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Nearly minimal magnetogenesis

Tomislav Prokopec* and Ewald Puchwein†
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~Received 18 March 2004; published 18 August 2004!

We propose a new mechanism for magnetic field generation from inflation, by which strong magnetic fields
can be generated on cosmological scales. These fields may be observable by cosmic microwave background
radiation measurements, and may have a dynamical impact on structure formation. The mechanism is based on
the observation that a light nearly minimally coupled charged scalar may be responsible for the creation of a
negative photon mass squared~provided the scalar field coupling to the curvature scalar is small but negative!,
which in turn results in abundant photon production—and thus in growing magnetic fields—during inflation.
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I. COSMOLOGICAL MAGNETIC FIELDS

There is growing evidence that magnetic fields perme
intergalactic medium@1–4#. The galactic a-V dynamo
mechanism@5# represents the standard explanation, acco
ing to which small seed fields in protogalaxies are magnifi
to a microgauss strength correlated on kiloparsec scales
served today in many galaxies. Yet the dynamo does po
as regards explaining the observed cluster fields, which
typically correlated over several kiloparsecs and can reac
microgauss strength. On larger scales the field strength d
quite dramatically, and it is characterized by a negative sp
tral index between21.6 and22 @4#, consistent with the
Kolmogorov spectrum of turbulence.

The seed field that fuels the dynamo, which amplifies
galactic ~and possibly cluster! fields, has either primordia
origin or it was created by the Biermann battery mechani
operative at the time of structure and galaxy formation, wh
the Universe was about one billion years old@6–8#. The
Biermann battery mechanism is operative in the presenc
oblique shocks, which generate nonideal fluid that viola
proportionality between the gradients of pressure and en
density. Such a fluid can produce the vorticity required
the generation of seed fields, whose strength is typically
the order 10220 gauss. While in the protogalactic environ
ments these seed fields may be sufficiently strong to fuel
galactic dynamo mechanism, whether they can be use
explain the observed cluster fields is a highly controver
question. Moreover, these fields may be insufficiently stro
to explain the galactic fields observed in a couple of galax
at higher redshifts@1,2#.

The quest for the fields correlated on much larger sca
has so far been unsuccessful. A notable exception is the
sult of Ref. @9#, where a local field of about 1028 gauss
correlated on megaparsec scale is quoted. If established
existence of extragalactic fields would point at a primord
origin. Perhaps the most promising method for detecting
mordial fields correlated over supragalactic scales is thro
their impact on the cosmic microwave background radiat
~CMBR! @10,11#, and possibly through their dynamical influ
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ence on large scale structure and galaxy formation. The
rent upper bounds from the CMBR are of the order 1029

gauss, while the bounds from structure formation are so
what weaker. Fields stronger than about 1025 gauss at the
time of galaxy formation~which correspond to about 1029

gauss comoving field strength! are dynamically relevant.
In this article we propose a novel mechanism for gene

tion of large scale magnetic fields during cosmological infl
tion. Our mechanism is based on a model with a rather m
mal set of assumptions: We study the dynamics of~one-loop!
quantum scalar electrodynamics@12–16# in cosmological
space-times, which can be naturally embedded into the s
dard model~where the role of the scalars is played by t
charged components of the Higgs field!, or into supersym-
metric extensions of the standard model~the charged scalar
are the sypersymmetric partners of the standard model
mions!.

II. SCENARIO

We assume a standard model of the Universe, in whic
period of inflation is followed by radiation and matter era
The background space-time during inflation can be ac
rately approximated by the de Sitter metric,gmn5a2hmn

(hmn5diag@21,1,1,1#) with the scale factora521/(Hh)
~for h,2hH[21/H), where h denotes conformal time
andH the inflationary Hubble parameter. After inflation th
Universe undergoes a sudden transition to radiation dom
tion, in which a5Hh ~for h.hH). When inflation lasts a
sufficiently long time, such that a de Sitter invariant soluti
is established, the dynamics of photons that couple tolight
scalar particles, which in turn couplenearly minimally to
gravity, can be described by the Proca Lagrangian@12#

LProca52
1

4
hmrhnsFmnFrs2

1

2
a2mg

2hmnAmAn1O~s0!,

~1!

whereFmn5]mAn2]nAm . The photon mass is given by

mg
25

aH2

ps
, s5

mF
2 1jR
3H2

, ~2!
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wherea5e2/4p is the fine structure constant,R512H2 is
the curvature scalar of de Sitter space,mF is the scalar mass
andj describes the coupling of the scalar field toR. When
0,mF

2 !H2 and21/12!j,0, boths andmg
2 can be nega-

tive. We emphasize that there is nothing pathological ab
this limit. Indeed, the de Sitter invariant~Feynman! scalar
propagatoriDF(x,x8)[GF(y) in D54 reads@12#

GF~y!5
H2

4p2 H 1

y
2

1

2
ln~y!1

1

2s
211 ln~2!1O~s!J ,

~3!

wherey(x;x8)[aa8H2Dx2(x;x8) denotes the de Sitter in
variant length, and Dx2(x;x8)52(uh2h8u2 i e)21ixW

2xW8i2, e→01, such that a negative smalls introduces
negative, but finite, correlations, which are at the heart of
mechanism discussed in this article.

