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Three charge supertubes and black hole hair
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We construct finite size, supersymmetric, tubular D-brane configurations with three charges, two angular
momenta and several brane dipole moments. In type IIA string theory these are tubular configurations with DO,
D4 and F1 charge, as well as D2, D6 and NS5 dipole moments. These multicharge generalizations of super-
tubes might have interesting consequences for the physics of the D1-D5-P black hole. We study the relation of
the tubes to the spinning Breckenridge-Myers-Peet-Vafa black hole, and find that they have properties consis-
tent with describing some of the hair of this black hole.
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[. INTRODUCTION be entirely classical, which implies that we cannot see the
expected NS5 dipole moments. We furthermore expect that
One of the more novel brane configurations considered impon passing to the quantum theory our configurations will
recent years is the so-called supertfib¢ this is a tubular  correspond to marginally bound states.
D2 brane with world-volume electric and magnetic fields Besides their intrinsic interest, supertubes are beginning
turned on such that it carries nonzero values of DO-branéo play an important role in black hole physics, based on the
charge, fundamental string charge, and angular momentumvork of Mathur, Lunin, and collaboratof€—11]; for a re-
(see Refs[2, 3] for a sampling of further work The result- cent review see Refl12]. After a chain of dualities, the
ing configuration is supersymmetric, and remains so evemarious configurations of the two charge supertubes are in
when the cross section of the tube describes an arbitrargne-to-one correspondence with the supersymmetric ground
curve, and when several tubes are considered simultaneous$ates of the D1-D5 systerfwith vanishing momentuin
The crucial ingredient in the construction of the supertubes isurthermore, the corresponding supergravity solutions have
the presence of a critical electric fieldm2'E=1! This  been derived and turn out to be free of singularities, thus
leads to the disappearance of the D2 brane from the equaielding a direct map between classical geometries and brane
tions determining the preserved supersymmetry of the sysmicrostates. In this sense, the supertubes can be thought of as
tem as well as its tension; indeed the tension just becomd$e hair of the D1-D5 system.
that of the DO and F1 constituents. The story becomes even more interesting when we add
The original supertube carries two independent conservethe third charge, which corresponds to momentum in the
charges(DO and F3, but it is only natural to consider the D1-D5 description, since the system acquires a macroscopi-
generalization to three chargedhis is one of the motiva- cally large entropy for large charges. It has been conjectured
tions for the present work. Up to U duality we can take thethat the supersymmetric states of the three charge system
three charges to be those of DO branes, D4 branes, and Riill continue to be in one-to-one correspondence with clas-
strings, and this is the description we will find most conve-sical geometries, although this has so far only been checked
nient. The finite size of the resulting configuration leads tofor a single unit of momentuni1l]. In analogy with the
dipole moments for other branes. If we consider the thre@bove discussion, we would then like to associate these
possible pairings of charges, and dualize the statement thatates with the three charge supertubes which we study in
DO and F1 charges lead to a D2 dipole moment, we are leattis paper.
to expect that our configuration will carry nonzero D2, D6, Since angular momentum plays an important role in the
and NS5 dipole moments. supertube construction, we will compare the properties of
We will present two independent constructions of theour supertubes with the properties of the rotating D1-D5-P
three charge tubes. In the first we start with a tubular Déblack hole—the Breckenridge-Myers-Peet-Vaf8MPV)
brane, as described by the Born-Infeld action, and turn omplack hole. According the story developed in Ref8-12]
fluxes so as to induce the correct lower brane charges. This tfe BMPV black hole should represent, roughly speaking,
a straightforward generalization of the original supertubethe statistical average of the microstates of the D1-D5-P sys-
construction in Ref[1]. The second construction is based ontem with fixed angular momentum. By comparing the size
the non-Abelian theory of the D4 branes, and involves excitand angular momentum bounds of our tubes with those of
ing the transverse scalars appropriately. This generalizes thibe BMPV black hole we will see that a consistent picture
construction in Ref[5]. In both cases our considerations will emerges. We will also use the tubes as a probe of the BMPV
geometry in order to give support to the idea that the black
hole can be thought of as being made up of tubes. A nice
To be precise, this is the critical value in the absence of a magconsistency check is to see how one is prevented from over-

netic field. spinning the black holéwhich would result in closed time-
2Some three charge configurations have also been considered lilke curves by dropping high angular momentum tubes into
Ref. [4]. the horizon. This provides a rather remarkable example of
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chronology protection at work. or
We should remark that these supertubes are unlike other Qi =m=—. (2.3
configurations used in studying black hole entropy. Usually oA

one computes the microscopic entropy at weak coupling,

where the system is of string scale in extent, and its

Schwarzschild radius even smaller. As the gravitational couFactors of 2r in Egs.(2.2) and(2.3) are deserving of com-

pling is increased, the Schwarzschild radius grows, becomment. One direction of our D6 brane will be &, and we

ing comparable to the size of the brane configuration at th@ave defined the charges after integrating over the corre-

“correspondence point[13], and larger thereafter. There are sponding angular coordinate. So the D-brane charges are re-

thus two descriptions of the system: as a microscopic stringlly charge densities per unit five dimensional area, and the

theory object for smaltys, and as a black hole for largg,. undamental string charge is a charge density per unit four

One then compares the entropy in the two regimes and finddimensional area. Note also that the char@eare the ones

an agreement, which is precise if supersymmetry forbids corwhich appear in the Hamiltonian, and are related to the num-

rections during the extrapolation. The supertubes are differPer of strings or branes by the corresponding tensions. These

ent. The size of a tube is determined by a balance betweetPnventions will be convenient later on.

