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Active-sterile neutrino oscillations and pulsar kicks

M. Barkovich, J. C. D’Olivo, and R. Montemayor*
Departamento de Fı´sica de Altas Energı´as, Instituto de Ciencias Nucleares, Universidad Nacional Auto´noma de Me´xico, Apartado Postal

70-543, 04510 Me´xico, Distrito Federal, Me´xico
~Received 24 February 2004; published 18 August 2004!

We develop a thorough description of neutrino oscillations in a magnetized protoneutron star, based on a
resonance layer for neutrinos with different momentum directions. We apply our approach to the calculation of
the asymmetry in the neutrino emission during the birth of a neutron star and the pulsar acceleration in the case
of an active-sterile neutrino resonant conversion. The observed velocities can be obtained with the magnetic
fields expected in the interior of a protoneutron star, for sterile neutrino masses of the order of KeV and small
mixing angles.
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I. INTRODUCTION

The peculiar motion of pulsars is one of the challeng
problems in modern astrophysics. Observations show
young pulsars move with velocities of 200–500 km s21 on
average, much larger than the mean velocity of ordinary s
in our Galaxy (;30 km s21) @1#. This is strong evidence
that pulsars receive a kick during their birth in supernov
explosions, but the physical origin of such an impulse
mains unclear. A natal kick could be a result of global h
drodynamical perturbations in the pre-collapse core of
progenitor star or an anisotropic neutrino emission indu
by the strong magnetic fields in the protoneutron star@2#. A
significant fraction of the pulsar population has velocit
over 1000 km s21 which are difficult to account for assum
ing hydrodynamical kick mechanisms, as numerical simu
tions of supernova explosions indicate.

More than 99% of the gravitational energy released in
collapse is emitted in the form of neutrinos and antineu
nos. A small asymmetry (;1%) in the momentum taken
away by neutrinos could produce an acceleration consis
with the measured pulsar velocities. A particle physics exp
nation of the origin of this asymmetry has been proposed
Kusenko and Segre` ~KS! @3,4#, based on adiabatic flavo
(ne↔nm,t) oscillations in matter, in the presence of a ma
netic field. In a magnetized stellar plasma there are an
tropic contributions to the neutrino refraction index@5,6#,
and thus the resonant transformation of neutrinos movin
different directions with respect to the magnetic field occ
at different depths within the protostar, producing a mom
tum flux asymmetry. With the standard~active! neutrinos, the
mechanism works when the resonance region lies betw
the surface of the two neutrinospheres, but it requires
exceedingly high square mass difference (Dm2*104 eV2),
in conflict with the existing limits for standard neutrinos.

A variant of the idea of KS can be implemented in term
of matter neutrino oscillations between active and non in
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acting~sterile! states@7#, in which case the above mentione
limitation can be avoided. More recently it has been sho
that an asymmetric off-resonant emission of sterile neutri
ns is also a feasible mechanism@8#. In both cases, the rang
of required oscillation parameters~mass and mixing angle!
overlap with the allowed region for sterile neutrinos cons
ered as the cosmological dark matter. Alternative neutr
oscillation mechanisms for the pulsar kick have been p
posed in relation to the possible existence of transition m
netic moments@9#, nonorthonormality of the flavor neutrino
@10#, or violations of the equivalence principle@11#. The
asymmetric neutrino emission could also produce a sh
gamma-ray burst@12# and gravity waves, whose detectio
can help to understand pulsar kicks@13#.

In a previous article@14# we reexamined the viability of
the KS mechanism for resonant active-active neutrino os
lations, and emphasized the relevance of the geomet
(1/r 2) dependence of the energy flux to produce an an
tropic neutrino emission. Following previous works on t
subject, we use the concept of an induced deformation by
magnetic field of an averaged resonance surface, which
as an effectivenm,t neutrinosphere. In this work we analyz
the active-sterile transformations incorporating a more re
istic description in terms of a spherical layer where the re
nant conversion of neutrinos with momentumk moving in all
directions takes place. A geometrical expression for the n
trino flux anisotropy is derived in terms of the ratio of th
thickness of the resonance shell, which depends on the in
sity of the magnetic field and its average position. To qu
tify the effect we apply our results to two simple models f
the protostar atmosphere.

