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Is cosmic speed-up due to new gravitational physics?
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We show that cosmic acceleration can arise due to very tiny corrections to the usual gravitational action of
general relativity, of the formR2n with n.0. This model eliminates the need for a nonzero cosmological
constant or any other form of dark energy, attributing a purely gravitational origin to the acceleration of the
universe.
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INTRODUCTION

That the expansion of the Universe is currently under
ing a period of acceleration now seems inescapable:
directly measured from the light curves of several hund
type Ia supernovae@1–3#, and independently inferred from
observations of the cosmic microwave background~CMB!
by the Wilkinson Microwave Anisotropy Probe satellite@4#
and other CMB experiments@5,6#.

Cosmic speed-up can be accommodated within gen
relativity by invoking a mysterious cosmic fluid with larg
negative pressure, dubbeddark energy. The simplest possi-
bility for dark energy is a cosmological constant; unfort
nately, the smallest estimates for its value are 55 order
magnitude too large~for reviews see@7,8#!. This fact has
motivated a host of other possibilities, most of which assu
a zero cosmological constant, with the dynamical dark
ergy being associated with a new scalar field@9–19#.

However, none of these suggestions is compelling
most have serious drawbacks. Given the challenge of
problem, it is worthwhile considering the possibility that co
mic acceleration is not due to some kind of stuff, but rath
arises from new gravitational physics@20–24#. This is the
angle we pursue in this article.

General relativity is based upon the Einstein-Hilbert a
tion, with Lagrange densityA2gR, whereR is the curvature
scalar. A natural modification is to add terms to the act
that are proportional toA2gRm. It is known that, form
.1, such terms lead to modifications of the standard c
mology at early times which lead to de Sitter behavior~Star-
obinsky inflation@25#!. In this paper we consider new term
involving inverse powers of the curvature scalar, of the fo
A2gR2n ~with n.0). Terms of this form would becom
important in the late Universe and can lead to se
accelerating vacuum solutions, providing a purely grav
tional alternative to dark energy.

The self-accelerating solutions we find can behave
vacuum energy~i.e., wDE[PDE/rDE521), or can lead to
power-law acceleration with cosmic scale factora}tq, q
.1, andwDE,22/3. We also argue that our model is co
sistent with existing tests of gravitation theory and that
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accelerating phase is consistent with current cosmolog
observations.

A MODEL

Many authors have considered modifying the Einste
Hilbert action with terms that become effective in the hig
curvature region. Here, however, we explore modificatio
which become important at extremely low curvatures to
plain cosmic speed-up. For definiteness and simplicity
focus on the simplest correction to the Einstein-Hilbert a
tion,

S5
MP

2

2 E d4xA2gS R2
m4

R D1E d4xA2gLM . ~1!

Here m is a new parameter with units of mass,LM is the
Lagrangian density for matter and the reduced Planck m
M P[(8pG)21/2. For work on theories where the Lagran
ian takes the formf (R), see @26–31#. In particular, Ca-
pozziello et al. @32# showed that 1/R gravity could lead to
acceleration, although they did not include the ordinary H
bert term.

The field equation for the metric is then

S 11
m4

R2D Rmn2
1

2 S 12
m4

R2D Rgmn1m4@gmn¹a¹a

2¹(m¹n)#R
225

Tmn
M

MP
2

, ~2!

whereTmn
M is the matter energy-momentum tensor.

The constant-curvature vacuum solutions, for which¹mR
50, satisfyR56A3m2. Thus, we find the interesting resu
that the constant-curvature vacuum solutions are n
Minkowski space, but rather are de Sitter space and anti–de
Sitter space. This bifurcation of the vacuum solutions from
unique one~Minkowski space! to two new ones~de Sitter
and anti–de Sitter spaces! as m4 is increased from zero is
unusual and is to be contrasted with the case of a cosmo
©2004 The American Physical Society28-1
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FIG. 1. The Einstein-frame potentialV(f).
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cal constant. We will see that the de Sitter solution is, in fa
unstable, albeit with a very long decay timet;m21.

We consider a perfect-fluid energy-momentum tensor,

Tmn
M 5~rM1PM !UmUn1PMgmn , ~3!

whereUa is the fluid rest-frame four-velocity,rM is the en-
ergy density,PM is the pressure and we writePM5wrM .
Matter corresponds tow50 and radiation tow51/3. We
take the metric to be of the flat Robertson-Walker for
ds252dt21a2(t)dx2, for which the curvature scalar satis
fies

R56F ä

a
1S ȧ

a
D 2G56~Ḣ12H2!, ~4!

where an overdot denotes differentiation with respect
time, H5ȧ/a anda(t) is the scale factor.

