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Neutrino propagation in a strongly magnetized medium
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We derive general expressions at the one-loop level for the coefficients of the covariant structure of the
neutrino self-energy in the presence of a constant magnetic field. The neutrino energy spectrum and index of
refraction are obtained for neutral and charged media in the strong-field Mje({ VB> me,T,u,|p|) using
the lowest Landau level approximation. The results found within the lowest Landau level approximation are
numerically validated, summing in all Landau levels, for str@#g T2 and weakly stron3=T? fields. The
neutrino energy in leading order of the Fermi coupling constant is expressed as the sum of three terms: a
kinetic-energy term, a term of interaction between the magnetic field and an induced neutrino magnetic
moment, and a rest-energy term. The leading radiative correction to the kinetic-energy term depends linearly on
the magnetic field strength and is independent of the chemical potential. The other two terms are only present
in a charged medium. For strong and weakly strong fields, it is found that the field-dependent correction to the
neutrino energy in a neutral medium is much larger than the thermal one. Possible applications to cosmology
and astrophysics are considered.

DOI: 10.1103/PhysRevD.70.043012 PACS nuni®er95.30.Cq, 13.15¢g, 14.60.Pq, 98.80.Cq

[. INTRODUCTION galaxies[6] seems to require the existence of seed fields of
primordial origin[7]. According to several mechanisif8],
There are many astrophysical systems on which the physstrong primordial fields~10?* G could be generated at the

ics of neutrinos in a magnetic field plays an important role.electroweak transition. Even larger fields have been associ-
Let us recall that proto-neutron stars typically possess vergted with superconducting magnetic strings, which would
strong magnetic fields. Large magnetic fiel#&=10">  generate fields-10°° G in their vicinity if created after in-
— 10" G have been associated with the surface of superndtation [9].
vas[1] and neutron starg2], and fields perhaps as large as  Were primordial magnetic fields present in the early uni-
10" G with magnetar$3]. Even larger fields could exist in yerse, they would have had nontrivial consequences for
the star’s interior._ It is_ pre_sum_ed from the scalar virial theo'particle-physics cosmology. For instance, as it is well known,
rem [4] that the interior field in neutron stars could be asqggilations between neutrino flavors may change the relative
high as 16° G. A magnetic field such as this<10"G) in  zpundance of neutrino species and may thereby affect pri-

the interior of a compact star will be larger in two orders than, 4 gial nucleosynthesior a recent review on neutrinos in

the cher_n_lcal pote_ntlal characterlzmg its quark matter dens't_ycosmology sed10]). Therefore, if a strong magnetic field
Unveiling the interconnection between the star magneti

field and its particle current flows could shed new light oniMW» VB, T,u,[pl, W'th MW_a_ndme the W—poson and
electron masses respectivelyodifies the neutrino energy

the question of the star evolution. For example, it is well . A . :
known that neutrinos drive supernova dynamics from begin-SpeCtrum of different flavors in different ways, a primordial
magnetic field can consequently influence the oscillation pro-

ning to end. Neutrino emission and interactions play a cru- : )
cial role in core collapse supernov#B]. Their eventual ©€SS N the primeval plasnjal]. _ _
emission from the proto-neutron star contains nearly all the 1he Propagation of neutrinos in magnetized media has
energy released in the star explosion. Neutrino luminosity?€en previously investigated by several authft-15.
emissivity and the specific heat of the densest parts of thiveak-field calculations were done for magnetized vacuum in
star are governed by charged and neutral current interactio&efs: [12,13, and atT#0 and u=0 (u is the electric
involving matter at high densities and in the presence Ophemzlcal potentialin Ref.[14]. In the =0 case, as long as
strong magnetic fields. Thus, a total understanding of the std¢<T°, both the field- and temperature-dependent leading
cooling mechanism in a strongly magnetized medium is crucontributions to the neutrino energy resulted d1f4-order
cial for astrophysics. [12-14. In the charged plasmgl5], the field-dependent
On the other hand, the explanation of large-scale magneti€rms were much larger- 1/Mg,, but they vanished in the
fields observed in a number of galaxies, and in clusters ofx— 0)-limit. The weak-field results of papef$2-15 led
to the idea that the magnetic-field effects could be significant
in astrophysics, because of the field- andlependent terms
*On leave at Department of Mathematics, Massachusetts Institutef order 1M3,, but were irrelevant £ 1/My,-orde) in the

of Technology, 77 Massachusetts Avenue, Cambridge, MA 02139early universe due to its charge-symmetric characjer (
4307, USA. =0). Hence, it has been assumed that in cosmology the
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main contribution to neutrino energy was the purely thermathe self-energy structures in the presence of the magnetic
term of orderT“/M@v [16]. However, as we will show below, field are found in the one-loop approximation in Sec. Ill. The
a strong magnetic fieldM > B> me,T,u,|p|) gives rise leading behavior in the M\ZN expansion of those coefficients
to a new contribution to the neutrino energy that is linear iniS then calculated in Sec. IV in the strong-field lirfiie. in

the field, independent of the chemical potential, and that is of'€ lowest Landau leve(LLL) approximatio for neutral
the same order (M\ZN) as the largest terms found in the and charged magnetized media. These results are then used

weak-field charged-medium case. This new result can wrlf Sec. V to find the corresponding neuirino dispersion rela-
magnetic-field effects relevant for cosmology.

tions and the indexes of refraction in neutral and charged
In recent paper§l7,18, we investigated the effects of a strongly magnetized media. In Sec. VI, the LLL-

approximation is numerically corroborated by summing in
! . . "y Landau levels and finding the values of the coefficients
(e. with T=0 and . =0). There, to facilitate the calcula- ¢, harameter ranges corresponding to strdig T2 and
tions in the strong-field limit, we extended the Ritus’ Ep-\yeiy strongg=T? fields. Possible applications to cosmol-
eigenfunction method of diagonalization of the Green funC-,gy anqd astrophysics are discussed in Sec. VII. Finally, in
tions of spin-1/2 charged particle in electromagnetic fieldsgs i1l we summarize the main outcomes of the paper and
[19,20, to the case of spin-1 charged particld]. This  make some final remarks.

formulation, which is particularly advantageous for strong-

field calculations, provides an alternative method to the, \ £ TRINO SELF-ENERGY GENERAL STRUCTURE IN
Schwinger approach to address QFT problems in electro- A MAGNETIC FIELD

magnetic background®1]. The use of Ritus’ method made

it very convenient to study the neutrino-self-energy in mag- The neutrino field equation of motion in a magnetized
netized media, since it allowed to diagonalize in momentuninedium, including radiative corrections, is

space both the electron and the W-boson Green'’s functions in

the presence of a magnetic field. Ritus’ formalism has also p+2
been recently applied to investigate nonperturbative QFT in
electromagnetic backgroun@®2].

From the above considerations it is clear that strong magwhere the neutrino self-energy operakip) depends on the
netic fields can play a significant role in a variety of astro-parameters characterizing the medium, as for instance, tem-
physical systems, and possibly also in the early universe. Farerature, magnetic field, particle density, etc.
these applications, the analysis has to be carried out in the The operato(p) is a Lorentz scalar that can be formed
presence of a medium. Thus, in the present paper we extenid the spinorial space taking the contractions between the
the results obtained in papdrs7] and[18] to include finite  characteristic vectors and tensors of the system with all the
temperature and density, performing a detailed study of théhdependent elements of the Dirac ring. Explicit chirality re-
effects of a strong magnetic field on neutrino propagation irduces it to
neutral and charged media, and discussing possible applica-
tions to astrophysics and cosmology. SN <

We stress that in calculating the neutrino self-energy in a 2 =RXL, E_Vﬁyﬂ &
magnetized medium, we should consider, as usual, its
vacuum and statistical parts. In this case the vacuum pamhereL,R=3(1* vys) are the chiral projector operators, and
depends on the magnetic field, and for strong fields it carV, is a Lorentz vector that can be spanned as a superposition
make important contributions even at high temperatdres of four basic vectors that can be formed from the character-
=eB. The reason is that the vacuum and statistical terméstic tensors of the problem. In a magnetized medium, be-
have different analytical behaviors, due to the lack of thesides the neutrino four-momentup),, we have to consider
statistic ultraviolet cutoff in the vacuum part. This fact givesthe magnetic-field strength tengey,,, to form the covariant
rise to a field-dependent vacuum contributionMij—ordet) structures
which is larger than the thermal one KAj,-orde, into the
self-energy. Therefore, as shown in this paper, a strong mag- _ T £y
netic field can become more relevant than temperature for 2 (P.B)=ap+bp, +cp F .,y +idpF,,y" (3
neutrino propagation in neutral media.