The paper is organized as follows. In Sec. II we analy
the resonant conversion of active neutrinos into sterile n
trinos within the protostar atmosphere in the presence o
magnetic field, and we derive an expression for the thickn
of the resonance region as a function of the magnetic fi
and the medium properties. In Sec. III, on the basis of
reasonable assumption that the neutrino flux is in the di
sive regime, we evaluate the asymmetry of the momen
flux taken out by neutrinos. In Sec. IV concrete results
obtained in the context of two specific models. Section
contains some comments and concluding remarks.
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II. RESONANT ACTIVE-STERILE TRANSFORMATION
IN A MAGNETIZED MEDIUM

Within the neutrinosphere neutrinos are trapped due to
opacity of the medium. This region can be considered
limited by a spherical surface with a radiusRn l

, defined by
the condition that above the surface neutrinos suffer less
one collision@15#

E
Rn l

` dr

ln l

.
2

3
, ~1!

whereln l
is the mean free path of the neutrino of flavorl

5e,m,t. We consider the protostar atmosphere as con
tuted by a degenerate gas of relativistic electrons and a c
sical nonrelativistic gas of nucleons. The main contributio
to the neutrino opacity in such a medium come from
neutral-current scattering reactions@16#

n l1n�n l1n, ~2!

n l1p�n l1p, ~3!

and the charged-current absorption reaction

ne1n�e21p. ~4!

The cross sections for the reactions~2! and ~3! are

sn5
GF

2

4p
~113gA

2 !k2, ~5!

sp5snF12
8 sin2uW

113gA
2 ~122 sin2uW!G , ~6!

where k is the neutrino momentum, sin2uW.0.23, andgA
.1.26 is the renormalization of the axial-vector current
the nucleons. For the absorption reaction we have

sabs54snS 11
Q

k D F S 11
Q

k D 2

2S me

k D 2G1/2

, ~7!

with Q5mn2mp denoting the difference between the ne
tron and the proton masses.

In terms of thermally averaged cross sections, the m
free paths for the electron and muon~tau! neutrino are given
by

lne

215Nn~^sabs&1^sn&!1Np^sp&[kne
k2r, ~8!

lnm,t

21 5Nn^sn&1Np^sp&[knm,t
k2r, ~9!

whereNn,p are the neutron and proton number densities,r is
the baryonic density, andkn l

are the neutrino opacities. In

protoneutron starNn.0.9(Nn1Np) andk@Q, which yields

lne

21.5lnm,t

21 .5Nn^sn&, ~10!

and
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kne
53310225 MeV25, ~11!

knm,t
50.7310225 MeV25. ~12!

Equation~10! implies thatRne
.Rnm,t

, as can immediately be
seen from Eq.~1!.

In the presence of a magnetic field, the effective poten
for an active neutrino propagating in a plasma of electro
nucleons, and neutrinos can be written as@5,17#:

Vn l
5bn l

2ecn
l
k̂•B, ~13!

with the coefficientsbn l
andcn

l
given by @6#

bne
5A2GFFNe1S 1

2
22 sin2uWD ~Np2Ne!2

1

2
NnG1b̃ne

,

~14!

bn
m,t

5A2GFF S 1

2
22 sin2uWD ~Np2Ne!2

1

2
NnG1b̃n

m,t
,

~15!

cne
52A2GFFgAS 112mp

kp

e DCp2gA2mn

kn

e
Cn2CeG ,

~16!

cnm,t
52A2GFFgAS 112mp

kp

e DCp2gA2mn

kn

e
Cn1CeG ,

~17!

wheree.0 is the proton charge,kn,p are the anomalous par
of the nucleon magnetic moments

kn521.91
e

2mn
, kp51.79

e

2mp
, ~18!

and

b̃n l
5A2GFFNn l

2Nn̄ l
1(

l 8
~Nn l 8

2Nn̄ l 8
!G , ~19!

Ce,n,p5
1

2E d3p

~2p!3

1

2E

d

dE
f e,n,p . ~20!

