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Born-Infeld gravity in any dimension
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We develop a Born-Infeld type theory for gravity in any dimension. We show that in four dimensions our
formalism allows a self-dudor anti-self-dual Born-Infeld gravity description. Moreover, we show that such
a self-dual action is reduced to both the Deser-Gibbons and the Jacobson-Smolin-Samuel action of Ashtekar
formulation. A supersymmetric generalization of our approach is outlined.
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I. INTRODUCTION by imposing three basic criteria to the acti¢d), namely
freedom of ghosts, regularization of singularities and super-
More than 80 years ago, Eddingtdt] introduced the symmetrizability. In fact, they found that the expression

action X,.,~RLR,, may provide one interesting choice fi,,,
allowing the action(3) to describe gravitons but no ghosts.
_ 4 Ao s o From the point of view of string theory both the photon as
SEDD_J d*xVderR,,(I")), @ well as the graviton should be part of the spectrum of a

string. Therefore one should expect that jusBgsis used to
as a possibility to incorporate affine invariance in a gravitaregularizep-branes theSy s action may be used with similar
tional context. HereR,,=R,,, is the Ricci tensor and’,;,  purpose. However, for this possibility to be viable it is nec-
=F,‘fM becomes the Christoffel symbol, after using the Palaessary to generalize th§,¢ action to higher dimensions.
tini method. Moreover, WohlfartH 17] has pointed out that the supersym-
In 1934 Born and InfeldBl) [2] for different reasons than metrizability requirement presumably implied by M-theory,
Eddington proposed a similar action for electrodynamics may provide another reason to be interested in such a higher-
dimensional extension &y .
— [ a*xdetg. +F.) In this work, we use similar technics as the one used in
SB'_f d*xvdetg,,+F,.), (2) MacDowell-Mansouri formalisni18] (see alsd19] and ref-
erences therejnin order to generalize th&y action to
whereg,,, is the space-time metric arfd,, is the electro- higher dimensions. In four dimensions, our approach is re-
magnetic field strength. It turns out that the act®s) re-  duced to the theory of Deser-Gibbons. We also show that in
duces to Maxwell action for small amplitudes. Some yeardour dimensions our action admits self-duahti-self-dual)
ago, the actiorf2) became of very much interest because itsgeneralization which is reduced to the Ashtekar action as
relation with SUSY (see[3] and references thergirand  proposed by Jacobson-Smolin-SamiigD]. Since Born-
string theory(see[4—7] and references thergiand D-brane Infeld type action has shown to be also useful to study dif-
physics[8]. At present, the Bl theory has been generalized tderent aspects of the brane world scenario, our work may
the supersymmetric non-Abelian casee[9] and references appear interesting in this area of research.
therein and it has been connected with noncommutative ge- The plan of this paper is as follows: In Sec. Il, using a
ometry[10] and Cayley-Dickson algebr&sl]. Moreover, it  MacDowell-Mansouri's type formalism we establish our pro-
turns out intriguing that the BI action can be derived fromposed action for Born-Infeld gravity in any dimension. In
matrix theory[12] and D9-brand13]. For interesting com- Sec. Ill, we discuss the relationship between our proposed
ments and observation about the Bl theory the reader is reaction and the Deser and Gibbons action. In Sec. IV, we
ferred to the works of Schwaf44] and Ketov[15]. consider a self-dualanti-self-dual version of our proposed
Inspired by the interesting properties of the BI theory,action in four dimensions and we show that it is reduced to
Deser and Gibbongl6] proposed in 1998 the analogue of the Jacobson-Smolin-Samuel action for the Ashtekar formal-

Sg, for a gravity, ism. Finally, in Sec. V we outline a possible supersymmetric
generalization of our formalism and we make some final re-
Soe= f dx/de(ag,, + bR,,+CcX,,). (3 Mmarks.

. . , Il. PROPOSED BORN-INFELD-GRAVITY (BIG) ACTION
Here, X,,,=X,,, stands for higher order corrections in cur-

vature anda,b andc are appropriate coupling constants. De-  Consider the extended curvature
ser and Gibbons determined some possible choiceX for

ab _ pab ab
RE=RO+3%, (4)
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b ac b

ab _ ab__ ab ac _
RMV—&MwV z?,,wlu-l-w’uwvc W, 0,

and

ab _ a b a b
3 =—(eje,—ere,). (6)
Here,wflb is aSO(d—1,1) connection an@? is a vierbein
field. It turns out that Eq(4) can be obtained using the
MacDowell-Mansouri formalisnh18] (see also Ref.19] and
references therejnin fact, in such a formalism the gravita-
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whereg#1---#d is the completely antisymmetric tensor asso-
ciated to the space-time, with® 9"'=1 andey, 4_;
=1, while €a, .. .a, is also the completely antisymmetric ten-

sor but now associated to the internal gré{pol—1,1), with
€  4-1=—1. We assume that the internal metric is given
by (77a5) =diag(—1, . ..,1). So, wehavee’ 97 1=1.