The plan of the paper is as follows. In Sec. Il we considernn Eq. (3) we introduced the notationéﬂy=(1/|B|)F
the radiative correction to the neutn_no _dlspersm_n relation 'nandT:M,,=(1/2|B|)swp>\FP". In the covariant representation
the presence of a constant magnetic field. We introduce t e magnetic field can be expressedB;s%szu”F“,

general covariant structure of the neutrino self-energy in th%vhereu is the vector four-velocity of the center of mass of
y23

presence of an external field, and find the dispersion reIatithe magnetized medium. The presence of the magnetic field

as a function of the coefficients of each independent term in . ] o N
the covariant structure. The general form of the found dis@nd hence ff the dimensionless magnetic field tersor
persion relation goes beyond any given approximation andnd its dualF,,, allows the covariant separation in EQ)
medium characteristic and serves as a guidance for particuléetween longitudinal and transverse momentum terms that

applications. The general expressions for the coefficients adippears naturally in magnetic backgrounds

MY
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while in a charged medium both diagrams should be consid-
ered. However, only the bubble distinguishes between neu-

{M\g'\f\\/l/; trino flavors, since the flavor of the internal charged lepton is
- wZ directly associated to the flavor of the propagating neutrino

o g> > _ D (i.e., the one appearing in the external ledg%r the tadpole,
(a) (b) because the internal boson is the neutral Z-boson, the

charged leptons corresponding to different families are
FIG. 1. One-loop contributions to the neutrino self-energy in alinked to the same neutrino flavor. Therefore, with regard to
magnetized medium@) Bubble graph: The dashed line representsmagnetic field effects on neutrino oscillations, the bubble
the test neutrino, the solid line a charged lepton of the same familgontribution is the essential one. Thus, because the ultimate
of the test neutrino, and the wiggly line the W-bosdn). Tadpole  goal of our study is to elucidate the possible effect of a
graph: The dashed line represents the test neutrino, the solid linegtrong magnetic field on neutrino flavor oscillations, hence-
charged lepton of any species, and the zigzag line the Z-boson. forth we only consider the bubble diagram contribution, rep-
resented in Fig. (), into the neutrino self-energy.
b= p/"EMPﬁPV—yV, b, =pE PF ", (4) The bubble contribution to the one-loop self-energy is
Coefficientsa, b, ¢, andd are Lorentz scalars that depend on
the parameters of the theory and the approximation used.
Notice that finite temperature and/or density would not intro- .
duce any new term into Eq3). This formulation is indeed WhereS(x,y) and Gg(x,y),* are the Green’s functions of
the most general one for a magnetized medium. In magnéh€ electron and W-boson, in the presence of the magnetic
tized space, even = =0, the vecto,, is present, since field, respectively. Smce_both virtual par.tlcles are electrically
the presence of a constant magnetic field fixes a special Logharged, the magnetic field interacts with both of them pro-
entz frame: the rest fram@n which u,=(1,0,0,0)] where ducing the Landau quantization of the corresponding trans-
the magnetic field is definedu(F#”=0). Thus, the inclu- V&rs€ momentl7,18§. , _ _ _
sion of a medium does not break any additional symmetry. 1he electron Green's function, diagonal in momentum

To ex ress§( B) in terms ofu,, only means, therefore, to space at arbitrary field strength, was obtained in Refs.
P p.B p Oy ’ ' [19,20 by Ritus, using what has become an alternative
make a change in the selected basis vectors.

The neutrino energy spectrum in a magnetic backgroun(rpettt}Od o the ISchwmger apprt?a[:fl] to (cjieall W'thh QFTh d
can be found from Eq(l) as the nontrivial solution of problems on electromagnetic backgrounds. In this metho

the electron Green’s function in configuration space is given

by
Using the covariant structurg), the dispersion relation S(x,y)=$
(5) takes the form !

i 2

S(0y)= 5 RySKY PGy, (D

=0.

de{p+2 (p,B) (5)

32

( 2yt £ mﬁqw) ®

2 42 where q,=(do,002,93), Eq=7°El+°, and the magnetic
(1+b)-—d . © ST A
p§= p§ ﬁpi (6) field has been specialized in the rest frame along the
(1+a)—c Z-direction (i.e. given in the Landau gauge a&}*

= Bxlaﬂz) .

The transformation functiongy(x) in Eq. (8) play the
role, in the presence of magnetic fields, of the usual Fourier
functionse'® in the free case and are given by

One of the main goals of this paper is to find the coeffi-
cientsa, b, ¢, andd, in the one-loop approximation, and
hence, the dispersion relations for different systems in th
presence of strong magnetic-field backgrounds.

IIl. ONE-LOOP NEUTRINO SELF-ENERGY Eq(X):; Eqo(X)A(0), 9)
Let us consider the one-loop corrections to the neutrino . h spi .

self-energy in the presence of a constant magnetic field. TYIth spin matrix
leading order in the Fermi coupling constant the main field- Alo)=diad 8.« .8 S8 —+1 (10
dependent contribution to the self-energy comes from the (o) 9001:90-1:801,05-1),  o==1, (10
bubble diagram[Fig. 1(a)] with internal lines of virtual  and eigenfunctions
charged leptons and W-bosons, and from the tadpole diagram
[Fig. 1(b)] with virtual loop of charged leptons. Eqo(X)= N(x)expi(q-X)D (p) (11)

In a neutral medium only the bubble diagram contributes,
where N(x)=(4x|eB|)¥¥ k! is a normalization factor
and D,(p) denotes the parabolic cylinder functiof23]

This point will turn clear in Sec. IV when expressiﬁ_xjp,B) in
terms ofu,, in the charged medium.

with argument p=+2|eB|[x;—(q,/eB)] and positive
integer index
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a k(=P [F()]\P~1 1
k=x(l,0)=l+=—=, k=012.... (12 u0=PELLAGIINP an
2 2 .
with
The integer!| in Eg. (12) labels the Landau level$
=01,2.... 200 0
The electron_momentum eigenvalue in the presence of the . 1 O 1 1 o0
magnetic fieldq, is given by P Vzﬁ O i —-i o0 (18)
0,,= (40,0~ sar(eB)V2[eBll,gs) (19 0 00 2

Ritus’ technique for spin-1/2 particles was recently ex-and

tended to the spin-1 particle case in Rdf£7,18. In this
case the corresponding W-boson Green’s function can be di- [F(X) %= Fien(X[QD], (19
agonalized in momentum space as 7=0.x1

5 The matricesQ(” are explicitly given in terms of the
GF(k!k,),u.V:(27)43(4)(k_k,)P+MM2 (14  W-boson spin projectiong by
QM =diag 8,¢,6,1,6,-1.8,0, n=0x1 (20

W

where 5*)(k—k’)= 6%(k—k') 8, , and the W-boson mo-
mentum eigenvalue in the presence of the magnetic figld,
is given by the relation j:kn(x)zN(K')expi(k.)“()DK,(g) (21)

and the eigenfunctiong,, are

k?= —kS+ k§+ 2(n—1/2eB, n=0,1,2... (15  with N(«') a normalization factor similar to that appearing
in Eqg. (1), andD .. (&) denoting the parabolic cylinder func-
with n denoting the W-boson Landau levels. Considering th&jons with argumeng= \2[eB[(x, — k,/eB) and positive in-
mass-shell conditiok®=—M7, in Eq. (15), we can identify  teger indexx’ given in terms of the W-boson Landau num-
at eB>M\2N the so called “zero-mode problenj24,25. As  bersn and spin projectiong; as
known, at those values of the magnetic field a vacuum insta- L ,
bility appears giving rise to W-condensatif2b]. In our cal- «'=e'(np)=n-n-1, «'=012.... (22
culations we restrict the magnitude of the magnetic field to As the neutrino is an electrically neutral particle, the