the angular momentum of the system and the tension of the Our construction will essentially follow that of the origi-

tubular brane. As the string coupling is increased, thedl D2-brane supertube, except that we include four extra

D-brane tension decreases, and thus the size of the tul§@atial dimensions and corresponding fluxes. We take our D6

grows, much like one would expect if these configurationsdrane to have geometR-'x S'X T*. We takeR™. We take

directly represent the black hole microstates even at largR"" to spanx®%; S" to be a circle in thec*® plane of radius

9s. r and angular coordinaté andT# to spanx®"®° The con-
The remainder of this paper is organized as follows. Infiguration carries no net D6-brane charge due to its tubular

Sec. Il we present the construction of the tubes from théhape. We should note that we are considering a circular D6

D6-brane point of view; this is followed by the construction brane just for simplicity, but a general curve &f can be

in terms of D4 branes in Sec. Ill. Connections with blackconsidered as in Ref3], or as in the probe analysis we

hole physics are studied in Sec. IV. In Sec. V we add som@erform in the last section of this paper.

concluding thoughts. For convenience, we have included an To induce DO branes we turn on constant values-gf,

appendix on the BMPV black hole. Throughout this paperFez, andFgg. F14then induces a density of D4 branes in the

we will using the word “supertube” to denote any of the U x>"#°plane. To induce F1 charge in thé direction we turn

duals of the 2 or 3 charge configurations we construct, even a constant value ofy;. As mentioned above, this single

if in the D1-D5-P case these configurations do not look tu-D6-brane configuration also carries D2-brane charges in the

bular (they are rotating helical branes x87andx®? directions, but these will eventually be cancelled

by introducing a second D6 brane.

With these fluxes turned on we find
II. CONSTRUCTION OF THE TUBES—THE D6 BRANE

PICTURE
We begin with a single tubular D6 brane, and attempt to S= —Tef d"E(1—Fopr2+ FL N (1+, Fo) (1+ Fao).
turn on world-volume fluxes such that we describe a (2.4)

Bogolmonyi-Prasad-SommerfielBPS configuration carry-
ing D4, DO and F1 charges. Using a single D6 brane also
leads to the presence of D2-brane charges, but we will sulP
sequently introduce a second D6 brane to cancel this.

The D6 brane is described by the Born-Infeld action Four?

_ 2
Ql—szG\/m V(L+ F2)(1+ Fay).
s:—Tef d’éV—detgapt Fap), (2.1 (2.5

y differentiating with respect t¢ry; we find

) ) ) The key point to observe now is that if we choose
where g,, is the induced world-volume metric,Fyy,

=27F,,, and we have set’=1. The induced D4-brane

and DO-brane charge densities are given by For=1 (2.6)
Qu=27TgF thenr? drops out of the actiof2.4). Let us further choose
Qo=27TFOFOF. (2.2 Fe7=Fgg- 2.7

The F1 charge density is proportional to the canonical moWe can then work out the energy from the canonical Hamil-
mentum conjugate to the vector potential: tonian as
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In analogy with the behavior of other branes, if we take
H =J Q1Fo1—L the k D6 branes to sit on top of each other we expect that
they can form a marginally bound state. In the classical de-
scription we should then demand that the radius ma#i9)
be proportional to the unit matrix. Given a choice of mag-
netic fluxes, this determines the F1 charge mafixup to

_ an overall multiplicative constant which parametrizes the ra-

f [Q1+Qa+ Qo). 29 dius of the combined system.
As a special case, consider taking klD6 branes to be

The final two integrals are over the five noncompact direcidentical modulo the sign afg; and Fgq, so that bothF;,
tions of the D6 brane. The radius of the system is determinednd Fg,Fg are proportional to the unit matrfxThen in
by inverting Eq.(2.5): terms of the total charges, the radius formula is

If [Qq+27Tg| Fygl +2mTg| FroForFagl]

2 1 tot, ~toty 2
(2= Q; Fie _ 1 Q:1Q; (29 2= , 1tm( 4t0t.
27TT6 1+~7:67~7:89 (27TT6)2 QO+Q4 k (27TT6) 0 +Q4

(2.11)

From Eq.(2.8) we see that we have saturated the BPS bound, We observe that after fixing the conserved charges and
and so our configuration must solve the equations of motionimposing equal radii for the component tubes, there is still

as can be verified directly. Supersymmetry can also be verfreedom in the values of the fluxes. These can be partially
fied precisely as for the original D2-brane supertube. Thdarametrized in terms of various nonconserved “charges,”
presence of the electric fielthy;= 1, causes the D6 brane to such as brane dipole moments. Due to the tubular configura-
drop out of the equations determining the tension and th&on, our solution carries nonzero D6, D4, and D2 dipole

unbroken supersymmetry. If we s€,=0 then Eq.(2.99 ~ moments, proportional to

reduces(with the obvious relabelingdo the radius formula

found for the original D2-brane supertupf. Qe =Terk
As we have noted, the above configuration also carries
nonvanishing D2-brane charge associated ithFs; and QE=T6rTr]-“67
F1oFgq- To remedy this we can introduce a second D6 brane
with flipped signs ofFg; and Fgq [14]. This simply doubles Q2D=T6rTrfe7fsngesz- (212

the D4, DO, and F1 charges, while cancelling the D2 charge.

l . .
e o e e entne by it ydMen hek DB ranes which form te ube are concdo.
' easures the local D2 brane charge of the tube. It is also

x*% plane. Even more generally, nothing requires the secong]

S! to have the same radius as the fiitsie only constraint is ossible to see that both for a single tube, andKdubes
the cancellation of the D2-brane chargeand so we will identical up to the sign afe; and 74, the dipole moments

take it to have radiug. are related:

More generally, let us introdude D6 branes, with fluxes D
described by diagond&x k matrices Fy is equal to the unit % - ﬁ = % (2.13
matrix. We again seFg;= Fg, and takeF;, to have nonne- Qs k Qi '

gative diagonal entries to preclude the appearanc® 4f
branes. The condition of vanishing D2-brane charge is givefrurthermore, if7; and Fgq are traceless, this tube has no D2
by charge and no D4 dipole moment. More general tubes are not
described by Eq(2.13, and need not have zero D4 dipole
Tr 7, 4 Fs7=0. (2.10  moment when the D2 charge vanishes. We should also re-
mark that the D2 dipole moment is an essential ingredient in
constructing a supersymmetric three charge tube of finite

Finally, the F1 charge is described by takig to be an size. When this dipole moment goes to zero, the radius of the

arbitrary diagonal matrix with nonnegative entrieshis re- tube also b
sults in a BPS configuration & D6 branes. In general, each ube also becomes zero.

D6 brane has a different radius; the radius formula is now 4’é)u|r tube_ alsﬁ. cr?rrri]eslz;ngular Imom;]entum ir|1 #e and
given by Eq.(2.9 but with the entries replaced by their x™> planes in which thes" factors lie. The angular momen-

corresponding matrices. Since our matrices are all diagoneﬁum g“;”s"'es of a,cpnflg_uratlon W|th|den_t|cal E)? branes in
hex?3plane and’ identical D6 branes in the** plane are

the Born-Infeld action is unchanged except for the inclusiort
of an overall trace. Similarly, the energy is given by

2
= [T Q1+ Q4+ Qol. Jp5= 21T 9= 2T 6K\ ( L+ Fgp) (1+ Fig)r 2,
3Quantum mechanically, we should demand tha@Tre an in- “One could furthermore choose JFg;=Tr F¢;=0 to cancel the
teger to ensure that the total number of F1 strings is integral. D2 charge, but this does not affect the radius formula.
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Jas= 27T Tgy=2aTok! V(1 + Fep) (L1+ Fgo T2 charges as the superposition of a DO-F1 and D4-F1 super-
(2.14  tube. Note that the individual F1 charges of the component
tubes Q; andQ7) need not be quantized. Only their sum is.
Thus, when one adds DO brane charge to a F1-D4 supertube, The tubes with three charges and D2 and D6 dipole mo-
the maximum angular momentum does not change, even ihents we constructed can be mapped by a chain of dualities
the radius becomes smaller. For completeness, we shoutd tubes with D2 and NS5 dipole moments, or to tubes with
also mention that the shape of the most generic three charggé and NS5 dipole moments. These tubes can again be
tube is an arbitrary curve inside*. The angular momenta thought of as a bound state of two simple two charge tubes.
can be obtained rather straightforwardly from this shape. It is quite natural therefore to expect that the three charge
tube with three dipole moments can be obtained by putting
A. T duality to the D1-D5-P system together three simple tubes. The resulting configuration is
) N ) still 1/8 BPS because each supertube has the supersymme-
AT duallty_a}longx transform.s our.DO—D4—|.:1 tubes into ries of its components.
Fhe more familiar D1-D5-P conf|guralt|onsl. This T duality is | ot us take a D2 tube with chargex , Q) and D2 dipole
implemented by the replacementrA*— X*. The nonzero momentk,; a D6 tube with charge®’;, Q, and D6 dipole

value of F;, before the T duality translates into a nonzero ) : A
d,X* after. This means that the resulting D5 brane is in themomentks, and an NS5 tube with charg&y, Qs and NS5

shape of a helix whose axis is paralleixb This is the same dipole momentks. The condition that the radii be equal is
as the observation that the D2-brane supertube T dualizes s . o

into a helical D1 brane. Since this helical shape is slightly (20T )2r2=Q1Q4 _ Qo QuQo (2.17
less convenient to work with than a tube, we have chosen to 6 % K3 kZ '
emphasize the D0-D4-F1 description instead.

The total charges are
B. More general tubes

Having constructed three charge supertubes with D6 and QY'=Q;+Q}, Qg'=Q;+Qj, QF'=Q,+Qj,
D2 dipole moments,it is interesting to explore whether one (2.18
can say anything about configurations with more dipole mo-
ments. Before proceeding, it is an instructive exercise to unand the angular momentum of the system is
derstand the physics behind the radius form@ld) for the
supertube with two dipole moments. "o’ 0! "o
Let us consider two simplétwo charge tubes, one of 27 Tgd= QiQAwL QliQO + QiQO.
which is made fronQ, DO branesQ; fundamental strings, 6 2 5
and k, D2 branes, and the other fro@, D4 branes,Q]
fundamental strings, arid; D6 branes. If the radii of the two
tubes are the same, then

(2.19

Thus, given the total charges, dipole moments, and angular
momentum, one has six equations with six unknog?7),
(2.18), (2.19 which determine the radius of this multicharge

Q1Qs QiQo tube.