Using Eq.(6) we get

ers ™ _red (10

tional field is represented as a connection one-form associ-

ated to some group which contains the Lorentz group as

subgroup. The typical example is provided by ®&€(d,1)
de Sitter gauge theory of gravity. In this case, 8@(d,1)

fheren=1—-d. Therefore, Eqsi4) and(8) and(10) lead to

gravitational gauge fieldos®=— w%* is broken into the RL=R,+\el, 1y
SO(d—1,1) connectionw3® and thew’?= €3 vierbein field,
with the dimensiond fixed. Thus the de Sittefor anti-de  where
Sitten) curvature
_ ~vpab
RIALEZ&M(U’SB— &,,wﬁB-i- wﬁCchB— w’ﬁcwMCB (7) RL=eiR}, . (12)
leads to the curvaturé}). o . .
Let us now introduce the definition Substituting Eq(11) into Eg. (9) we obtain
a_ v ab
=ebR R (8) 1
g g s:—d—lf dfxer1e e, o (REFNES) .. (R
whereey, is the inverse vierbien field. '
Our proposed action is H‘eii)' (13)
S=— i ddxs/Ll o Mdg Ral Rad (9)
d! 8p---8¢ g T g From this action we get
|
d d)\d*l
— d ay ad _ d ai ad—-1 R4
S= d!fd Xeht-Fey 4 PRERL Y qi fd xegh1 ”deal_”ade#l... Md_lRMd
d(d—1)\92
_ Ay o p1--- 1 ay Ad-2pad-1R& _ ., _ Ay o pq -1 ag ad
STd] fd Xeht dEal"'adeMl .eMdi2 A qi de#1 deal_._adRﬂl .. .RMd.
(14)
|
Since Here,R=e4R’, andR,,=€}R,,,while Re'=gr?g"PR,p,
whereg®? is the matrix inverse ogaﬁzezegnaﬂ. We rec-
gh1orde, | =—g(eltt | etd), (15)  ognize in the first and second terms in the actia6) the
1t & & Einstein-Hilbert action with cosmological constant in

where the brackefu, . ..uq] means completely antisym-
metric ande:det(ei), we find that the actioril4) can be
written as

S=)\df ddxe+)\d‘1J d%eR
d-2

Y

fddxe(Rz—R’”RW)+~--+f dx de(R}).

(16)

d-dimensions.

Ill. RELATION WITH DESER-GIBBONS TYPE ACTION

Let us define the tensor

17

Using Eq.(11) we get
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1

GMVT(RzHei)(RBHeB) Mab

A2
=0+ AR+ 7 RiR., (18)

where A =2/\. Here, we used the fact th&,,=R,,, .
From Eq.(17), it is not difficult to see that

1 2
detG,.,) =~ 53R " (19

whereR= det(RZ). Therefore, our proposed actid®) can
be expressed in terms &, as

1 dy 1 m ap
S:_E d%e#1- deq, . a, R

/’“1”

.Radzj d9xR
kg

=)\d f d/—de(G,,). (20)

In virtue of Eq.(18) the action(20) becomes

2d A2
S= FJ d9x \/— de( g#V+ARMV+TRzRW),
(21)
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sion. In four dimensions, we recognize that the acii@h
corresponds to the one proposed by Deser and Gibddiis
[see Eq(3) of [16]], with X,,=R}R,, .

IV. SELF-DUAL (ANTI-SELF-DUAL ) ACTION IN FOUR
DIMENSIONS

In four dimensions the actiof®) can be generalized to the
case of self-dualanti-self-dual gauge gravitational field. We
define the self-dualanti-self-dual of Rff’y as

1+
*Ri=35 MR, (22
where
+nspab 1 b—; ab
7Mcd:§(6§d+|fcd). (23)

Here, 820= 5265— 6063, We also define
“Ri=el"R2. (24)
In four dimensiong9) becomes

1
S=— 4| dixerrtae, G REELR (29

41 By '

which is a Born-Infeld type action for gravity in any dimen- Substituting Eq(11) into this expression lead us to

1 A
S= 4 73 ap a; a, a,
4!J» d*xe#1 4Ea1...a4(R#l+)\eM1) ...(R 4+)\e 4)_——_

an° Ay MMM a1 n%2 A33 A4
- d*xet1kakstae, o e te’2e 3R —
41 1929394 "y My M3 Mg
4\

_ Ay MMM a1 R
fdxg 12345ala2a3a4e R™?R

4!

Simplifying these expressions one finds
)\2
s=>\4j d4xe+>\3f d*xeR+ FJ d*xe(R*~R*'R,,)
+ \ d*xe(R®*-3RR*'R,,,+ 2R**R,, zRP
a Xe( - 8% af ,u,)