5 . ;
eB<Myy, so as to avoid the presence of any tachyoniG ansformation to momentum space of its self-energy can be

mode. . i i . carried out by the usual Fourier transform
The W-boson Green'’s function in configuration space is
then (2m)*6(p—p")%(p,B)
d3k 5. f 4y by a—i(p-x—p"-y)
Ge(x, v=}; I e =211 ny) (16 = | d*d'ye S(xy). (29

n

Substituting with Egs(7), (8), and(16) on the right-hand
where the transformation functions are side (RHS) of Eq. (23) we obtain

ig? ‘ :
(2w)45<4>(p—p')2(p,5)=%f d4xf dlye i(Px=p 'W[R

}5 &g Eq(X) ! Eq(Y)
X — E
M e yarm,

d*k T L00TE"(y)

n

The coefficients of the covariant expression ¢p,B) can be found using the explicit forr24) in the covariant
expression

(2m)*8 W (p—p')S(p,B)=a’p+b’'p, +c'p*F,,y"+id p*F 7" (25)

Introducing in Eq.(24) the transformation functiong, andI'y ,, and taking into account the following properties of the
spinor matrices:

043012-4



NEUTRINO PROPAGATION IN A STRONGLY ... PHYSICAL REVIEW Y0, 043012 (2004

A(t)T=A(i), A(2)A(x)=A(%), A(x)A(F)=0
YIA(E)=A(£)Yl,  yrA(E)=A(F)Y,
LA(+=)=A(+)L, RA(+)=A(*+)R (26)

where the notation/ = (1°,7%) and y"=(y*,7%) was used, we find for the coefficients appearing in §) the following
general expressions in the one-loop approximaftmenceforth we consider sgaB) >0, to simplify the notatioh

, . . d3q d3k i(p-x=p"-y) .
a= 2p|| In d fd f 2m*) (2m? (a2+mg)(?2+M\zN){(QO+Q3)(P3_po)|n—2,|—1(X)|n—2,|—1(Y)
+(A3— o) (P3+ Po) In ()15 (V)} (27)
d%q d3k e i(p-x=p'-y) _
2 4 4 : .
b ZpL 2 fd fd yf 2m*) (2m? (az_'_mg)(?z_}_M\ZN){(p2+|p1)Q2|n71,|(X)|n71,|71(Y)
+(pz—ip1)azln71,|71(><)|§71,|(y)} (28)
d3q d3k —i(p-x=p"-y)
r: 4 4, _ *
c 2p” In d fd YJ 2m*) (2m* (52+m§)(P+M\2N){(QO+Q3)(p3 Po)ln—21-1(X) 1525 1(Y)
— (A= do)(P3+ Po) 01 ()17, (V)} (29)

d’ —ig? jd“ jd" f d3q d3k e—i(p-x=p"y) (pa+ipy Tyl (01* W)
= 2 X - | Nt
ZDE In y 2m*) (2m)* (q2+m§)(k2+ M\ZN) P271P1)G2ln-1) n-1i-10Y

—(Pa=iP1) G2l n-1y— 1)1 1, (¥)} (30)

where consistent to use the LLL approximation in the electron

o Green’s function, while in the W-boson Green’s function,

L 1(X)=2m\JeBexgix- (k+a)]en(£/72) @(p/\2) becauseM,> B, we must sum in all W-boson Landau lev-
(3) els.

The neutrino self-energy in a magnetized vacuum was
andep(x) are the orthonormalized harmonic oscillator wavefound within this approximation in Ref17]. In what fol-

functions, defined in terms of the Hermite polynomialsiows, we extend that result to neutral and charged media,
Hm(x) as introducing finite temperature and density effects. However,
since the vacuum contribution is always present in the statis-
tical calculations of the self-energy, we summarize below the
— 2
[\/—m 122 Hin(x/y2 \/_)exp—(x 14). (32 results found in Ref{17].
In the strong field approximationl €£0) the covariant
Expressiong27)—(30), when substituted in Eq25), give  Structure of the neutrino self-energy reduces to
the general formula for the one-loop neutrino self-energy in a o
constant magnetic field of arbitrary strength. Note that, in (2m) 4@ (p—p’)So(p,B)=ajp;+ct KE . (33
this approach, the W-boson/magnetic-field interaction is kept PP )%olP Py CoP*Fuy
in the poles of the self-energy operator through the ef“fectlvel_hat is. b’

momentumk2 as well as in the harmonic oscillator wave

2—m/2

Pm(X/2)=

andd’ are zero and

functions ¢ g/\/— )
(&/v2) ig®(ps+Po) po) f i f 4 f
0~
IV. NEUTRINO SELF-ENERGY IN THE STRONG-FIELD ZPH 277)4
LIMIT . /
d*k  (az3— o) lno(X)I 5 o(y)e Px—Py)
Since in the strong-field limit > VB>m,,T,u,|p|) XJ (2m)° (Pt mo) (K2+ M2))
the gap between the electron Landau levels is larger than the qi € w
rest of the parameters entering in the electron energy, it is (34
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Co=—ay. (35

After summing inn and integrating inx, y, and k we
obtain

N2
19T +
2= —cp=9 (2|032 Po) - p212es
P

(03— do)
d? .
XJ N L+ mall(qy—pp>—eB+ M2

(36)

Integrating inq and considering thaM\%V»eB,mg,pﬁ,

we obtain for the neutrino self-energy in the strongly mag-

netized vacuum

S o(p,B)=agpy+ Cop“F ., 7" (37)

with coefficients given by

—g%eB
2(4m)°MZ,

2
ap=—Cy e PL/2eB (39)

PHYSICAL REVIEW [¥0, 043012 (2004

contributions of 13 -order. However, as we will show in
Sec. V, they will play very different roles in the neutrino
energy spectrum, since they are associated to different self-
energy structures. While the strong-field res(®8) produce

a magnetic-field dependence in the neutrino energy spectrum
which is linear in the Fermi coupling constant, the weak-field
results(39) generate a smaller second-order contribution.

A. Neutral medium in strong magnetic field

In a neutral medium the self-energy operator can be writ-
ten as

3(p,B)=30(p,B)+31(p,B), (40)

Wherego is the vacuum contributiofigiven in the strong-

field approximation by Eqs(37) and (38)], and 2t is the
statistical part which depends on temperature and magnetic
field (in a charged medium the statistical part can also de-
pend, of course, on the chemical potenti@ur goal now is

to find S(p,B) in the parameter rangeM,> B
>m,,T,|p|. Here we can also assume that the electrons are
confined to the LLL. Thus, performing the same calculations
as in Egs.(34)—(36) we arrive at a self-energy operator

Notice the 1M2-order of the leading contribution in the 2(p,B) with a structure identical to Eq33), and coeffi-
LLL approximation. Using the zero-temperature weak-fieldCients given by an expression similar to £§6), but with
results of Ref[12] we can identify the scalar coefficients of the Matsubara replacement{ddy— (27i/B)2 - _..[d4

the general structur€) for that case as

-~ o~ ~ 3.

69%eB
ao:bozo, Co:

Sy

If we compare the vacuum results at weak-field, E&9),

=(2m+1)nw/B, m=0,£1,+2,...], corresponding to the
discretization of the fourth componeay of the fermion mo-
mentum, obtained after introducing the Wick rotation to Eu-
clidean spaced,—iq,), B8 being the inverse of the tempera-
ture B=1/T.

After summing inm and extracting the vacuum pd@6),

with those at strong field, Eq38), we can see that in both We obtain that the coefficients corresponding to the thermal
cases the nonzero coefficients have field-dependent leadirmgntributionX+(p,B) are given by

—i2m?g%eB(ps+ip,)

ag(T)=—co(T)= >
P

. (U3—ipa)(p3—e5+e]) —2ipses

e PL=BS M (p—p') f d%{

s(ps+e5—ed)+2ip,el

2, 2 22 2 25 Fl&1
e1[(p3t+e3—e7) +4e1py]

eo[ (p5—e5+ D)2+ 4e5ps]

where

fr(e1)= fe(er)=

1+efer’ 1-efe2

(42

are the fermion and boson distribution functions respectivelyapproximationM,>B=T>m,,

with effective energies

fB(SZ)] (41)

— 2 2
€1= q3+ me,

£2= (03— p3)’+M{,—2eB. (43

To do the integral in Eq(41) we take into account the
p|. Thus, to leading or-

der we can neglect the contribution of the boson distribution,
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since it is damped by the exponential facer¥w/T. Inte-  dence in the pole of the W-boson Green’s function makes a
grating in momentum and expanding in powers ®fi§/, we  nontrivial contribution of (1M3,)-order into the nonlocal
obtain, up to leading order, part of the bubble diagram. Observe that the W-boson
Green'’s function obtained in our approach, Egl), only has
—_ - such structure indeed, and that the vacuum results at strong
21(p,B)=ao(T)p+Co(T)P*F ., v" (44 (38 and weak(39) fields give rise to nonlocal (M3,)-order
contributions to neutrino self-energy.

