of the Radion (Inflaton)

In this section we study asymptotic behavior of a probe
brane effective potential (3.21) and (3.22), near the
boundary of a warped type IIB supergravity background
and determine the effective probe brane radion mass. Our
discussion is restricted to Euclidean geometries dual to
mass-deformed N =4 SU(N) SYM theory on 3, (or
§%), and to geometries dual to Klebanov-Strassler (KS)
cascading gauge theories [12] on X, (or S* [4]). In the
former case, without any mass deformations, the D3
radion mass is that of a conformally coupled scalar m?

conf

2
2 — 2 =ZA
Mg 3 .

conf —

(3.23)

We find that turning on bare masses to fermionic compo-
nents of the N = 4 gauge theory chiral superfields (or
appropriate 3-form fluxes in the dual supergravity back-
ground) always raises the radion mass. On the other hand,
turning on bare masses to bosonic components of the
N = 4 gauge theory chiral superfields (which corre-
sponds to deforming the background geometry—the
round metric on S° in this case) can have either effect.
These observations can be summarized as

2
P 2 + 1,2
Miad 3 A+ Miluxes — Mgeometry-

(3.24)
The last two terms in (3.24) in principle can depend on
the (squashed) $° angles, in fact mgeopeyy contribution
might even change sign as a function of these angles. We
will obtain an explicit expression for (3.24) in the case of
N = 2" PW flow on 3, in section IV. For the gravita-
tional dual to the deformed KS gauge theory we find

3.25
rad 3 ( )

without any additional corrections. We should clarify that
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radion corrections from fluxes (and geometry deforma-
tion) are absent if the threeform fluxes are induced by the
fractional D3 branes only—as in KS gauge theory gravi-
tational dual. More general fluxes will lead to the modi-
fied radion mass as in (3.24).

Given (3.24), we see that for A <0, the tachyonic
instability of the D3 radion is most efficiently confronted
by giving mass only to fermionic components of the
N = 4 gauge theory chiral superfields. Such a deforma-
tion necessarily completely breaks the supersymmetry.
Even though supergravity dual to KS cascading gauge
theory involves nontrivial fluxes, result (3.25) implies
that the D3 brane radion is tachyonic near the boundary.
In some sense, the latter is expected, as prior to introduc-
ing the gauge theory background curvature, this gauge
theory had a moduli space of vacua, and thus massless
scalars. For the supergravity dual to KS gauge theory on
R* [12], these massless scalars are moduli of a D3 probe.
Once the gauge theory background is deformed to a
smooth quotient of H,, R* — 3,, these scalars will de-
velop a mass, appropriate for a conformally coupled
scalar (3.23). It must be possible to give explicit bare
mass to the KS moduli, thus removing the tachyons
from the gauge theory spectrum on X,. We did not
attempt to construct corresponding deformations on the
supergravity side.

Before we turn to the justification of above claims, it is
instructive to see what (3.24) and (3.25) imply for the
positive four-dimensional cosmological constant, A > 0.
The reason why this is interesting for cosmological model
building is discussed in [13]. Briefly, gauge/string theory
correspondence establishes an equivalence between a the-
ory of dynamical gravity on direct warped product
M, X My and a nongravitational theory (gauge theory)
on M,. The nongravitational feature of the effective
theory on M, is reflected in the noncompactness'' of
,’M6 (the effective four-dimensional Newton’s constant
vanishes). Compactifications of M introduce dynamical
gravity into low-energy effective four-dimensional pic-
ture [19,21]. Likewise, compactifications of the gravita-
tional dual to gauge theory on de-Sitter space-time [4],
results in four-dimensional dynamical de-Sitter vacua'?
[22] (KKLT). Brane-antibrane inflation in KKLT vacuum
has been studied in [23] (K>LM?>T). In inflationary sce-
nario of [23], one has best computational control for a
widely separated D3D3 pair, which is still deep inside
(one of) the KS throat(s) of the global geometry. In this
regime, inflaton can be identified with the radion of a D3

"The noncompactness of Mg is obviously a necessary con-
dition for the dual boundary theory to be nongravitational. It
mizght very well be that this condition is not sufficient.