In these equationsNe andNn l
(Nn̄ l

) are the number densitie
of electrons and neutrinos~antineutrinos! of flavor l, respec-
tively and f e,n,p are the distribution functions of electron
protons, and neutrons. Since sterile neutrinos do not inte
with the medium

Vns
5Vn̄s

50,

which means that, unlike the oscillations among active n
trinos, the neutral current contributions toVn l

(Vn̄ l
) play a

relevant role in the MSW equation governing the activ
sterile oscillations in matter.
5-2
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For antineutrinos the potentials change in sign, i.e.Vn̄ l
5

2Vn l
, and in general the transition probability forn l↔ns

will be different for neutrinos and antineutrinos. As a cons
quence, their relative amounts will change, driving the p
tential locally to zero and the mixing angle in matter close
the one in vacuum throughout the protoneutron star@18#. In
this work we will assume that this effect is not importa
because the resonance conversion takes place within a
layer. Under such conditions the kick mechanism happen
described in Ref.@8#.

For relativistic degenerate electronsCe52me/8p2 and
for classical nonrelativistic nucleonsCn,p52Nn,p/8Tmn,p
@19,6#, which gives

cne
.24A2GFS Np

5Tmn
1

3Nn

20Tmn
2

me

16p2D , ~21!

cnm,t
.24A2GFS Np

5Tmn
1

3Nn

20Tmn
1

me

16p2D , ~22!

where we have takenmp.mn . Here T is the background
temperature andme5(3p2Ne)

1/3 is the electron chemica
potential. It should be noticed that in Ref.@7# cne

vanishes
because all the components of the stellar plasma are ass
to be degenerated, and the contributions due to the ano
lous magnetic moment of the nucleons are not includ
These expressions have been derive in the weak-field li
i.e. B!me

2/2e @19#. More general features of the neutrin
propagation in magnetized media, incorporating the effec
strong magnetic fields, have been considered by severa
thors @17#.

The neutrino fractions are much smaller than the elect
fraction Ye5Ne /(Nn1Np);0.1 and, in the context of ou
analysis, the contributions toVn l

coming from the neutrino-

neutrino interactions~denoted byb̃n l
) can be neglected. With

this approximation in mind, and taking into account that
electrical neutralityNe5Np , the coefficients in the effective
potentials become:

bn l
52bn̄ l

.2
GF

A2
~12h lYe!

r

mn
, ~23!

cn l
52cn̄ l

.2A2GFS 31Ye

5Tmn
2

r2j l

me

4p2D ~24!

wherehe53, je51 andhm,t51, jm,t521.
As is shown by Eq.~13!, the electron fraction plays a ver

important role in the case of active-sterile oscillations. T
quantity can be estimated as follows. From the equilibri
condition for the reactione21p�n1ne , takingm

ne
.0 we

have the relationme1mp.mn for the chemical potentials
Hence,Nn5e2(Q2me)/T Np for a non-relativistic nucleon ga
at a temperatureT and
04300
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Ye.
1

11eme /T
, ~25!

where we used the fact thatQ!me for typical densities in a
protoneutron star. The above is an implicit equation forYe ,
which has to be solved numerically oncer andT are known
as a function ofr.

Now we use the effective potentials withbn̄ l
andcn̄ l

given
by Eqs.~23! and~24! to discuss the effect of a magnetic fie
on the active-sterile matter neutrino oscillations. To make
analysis simpler, let us consider the case of two sta
(n l , ns) that are a mixture of the mass eigenstatesn1 andn2.
For a momentumk, a n l will undergo a resonant conversio
into in a ns if the following condition is satisfied:

Dm2

2k
cos 2u5Vn l

U
r 5R(k)

, ~26!

whereu is the vacuum mixing angle andDm25m2
22m1

2 is
the difference between the squares of the neutrino mas
AssumingDm2cos 2u.0, if B50 the resonant condition fo
the electron neutrino~antineutrino! is satisfied whenYe

.1/3 (Ye,1/3). In addition, sinceYe,1 only then̄m,t ~but
not thenm,t) can go through the resonance region. In wh
follows we assume that within the protoneutron starYe
,1/3, so that the resonant condition is verified only for a
tineutrinos.

In a linear approximation, we can write

R~k!5Rr~k!1d~k!k̂•B̂, ~27!

where Rr(k) is the radius of the resonance sphere in
absence of the magnetic field. For a certain value of
magnitude of the momentumk, Eq. ~27! determines a spheri
cal shell limited by the spheres of radiiRr(k)6d(k)B,
where the resonance condition is verified for antineutrin
moving in different directions with respect toB. Using the
expression~13! for Vn̄ l

in Eq. ~26!, we get

dn̄ l
~k!5Dn̄ l

eB, ~28!

where

Dn̄ l
5

1

hbn̄ l

21

cn̄ l

bn̄ l

U
r 5Rr (k)

, ~29!

and we have definedhg
21[(d/dr)ln g for any functiong(r ).