(27 Tg)%r?= =—. (2.15
TR

[lI. CONSTRUCTION OF THE TUBES—THE D4 BRANE

Let us furthermore require th&,/Q4=Kk,/ke. Then, a PICTURE

short algebraic manipulation brings us to When the radius of the system becomes comparable to the

" , " , string scale, rather than describing our configurations by the
(ZWTG)zrzz(QlJrQl)Q“ _(@1FQ1)Qo Born-Infeld action for the D6 branes, it is more appropriate

2 Qo 2 Q4 to seek a description in terms of lower dimensional branes.
kel 1+ = k5| 1+ = . . ) . ;
Q, Qo In this section we find a solution representing the three
ot charge supertube in terms of its constituent D4 branes; this is
_ 1 QoQ4 51 parallel to the description of the D2-brane supertube in terms
~ koks(Qo+ Q)" (216 4 po branegthe matrix theory description

We start with a collection oN, D4 branes, and turn on
This formula reproduces E@2.11), and is moreover du- fields such that it carries DO and F1 charge. Just as in the
ality invariant. Thus, the three charge supertube with theprevious section, we first present a simple solution which
property Q,/Q,=k,/ks (2.13 has the same radius and also carries D2-brane charge, and then modify our solution to
cancel this. As we will comment on later, with a simple
relabelling, our solution also yields the familiar D1-D5-P
The D4 dipole moment of the configurations described above cagyStem.
be put to zero without loss of generality, and we will not consider it ~ Let the D4 branes be aligned alon§’®° As described
in this section. In contrast, the D2 and D6 dipole moments cannobelow, we will distribute the branes over a distamt¢gl in
be put to zero. the x* direction, thus the D4-brane charge density is
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T, Thusr plays the role of the radius.
Q=7 3.1 Commutators of field strengths are vanishing,
[Fuv:Fu]1=0, and we can therefore use the minimally
We turn on the world-volume field strengths non-Abelian form of the Born-Infeld action:
For=Ta9=Bln,. (3.2 S=—T,Tr f d°&\— del un+ Fun) (3.9

The D4 branes thus carry lower brane charge densities,
whereM and N run over all spacetime directions. The F1

T BT T BT i ity i irection i i-
Q2=—4Tr]-‘= _4, QO=—4TrfD]-'= 4 str!ng charge d(_ansny in the® d|rgct|on is fognd by. substi
N, ¢ ¢ N, ¢ ¢ tuting Fo1— Fo1— Bo1 @and expanding the action to first order
(3.3  in By asS—S+ [Q4Bg;. This yields
To induceF 1 charge along the* direction we turn on the TA(1+B?)¢r?
transverse scalars 85,16,3 N PP A (3.10
1_p/is.
X*=t(jdy) We can now work out the Hamiltonian as
X2_ Er + T) P
=5r(ata Hzf TrP'X'—f czf |Qs+Q1+Qgl. (3.1
X3 i—r(aT—a) (3.9 Thus we have again found a BPS saturating configuration,
T2 ' which implies that the equations of motion must be satisfied,
as can be verified explicitly.
X4=0 Our configuration has the independent radial paranreter
which essentially parametrizes the angular momentum in the
X°=0 x%3 plane. By computing the energy momentum tensor we
find the angular momentum to be
where
T 2
¢ Jog= e (1+ Bz)rzzﬂ. (3.12
ay=exg —io—t)5 . (3.5 2m Ta

Alternatively, using Eqgs(3.1), (3.3), and(3.10, we can

l . . . . .
The form of X implies that we are distributing thid, D4 express the radius in terms of the charges as

branes separated by a distaffde the x* direction. For large

N4, up to “boundary effects” which are subleading My, (27)2 Qle1
we have the nonvanishing “transverse field strengths” r’=—, . (3.13
T4 Q4+QO
. ¢
For= X2:2—X3 Equations(3.12 and(3.13 agree with Eqs(2.14) and(2.9)
T

after we recall thafT,=(27)?Ts. We can see again that
¢ when on adds the third charge to the two charge supertube
Fog=X3=— -—X2 the maximal angular momentum does not change.
2m To describe the more familiar D1-D5-P system, we
_ merely need to start with a collection of D5 branes aligned
P I—[Xl X?]= ix3 along x'678% and make the change in notation!
27207 2 —1>277A1. This is just an implementation of T duality along
X
We now proceed to add in a second collection of D4
branes to cancel the D2-brane charge appearing if&Es).
This is accomplished by simply flipping a few signs. To be a
Other commutators vanish: bit more general, we can allow the second set of branes to
expand into thex*® plane with radiu§. The solution is

i €
Fra= 5 [XLX] = 5—X2 (3.6)

[X2yx3] = [x21x4] == [X4,X5] = [AG ,xl], = [A9 ,XS]
-0. (37) ./T67: .lfgg: BG'3® 1N4
An important property, which we will use below, is that up to X'=1,8€(j8)

boundary effects,

1 0\ 1
2_ - t
(X2)2+(X3)2:r21N4. (3.8 X _(O 0 ® 2r(a+a )
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SU(2), X SU(2)g R symmetry, which can be identified with
the SQO(4) rotation group in the four dimensions transverse
to the branes. The leftmoving fermions transform & 95
doublets undelSU(2),_, while the leftmoving bosons are
neutral. A single leftmoving fermion thus has equal eigenval-
ues for theSQ(4) generatorg;; :

1
JEJ23:J45:i§. (41)

The analysis proceeds much as before. The formulas for the We will be interested in BPS states in the Ramond-

charges are now

_ 2B%T,
QO_ ¢

(3.19

2T, 2 2, %2
Ql—w(1+8 )E(re+7°)
and the angular momenta are
2T
Jo= 5 (1+BA)r2=(2m)2To(1+B)r?,

2T
Jus= = (1+B2)T2=(2m)2Ts(1+ BT

5 (3.19

Ramond(RR) sector, as these are the states relevant to the
study of BPS black holes. States preserving 8 supercharges
are the RR vacua wititN,=0. These states carry angular
momenta due to the fermion zero modes; by aligning the
zero modes in different ways we get states with
_N1N5$J$N1N5. (42)
The entropy of such states is most easily computed by dual-
izing to the F1-P system, and yields

S:27T\/N1N5_|J|, fOI’ |J|"\’N1N5

States preserving 4 supercharges are obtained by consid-
ering purely leftmoving(or rightmoving excitations. The
maximal J is obtained by distributing thél, units of mo-
mentum among as many carriers as possible. This is
achieved by filling up the Fermi s€alhe counting is simple
for Np>N;Ns, in which case we fill up the Fermi sea to the
highest harmoniaiz= yN,/N;Ns. The angular momentum

4.3

One can also generalize the above construction by deformint(yen obeys

the tube cross sections to be ellipsoidal. However, the most
general tube cross section—an arbitrary closed line in

—N1N5Np$32< N;NsNp, (4.9

R*—does not seem to be easily obtainable from the nonwhich is much greater than E4.2) given our assumption

Abelian approach.