'“Ref. [22] realizes a compactification of the gravitational dual
of de-Sitter deformed KS cascading gauge theory. Embedding
de-Sitter throats discussed in [5,7] into a global model is an
open question.
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probe brane in the local (noncompact) geometry, dual to
de-Sitter deformed cascading gauge theory [13]. Thus,
(3.24) and (3.25), provide information about
n-parameter of a single-field slow-roll brane inflation
of K2LM>T
_ Mg
n A
Specifically, (3.25) explains ’stability” of the anoma-
lously large m-parameter observed in [13]. On the con-
trary, given (3.24), brane inflation in de-Sitter throats
constructed in [7] can avoid this problem. Indeed, m?ad
can be made arbitrary small, without turning on any
fluxes (fermionic mass terms), but fine-tuning masses of
the bosonic components of the chiral superfields in the
dual gauge theory language. Of cause, the latter requires
the ’right sign” for the méeometry contribution. As we
explicitly show in section IV, this is straightforward to
achieve.

(3.26)

1. Mass-Deformed N = 4 Supergravity Duals

In this case the asymptotic13 metric on j\/lé is flat
& () dy"dy" — dr* + r*(dS>)?, (3.27)

where r — oo is a radial coordinate, and (dS°)? is the
metric on a round S° . Additionally we have the following
asymptotics for the warp factor A(y) and the four-form
potential w(y) (3.17)

r

4L
Finally, following the gauge/string theory correspon-
dence dictionary [1], component of the three-form fluxes
G 1,1, corresponding to masses of the fermionic compo-
nents of the dual N = 4 gauge theory chiral superfields,
in the orthonormal frame of (3.1), scale near the bound-
ary as

’
AL — =, r— 00,
L

w(y) — (3.28)

1

G ~ (3.29)

which corresponds to

|lG — g *q G|2 = (lG — g% G)mnp(_iG_ — g% G)mnp

e
r8 q
r— 00, (3.30)

where G2 = G2(Qs) is a non-negative function of the $°
angles, detailed form of which depends on the fermionic
mass matrix. As before, we identify the scalar in the
effective D3 probe brane action associated with its motion
in r direction with the radion. Then, using (3.20) and the

Bwe keep only the leading terms.
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asymptotic form of the metric (3.27) we conclude
¢ — Ti7r, F— oo, (3.31)

which results in

- 92 5 9 1

P T — + = — + = V&,

v T3[a¢2 $ b ¢2VS}

- 0 1

vV— T;/Z{E, gvss}, (3.32)

as ¢ — . In (3.32), Vgs is a Laplacian on a round S°.
Notice that with (3.28), the coefficient of the leading
scaling (~7*) of the effective D3 probe brane potential
Vs (3.14) near the boundary vanishes. Thus we expect
asymptotically as r — o0 (or ¢ — )

1
VD3 = Vrad = ilnrzad((lé‘s)d)2 + @(QSO)’ (333)

where we explicitly indicated potential dependence of
m?,, on the S5 angles. Given the asymptotics (3.27),
(3.28), (3.29), (3.30), (3.31), (3.32), and (3.33), we find

from (3.21)

A+ — Vi) + 0(72),

2 4 L 1
3 14471 1278
(3.34)

resulting in (3.24) with the identifications

m2 = 1 2
fluxes 144 +1°

1
E V§5 (m%ad)’

(3.35)

+
—Mgeometry

where the * is to indicated that Vi, (m, ) can change sign

on the $°. We will see an explicit example of this in
section IV.