—g%eBT

2
e PLieE, 45
24M3, 49

ap(T)=—co(T)=

B. Charged medium in strong magnetic field

Hence, the thermal contribution is one order smaller in  We consider now a medium with a finite density of elec-
powers of 1M, than the field-dependent vacuum contribu-tric charge. As usual, a finite density is reflected through the
tion (38). Notice that in the strong-field approximation the shift g,— gy — & in the momenta of the particles with non-
thermal contribution(45) has the same My-order as the  zero charge associated o The chemical potential, depend-
corresponding thermal contributions at weldid] and zero  ing on the value of the charge density, plays the role of an
[16] field. _ ~ external parameter. In stellar medium, for example, the elec-

We should call 'atte'ntlon to the fact that when calgulatlngmC charge is fixed by the net charge of the baryons, which,
the thermal contrlt_)utlon to the e-W bubble by using thedue to their large masses, are usually treated as a classical
Schwinger proper-time methdd1, some authorp14] have background. Here the following comment is in order: in elec-
considered the following expansion: : . . . -

troweak matter at finite density there exists the possibility to
induce additional “chemical potentiald28]. These chemi-

Oy 5WA2—A#AV AZFM cal potentials are nothing but dynamically generated back-
G(k,B)y,= M\2/v+ M&, +0 6 (46) ground fields given by the averag@/3) and(B,) of the zero

components of the gauge fields. They are known to appear,
o o for instance, in the presence of finite lepton/baryon density
within the W-boson Green function in the presence of a conf2g] (for recent applications related to this effect see Refs.

stant magnetic field [29]). In our case, a possible consequence of the condensa-
tion of such average fields could be the modification of the
d*k effective chemical potential of the W-boson, which then
G(X,Y) 0= ¢(x,y)J Ae'k'(X*V)G(k,B)# s might be different from the electron chemical potential. Nev-
(2m) ertheless, that modification, even if present in the case under

(47) study, will have no relevant consequence, as the W-boson
contribution will be always suppressed by the factor
where e Mw/T,

In the strong-field approximatiohi.e. after considering
the LLL approximation in the neutrino self-enerd25)—
(30)] the nonzero coefficients of the neutrino self-energy in
the charged medium are given in Euclidean space by

e
d(x,y)=expi 5y, F*'x, (48)

is the well-known phase factor depending on the applied
field [27], andA (k) is the energy-momentum transfer. P .

Based on this expansion, it has been argued that the non- 57— _C(f):we— plizeB
local lower contribution to the bubble diagram should be of ,Bpﬁ
order 1My, and that the local (M3,)-order term only con-
tributes at finite density. While this argument is correct when (gz—iay)
applied to the statistical part of the self-energy operéitor XE f dogg— 2. .2 * _ 24 .27

. 4 S ) m [(az)°+e1][(0z —pa)°+e3]

explains the I, order appearing in the thermal coeffi-
cientsay(T) andcy(T) in Eq. (45)], it is not valid for the
self-energy vacuum contribution. For the vacuuim=0, u
=0) contribution the situation is different, since we cannotThis expression is similar to Eq36) after taking into ac-
neglect the internal momenta as compared witly in the  count the Matsubara replacemefdco— (i/8)2 - _.[d4
poles of the W-boson Green’s function, due to the lack of the=(2m+1)n#/8, m=0,£1,£2,...], with the additional
ultraviolet cutoff which is present in statistics. Thus, whenchangeq,—q} , whereq} =q,+iu.
calculating the vacuum part, the first term in E46) should After carrying out the temperature sum in E¢49), and
be replaced byﬁl“,/(M\z,\,ﬂL k?). Such momentum depen- subtracting the vacuum pai36), we arrive at

(49
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—im?g’eB(ps+ips) > (dzteq)
ap(T,u)=—co(T,u)= e*”i’zeaé“”(p—p’)f dags . fr(eq)
° ° 2pf exl(ie1—pa)?+ed] ©
(st e2—1pa) (d3—&2—1p4)

(az—¢€1) _
. o (E)+ —
eolioatpa?+e?] © 2 o l(ieg—pa)l+el]

eql(ie1+pg)?+el]

fi(ey)+ fg(ey) (50)

where way using the base formed by the four-veloaity and the
covariant magnetic field vectd®, =3¢ ,,,,u"F"*, as
fe(e))=——F—=, fg(ea)= — (51 _ _ _
1+ eBler=m) 1—eflea7m) 2r,u(p,B)=ao(T,u)d+co(T,u)B (57)
are the fermion/antifermion and boson/antiboson distribu-
tions respectively. Here, we obtain an equal energy split for _ —g2eBu )
both distributions since both charged particles have the same ao(T,u)= posencrerycl pi/2eB
electric charge and thus are characterized by the same chemi- 2(2m) "My
cal potential.
Assuming the approximationM > B> u,T,m,,|p|, - 9%eu i
Eq. (50) is reduced in leading order to Co(T, )= ~pi/2eB (58
2(2m)?ME,

—im*g*(patips)
M\ZNpﬁ From Egs.(57),(58) we see that the leading term in the
) statistical part of the self-energy in the charged medium in
X[Ng —Ngle Pi’2Bs#)(p—p’)  (52)  strong magnetic field is independent of the momentum and
_ proportional to K12, thus of larger order than the statistical
where the notatioM, for the electron/positron number den- contribution of the neutral cag&q. (45)].
sities in the LLL Comparing our result57),(58) with those found at weak
field [15], we see that the coefficient of the structienas
similar qualitative characteristics. That is, batkoefficients
are linear inu and have the same orderMj,. Neverthe-
less, the coefficients of the structuiesignificantly differ in
was introduced. _ o the strong and weak cases. In the weak-field limibnly
It is interesting to consider the situation whe#e>T,  depends on the density, thus its leading contribution is pro-
which is a natural condition in many astrophysical enVirO”'portional tou? (this is the characteristic term of the MSW

ag(T,u)=—co(T,p)=

_ dg; -
NG =leBl [~ (e (53)
2w

ments. In this case E¢52) becomes effect[26]). However, for fields larger thap, the relation
T w) = — (T wB> 1.2 holds, and the leading becomes proportionagk &
(T, u)==Co(T, ) as in Eq.(58). Thus, in the strong field case it is the field the

parameter that drives the main dependence of both structures
(p=p").  inZqg,.

- i27°g%eB(pa+ips) p o~ P /2B 5(4)
M&pf

(54 V. NEUTRINO INDEX OF REFRACTION IN STRONG

After analytic continuation to Minkowski space, we find that MAGNETIC FIELD
the leading contribution to the statistical part of the self-

: . S The neutrino index of refraction, defined by
energy in a strongly magnetized charged medium is

St (P B)=ao(T, )b+ Co(T,w)p*F 7" (55) a1l 59
E(lpD)
9*eB(PaTPOL 2 e
2(27)°M \2pr € ' wherep andE are the neutrino momentum and energy re-
(56) spectively, is a quantity that plays a significant role in neu-
trino flavor oscillations in a mediufi26]. A flavor-dependent

The apparent dependence on the momentum componeritedex of refraction would enhance the periodical change be-

Po, P3 of the coefficientsay(T,u), co(T,u) is deceiving, as tween different flavors of neutrinos travelling through the

we can easily rewrite Eqg55),(56) in a more convenient medium.

(T, ;) =—Co(T,u)=

043012-8
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To find the index of refraction we need to know the dis- Here the following comment is in order. If we consider
persion relatiorE=E(|p|). In the presence of a medium the the weak-field result§39) obtained in Ref[12] for the neu-
energy spectra of the massless left-handed neutrinos ateno self-energy, in the dispersion relati@®) we obtain
modified due to their weak interaction with the particles of
the background. In a magnetized medium, even though the
neutrinos are electrically neutral, they feel the magnetic field EL=|p|
indirectly through their interaction with the charged particles
of the medium whose properties are affected by the field. _

As discussed in Sec. Il in a magnetized medium the genin Eq. (64), as the energy depends cf we can see that the
eral form of the neutrino dispersion relation is given by Eq.weak field produces a negligible second order correction in
(5), with the self-energy depending on the medium characterm of the Fermi coupling constant expansitie. a
teristics. As follows, we present the neutrino energy specilMﬁ\,—order effect. It can be corroborated that the inclusion
trum and index of refraction for magnetized neutral andof temperature in this approximation also produces a second
charged media. order correctiorf14].