IV. IMPLICATIONS FOR BLACK HOLE PHYSICS

We now shift gears and discuss the relation of our super-

about the magnitude dfl,. For N1N5Np>J2, the entropy
was argued in Ref.17] to be

S:27T\ NlNSNp_‘] . (45)

tubes to the black hole physics based on the D1-D5-P sys- On the supergravity side, the entropy form@a3) was
tem. One of our main goals is to argue for a picture in whichgiven a stretched horizon type interpretation in Rdf0],
the spinning BMPV black hole can be thought of as beingwhile Eq. (4.5) is equal to the Bekenstein-Hawking entropy
made of supertubes. This proposal will pass several consigf the rotating BMPV black hol¢17,18. The BMPV solu-
tency checks, especially relating to bounds on sizes and amions indeed obey the boun@.4); overspinning results in
gular momenta. For example, a supertube implementation aflosed timelike curves.

chronology protection will prevent us from overspinning the

black hole(which would result in closed timelike curvedn
the following, we will be working in the context of the D1-
D5-P system, and denote the quantized chargds;asNs,

B. Comparison with supertubes

Turning now to our supertubes, we note that their angular

andN, . We correspondingly U dualize our previous formu- momenta are not restricted to be equal. For example, we can

las via the substitutiondlo—N,, Ns—Ns, andN;—Ny,
and the same for th@'s.

A. Lightning review of the D1-D5-P system

First, it is helpful to recall a few facts about thet1
dimensional superconformal field theof$CFT) describing
the D1-D5 system. We havBl;Ns hypermultiplets com-

choose a closed curve such that the supertube cross section
lies in the 23 plane, in which cask;#0 andJ,;s=0. The
bound on the angular momentum of the tubes coincides with
the N,=0 bound(4.2). A single circular tube withQ,=0
saturates this bound:

SFor our purposes we can think of the conformal field theory

prising 4N;Ns bosons and fermions. The theory has an(CFT) as a free theory.
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27Q,Q, C. ADS/CFT interpretation
9g3=———=N;N,—N;Ng (4.9 L ; i i
T, It is interesting to see what happens if we try to give an
AdS/CFT interpretation to the supertubes with>N?3. Re-
while circular tubes with D6 dipole momekthave call that in the CFT of the D1-D5 system, fi,>N; N5, we
have the strict bount.4). On the other hand, it would seem
27Q;Q, N;N,  N;Ng that we could violate this bound in the bulk by placing one of
STk, kK (4.7 ourJ®>NS3 tubes in Ad§x S*x T, However, this does not

happen, for reasons analogous to the familiar giant graviton
henomenon. In the near horizon metric of the D1-D5 sys-

By appropriately changing the shape and orientation of th em, theS® has a size

tube cross section, we can span the entire range ir4E2).
Next consider the three charge supertubes witfi. The r2 =g (NN Y2~ g.N 41

angular momentum is still given by E4.7), which we 5= 0s(NiNs) ™~ g5 .13

write ask=N;Ng/J. The radius is obtained from E{.11)

as In order to fit the tube in the near horizon region we need

r ube<T <3, Which from Eq.(4.9) requiresJ?><N?3. So we see
that tubes with)>>N?2 are too large to fit in the near horizon

2 2
rzzﬁz N:N3 HZ_WZ N1Ns region.
8Kk™ ToNg+T4N; 8k Ny+TsNs For N,<N;Ns the picture that emerges is even more in-
- 32 teresting. In that case, there are many field theory states

S (4.8) whose angular momentufibounded above by Ed4.2)] is
4 N1(Np+TsNs) larger than the black hole angular momentjibounded
above by Eq(4.4)]. These states cannot be described by the
From Eq.(4.7) we note that for sufficiently larghl we can  black hole alone. Instead, as it has been argued in[Rifor
easily exceed the black hole angular momentum bound ifhe zero momentum case, these states should be dual to su-
Eq. (4.4). We should also compare the size of the tubes withpertube configurations. Thus, some of the states of the field
the size of the black hole. For simplicity, we consider thetheory can be mapped to one black hole, whose entropy

case of equal chargebiz;=N;=N, andgs<1, yielding gives the multiplicity of these states. Other states however
are dual to spacetimes containing supertubes.
’ J? It is quite obvious that this distinction is arbitrary, as there
Mube™ 9sg2- 49 s nothing special about the bourtd.4) in the regimeN,