2. KS Supergravity Duals

In this case the analysis is slightly different. All the
asymptotics can be extracted from the Klebanov-Tseytlin
(KT) solution [24]. As before, asymptotic metric on M
is flat

& mn(V)dy"dy" — dr* + r’(dT"')?, (3.36)
where r — oo is a radial coordinate, (dT4!)? is the metric

on the angular part of the six-dimensional conifold,

TLl = SU(22)XSU(2)
- u(l)

asymptotics for the warp factor A(y) and the four-form

potential w(y) (3.17)

. Additionally we have the following

4
AY) — A —, T - _,_r
¢ ¢ Lin'/4y’ ©(y) = ol 4L* Inr’
F— 00, —> (3.37)

Notice that there is no dependence on 7! coordinates for
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A(y), w(y). This immediately implies that the effective
probe brane potential Vq (3.19) is a function of r only.
It is possible to extract the scaling of the threeform flux
directly from [24] (or corresponding deformed solution
[4]). Here, we motivate the answer. In mass-deformed
N = 4 supergravity duals the RG flow is induced by
threeform fluxes dual to these masses. In the KS solution,
the RG flow is induced by the threeform flux from frac-
tional D3-branes (D5 branes wrapping a 2-cycle of the
conifold). The F5 flux though the 3-cycle of the conifold
(transverse to DS branes ) is topological, thus given
(3.36), F§ = Fi,,,F5"" ~ r~°. Altogether, we find d

6
|GI* = G,,,,G""P — I;—6g2, r—oo,  (3.38)
where G? = G?(Q711) is a non-negative function of the
T'! angles. Its precise form is not important in what
follows. Again, we identify the scalar in the effective
D3 probe brane action associated with motion in r direc-
tion with the radion. Using (3.20) and the asymptotic form
of the metric (3.36) we conclude

¢ — TV  roo, (3.39)
which results in
~ 2 5 9 1
2
Mk T
N o 1
V — T;/z{ﬁ’ EVTI,I}, (340)

as ¢ — 0. In (3.40), V2, is a Laplacian on T"'. As
before, with (3.37), the coefficient of the leading scaling
(~r*) of the effective D3 probe brane potential Vy;
(3.14) near the boundary vanishes. Thus we expect
asymptotically as r — oo (or ¢ — o0)

Vi3 = Vi = %m%adqbz +0(¢°), (34D
though without any dependence of m2, on the T!! angles.
It is crucial that as for the original KT/KS solution, the
three-form fluxes for their A # 0 deformations solve
Maxwell equations with £ = 0, (3.11). Thus, with the

asymptotics (3.36), (3.37), (3.38), (3.39), (3.40), and
(3.41), we find from (3.22)

2
Mg =

(OS]

A, (3.42)

resulting in (3.25). The same conclusion can be reached
for the more general ansatz for V4, Vi ~ ¢%In" ¢ as
¢ — oo

“The dual gauge theory picture for the PW supergravity flow
is explained in [25,26].
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IV.N =2" FLOW ON Y,

Here we consider the N" = 2* Pilch-Warner flow'* [11]
on smooth compact quotients of Euclidean AdS,, or H,.
Closely related deformations of this RG flow where dis-
cussed in [7]. We present a complete ten-dimensional
nonsupersymmetric solution of type IIB supergravity
realizing this flow, and study the D3 probe brane dynam-
ics in this background. In agreement with general argu-
ments of the previous section, we find that the probe brane
instabilities can be lifted once sufficiently large three-
form flux corresponding to masses of the N* = 2 hyper-
multiplet fermionic components are turned on.
Supergravity background metric deformations dual to
turning masses for the bosonic components of the N =
2 hypermultiplet contribute to the radion mass as ex-
plained in section IIIB. For zero masses of the hyper-
multiplet components, the supergravity solution is a
Euclidean wormhole recently studied in [9]. We deter-
mine (analytically) deformation of this wormhole solu-
tion induced by small hypermultiplet masses. We then
study numerically the deformed wormhole solution as
we increase the fermionic mass parameter. We find that
before the radion of the D3 probe (for A < 0) ceases to be
tachyonic, the background geometry develops a naked
singularity. Though we presented an explicit scenario
where a physically well-motivated stabilization of the
wormbhole instability fails, it is a bit premature to claim
that a smooth, single-boundary solution, free from the
nonperturbative instabilities due to D3D3 production, in
this model does not exist. Such a claim would require an
understanding of the resolution of the naked timelike
singularity in the model for large fermionic mass pa-
rameters. We hope to return to this problem in the future.