From Eqs.~23! and ~24! we find explicitly

Dn̄ l
5

2

~12h lYe!hr
212h lYehYe

21

3S 31Ye

5Tmn
2j l

mnme

4p2r
D U

r 5Rr (k)

. ~30!
5-3
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By means of Eq.~25!, hYe

21 can be expressed in terms ofhr
21

andhT
21 as follows

hYe

2152~hr
2123hT

21!
12Ye

12Ye1
3T

me

. ~31!

The efficiency of the flavor transformation depends on
adiabaticity of the process. The conversion will be adiaba
when the oscillation length at the resonance is smaller t
the width of the enhancement region. This imposes the c
dition

U dVn̄ l

dr
U

r 5Rr (k)

,S Dm2

2k
sin 2u D 2U

r 5Rr (k)

. ~32!

From Eq.~13! and neglecting the contribution of the ma
netic field we get

tan22u.U 1

bn̄ l

S hr
212

h lYe

12h lYe
hYe

21DU
r 5Rr (k)

, ~33!

with bn̄ l
given by Eq.~23!.

III. NEUTRINO MOMENTUM ASYMMETRY

The energy flux in the atmosphere is radial and de
mined by the diffusive part of the neutrino distribution fun
tion. Consequently, in previous works on the subject
resonance condition has been evaluated in terms of an a
age neutrino momentum^k&5@7p4/180z(3)#T.3.15T
pointing in the radial direction. This procedure leads to
concept of a deformed average surface of resonance, w
acts as the boundary of an effective neutrinosphere. I
more detailed description, at each point of the neutrinosph
we have neutrinos with momentumk pointing in all direc-
tions. Hence, the resonance condition as given by Eq.~26!

actually defines a spherical surface for each value ofk̂"B̂,
which acts as a source of sterile neutrinos moving in thk̂
direction. Accordingly, as we mentioned above, for a givek
the resonant transition takes place within a spherical s
instead of a deformed spherical surface. We will discuss
situation where the resonance shell lies totally within
n̄ l-neutrinosphere. If the mixing angle is small and the ad
batic condition of Eq.~33! is satisfied, then then̄ l are almost
completely converted inton̄s . The outgoing sterile an
tineutrinos freely escape from the protostar, while the in
ing ones propagate through the medium until they cr
again the resonance surface and are reconverted inton̄ l ,
which are thermalized. In consequence, only thosen̄s going
outward leave the star and the resonance surfaces for
momentum direction act as effective emission semisphe
For k pointing in opposite directions the respective sem
spheres are atRr(k)6d(k)kB and therefore have differen
areas, which generates a difference in the momentum ca
away by the sterile neutrinos leaving the star in oppo
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directions. This difference adds up to building a nonvani
ing asymmetry in the total momentumK emitted by the cool-
ing neutron star, which we now compute explicitly in term
of the whole neutrino distribution function.

Within the neutrinosphere then̄ l satisfy the diffusion re-
gime @14,20# with a distribution function

f
n̄ l

5 f
n̄ l

eq2
1

kn̄ l
rk3

k•“ f
n̄ l

eq , ~34!

where f
n̄ l

eq5(11ek/T)21 is the distribution function at equi

librium. We have again assumed that the neutrino chem
potential is negligible. The momentum flux emitted in th
radial direction is

dFr5
k̂"r̂

~2p!3
f

n̄ l

kd3k. ~35!

Let us now adopt a reference frame (x,y,z) fixed to the star,
where the magnetic field coincides with thez-axis,B5Bẑ. In
addition, at each point within the spherical shell determin
by Eq.~27! we use a local frame (x8,y8,z8) with r̂5 ẑ8, such
that k̂5cosu8ẑ81sinu8cosf8x̂81sinu8sinf8ŷ8. In this way
the total momentum carried away by then̄ l can be expressed
as

kr5
1

~2p!2E0

`

k3dkE
0

p

sinuduE
0

p/2

sinu8du8

3E
0

2p

df8R2~k! f
n̄ l

k̂"r̂ ~36!