Thus, we conclude that the strong field produces an effect

A. Neutrino index of refraction in strongly magnetized neutral ~ qualitatively larger, which is even more important than the
medium thermal one. We call the reader’s attention to the fact that the

i ) , . field-dependent vacuum contribution to the neutrino energy

In the strongly magnetized neutral medium the dispersiongy) has the same order in the Fermi coupling constant as the
relation is obtained from ones found in a charged medium at zE26] and weal{15]
fields.

5.
—Casirfa

+
1 1 8C

. (64)

de{p+3o(p,B)+21(p,B)]=0, (60)

B. Neutrino index of refraction in a strongly magnetized

with go(p,B) andgT(p,B) explicitly given in Eqs(37),(38) charged medium

and (44),(45) respectively. The solution of Eq60) in lead-

ing order in the Fermi coupling constant is Now we consider the effect of a strong magnetic field in
neutrino propagation in a charged medium. In this case the
Po=*|p+ W/Z/aioi(px |§)| dispersion relation is
==[p|[1-aPsirta]. (62) defp+3o(p,B)+31 ,(p,B)]=0, (65)

In Eqg. (61), « is the angle between the direction of the neu- — . .
trino momentum and that of the applied magnetic field, andVith 2o(p,B) and X+ ,(p,B) given in Egs.(37),(38) and

the coefficienta(®=ay+ay(T) is explicitly given by (57),(58) respectively. The solution of EG65) is
—g%B| 1 T2 4agu \/|p|2—2ao[p3—4u]p3
0)= —p? -+
atv/= + ex /eB). (62 E.== + . (66
8My, [(2m)? 3MY, P—pifeB). (62 - (1-2a) 1-2ap (60
From Eq.(62) it is clear that in the strong-field limit the In leading order in the Fermi coupling constant, expres-

thermal correctionag(T) to the neutrino energy is much sion(66) is approximated by

smaller than the vacuum correctiap. As we will discuss in

Sec. VI, this result can be significant for cosmological ap- E.=|p|[1—agsirfa]— M- -B*E, (67)
plications in the case that a strong primordial magnetic field

could exist in the primeval plasma.

The neutrino (+)/antineutrino ) energies are given by where
+=%p, respectively. Substituting Eq61) into Eg. (59)
we obtain for the neutrindantineutring index of refraction M= —E P (69)
in a neutral medium 1Bl [pl’
n=1+a%sirfa. 63  and

Equation(63) implies that the index of refraction depends Co2peBini—  ait
on the neutrino direction of motion. The order of the anisot- Eo=12Gre PPN, —Ng 1. (69)
ropy isg?(|eB|/M3). Maximum field effects take place for
neutrinos propagating perpendicularly to the magnetic field. On the RHS of Eq.(67), the first term is the modified
That is, the maximum departure of the neutrino phase velocreutrino kinetic energy, with the field-dependent radiative
ity from the light velocityc, occurs atv= 7/2. Notice thatin  correction already found in the neutral cdsee Eq.(61)];
the neutral magnetized medium the magnetic field effecthe second term can be interpreted as a magnetic-moment/
does not differentiate between neutrinos and antineutrinos. magnetic-field interaction energy, wittt playing the role of
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a neutrino effective magnetic moment; and the third term is @ameters, including. and|p| are assumed smaller thgle B,
rest energy ir_1duced by the magnetized charged medium.. such a term is negligible compared to the contributip

We underline that, contrary to the case of the neutrinQuhich is proportional to the field. In both approximations
anomalous magnetic moment found beyond the standarghere js an additional anisotropy related to the induced mag-
model by including right-chiral neutrinds80], the induced  netic moment term, which is linear in the magnetic field and
magnetic moment here obtained does not require a massiVgpends on the imbalance between particles and antipar-
neutrino. We remind the reader that we are only consideringicles. We should notice that this anisotropic term changes its
left-chiral Dirac neutrinos, so the magnetic moment in Ed.sjgn when the neutrino reverses its motion. This property is
(67) cannot be associated with the anomalous magnetic MQsyycjal for a possible explanation of the peculiar high pulsar
ment structural termv*"F ,, in the self-energy. This struc- ye|ocities[32]. Nevertheless, for the anisotropic term that
ture is forbidden in the present case by the explicit chiralityyqdifies the kinetic energy in the strong-field approximation,
of the standard model. In the case under study we have thgte neutrino energy-momentum relation is invariant under
although the neutrino is a neutral massless particle, thg,e change ofx by — a.
charged medium can endow it, through quantum corrections, Substituting Eq.(67) into Eq. (59 we obtain that the

with a magnetic moment proportional to the induced neuneytrino/antineutrino index of refraction in the charged me-
trino rest energy. Thus, we are in the presence of a peculigfiym is given by

magnetic moment created thanks to the particle-antiparticle
imbalance of the charged medium. Such a charge asymmetry _
permits the formation of a net virtual current that, due to the n.=1+agsirta+ M-B*Eo
magnetic field, circulates in a plane perpendicular to the neu- - Ipl
trino propagation and therefore produces an effective mag-
netic moment in the direction of the neutrino momentum. The result(72) implies that the index of refraction depends
In a charged mediur@P-symmetry is violated31], and a  on the neutrino direction of motion relative to the magnetic
common property of electroweak media Wit violation is  field. Moreover, neutrinos and antineutrinos have different
a separation between neutrino and antineutrino energies. |Rdex of refractions and therefore different phase velocities
the present case this property is manifested in the doublgyen if they move in the same direction. For neutrinos, if
sign of E, in Eq. (67). Although this difference depends on N >N (i.e. if there is a larger number of electrons than
the magnetic field entering iNy , we stress that it depends positrong the index of refraction foB#0 is smaller than
on the magnitude of the magnetic field but not on its direc-one, so their phase velocities will be smaller than light ve-
tion. Thus, the energy anisotropy connected to the first tw@ocity. Thus, in the charged medium with strong magnetic
terms of Eq.(67) is the same for neutrinos and antineutrinos.fie|d, neutrinos behave as massive particles. This is in agree-
The neutrino/antineutrino energy in the charged mediumnent with the behavior they have in a dense medium, even in

(72

in the presence of a weak field has been foldf| to be the absence of magnetic fie]@6]. On the other hand, for
antineutrinos the index of refractidthe one with the posi-
= =|p|—b’ﬂia’ (70) tive sign in front ofE, in Eq. (72)] can be larger than one.
- Ipl ’ For instance, for antineutrinos moving opposite to the field-
_ line directions the index of refraction is
with
92 1+ 2EO>1 (73
. n_=1+-—F>1.
a _4M\2N(N7_N+), |p|
5 4 Thus, antineutrinos will have phase velocities larger than
,_ €9 p_a —f), (72 ¢ and depending on the magnetic field strength and electron
2M2,) (2m)%2E dE density. In this regard we should mention that particles with

zero rest mass can even have group velocities that exceed

whereN.. are the electron/positron number densities, Bnd  in anomalously dispersive med[&3]. Moreover, in non-
the electron/positron distributions. trivial backgrounds, particles with superluminal propagations

Comparing the strong-fiel@7) and the weak-field70)  are not intrinsically forbidden in quantum field theories. For
dispersion relations, we see that the field-dependent corremstance, superluminal photons appear in curved sj8és
tion to the kinetic energy appearing in the strong-field ap-Casimir vacug 35] and in QED with compactified spatial
proximation is absent in the leading order of the weak-fielddimensiong 36]. Discussions about the nonviolation of mi-
case. For a strong-field, that correction turns out to be imporerocausality by the existence of such superluminal velocities,
tant for neutrinos propagating perpendicular to the magnetias well as the lack of a contradiction between such a phe-
field. Another difference between Ed§7) and(70), is that nomenon with the bases of special theory of relativity, can be
in the last dispersion relation the rest enemjy does not found in Refs[33,34,37. There, it was noted that the “front
depend on the magnetic field. This is the pure medium convelocity,” the one related to the index of refraction in the
tribution that gives rise to the well known MSW effd@6]. infinite frequency limit, is the one that cannot exceedince
As discussed above, in the strong-field case, where all pat is related to the signal transmission.
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VI. STRONG FIELD AND LLL APPROXIMATION: barely enough to induce the occupation of just a few of the
NUMERICAL TEST lower electron Landau levels, and one would not be sur-

In the calculation of the neutrino self-energy in the strong—pnsed if the LLL approximation still gives the leading con-

) o X tribution to the dispersion relation.
field limit (My> VB>m,, T, u,|p|) done in Sec. IV, we as- P

d that th . tribution to th i | i To investigate Eq(75) it will be more convenient to in-
sumed that the main contribution to the sefi-energy loop Iai:lependently study the variation range for each coefficient
gram came from electrons in the LLL, since in the strong

NS ratio,
field limit the energy gap between electron Landau levels is

much larger than the electron average energy in the medium.