The time-time component of the field equations for th
metric is

3H22
m4

12~Ḣ12H2!3
~2HḦ115H2Ḣ12Ḣ216H4!5

rM

MP
2

.

~5!

This replaces the usual Friedmann equation, recovered
settingm50. The space-space components of Eq.~2! lead to
the other independent Einstein equation,
04352
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Ḣ1
3

2
H22

m4

72~Ḣ12H2!2 F4Ḣ19H22R2]0]0S 1

R2D
22R2H]0S 1

R2D G52
PM

2MP
2

. ~6!

The above fourth-order equations are complicated an
is difficult to extract details about cosmological evolutio
from them. It is convenient to transform from the frame w
have been using, which we call thematter frame, to the
Einstein frame, where the gravitational Lagrangian takes t
Einstein-Hilbert form and the additional degrees of freed
(Ḧ and Ḣ) are represented by a fictitious scalar fieldf.

Following @29#, we make a conformal transformation

g̃mn5p~f!gmn , p[expSA2

3

f

MP
D[11

m4

R2
, ~7!

wheref is a real scalar function on space-time,d t̃5Apdt,
and ã(t)5Apa(t). It is then convenient to define a
Einstein-frame matter energy-momentum tensor by

T̃mn
M 5~ r̃M1 P̃M !ŨmŨn1 P̃Mg̃mn , ~8!

whereŨa[ApUa , r̃M5rM /p2 and P̃M5PM /p2.
In terms of the new metricg̃mn , our theory is that of a

scalar fieldf(xm) minimally coupled to Einstein gravity, and
non-minimally coupled to matter, with potential
8-2
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V~f!5m2MP
2
Ap21

p2
, ~9!

shown in Fig. 1. Note thatV(f)→0 both for f→0 (p
→1) and for f→` (p→`) and achieves its maximum
9m2MP

2/16A3, at p54/3.
Denoting with a tilde all quantities~exceptf) in the Ein-

stein frame, the relevant Einstein-frame cosmological eq
tions of motion are

3H̃25
1

MP
2 @rf1 r̃ #, ~10!

f913H̃f81
dV

df
~f!2

~123w!

A6MP

r̃M50, ~11!

where a prime denotesd/d t̃, and where

r̃M5
C

ã3(11w)
expF2

~123w!

A6

f

MP
G , ~12!

with C a constant, and

rf5
1

2
f8 21V~f!. ~13!

The matter-frame Hubble parameterH is related to that in the
Einstein frameH̃[ã8/ã by

H5ApS H̃2
f8

MPA6
D . ~14!

What can we say about cosmological solutions in
more friendly setting of the Einstein frame? Ordinarily, Ei
stein gravity with a scalar field with a minimum atV50
would yield a Minkowski vacuum state. However, here th
is no longer true. Even thoughV→0 asf→0, this corre-
sponds to a curvature singularity and so is not a Minkow
vacuum. The other minimum of the potential, atf→`, does
not represent a solution. These statements are also e
seen in the matter frame.

Now let us first focus on vacuum cosmological solution
i.e., PM5rM50. The beginning of the Universe corre
sponds toR→` andf→0. The initial conditions we mus
specify are the initial values off andf8, denoted asf i and
f i8 . For simplicity we takef i!MP. There are then three
qualitatively distinct outcomes, depending on the value
f i8 .

(a) Eternal de Sitter.There is a critical value off i8[fC8
for which f just reaches the maximum of the potentialV(f)
and comes to rest. In this case the Universe asymptotic
evolves to a de Sitter solution~ignoring spatial perturba
tions!. As we have discovered before~and is obvious in the
Einstein frame!, this solution requires tuning and is unstab
since any perturbation will induce the field to roll away fro
the maximum of its potential.
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(b) Power-law acceleration.For f i8.fC8 , the field over-
shoots the maximum ofV(f). Soon thereafter, the potentia
is well approximated byV(f).m2MP

2exp(2A3/2f/MP),

and we easily solve forã( t̃ )} t̃ 4/3, which corresponds to
a(t)}t2 in the matter frame. Thus, the Universe evolves
late-time power-law inflation, with observational cons
quences similar to dark energy with equation-of-state par
eterwDE522/3.

(c) Future singularity.For f i8,fC8 , f does not reach the
maximum of its potential and rolls back down tof50. This
yields a future curvature singularity in which the Hubb
parameter remains finite in both the matter and Einst
frames, but its time derivative becomes infinite becauseḢ
}V8→1/Af→`. Singularities of this form have been inve
tigated by Shtanov and Sahni@33#.