<N;Ns. It is therefore likely that all the states of the field
theory are dual to supertube configurations. It is a distinct
possibility that in some regime of parameters these tubes
would be rather small and therefore not describable in super-
gravity. However, in other regimes the tubes are supergravity
N3— 32 objects, and the po_ssibility. of usin.g them to account for the
rﬁme” 95—z (4.10 black hole entropy is very interesting.
If we assume that for a certain angular momentiifn
. >N;NsN,, each field theory state can be mapped to a super-
For smallJ we haver,<rpqe, and so we can consider the type geometry, then we can ask if there exists a “black ob-
tube to fit inside the horizon. Ad is increased the tube ject” which represents the statistical average of these states.
eventually becomes larger than the horizon, andiforN®  There are two possibilities for what this object can be. The
the black hole ceases to exist. In fact, since the crossoveyist is to have a black hole together with a supertube at a
point is alsoJ?~N?, the black hole is essentially always certain distance away from the horizon. The other possibility
larger than the tube in the region of parameter space wheiig to have a BPS black ring solution with?> N;NsN,,
both can exist. whose hair is given by these supertubes. Several attempts at
It has been proposel®—12] that black hole entropy can constructing nonextremal and extremal black rings which
be accounted for by the multiplicity of possible configura- carry three charges and several dipole charges have appeared
tions inside the horizon, all of which appear eSSEntia”y iden'in the |iterature[19], but the solutions found have path0|o_
tical outside the horizon. In this spirit, we can imagine writ- gies. We should also note that a BPS black ring solution
ing down supergravity solutions for each of our tubewould be the first of its kind, since other known black rings
configurations. It is then an important consistency check that20 21 are nonextremal. It would be interesting to find if
the tubes indeed lie inside the would-be horizon radius, sincguch a BPS black ring exists, and if its entropy matches the
otherwise the individual geometries would be distinguishablenyltiplicity of the corresponding CFT states.
even outside the horizon. Although our tubes can become
very large, they are almost never larger than the horizon
radius of the corresponding black hole, and so it is consistent
to regard them as comprising part of the hair of the black We noted above that the BMPV black hole obels
hole. =J,s5, While our tubes obey no such restriction. On the other

On the other hand, one can use Rgf7] to compute the
proper length of the circumference of the horiz@s mea-
sured at one of the equator circlés be

D. Constructing generalizations of the BMPV black hole

046003-7



I. BENA AND P. KRAUS PHYSICAL REVIEW D70, 046003 (2004

hand, we expect our tubes to coexist with the BMPV blackAs usual, the cancellation of thé factors follows from the

hole in a BPS fashion. This suggests that we can form a morBPS property.

general BPS black hole by throwing in a tube through the As in flat spacetime, the radius is determined from the

horizon of the BMPV black hole. formula for the fundamental string charge, which in this case
We should note that since the D1-D5-P supertube is nois

homogeneous along the P direction, it does not directly de-

scend to a five dimensional configuration. Hence, the result- _27TT2

ing black hole is not properly a black hole of minimal five 7N

dimensional supergravify,but a six dimensional black

string. In fact, some solutions of this type have been proCombining Eqs(4.12 and(4.14 we arrive at

posed and discussed in RE23] (based on Refg§24,25) as B

gyration waves along the six dimensional lift of the BMPV 2mTor =NyNo—Ny. (4.19

black hole. It might be possible to argue that some of the teBound states are described by solutions witke0, which

dimensional type IIA black brane configurations we will be requiresN;No=<N,. On the other hand, the angular momen-
discussing should be dual to smeared gyration waves along "< .o saperﬁjbe is ’

the string.
With this motivation in mind, we now turn to a discussion Jos=NoN; (4.16
of the tube treated as a probe of the BMPV black hole to see
if we can indeed perform this “experiment.” We will also and so we learn that bound states obey the restriction
discuss the possibility of creating black holes by putting to-
gether three charge tubes. As before, for convenience we will Jp3=VNgN;N;— VN;NsN,, (4.17)
perform our probe computations in the DO-D4-F1 picture, ) _ _
but we will sometimes rewrite our results after the dualityWhich agrees with Eq4.4). It is quite remarkable that the
which interchangedly—N,, N;—Ns, andN;—N;. BPS black holes we construct this way, even if they have no
As a warmup we first consider the simpler setup of a@ngular momentum in the 45 plane, still obgy th.e BMPV
D2-brane supertube probing a D4-brane background. In facgngular momentum bourid.17). One can also imagine put-
we will see that this actually reproduces the results of thd!nd together equal amounts of probe tubes such that the total
more complicated setup. If we can slowly contract the tubel2s @1dJss are equal. Most likely the resulting black hole is
down tor =0 it will indicate that a bound state can form; up theé BMPV black hole. The fact that we can only create

to T duality this bound state is a D1-D5-P black hole, and weBMPV black holes which obey the bourid.17) and hence

Zr2. (4.19

can use this experiment to understand the boidnd). have no closed tim_elike curves, is a remarkable example of
We use the string frame metric for a collection of D4 chronology protection at work. o
branes aligned along®®7#%and smeared along: To see how to saturate the bound by bringing in tubes,
consider the following process. Let the final bound state have
d?=27"Ydx2+zY2dx? chargesN,, Ny, andN, (all much larger than )1 We can
always choose two charges such that their product is much
0207112 larger than the third, and so up to duality we can take

NoN;>N,. Starting fromN, D4 branes, we consider bring-
ing in k tube probes each carrying

27TgSN4 N4 1
2 = 22 NO Nl NONl
r 2aTy (4.12 ((No)probe-(Nl)probe): (?, T) :>Jprobe:_kZ_-
(4.18
To get as much as possible we would likk to be as small
as possible, but at the same time we must obey

(No) probd N1) probe< N4 in order to be able to bring the probe
to r=0. Therefore we should chooke= VNgN; /N, leading

Z=1+

In the last line ®— 2/r? due to the smearing, and we wrote
the result in terms of, for later convenience. Note thil,

is the number of D4-branes per unit lengthxih Our probe
is a D2-brane supertube, with axis paralleify and corre-
spondingS* in the x?2 plane. The world-volume fields are

Fos=1 andFs,. The Born-Infeld action of the tube is 0
J=kJprope= VNoN1N;— VNiNsNp,  (4.19
S= —Tzf dxe”?\—detgap+ Fap) which indeed saturates the bound.