In conclusion, we observe that it might be possible to
obtain slow-roll brane inflation in de-Sitter deformed
(A >0) N = 2 throat geometries [27].

A. Background and the D3 Pprobe Dynamics

We begin the background construction in five-
dimensional supergravity, and will further uplift the
solution to ten dimensions. The effective 5d action is

S— fdgw——gER ~3(0a) — () — :P} @.1)

where the potential P is'’

2 2
p o L(AWN T WA 1o,
48\oa) " 16\ay) 3

with the superpotential

4.2)

We set the 5d gauged SUGRA coupling to one. This corre-
sponds to setting S° radius L = 2.
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1 1
W=—-—- Ep“ cosh(2y). (4.3)
o
From (4.1) we have Einstein equations
1 1
ZRW =30,a0,a + aw\/a,,,\/—i-ggw,fl’, 4.4)
plus the scalar equations
6 oP
0=—=0,(g""J—gd,a) — —,
Ner u(8 g, a) a
’ 0P 4.5)
= ——=0,(8""=80ux) — —.
/__g I 1 a/\/
With the RG flow metric
ds? = ez“‘dsz24 + dr?, (4.6)

the equations of motion (4.4) and (4.5) become

O=a”+4A"—1£, OZ)(”+4A”—1£,
6 da 2 dy
1 3 1
_AI/+ A/2+_ —2A __T)
4 (A)"+ e 3

— AT — (A2 = 3(a)? + (Y2 + %:P @.7)

Though we can not find solution to (4.7) analytically, it is
straightforward to construct asymptotic solution as r —
0. To analyze the ultraviolet (» — o0) asymptotics it is
convenient to introduce a new radial coordinate

x=e "2 (4.8)
We find

_ 1 1 1 _
A=§—lnx+x2<e 2§—§Xg>+x4|:§,\/3—§e 4¢

1 N 1 1
_gXﬁe zg_EX%Xlo_P%o_gp%l
N 2
+(Q2xge zst_5/\/3_zplopn)lnx—Pnlnzx}

+O(x°Inx), 4.9)

1 3
p=1+x(pp + pyyInx) + x4[3/\/3 + Ep%o —2p1opn

3 2 _
toeht gxé(Spm —4py) —2e %

10
X(2p1o — p11) + (gX%Pn +3piopi — 2p7

3
—4p11e*2§> Inx + 2p%lln2x} + O(°In’x), (4.10)
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4
X = X0x<1 + x2|:X10 + <§X(2) - 4672§> lnxD

+ O(xIn%x), (4.11)

where {£, X0, X10- P10, P11} ar€ parameters characterizing
the asymptotics. As explained in [28], p;; (x) should be
identified with the mass mf, (my) of the bosonic (fermi-
onic) components of the N = 2 hypermultiplet. Two
more parameters pio, Yo are related to the bosonic and
fermionic bilinear condensates correspondingly. Finally,
¢ is a residual integration constant associated with fixing
the radial coordinate — it can be removed at the expense
of shifting the origin of the radial coordinate r, or rescal-
ing x.

The complete ten-dimensional lift of the RG flow (4.7)
is given in the Appendix. As in section IIB, we consider a
D3 probe slowly moving along the radial direction. Using
the general expression (3.19) (with ¢ = +1), and explicit
ten-dimensional flow expressions (4.27) and (4.34) we
find

V o= T;(Q%* — 4o). (4.12)

For the canonically normalized radion field ¢, we find
using (4.27)

dep, = TV eA02dr. (4.13)

Now the mass of the radion close to the boundary is given

92 9 9
= lim — V=1Ilim & *—|€&2—V|

4.14)
Using the asymptotics (4.9), (4.10), and (4.11) we find

2 3
m?f’r =—-2+ |:§€2§X%:| + |:€2§p|l<§C0529 - 1>:| (415)

Eq. (4.15) should be compared with (3.24) (here A =
—3). Given explicit expressions for the threeform fluxes
and the ten-dimensional lift of the background geometry
(4.31) and (4.27), we can also verify identifications (3.35).
From (4.15) we see that the instabilities will go away (the
radion mass is always positive) provided

2
ez§<—/\/(2, - p11> —-2=0.