5
1

2pE0

`

dkk3Rr
2~k!S f

n̄ l

eq2
2

3k
n̄ l
rk2

d f
n̄ l

eq

dr D .

~37!

The momentum emitted in direction of the magnetic fieldkB

is calculated in a similar manner, withk̂"r̂ replaced byk̂"B̂
5cosu cosu82sinu sinu8sinf8:

kB5
2

3pE0

`

dkk3Rr~k!d~k!S f
n̄ l

eq2
1

2k
n̄ l
rk2

d f
n̄ l

eq

dr D ,

~38!

where we have used Eq.~27! keeping at most terms that ar
linear in d(k).

In terms of the above quantities then̄ l contribution to the
fractional asymmetry in the total momentum becomes

DK
K 5

1

6

kB

kr
, ~39!

where the factor 1/6 comes from the fact that we are ass
ing thatK is equipartitioned among all the neutrino and a
5-4
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tineutrino flavors. In order to evaluate the remaining in
grals in Eqs.~37! and ~38! we need to know the explici
dependence onk of the functionsRr andd. Simple analytical
results can be derived by replacing these functions by t
values at the average momentum^k&. Proceeding in this
manner we get

kr5
pRr

2

48 S 7p2T4

5
2

4

3k
n̄ l
r

dT2

dr D , ~40!

kB5
pRrd

36 S 7p2T4

5
2

1

k
n̄ l
r

dT2

dr D . ~41!

In these expressions the terms that depend ondT2/dr come
from the diffusive part of the distribution function. In th
regime considered here they happen to be smaller than
first terms and we will discard them. This can be verified
the context of specific models like the one considered in
next section. Using this approximation, we finally obtain

DK
K .

2

9

d

Rr
, ~42!

which is four times bigger than the asymmetry we derived
assuming a single~deformed! resonance surface@14#. This
means that if Eq.~42! were applied to the case of active
active oscillations, when the resonance shell is at the bo
of the electron neutrinosphere, we would obtainB.7.5
31015 G for the intensity of the magnetic field required
produce the observed pulsar velocities.

Up to this point we have considered the resonant osc
tion between a sterile antineutrino and an active antineut
of a given flavor. The observational evidence indicates t
active neutrinos mix. Furthermore, it is reasonable to ass
that the three active antineutrinos could be mixed with
sterile ones. Consequently, the situation can be more com
cated than the simple pairwise neutrino oscillation alrea
discussed. In general different mixing schemes will ren
gives different results for the magnetic field, but these res
will differ in factors of the order of the unity. Therefore, t
make an estimation of the magnetic field we will consid
the simplest possible scheme, in which the mixing betw
active neutrinos is neglected and pairwise oscillation w
the sterile ones are taken. In this context the total momen
asymmetry can be written

DK
K .

2

9 S dn̄e

Rr n̄e

12
dn̄m,t

Rr n̄m,t

D . ~43!

In what follows we will make the calculation for the active
sterile conversion in the framework of this approximation
assuming that all the resonance layers are entirely within
nm,t-neutrinosphere.

IV. NUMERICAL RESULTS

Taking into account the total momentum emitted by t
protostar, to have the required kickDK/K must be of the
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order of 0.01. Inserting this value for the momentum asy
metry on the left hand side of Eq.~43! we see thatdn̄ l

;0.015Rr n̄ l
, which means that the thickness of the res

nance shell is of the order of one hundred of meters. Fr
Eqs.~28! and ~43!, usingRr n̄e

.Rr n̄m,t
.Rr , we find

eB50.045
Rr

Dn̄e
12Dn̄m,t

. ~44!

The magnitude of the magnetic field needed to produce
kick can be evaluated from this result and Eq.~30!, once the
temperature and density profiles are known. In this sec
we will perform this calculation for two simple models of
protoneutron star atmosphere. One of them is the sphe
Eddington model@14# and the other is the one introduced
Ref. @21#, on the basis of a fitting of numerical results.