+j d*xede(R,,,). (27

Let us now generalize the acti@@5) in the form

S=- | dixersre, L TRULLR™ (29

a3 _
My My M3 Mg

4
aq ag

dixehi--rag, e ...
108 1y

41

2

a a: a: a,

f dixerimanamag, - oM RIR™M
192939

41 My My M3 Mg
1 Ay, o MO a1 R pAz pas

d¥xetakzrarae,  RURZRBRY . (26)
4 1929394 puq Mo M3 My

It is not difficult to see that

+Xed. (29

Thus, we have

1 =+ -+
S:_Ef dixett - tiey o (FRIIHNEL) L (FRG

a,
+X eﬂ‘: ). (30

Therefore, we obtain
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LA\ . 1
S:x“f d4xe+>\3f d*xe"R+ ﬁj d*xe( *R? 050 =5 i v, (33
— "RFER )+i d*xe( “R®-3*R*R*"*R a _Liaay g
w)* 3] A w S5,=5 v, (34
+2ithRaBiRﬁ)+f d*xedel *R,,). (31) S = fha(e3y,—e3yl), (35)
and

We recognize in the second term of this expression the Ash-
tekar action as proposed by Jacobson-Smolin-Sah20g! i i Co1 ol i
R,U.V:a/.LwV_avl//,u,Jr Efcdj(w,u, ¢JV_ w, ‘l/fu) (36)
V. FINAL COMMENTS

In this work, we proposed the actidf) as an alternative Here, zﬂiM is a spinor field and the quantitié%dj and so on

to generalize to higher dimensions the Born-Infeld-gravity . .
action of Deser and Gibbons. We proved that our action are the structure constants of algebra associated to the Lie

four dimensions allows a generalization to self-d(ehti- Sggfgﬁr?:fezp(ifﬂtﬁé Irtegllfllt)i/nbeslgteerr?tr;?g];?r:cful?ratcr)]r?]r—lff;al d
self-dua) action. Moreover, we showed that such a self-dual® g Supersy

action is reduced to the Jacobson-Smolin-Samuel action é}rawty 'Fheory is related to thB=4, N=1 Born-Infeld su-
the Ashtekar formulation. pergravity proposed by Gates and Ke{@d].

It is remarkable that the only requirement for the pro- S!nce some author22,23 haye found interesting con-
posed action(9) is the general covariance implied by the nections between the non-Abelian Born-Infeld theory and
transition SO(d,1)—SO(d—1,1). It remains to check D-branes it may also be interesting for further research to

whether the actioif9) satisfies the criteria of ghosts freedom gxssﬁi?ﬁtefbtrgieflaﬂogig the actidf) with string theory
and regularization of singularities used by Deser and Gib- Recenrily Liu anr()j >L/[24].have found an interesting appli-
bons[16] in four dimensions and Wohlfartfi.7] in higher ecdation of Born-Infeld and brane worlds and GarSalcedo

dimensions. However, these requirements should be appli . L
very carefully to the actiori9) because under compactifica- gnd Brero'fzﬁﬂ haye Studied the possibility that Born.- Infeld
inflates the Bianchi cosmological models. It may be interest-

tion (9) should lead not only to gravity but also to Yang- . S o .
Mills and scalar fields. From the point of view of M-theory (i?fngo pursue an application of the acti®) in these direc-

one may even think in a phase in which matter fields an S . . .
ghosts are mixed implying a generalization of the acti@n Pilatnik [26] has found sp_herlcal static solutions of the
. : Born-Infeld gravity theory which may also correspond to the
to some kind of topological theory. theory described by the actid®). Feigenbauni27] found
As we mentioned in the Introduction, supersymmetriz—that gorn re ulatesy ravity in foﬁr dir%ensions SO it appears
ability provides to Wohlfartj17] with one of the main mo- ) 9 S g Y| ' PP
attractive to see if the actiofB) can be used to regulate

tivation for considering Bl gravity in higher dimensions. ST : . .
Wohlfarth'’s theory is constructed by using the symmetries O]gravny n h.|gher dl_men3|ons. Furthermpre, .\/0”'528] qsed
the Palatini formalism in Born-Infeld Einstein theory in four

the Riemann tensor, considering tensors with pair of anti-. . . . . . o
symmetrized indices. Specifically, the Wohlfarth’s formula—dImenSIonS and identify the antisymmetric part of the Ricci

A e Avs tensor with the electromagnetic field. So, if we use similar
tion is based on the aCt'OD';ﬁB g[ﬁ(dft(ﬁéJrgRB) 1. palatini's technics in connection with the acti¢@) one
whereRag=R(,,[ap) » O8= 0505 — 85 5% and¢, s are con-

. | > T should expect to identify part of the Ricci tensor with gen-
stants(see Ref[17] for details. Although interesting, it does ¢ pjized electromagnetic field, perhaps Yang-Mills field.
not seem evident how to supersymmetrize this theory.

: : Finally, it has been showiisee[29]) that dualities in

_In contrast, our treatment admits a straightforward genery_theory (see[30] and references therdiare deeply related
alization to the supersymmetric version in four dlmer;?)lonsto Born Infeld theory. Since eleven dimensional supergravity
In fact, in the action(9) we may replace the curvatuie,,  myst be part of M-theory one should expect that Born-Infeld

by its supersymmetric extension gravity theory in any dimensions may play an important role
in this context. In this direction the derivations of Born-
RAP—Rab 4 yab @ab Infeld theory from supergravity31] and the Nambu-Goto
S action from Born-Infeld theory32] may be of particular
i i i interest to continue a further research in connection with the
R RMV+ZMV’ (32 action(9).

a __ a a
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