As we have discussed, the black hole we create from su-
pertubes hasl,s=0, while the BMPV black hole had,s
=J,3. We can of course introduce nonzelg by throwing
in supertubes whosg' factors lie in this plane, and therefore
it is clear that we can obtain BPS configurations with arbi-

"This is also expected from the fact that the only BPS black holdrary and independeni,; and J,5, such that their sum is
of this supergravity is the BMPV black ho[@2]. within the bound set by Ed4.4). It would be interesting to

=—T2j d3xf5(,=—f d?xTyNo. (4.13
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see if the explicit solution for these configurations can be
obtained by smearing gyration waves on the six dimensional
black string[23].

§¢i¢j =9¢,¢, 7 920,92, 192,

- g2 12,2 o 2112y —1/2 ;-1
In the CFT description of the D1-D5-P system, angular Gy, p,=Hz Hir?si® 9—JTHg Y H “H,
momentum is carried by the fermions, the leftmoving species
of which havel,3=J4s, and so the possible angular momen- Ty, 0, = HYPHYZ 2 coZ ﬁ_JgHgl/zHille;1
tum is more restricted than our supertube thought experiment 272 4.21)

would suggest. Actually, even for BPS states we are not
strictly required to havd,;=J,s5, since angular momentum

= _gl/2 4,12
can also be carried by the rightmoving zero modes, which 9 =Hz™H1
have J,3= —Jss=1/2. This means that we can hayé;

—J,9<2N;N5. On the other hand, we have seen that by Cl=H;'-1

throwing in tubes we can generaltd,;— Jug = VN;NsNp,

which can be much larger tharN2Ng. This mismatch can =1 -1
presumably be accounted for by including the vector multip- C i_JiHl
lets in the D1-D5 CFT, since angular momentum is also car-
ried by the Bosonic components of these multiplets. = -
y P P Ct3</>iz:_(Ctzzg¢iz_C(Z[yizgtz)/gzz+ct2¢i:JiH l,

E. Probing the BMPV black hole ) )
i _ . whereH,, H; andH; are the harmonic functions sourced by
Some of the conclusions we have drawn in the previousgpe F1 strings, DO and D4 branes respectively.

section actually rely on the probe analysis outside its domain

of validity. Since the probe, by definition, should have a . .

small effect on the ambient geometry, if we want to ask J1=J—23in2 9, J2:_chosz 9, H,=1+

guestions about the maximal angular momenta we should 2r 2r

really be considering a supertube probing the BMPV black (4.22

hole (or even better, the as yet unknown generalization of

BMPV mentioned above We therefore now carry out this and we only give the components of the forms which we use

analysis. As we will see, the probe potential will turn out toin our calculations. This solution has a horizorr at0. The

only depend on the harmonic function sourced by the D4orizon area is proportional thleNp—Jz, and matches

branes, and is independent on the DO and F1 charges and ti entropy of the D1-D5-P system discussed in Sec. IV. If

angular momenta. This proves that our previous inferenced”>N;NsN, the solution has closed timelike curves. The

were in fact valid. solution can be also be continued behind the horizon by in-
In the previous section we have also argued that by puttroducing the new coordinaie?=R?+r2.

ting together tubes one cannot create an overspinning BMPV We probe this metric with a D2 supertube carrying DO

black hole. The probe analysis we now perform can also band F1 charge. On the worldvolume we turngg and 7, .

used to show that one cannot overspin an already existinghe former will eventually be set to 1, but we keep it arbi-

underspinning BMPV black hole by bringing in supertubestrary for now since we want to differentiate with respect to it

through the horizon. to get the F1 charge. Note théais the world-volume angular
As the first step, we need the lift of BMPV to 10 dimen- coordinate, distinct from the coordinai® appearing in the

sions. This was written down in Rdf26] and is reproduced supergravity solution. We allow, ¥, and ¢ to vary arbi-

in the Appendix. Next we T dualize along the D1 branes,trarily as functions o#. On the other hand, we takendzto

since this is more convenient for the probe computation. Useoincide on the world volume and in spacetime.

2
i

r2

ing the T-duality rules in Ref[27] (see Refs[28, 29 for The Wess-Zumino part of the brane action is
earlier work we obtain
gtt:gtt_gtzz/gzz: - H§1’2HI”2H,§1 Swz= Tzf Croe”+®
0.~ 1/9;,= Hé/ZH i/ZHl;l ~ ~ ~
:T2J dtdZd9 [CI¢Z+CIB¢Z
B,=—1+H," (4.20 v
Ezﬁiz:‘]ngl _C¢(Btz+}—tz)]&_0+ctfaz}
Trg, =g, — 19,7=Gp Hp iHoL i -1
gt¢>i_gt¢i gtzgzd)i gzz_gtz,bi p =T, | dtdzdj JH, (1_]:tz)%+}—0zH1 —Fozl-
— —1/2 y—1/2 -1
=~ JiHs THL T, 4.23
e?*=HYHz"H ! The Born-Infeld part of the action is
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=-T, f dtdzdie™ X\~ [G.8 ss— G202~ 2010 Biat Fio) (Boat For) + V(B oot Fi) 2+ go(Biot Fio) 2.