In this section we will check the validity of these arguments a(T=0)+a(T)
with the help of numerical calculations. %a:a—o_ #a(B=0,T=0),
Taking into account that the relevant physical quantity in
this study is the neutrino energy, we can concentrate our
analysis on the self-energy coefficients that give the largest b(T=0)+b(T)
contribution to the dispersion relation. It is easy to check, "b:a—o_”b(BZO'TZO)* (76)

from the analytical structure of EqR7)—(30), that the lead-

ing term in the expansion of the coefficients in powers of .

1/M2, can be at most of order 3,. Keeping in mind that Wherea(T=0)[b(T=0)] anda(T)[b(T)] are respectively
the only coefficients that could contribute with aig-order ~ the vacuum and thermal contributions of each coefficient
term in the dispersion relatiof) area andb [coefficientsc a(b). Here we subtract the ultraviolet divergent zero-field,
andd appear squared in E¢6) and their contribution to the Z€ro-temperature partg,(B=0,T=0), »,(B=0,T=0), as
dispersion relation should start at least with terms of ordef€y can only contribute, after renormalization, with negli-

1M 3/]7 we can approximate the dispersion relati@ by gible zgro—field terms. The validity of the LLL approximation
should imply thatx,~1 andx,<1 for the range of param-

eters considered. In the first part of this section we examine
p(2)2|p|2—2(a—b)pi_ (74)  the validity of the LLL in the zero-temperature case obtain-
ing  x,(T=0)=a(T=0)/ag—»,(B=0,T=0)~=1, 2,(T
=0)=b(T=0)/ag— »,(B=0,T=0)<1. In the second part,
Then, to validate the LLL approximation we should nu- we do a similar analysis, for the thermal partaffinding
merically study the ratio that »,(T)=a(T)/ag<1, as expected from the theoretical
considerations given in Sec. [gee the discussion below Eq.
a—b (48)]. As this last numerical calculation is performed for
= — (750  magnetic fields that can even be a few orders smaller than
ag—bo’ T2, the resultx,(T)<1 confirms the appropriateness of the
LLL-approximation for a rather wide range of primordial
fields. The analysis of the finite temperature part of coeffi-
cientb[ »,(T)=b(T)/ay] is not explicitly done in the paper,
however, it is not hard to see that it gives rise to a similar
result, that isp,(T)<1.

wherea andb are respectively obtained from Eg&7) and
(28), summing in all the Landau levels and taking paramete
values in the strong-field regiod > VB>m,, T, |p|. The
coefficientsay andbg are the corresponding valuesTt 0
in the LLL. In the denominator of Eq74) we are neglecting
the thermal contributionay(T) andby(T) since they would A. Vacuum contribution
make an insignificant contribution (M/\Z,V-order smaller as If we introduce in expression@7) and (28) the integral
compared with the vacuum ones in the parameter range representations
<M. In Sec. IV, we showed thdbl,=0, and thata, is
given by Eq.(38). 1 o .

The strong-field conditions can be naturally found in ﬁ:j da exp—(g°+ mg)a, (77
many astrophysical systems like magnetars, neutron stars, q +mg Jo
etc. In cosmological applications, however, the viable pri-
mordial fields can never be much larger than the
temperaturé,as according to the equipartition principle, the 1
magnetic energy can only be a small fraction of the universe K+ M\ZN
energy density. This argument leads to the relag®iT?
~O(1). Clearly, this is not a situation very consistent with a )
strong-field approximation. However, even under this condi-&nd take into account the recurrence relafig8|
tion, it is natural to expect that the thermal energy should be

- [Capewp-Germiys, 8

(2) Y% 1(&)= (0 O @i (&), (79

2In cosmology the electric chemical potential is so small that we
can always assume it is zero. in Eq. (28), it is possible to rewrite coefficients’ andb’ as
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—ig%eB

fd4 fd4yf d3qJ’ d3ke i(pyx1— Pl yl)elx (k+q P)*'y (prfk CI)

x f de [ "apte o1 03 Wi 98] (o= 05) (s Po)— (o 03) (P—POI IS, Sy} (80
0 0

2 3/2 R .
pr - 9D fd“ fd“yf d3QJ dBRe— (P11} YD) gix- (k+a=p) +iy - (b’ ~k-0)
(2m)°

ptp'
1+t

X f da J dﬁ[e(qf*mi)“(klz*'\"\zfve&ﬁ pﬁ—iﬂpl}rtsasﬂ]. (81)
0 0 1-—t

Here,S, andS; are found doing the sum in Landau levels with the help of Mehler’s forrfag&

8

2_ ! , t2
=2 alp)ei(p)t=[m(1-t7)]" ”2eXF*<_p zpjexrr%

(82

where t=exp—(2eBa), p=+2eB(x;+0,/eB) and p'=+2eB(y,+0q,/eB). S; is obtained from Eq(82) by replacingt
—>r—exp—(2eBﬁ) p—>§ V2eB(x;—k,/eB) andp’' — &' =+/2eB(y;—k,/eB).
Integrating inX, y, q andk,, and introducing the variable changes— ¢ andy;— &', we find

— B
ar— 19 e —= 2T s (p— p>J d kuf daJ dﬁf d§J de'{eLa=P*rmela— (i + My, ~eB)Bg (¢~ )P/ BB (1 4 r2p)

pf
X(po—p%)—(ko—ks)(pfrpo)+(ko+k3)(p3—po)rzt]S;Sﬁ} (83
2ig%(eB)*’w 2 §+¢' §=¢'
b'= gT54([) p )f zk”f daf dﬂf dgf d¢’ [e [(a=pyp) +m]a (kII+MW_EB)ﬁ 11t po+i 1t P1
+2—pg e i(E-€)p1/\eBrig g (84)
JeB(1+1) «h
where
2_ ’ 2 2
S = [m(1—1?)] YZexp- [£+p2/\eB] 2[5 +p2/Je_B]) exp L& +p2/¢_Bi <t§+p2/J_Bt] -
After Wick rotating to Euclidean space and doing the Gaussian integrads, ik,, ¢ and¢’, we finally obtain
_ cosia+2pB) 5 af . 1
a —phgtm j d“J (a+,3 12 sinf(a+p) ST Mea™ MiBIexp—| - aPT ey T oth(B)P.
(86)
o o 1 sinh(B) apB . 1
[ A 2_2
b'==3%(p=p)g" fo d“fo Bt B) smitar g P e~ MuB)exe—| Coabl R et g P
(87)

where we introduced the normalized parametegs-m./\/eB, p,=p,/\eB, andM=M,,/ eB. Equations(86) and (87)
are as far as we can go in the calculatiora6fandb’ after summing in all Landau levels without using any approximation.
In the zero-field limit the coefficienté86) and(87) reduce to

“B e B Mwﬁ) (89)

_o=bg_o=—5%p— p’)gzwzf daf dg
0 0 +B

B
(arpt o\
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whereM =My /Mg, P,=p, /M.
Our goal now is to investigate the validity of the LLL approximation for the zero-temperature contribution of the coeffi-
cients in the parameters’ rangét,,> \B>m,,|p|. With this purpose, in Figs. 2 and 3 we plot,

—a _ N
x,(T=0)= 829 s logm te[-2,2] (89
and
b—bg_g Al
%b(TZO)Za— VS |Ogm 16[_2,2] (90)
0

respectively. Her@y is the LLL coefficient defined in Eq38). Notice that primed and unprimed variables are related through
a'=(2m)*s(p—p")a, b'=(2m)*s"M(p—p")b.