We now turn to the more interesting case in which t
Universe contains matter. As can be seen from Eq.~11!, the
major difference here is that the equation of motion forf in
the Einstein frame has a new term. Furthermore, since
matter density is much greater thanV;m2MP

2 for t
!14 Gyr, this term is very large and greatly affects the ev
lution of f. The exception is when the matter content
radiation alone (w51/3), in which case it decouples from
the f equation due to conformal invariance.

Despite this complication, it is possible to show that t
three possible cosmic futures identified in the vacuum c
remain in the presence of matter. To see this, first note tha
we ignore theV8 term in Eq.~11! because it is subdominan
at early times, and assume that 3H̃25 r̃M /MP

2 , we obtain

f8~ t̃ !5f8~ t̃ 0!S ã0

ã
D 3

1
C

A6
S t̃ 2 t̃ 0

ã3 D ~15!

for w50, and

f8~ t̃ !5f8~ t̃ 0!S ã0

ã
D 3

~16!

for w51/3.
The value off8 redshifts as it would for a free scalar fiel

and, forw50, increases dramatically due to the presence
matter. By tuningf i8 , the value off8 at the epoch when

matter becomes unimportant~i.e., r̃M,m2MP
2) can be ad-

justed, resulting in the same three futures as in the vacu
theory.

Thus far, we have left the dimensionful parameterm un-
specified. By choosingm;10233 eV, the corrections to the
standard cosmology become important only at the pres
epoch, making our theory a candidate to explain the
served acceleration of the Universe without recourse to d
energy. It is important to be clear that we have merelychosen
the value ofm to achieve this end. Since we have no partic
lar reason for this choice, such a tuning appears no m
attractive than the traditional choice of the cosmological c
stant. However, it is intriguing to note that, in the prese
circumstance, the smallness of the 1/R term in the action is
directly related to the lateness of the accelerating pha
8-3
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Thus, even an extremely tiny correction to the Einstein
tion can eventually have dramatic consequences.

Clearly our choice of correction to the gravitational acti
can be generalized. Terms of the form2m2(n11)/Rn, with
n.1, lead to similar late-time self-acceleration. Such
tions can be transformed into the Einstein frame with sca
field potential

V~p!5m2MP
2S n11

2n Dn1/(n11)
~p21!n/(n11)

p2
, ~17!

with resulting matter-frame scale factora(t)}tq, where

q5
~2n11!~n11!

n12
. ~18!

Such a modification thus yields behavior similar to a da
energy component with equation of state parameter

weff5211
2~n12!

3~2n11!~n11!
. ~19!

As n→` the expansion approaches an exponential and
space-time is approximately de Sitter. Clearly therefore, s
modifications can easily accommodate current observati
bounds@34,35# on the equation of state parameter21.45
,wDE,20.74 ~95% confidence level!. In the asymptotic
regimen51 is ruled out at this level, whilen>2 is allowed;
evenn51 is permitted if we are near the top of the potenti

Finally, any modification of the Einstein-Hilbert actio
must, of course, be consistent with the classic solar sys
tests of gravity theory, as well as numerous other astroph
cal dynamical tests. We have chosen the coupling constam
to be very small, but we have also introduced a new li
degree of freedom. After the original version of this pap
was submitted, Chiba@36# showed that the model withn
51 was equivalent to Brans-Dicke theory withv50 in the
approximation where the potential was neglected, and wo
therefore be inconsistent with experiment. We are curre
exploring the effect of the potential and the couplings
matter on experimental tests, and investigating which ge
alizations of our approach might be consistent with both c
mology and solar-system tests of gravity.
tte
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CONCLUDING REMARKS

We have shown that the current epoch of cosmic ac
eration can arise through purely gravitational effects, elim
nating the need for dark energy. In particular, modificatio
to the Einstein-Hilbert action of the form2m2(n11)/Rn, with
m;10233 eV andn,0, can lead to cosmic speed-up with
21,weff<22/3.

There is, of course, growing evidence from measureme
of CMB anisotropy, as well as of large-scale structure, t
the Universe also evolved through a period of accelera
expansion very early on, known as inflation. It is also kno
that modifications to the Einstein-Hilbert action of the for
m22R2, with m a mass parameter, yield an Einstein-fram
potential

V~f!5m2MP
2 ~p21!2

8p
, ~20!

where, as before,p[exp@A2/3f/MP#. In this case, the be
ginning of the Universe occurs at largef and the Universe
undergoes inflation. Thus, our work implies that it is possi
for both eras of cosmic acceleration to arise from the gra
tational sector of the theory, with general relativity being
valid description of the Universe only at intermediate cosm
times.

There are certainly many other details of this theory t
remain to be checked. In particular, we would like to analy
quantitatively the behavior of the transition from matt
domination to self-acceleration as well as the growth of l
earized perturbations about the given background solut
we have identified.
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