. (4.16)

Implicit in the result (4.16) went the condition p;; > 0,
which is indeed the case as p;; is related to the mass
square of the bosonic components of the chiral superfields
inducing N = 2* RG flow. Interestingly, the asymptotic
N =2 supersymmetry requires 3 x5 = py; [28], for
which we will always have instabilities.

B. Analytical Wormhole Solution for Small Masses

Stability analysis of the previous section rely only on
the boundary behavior of the geometry and fluxes. It is
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important to establish whether mass-deformed RG flows
for the N = 4 SU(N) SYM on X, are singularity-free in
the infrared. Here we show that this is indeed the case at
least for small masses.
First of all, we have a Euclidean wormhole solution
r

A= ln(coshz), p=1 x =0, 4.17)
which corresponds to turning off all the masses. This is
just Euclidean AdSs/T" written in hyperbolic %, = H,/T
slicing. We will now construct leading order in mass
parameters deformation of the wormhole (4.17).
Specifically, we look for the solution to leading order in
oy, ap to (4.7) (a similar recipe is employed in [28])
within the ansatz

A= ln(coshg) + ata,(r) + a3a;(r),

(4.18)
X = axi(r), p = ayp,(r).
We find
1 sinhr + r
X1 =06 —571 6 W
cosh 3 cosh 5 419
_s sinh% rsinh%Zcosh% (4.19)
P2 3 cosh? ’ 4 _cosh’ z

where §; are integration constants. Additionally we have

1
0 = sinhra) — cosh? — [ )(1 + = (X1)2:| —a,
2|2 (4.20)
0 = sinhra) — ZCoshzi[p2 + (ph)*] — a.

Both equations in (4.20) can be analytically integrated,
though result is not illuminating. What is important is
that the deformation of the wormhole solution (4.17) by
small ’bosonic” and ’fermionic” mass parameters exist
— it is still a wormbhole.

C. Wormbhole Solution Without Instability?

In previous section we demonstrated that the wormhole
(4.17) persists for small deformations, corresponding to
turning on masses. From (4.16) small mass cannot cure
the Schwingerlike instabilities of wormhole geometries
due to the D3D3 pair-production. We would like to ask the
question, what happens with the wormhole solution once
this instability is removed? To simplify the problem we
will turn on only the fermionic masses'®, ie., we set
P11 = Pio = Xio = 0. Inspection of RG flow equations
shows that p(r) is still a nontrivial function. This is just a
reflection of the fact that bosonic masses are induced by
higher loop effects, even though bare masses are set to

1(’Though further numerical analysis are desirable, we do not
believe that they will change the qualitative picture that
emerges here.
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zero. Without loss of generality we can choose the radial
coordinate in such a way that £ = 0. Then (4.16) trans-
lates into

2>3=y2 . 4.21)

X0 Acritical* :

Numerical integration of (4.7), with boundary data de-
pendent only on y, as outlined above, reveals two differ-
ent types of RG flows, separated by Xiingutars

X singular

~ (0.3719- - - (4.22)

Xecritical
For

|X0| < /\/singular’ (423)

the RG flow geometry is a smooth (albeit nonperturba-
tively unstable) wormhole. A typical behavior of the warp
factor A(r), and the 5d gauged supergravity scalars
x(r), p(r) is shown in Fig. 1.

As the fermionic mass parameter |y,| is increased
above Xjinguiar (4.22), the background geometry develops
a naked singularity. This singularity is associated with
collapsing to zero size 2,4, and correspondingly with the
divergence of the stress-tensor of the supergravity scalars
x and p. A typical behavior of the RG flow in this regime
is shown in Fig. 2. Since Xgingular < Xeritical> the Euclidean

I -A
chi [//\\ exp(=A)
10*In(rho) I
r
I I I I I

FIG. 1 (color online). For small fermionic mass parameter
Xo the Euclidean wormhole solution (albeit nonperturbatively
unstable) is singularity-free. A typical RG flow with |y,| <

— 1
Xsingular- Here Xo = §Xcritical-
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wormbhole solution develops a naked singularity before it
can be stabilized.