From Fig. 2 it can be seen that(T=0)~1 when\eB=m,,|p|, while, from Fig. 3, we see that,(T=0)<1 in all the
range 10°m.=<\eB<10°m,. This result corroborates the initial assumption that the LLL approximation gives the leading
contribution to the vacuum part of the neutrino self-energy at strong fiéldgt VB>m,,|p|).

B. Thermal contribution
Let us consider now the finite temperature contributions. The finite temperature part of the coedfiaiant be found in

the following way. We start from Eq83), perform the Wick rotation to Euclidean space, replace the integral in the four-
momentum by the temperature symk,— (27 T)=,_ _., (with k,=27nT), and integrate irks, to obtain

2 o 0 o0 0 a2p2/(a+ﬂ)
a/:y(p_pf)@f daf dﬁJ dff dg/(S;SﬁLe—[(p|)2+m§]a—(MSv—eBwe—i(g—f')pl/E
pHZ 0 0 —o ) e Ja+B

(1+r%t)(p5—p3)+ [(p3+po)+(p3 Po)r2t]+ika[ (P3— Po)r?t—(Ps+Po)]

X (27T) _2 |

x e(a+,3)k§2iap0k4) _

After integrating iné and ¢’, and introducing the elliptic theta functions representaf8]

oo

Os(u/m)= >, exdim(mn?+2nu)] (91)
=
we find
a’'=a+a® (92
where
TG
i arp|™ i
(1) _ 1 ~2 . ~2 12 L
a SMp-p pH daJ' dBsinh “(a+pB) \/TB exp—[pj +mg]a exp—My,B exp— cotha+ coth3
aPs
X a"’ﬁ[ "1 M2(po+ pa) + rtYA(pa—po) 1+ (Pg—PR(r Mt 1/2+rtl/2)}93( 2poTalidnT?(a+B)) (93
and
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2
YA
ex;{ T) p3

2 2\/—T . . .
a®=s%p-— p) f dyf dx sinh™*()) Y ———=——exp-[pf +mZ]y exp— M{(A— )
p? —ipn e e aOy0a(— 2p0T7/|477T2)\)
XX~ iy oty L (Pa Po) T T A bot e 17— (94
In Eqg. (94) we introduced the notation
r=exp-2(A—y), t=exp-2y. (95)
Integrating Eq.(94) by parts and adding the result with E§3), we obtain
g?mnT sinhi 1(\) . - SO, “a .
a'=d%p—p ) 5 E\J/Z— fo dk%[pssinf()\wrpocosr()\)](exp—[—p§+mﬁ]x)ag(—ZpoT)\/i4wT27\)
ok
202 nT sinh i(\) . . - -,
J dx X [pssinh(2X\) + pocosi(2\) J[exp— My ]63(0fi4rTN)
popu 0
202 [nT sinh Y a+B) a? \ .
d f dB———exp— M2 B ex +m exy{ 2
popH f o \/m p— WIB p_[pH e]a a+ B P3
~2 2
p 2apzp - 2ap
X exp— cotha:cothﬁ[ & O[pgcosr(a+2,8)+posml"(a+2,8)] p”cosr(a+2,8)+ (p”+m M‘Z’V)_a+,83
+( : : oL [pasinh(a+2) + pocost{a+28)]+[ pscosi a+2) + posini a+2) ]
- sinh(a cosl{a cosl{a sinh(«
sinffa  sint?B/ [cotha+ coth]? P Po Ps Po
X O5(—2poTali4mwT?(a+ B)). (96)

To isolate the temperature part @f, we have to subtract the zero-temperattuagcuum contribution from Eq(96). With
this aim, we use the Jacobi imaginary transformafi@8]

03(U/T):(\/_iT)_leXF[—iWUZ/T]03(;/—%), (97)
to write

exp—[pa®/(a+B)]
2Tm(a+B)

where the symbo}:ﬁ:_w' means that the term=0 was taken out.
Then, to subtract the vacuum term franh is equivalent to make in Eq96) the following substitution:

03(—2poTalidm T (a+ B))=

. n? Poan
1+ > exp—( _ +Po

nSw AT%(a+B) T(a+p)

1 (98)

exp—[pja?l/(a+B)]

03(—2poTalidmT2(a+ B))— 05— 2poTalidnT(a+ 99
3( pO a ™ (a B)) 3( pO o m (a ﬁ)) ZT\/;\/QTB ( )
Ca fa o, exp-[pgh]
Oa(— 2P TN TATTAN)— O5( — 2P TN 147 TN ) — ————, 100)
3( Po ™ ) 3( Po m ) 2T\/;\/X ( )
05(0fi4mT2N)— 03(0fi 47 T2N) — ; (101
2T\’

which leads to
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2_2 i—

2= st(p—p LT
PoPj

= sinhi(\)
_Jod A

63(—2poTA/i47T2N)

= sinh{(\) . - PO,
fdh—[pgsmh(AHpocosfih)](exrf[—pﬁme])\)

0 A

_ exp-[poA]

2TVm\

R 1

02(0fi 47 T2N) — —

S OATTN) = e Tn

Zaﬁslso
b +1}

[psSinh(2)\) + pocosh2) ) ][ exp— M2 ]

a2

o = sinh Y (a+pB) - . l{
+fo dafo dﬁTﬂexp—[MWB]exp—[p”+me]aex ot B

- p?
Paexp= cotha+ cothB

ORI 2ap3
2, h2 w2y
(P +mg—My) a+,3+

X[ pscostia+2)+ posinh(a+28)]— pfcosi a+28) + _1 - _1 )
sinffa  sint?B

p . . Cor & a7 _exHﬁéazuaw)])
X[cotha+coth,8]2 [posmP(a+2,8)+p3cost(a+23)]]{03( 2poTalidnT(a+B)) % —w(a+,8) .

(102

Equation(102) gives the thermal part of tre¢' taking into  ated by large primordial magnetic fields that eventually be-
account all Landau levels. To compare the thermal and theame the seed8,40] of the galactic fields that are observed

LLL contributions we plot loga(T)/ay vs logT % in Fig. 4.  today at scales of 100 Kdé] and larger. _
From Fig. 4 we see that in all the range of temperatures The effects of primordial magnetic fields on neutrino
considered, the thermal contribution is consistently smallePropagation are of special interest during the neutrino decou-
in several orders than the LLL contribution. This result, Pling era, on which a large number of these particles escaped
along with those obtained in Figs. 2 and 3, imply that the electroweak plasma with the possibility to develop sig-
~1, thereby validating the LLL approximation in the strong nificant oscillations. The strength of the primordial magnetic

and weakly strong field casesM(,> JB>m p|, eB field in the neutrino decoupling era can be estimated from
=T?). In addition, we would like to underlineethe consis- the constraints derived from the successful nucleosynthesis
= . y . . 14

tency of these numerical results with the arguments used iprediction of primordial”He a}bur_ldan_c@fll], as well as on
Sec. IV[see discussion after EG5)], in the sense that the e neutrino mass and oscillation limifd2]. These con-
finite temperature part should be much smaller than thstraints, together with the energy equipartition principle, lead

vacuum contribution. to the relations

2 2 2
VII. APPLICATIONS TO COSMOLOGY me<eB<m,, B/T"~2, (103

AND ASTROPHYSICS
ve/ith m, being the muon mass. Then, it is reasonable to

Two natural environments where the results of the presen -
paper can be of interest are, on one side, stars possessiﬁ sume that between the QCD phase transition epoch and the

large magnetic fieldéneutron stars, magnetars, ¢tand, on Zbgvgfrgﬁcf(o:(s))l/]?(;hﬁj\l/se %e%rrllmc;recil[gjlﬂmagnetlc field in the
the other, the early universe, which presumably was perme= 9 P '