The Eddington model@20# gives a satisfactory descriptio
of a neutrinosphere locally homogeneous and isotropic, w
a conserved energy flux. In the case of a protoneutron
the results are in reasonable agreement with those obta
by numerical analysis. For a spherical geometry the mo
was developed in Ref.@14#, where the reader is referred fo
details. Here we summarize those features that are rele
for our analysis. The atmosphere of the protostar is descr
as an ideal nucleon gas in hydrostatic equilibrium

P5
rT

mn
, ~45!

dP

dr
52r

GM~r !

r 2
, ~46!

with M (r )54p*0
r dr8r 82r(r 8). The total neutrino momen

tum flux satisfies the diffusion equation

F~r !52
1

36

1

k̄r~r !

d

dr
T2~r !, ~47!

wherek̄5(k
n̄e

2112k
n̄m,t

21 )2153310226 MeV25, and the flux

conservation

F~r !5
Lc

4pr 2
, ~48!

whereLc is the luminosity of the protostar. Equation~47! is
obtained from Eq.~35! by integrating over the momentum.

The above system of equations has no exact analy
solution. However, a good approximate solution has b
found in Ref.@14#. It allows us a consistent treatment, fro
which we obtain the following expressions:

hT
2152

lc

12a

Rc

r 2

Tc

T S 12
Tc

2

T2
aD , ~49!

hr
211hT

2152
GmnM ~r !

r 2T
, ~50!
5-5
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with lc5(9kLcrc)/(2pTc
2Rc). Hererc andTc are the den-

sity and the temperature at the radius of the coreRc , anda is
a function of the temperature

a512
1

ac
2

Tc2T

Tc2Ts
S 12

1

ac
2

Ts
2

Tc
2D , ~51!

whereac5(GMcmn)/(2lcTcRc) and Ts is the asymptotic
value of the temperature. In Fig. 1 we show the result
profiles forr(r ), T(r ), andM (r ), corresponding to a con
figuration like the one considered in Ref.@14#: Mc5M ( ,
Rc510 km, Lc5231052 erg s21, rc51014 g cm23, Tc
540 MeV, andTs54.8 MeV. In the same figure, we plo
Ye(r ) as obtained by solving Eq.~25! at every point in the
atmosphere.

According to Eq.~10! the electron neutrino mean fre
path is

ln̄e
.8S rc

r D S Tc

T D 2

cm. ~52!

The radius of the neutrinosphere is estimated by inserting
above expression into Eq.~1! and evaluating the resultin
integral numerically, the result isRn̄e

.2.6 Rc . This yields

r(Rn̄e
).1.331011 g cm23, T(Rn̄e

).Ts , and Ye(Rn̄e
).0.1

which are in good agreement with typical values for the el
tron neutrinosphere in a protoneutron star. In the same w
for the muon~tau! neutrino we getRn̄m,t

.2.2 Rc .
Using Eqs.~48! and~47!, the magnitude of the ratio of th

second and the first terms in Eq.~40! is (Lckn l
)/(3k̄T4r 2),

which varies between 1024 and 1021 for Rc<r<Rn̄m,t
.

Therefore, the approximation done in writing Eq.~42! is jus-
tified and the intensity of the magnetic field required to p
duce the pulsar kick can be evaluated from Eq.~44!. As
shown in Fig. 2, at the surface of the coreBc.831016 G
andB remains approximately constant when the position

FIG. 1. Characteristic profiles for the Eddington model. T
different functions are normalized to the corresponding value at
core:Rc510 km, Tc540 MeV, rc51014 g cm3, Mc51 M ( , and
Yec50.08.
04300
g

e

-
y,

-

f

the resonance moves through the protostar atmosphere
cording to Eq.~26!, in the intervalRc<Rr<Rn̄m,t

the al-

lowed values of the oscillations parameters are 109 eV2

*Dm2cos 2u*106 eV2, that for small mixing leads to
30 KeV* ms*1 KeV. From Eq.~33! it can be seen tha
transitions will be adiabatic for tan22u.7310212 at Rr
5Rc and tan22u.331029 at Rr5R

n̄m,t
.

In the second model, both the baryon density and
temperature profiles follows simple potential laws and
related according to@21#

r5rcS T

Tc
D 3

. ~53!