The induced world-volume metric is

dp d¢p _ Ir Iar

999:9¢¢%£+9rr£ TR (4.29
The action then works out to be
dp d¢
- 277 T7
Sg) Tzf dtdzdd (coszﬂr 0 90
ar ar L _
+(9—9@)H5H11[Hp1—Hp(Hp1—1+ftz>2]
(9¢ 211/2
THL fezﬂ(l—ftz)a—e) (4.26

As usual, the BPS configuration is realized fg,=1. The
total action then simplifies to

S= S\NZ+SBI= _Tzf dtdZd0f92= _J' dtdZQ)
(4.27

and the Hamiltonian is simply

H=f dz(Q;+ Qo) (4.28

whereQ; is the canonical momentum conjugateXpas in

Eq. (2.3). Thus, the configuration is BPS for any shape, just

(4.29

|
which implies for the D1-D5-P system:

(N1Np) probe= 27T 2 €0S 9+ (N5) e COS 9.
(4.31

We can bring the tube inte=0 as long as N;Np)probe
<(N5)nole- If we bring the tube in at constamtand ¥ to
“crown” the black hole, the tube will cross the horizon at
angle cod 9= (Nle)probe/(NS) hole-

Since the tube can be BPS for any radius one might think
that there would exist configurations in which the tube
straddles the horizon of the black hole, being partly inside
and partly outside. However, E¢.29 implies that a finite
charge tube must hawr/96=0 at the horizon, and so this
cannot happen.

One can also use this probe computation to show that one
cannot create closed timelike curves by overspinning a regu-
lar BMPV black hole. Let us take the charges of this black
hole to beN,, N;, N5 and its angular momenta to kk
satisfyingJ< yNyN;N5. We can only bring a tube witAJ
=ANpAN; inside the horizon iAN,AN;<Ns. The result-
ing charges satisfy

(N1+AN7)(Np+ANy)Ns
= NleN5+(NpAN1+ NlANp)N5+ANpAN1N5
=32+ 2Ng N, AN;N; AN, + N5AJ

=J2+2JAJ+(AJ)?>=(J+AJ)2. (4.32

as expected. The shape of the tube is constrained by the

explicit formula forQ,, which is

JL Hs 2ad> dp  or or
Ql—&]__tzftz l—TZJ de}_—ﬁz(cos"ﬂr %ﬁ_‘—%ﬁ .
(4.29

The first thing to notice is that Eq4.29 is independent of
the black hole angular momentum. Indeed, it only depend

on the induced metric on the tube in the absence &ur-

thermore, Eq(4.29 only depends on the harmonic function

Thus, the resulting black hole is still underspinning, as ex-
pected from chronology protection.

V. CONCLUSIONS AND OUTLOOK

We have presented two ways to construct supersymmetric
tubes with three charges and two or three dipole moments.
$ve then analyzed the possibility that these configurations
represent some of the hair of the spinning BMPV black hole.
We found that this possibility passes some rather nontrivial

Hs, and so we could just as we]l ha_\{e been probing a PUrfests. For example, the size of the tubes is always smaller
D4 brane. Thus, the previous simplified probe computationan the horizon circumference in the regime where both

captures the whole essence of the problem.
If we consider the simplest circular embeddiig= 6,
with r and 9 constant, we find

N1No

27T,r?cod 9=
Hs

(4.30

exist. Also, we showed how to use tubes to construct a spin-
ning three charge black hole; the maximal angular momen-
tum this black hole can carry is exactly the BMPV maximal
angular momentum.

Since the three charge supertubes can carry more angular
momentum than a BMPV black hole with the same charges,

046003-10
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we have also explored the possibility of using them to over- Oig, = _Jng1/2Hl—1/2
spin the black hole. This would result in the creation of '
closed timelike curves. We have shown that this does not
happen, providing a nice example of chronology protection.
As we have seen, the properties of the three charge super-

12122
9y 4,=Hs Hir?sir’ &

tubes mesh nicely with the properties of black holes. There 9g,0,~ Hg?H1%? cog o
are a number of interesting directions to pursue. By consid-

ering probes in the BMPV background we gave an argument e?¢= Hnglg§

for the existence of supersymmetric black solutions which

would generalize those of BMPV to unequal angular mo- Ci=H;'-1

menta, and possibly to a tubular topology; it would be inter-

esting to construct these. C?/:iz:JiHl_l

It would of course be very interesting to find the super-
gravity solutions for arbitrary three charge supertubes, and to
see if these can be put in one-to-one correspondence with the
states of the D1-D5-P system, generalizing the work of Refs. ) 5
[9-12]. From the brane point of view, it would be useful to C5,4,=(Hs—1)r?cos & (A1)
be able to quantize the supertube configurations, and give an
account of the entropy in this description. These are all probwherei=1,2,
lems to which we hope to return in the future. _ _ =2

Another BPS black hole in string theory is the four di- I - i
mensional four charge black hole. Any three charges of this Jl:?S'nz ¥, JZ:FCOSZ ¥, Hi=l+ 17,
black hole can be also carriegt b U dual of one of our three (A2)
charge supertubes. Hence, it would be also interesting to
construct four charge supertubes, and to see if they can aand C°® is the same a€? with H, changed inHs and an

Cy,=JiH. !

count for the hair of this black hole. extra 4-volume added. This solution has a horizom-a0.
The horizon area is proportional tgN;NsN,—J2, and
APPENDIX: 10 DIMENSIONAL LIFT OF THE BMPV matches the entropy of the D1-D5-P system discussed in Sec.
BLACK HOLE [26] V. If 32> N;NsN, the solution has timelike curves.

The BMPV black hole lifts to the following 10 dimen-

sional type 1IB supergravity solution: ACKNOWLEDGMENTS
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