Ra Mo
-log m./\eB 0.07
0.06
0.05
0.04
0.03
0.
-2 -1 1 5> ~log me/~/eB
FIG. 2. Plot of x,(T=0) vs IogrAng1 for field range 10%m, FIG. 3. Plot of x,(T=0) vs IogrAn‘;l for field range 10%m,
<\eB<1(’m, and parameter value$p||=|p,|=10"1y2m,,  <\eB<1(’m, and parameter value$pj|=|p,|=10"1\2m,,
My=10°m,. My=10°m,.
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log (a(T)/ao) In [43] the strong-field effects led to a large anisotropy in the
leptons’ energies. The anisotropy was due to the degeneracy
-6 in the energy, which in the leading order does not depend on
the transverse momentum component. It is in contrast with
" ] 3 5 log (T/VeB) the magnetic field case, which takes place after the elec-
/ troweak phase transition, where, although an anisotropy in
the neutrino energy is also present, no degeneracy occurs
[see Eqgs(61),(62)]. This different behavior is a direct con-
sequence, on one hand, of the nonzero neutrino hypercharge
-14 and hence of the minimal coupling of these particles to the
. hypermagnetic field; and on the other, of their electrical neu-
FIG. 4. Plot of loga(T)/ao) vs log(T) for field range 10°T  (rajity, which implies that they can interact with a magnetic
=<\eB<10°T and parameter valug|=|p,|=10"*\2me, My  field through radiative corrections only.
=10°m,, m.=0.1. We underline that the anisotropy in the energy spectrum

i ) ) of neutrinos in background fields could provide an indepen-
Unlike the stellar material, whose density can be of orderdent way to verify the existence of primordial magnetic

one, we know that the early universe was almost charge SYMYelds, since a field-induced anisotropy would be reflected as

metric, with a particle-antiparticle asymmetry of only an imprint in a yet undetected and elusive cosmic back-

-9 10 . . k
10°"-10"". Therefore, when considering possible conse ground of neutrinos produced during the decoupling era.

guences of our results for the early universe, we should re® : o
strict the discussion to the neutral cage<(0). . For astrophy§|cal .apphcatlons we should. turn our _atten—
ion to the star interiors characterized by high densities of

For the neutral case, it is known that at weak field all thet . 2 .
corrections in the neutrino energy density, whether they de(_:harged particles under strong magnetic fields. As shown in

pend on the field and/or temperature, are second order in the€C: v+ in the charged medium case the strong-field approxi-
Fermi coupling constan{16,12,14, therefore negligible mat|qn gives rise to a qulflcatlon of the'klnetlc part of.the
small. Nevertheless, it can be seen from E64),(62) that if neutrino energyfirst term in Eq.(67)], that is not present in
sufficiently strong magnetic fields were present in the primeleading order at weak fieltEq. (70)] [15]. Due to this new
val plasma, they would yield corrections to the energy denterm the largest field-dependent contribution to the neutrino
sity that are linear in the Fermi coupling constant. Moreoverkinetic energy comes from neutrinos propagating perpen-
as shown in Sec. VI, the strong-field approximation that leddicularly to the field.
to these corrections is reliable even for magnetic fields in a It is worth noticing that the anisotropic term associated
more realistic rangf.e. as those satisfying conditi¢h03)].  with the effective magnetic moment in the dispersion rela-
Notice that a field satisfying Eq103 would be effec- tions(67) and(70) changes sign when neutrinos reverse their
tively strong with respect to the electron-neutrino, but weakdirection of motion. On the other hand, the kinetic energy
for the remaining neutrino flavors. If such a field existedterm in Eq. (67) remains unchanged when the neutrinos
during the decoupling era, it could significantly affect the move in opposite direction, even though it depends on the
veer v, v, andvees v resonant oscillationgl1], as the field  direction of propagation of the neutrinos with respect to the
would differently modify the energy of, compared to those magnetic field. As knowfi32], the anisotropy associated to
of v,, v, and vs. The interesting new thing here is that the magnetic-moment contribution to the neutrino energy can
despmnT the fact that the§e oscillations would take plgce in 8¢ relevant for a possible explanation of the peculiar high
essentially neutral medium, because of the strong field they, isar velocities. It would be interesting to consider the com-
will be as significant as those produced by the MSW mechagne effects of the two different anisotropies to understand
nism [26] in & dense me_\d|um. A pecuha_nty_ of th? SUoNg- \\ hether they could affect the dynamics of proto-neutron
field effects on the neutrino energy density is to give rise tostars
anisotropic resonant oscillations. That is, the oscillation X . o .
Another possible ground of applications of our results is

probability depends on the direction of the neutrino propaga- . .
tion with respect to the magnetic field. supernova neutrinos. Core collapse supernovae are domi-

Another interesting question related to primordial mag_nated by neutrinos and their transport properties. In addition,

netic fields is whether they influenced neutrino propagatiori€ Observation of neutrinos from supernova, which is essen-
prior to the electroweak phase transition, since some of thi@l to confirm the basic picture of supernova explosion, can

their existence at very early epocfiz8]. Before the elec- N this paper, neutrino transport and oscillations can be both
troweak transition a primordial magnetic field could only modified by the presence of a strong magnetic field. Mag-
exist in the form of a (1) hypermagnetic field45]. Any  netic fields as strong as o 10'° G could exist in the first
non-Abelian “magnetic” field would decay at high tempera- seconds of neutrino emission inside the supernova [etiie
tures because it would acquire a nonperturbative infraredhus, the electron-neutrino energy spectrum found in this
magnetic masg?T. The implications of primordial hyper- paper, within the strong-field limit for the charged medium,
magnetic fields in neutrino propagation before the elecshould be considered for any study of neutrino oscillations
troweak phase transition have been studied in Réf344]. under those conditions.

043012-16



NEUTRINO PROPAGATION IN A STRONGLY . .. PHYSICAL REVIEW Y0, 043012 (2004

VIll. CONCLUDING REMARKS A characteristic of the field-dependent corrections to the

In this paper we carried out a thorough study of the prc)papeutnno energy is that they produce an anisotropic index of

. : . ; refraction, since neutrinos moving along different directions
gation of neutrinos in strongly magnetized neutral and ve different field-dependent dispersion relations. We
charged r_nedla. We startgd from the most general structure éﬁould underline that while the magnetic moment interaction
the neutrino self-e_nergy In a magnetic field, expressing it erm produces a maximum field effect for neutrinos propa-
the sum of four independent covariant terms with coeffi-

cients that are functions of the phvsical variables of thegating along the field lines, the field correction to the kinetic
phy > energy does not contribute to those propagation modes, but
theory and whose values depend on the approximation co

sidered. General expressions of the four coefficients at onrb:n the contrary, the maximum kinetic-energy effect takes

loop a ' roximation \F/)vere iven in Eq&27)—(30) eplace for neutrinos propagating perpendicularly to the field
P approxim 9 a N ., direction. We stress that the anisotropy does not differentiate
The coefficients were then calculated in the strong-fiel

L L etween neutrinos and antineutrinos.
limit using the LLL aproximation for the electrons. The LLL The charged medium results reported in the current work

was assumed “3 be yal|q n the parameter ra.mﬁ? VB can be of interest for the astrophysics of neutrinos in stars
>Me,|p|, eB=T" TO.JUSt'fy it one should keep in mind that with large magnetic fields. On the other hand, our finding for
under these conditions most electrons would not hav e neutral medium can have applications in cosmology, if
enough energy to overcome the 9ap between .the Landau le e existence of high primordial magnetic fields is finally
els. Hence, t.hey will t_)e rr_1a|nly confined to their lower Ieve.lsconfirmed. Contrary to some authors’ belja#, 10 that, re-
and the Igadmg contribution would come from the LLL. This ardless of the field intensity, the neutrino dispersion relation
assumption was also corroporated for .the 'above parametel% the early universe is well approximated by the dispersion
range by numerical calculations summing in all Landau IeV'relation in the zero field medium, our results indicate that
els. . . . . . strong, and even weakly strong, magnetic fields can give rise
The dispersion relat|o.n.of the neutrinos was written as 30 a contribution to the neutrino energy that is several orders
function of the four coefficients of the self-energy structures,|arger than the pure thermal contribution.
allowing in this way to straightforwardly obtain the neutri- 51,4 field-dependent correction to the neutrino energy in a
ho's energy in the stro_ng-field limit for e_ach physica_ll CaS€. neutral medium with strong magnetic field can have an im-
In concor_dance W'th. results _prewously ot_)talned Inpact in neutrino flavor-oscillations in the primeval plasma
charged media at weak fiel{s5,14), in the strong-field case 11] and therefore affect primordial nucleosynthesis. Hence,

an energy term associated W'th the Interaction between t is new effect could be important to establish possible limits
magnetic field and the effective magnetic moment was a|S(P0 the strength of the primordial magnetic field

found at leading order iG . This interaction energy disap-

pears in the neutral medium, since in a charged-symmetric

plasma the contribution to the_effecuve magnetic moment ACKNOWLEDGMENTS
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