D. A Comment on Slow-Role Inflation in de-Sitter
Deformed N = 2+ Throats

One of the problems of brane inflation is generically
large n parameter (3.26), [13,23]. We argue here that it
appears to be possible to achieve slow-roll brane inflation
in de-Sitter deformed N =2* throats, A >0.
Specifically, we demonstrate that y can be made arbitrary
small. Detailed study of this cosmological model will
appear elsewhere [27].

Reintroducing A, (4.15) becomes

2 2 3
m%ﬁr = gA + [§ €2§X(2)] + [€2§p11(5 00520 - 1)], (424)

thus leading to

n= 2 + [%A—lezf/\%} + [A‘lezpr(%coszﬂ - 1)}

3
(4.25)

We see that to reduce 7, we, first of all, would like to turn
off 3-form fluxes (fermionic mass parameter), i.e., set
xo = 0. In fact, setting y(r) = 0 is a consistent truncation
of the full RG flow equations, (4.7). From (4.24), it is
clear that a D3 probe would tend to move in the cosd = 0
’valley”, where its potential energy is locally mini-

o

0.4 exp(_A)

Eeea—————

chi

0 5 10

FIG. 2 (color online). As we increase the fermionic mass
parameter |y,l|, the Euclidean wormhole solution develops a
naked singularity, before it can be stabilized against D3D3
pair-production. A typical RG flow with xgitca > |xol >

— 1
Xsingular Here X0 = 3 Xeritical -

PHYSICAL REVIEW D 70 066004

mized'”. If we now identify the effective inflaton field
with the radial motion of the D3 probe in the cosf = 0
valley, its 1 parameter becomes

2 _
n= § —A 1325911,

(4.26)
which can be made arbitrary small by fine-tuning the
deformation parameter p;;, corresponding to turning on
masses to bosonic components of the N = 2 hypermul-
tiplet, m7 ~ A. Given general arguments of [3], we expect
such backgrounds to be singularity-free.
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APPENDIX

Here we present ten-dimensional lift of five-
dimensional RG flow of section IVA. The 10d Einstein
frame metric is

X, X 1/4
ds?, = O2ds? + 4%[&@2 + pScos?g
p
2 2 + 2 2
) (T T2 T3 | 04T @.27)
CX2 X] X2

where ds% is the five-dimensional flow metric (4.6), ¢ =
cosh(2y). The warp factor is given by

X, X 1/4
o = (X7 4.28)
p
and the two functions X; are defined by
X,(r, ) = cos?6 + p(r)° cosh[2x(r)]sin?0, 4.29)

X,(r, 8) = cosh[2x(r)]cos?*d + p(r)®sin?6.

Additionally, o; are the SU(2) left-invariant forms nor-
malized so that do; = 20 A 0. For the dilaton/axion
(compare with (3.4) and (3.10)) we have

_1 CXI l/4+ CXI 71/4
1) (=)
_ I feX\VA  eX\TUAT
7B 2[<X2> <X2> }e '

The 3-form fluxes are

(4.30)

For A = 0 this submanifold is a moduli space of a D3 probe
in the PW background [25,26].
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Apy = €'%[a(r, 0)d0 A o) + ay(r, 0)oy A T3

+ as(r,0)oy Add + ay(r, 0)do Ade], (4.31)
where a;(r, 0) are given by

a; = —i4tanh(2y) cos6,

¢ sinh(2
a, = i4%m sinfcos?4,

, h(12 ) (4.32)
ay = —4 X Ginbeos?s,

2

ag, = 0.

Finally, the 5-form flux is

(1]
(2]
(3]

[4]
(5]

(6]
(71
(8]

[9]
(10]

(11]
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Fs=F +%F, F = voly: Adw, (4.33)
where w(r, ) satisfies
J 3
a—‘g = — S *(Inp)' sin26,
J 1 1
£9 — ~eM [ p'2inh?(2y)sin® (4.34)
ar 8 p

+2p% cosh(2y)(1 + sin?6) + 2cos?6].
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