From this expression we see thathr
2153hT

21 , which in turn
implies thathYe

2150 @see Eq.~31!#. As a consequence, th

electron fractionYe and also the ratiome /T remain constants
in the protostar atmosphere. Employing the same set of c
parameters than in the preceding model we haveYe50.08
and me /T52.5. In what follows, for the density profile we
user5rc(Rc /r )4, which giveshr

21524/r , and the border

of the n̄m,t-neutrinosphere is located atr(Rn̄m,t
)

.1012 g cm23, that corresponds toRn̄m,t
.3 Rc and

T(Rn̄m,t
).9 MeV. The ratio of the diffusive term to the iso

tropic term in Eq.~40! can be expressed as 1024(r /Rc)
17/3

and the approximation~42! for DK/K is also valid in this
model. Taking these results into account and, from Eqs.~29!
and ~44! the following simple expression can be derived f
the required magnetic field:

B5331017S 110.09
Tc

T D 21 T

Tc
G, ~54!

e

FIG. 2. Magnetic field required to produce the kick,B, for the
Eddington model and the expected maximum magnetic field,BPNS,
as functions of the resonance radius and normalized to the
required at the core,Bc5831016 G.
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ACTIVE-STERILE NEUTRINO OSCILLATIONS AND . . . PHYSICAL REVIEW D70, 043005 ~2004!
with T5Tc(Rc /r )4/3. Now the intensity of the magnetic fiel
decreases monotonically from 331017 G at Rr5Rc to 5
31016 G atRr5Rn̄m,t

. The allowed range for the sterile neu
trino mass is similar to the one derived in the case of
Eddington model, while the requirement that the reson
conversion be adiabatic imposes the condition tan22u*3
310211(Rr /Rc)

3 on the mixing angle.
A comment is in order. Our results have been derived

the basis of the weak field limit for the effective neutrin
potentials in a magnetized medium. As it has been alre
mentioned in Sec. II, this approximation is valid whenev
B!me

2/2e. In one of the examples~the Eddington model!
this constraint is verified in the interior but not in the extern
region of the protostar. A more careful treatment would
quire to incorporate the effect of strong magnetic fields alo
the lines examined in Ref.@19#.

V. FINAL REMARKS

We have reexamined the anisotropic momentum emis
by a nascent neutron star driven by the resonant neut
conversion in presence of strong magnetic fields. The p
tostar atmosphere was modeled by a nonrelativistic nuc
gas and a degenerated electron gas. We elaborate the co
of a resonance spherical shell for neutrinos with a given m
mentumk moving in different directions relative toB. This
concept provides a more precise description of the prob
than a deformed spherical surface for neutrinos with an
erage radial momentum. An important ingredient for the
istence of the effect is that the ingoing neutrinos beco
thermalized. For active-active neutrino oscillatio
(ne↔nm,t) the thermalization proceeds by any of the follow
ing reasons: either because the ingoingnm,t moving toward
the interior of the protoneutron star enter their own neutri
sphere, or because they cross again the resonance regio
are reconverted intone , which are now within their neutri-
nosphere. For sterile neutrinos solely the second proce
effective. In any case only the outgoing neutrinos contrib
to the total momentum flux. The difference in the areas of
semispherical emission surface for neutrinos moving in
posite directions with the same momentum magnitude or
nates a non null fractional asymmetry in the total mom
tum. We apply our approach to the study of the generation
a natal pulsar kick through then̄ l↔ n̄s oscillations. The kick
was calculated in a two simple model for the stellar atm
sphere and in both cases a magnetic field of the orde
1017 G is required to produce the observed velocities. T
ranges of the mass and the mixing angle are compatible
J
t.
-
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a massive sterile neutrino as a warm dark matter candi
@22#. Fields of this magnitude are possible in protoneutr
stars. For example, magnetic fields of the order of 1018 G
have been considered in the literature for the central reg
@23#, with a dependence in the baryon density parametri
as @24#

BPNS5Bs1Bc@12e2b(r/rs)
g
#, ~55!

with b51025 and g53. In Eq. ~55! rs51011 g cm23, Bs
51014 G, andBc51018 G are the strengths of the magnet
field at the surface and the core, respectively. For comp
son, in Figs. 2 and 3 we have also shown the magnetic fi
as given by Eq.~55!. Taking this curve as an upper value
the magnetic field in the protostar, we see that the reson
neutrino transformation could be an effective mechanism
the pulsar kick in most of the neutrinosphere.
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FIG. 3. Magnetic field required to produce the kick,B, for the
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as functions of the resonance radius and normalized to the
required at the core,Bc5331017 G.
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