The Lagrangean~1! was derived in Ref.@12# by expand-
ing in powers of us u!1 the one-loop~order a) nonlocal
effective action written in the Schwinger-Keldysh formalism
In Ref. @12# we proved that, when written in the generaliz
Lorentz gauge]m(a2hmnAn)50 at the orderO(a,s21), the
effective action reduces to the Proca theory~1!.

Due to spatial homogeneity, the general solution for
photon field of the Proca equation can be conveniently w
ten as a superposition of spatial plane wavesAm(x)
5«m(kW ,h)eikW•xW, where«m5(«0 ,«W ). Then«0 is nondynami-
cal and just traces the spatial components. The spatial c
ponents correspond to the three physical degrees of freed
and can be decomposed into longitudinal«W L,kW[kW (kW•«W )/kW2

and transverse part«W T,kW[«W 2«W L,kW . From Eq.~1!, one finds
the following equation of motion for the transverse polariz
tion «W T,kW during inflation:

~]h
21k21mg

2a2!«W T,kW~h!50, ~4!

wherek[ikW i . Demanding that the solution of this equatio
corresponds to a~circularly polarized! vacuum state forh
→2`, one finds«W T,kW(h)5AkW(h)(eW kW

1
1 i eW kW

2)/A2, whereeW kW
T

(T51,2) are the transverse polarization vectors and

AkW5
1

2
~2ph!1/2Hn

(1)~2kh!, n5A1

4
2

mg
2

H2
, ~5!

where Hn
(1) is the Hankel function. The second solution

simply «W T,kW
* (h), such that the WronskianW@«W T,kW ,«W T,kW

* #5 i .

III. VANISHING CONDUCTIVITY

When conductivity in the radiation era is negligibly sma
a smooth matching of the inflationary epoch solution~5! to
the radiation era modes

AkW
6

~h!5
1

A2k
e7 ikh ~6!
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leads to the radiation era solution~cf. Ref. @17#!. By match-
ing Eq. ~5! to a linear combination of these solutions, o
finds

A05akAkW
1uh5hH

1bk* AkW
2uh5hH

, ~7!

A 085ak~]hAkW
1

!uh5hH
1bk* ~]hAkW

2
!uh5hH

, ~8!

whereA0[AkWuh52hH
andA 08[(]hAkW)uh52hH

. Solving for

ak ,bk* gives

ak5
A01~ i /k!A 08

2AkW
1uh5hH

, bk* 5
A02~ i /k!A 08

2AkW
2uh5hH

, ~9!

such that the gauge field evolves in the radiation era as

AkW~h!5A0 cosk~h2hH!1
A 08

k
sink~h2hH!~h.hH!.

~10!

For modes that are superhorizon at the end of inflationk
!H) one can use the small-argument expansion of the H
kel functionHn

(1)(k/H) to get ~for n.0)

A052 i
G~n!

A2p
~2H !n2 1/2k2n1O~kn,k2n11!, ~11!

A 085S n2
1

2DHA0 , ~12!

This result is used below to calculate the magnetic field sp
trum in the radiation era. Since matter era is a conform
space-time, the fields~as well as their spectra! in the matter
era are inherited from the radiation era fields~10!.

IV. LARGE CONDUCTIVITY

An opposite extreme is a sudden increase of conducti
in radiation era, which occurs, for example, in the case o
rapid thermalization after inflation, resulting in a large~ther-
mal! conductivity. To leading logarithm~squared! in the cou-
pling constant, the evolution of the photon field is then go
erned by the Bo¨deker-Langevin equation@19#

~as]h1k2!«kW
T
~h!5a3jT~kW ,h!, ~13!

where«kW
T is defined by«W T,kW5(T«kW

T
eW kW

T . The stochastic force
jT satisfies the following Markowian fluctuation-dissipatio
relation:

^jT~kW ,h!jT8* ~kW8,h8!&5
2sT

a4
~2p!3dTT8d~h2h8!

3d (3)~kW2kW8!, ~14!

whereT denotes the equivalent temperature~average energy
of the plasma excitations!. The factora3, which multipliesjT

in Eq. ~13!, can be inferred from the fact that the transver
4-2
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NEARLY MINIMAL MAGNETOGENESIS PHYSICAL REVIEW D 70, 043004 ~2004!
components of the current density are given byj T5sET

1jT, and from the transformation properties of the cond
tivity and the electric field. Equation~13! can be easily inte-
grated,

«kW
T
~h!5E

hH

h
expS 2E

h8

h
dh9k2/~as! D a2jT

s
dh8

1expS 2E
hH

h k2

as
dh8D «kW

T
~hH!. ~15!

Using this and Eq.~14! one can derive the equal time co
relator

^«kW
T
~h!«kW8

T8* ~h!&

5E
hH

h
dh8 expS 22E

h8

h
dh9

k2

as D 2T

s
~2p!3

3dTT8d (3)~kW2kW8!

1expS 2E
hH

h
dh8

k21k82

as D «kW
T
~hH!«kW8

T8* ~hH!. ~16!

Assumings,T}1/a ~which is justified in and close to ther
mal equilibrium!, one can perform the integrations to obta

^«kW
T
~h!«kW8

T8* ~h!&

5
aT

k2
@12e2(2k2/as)Dh#~2p!3dTT8d (3)~kW2kW8!

1expS 2
k21k82

as
Dh D «kW

T
~hH!«kW8

T8* ~hH!,

~17!

where Dh5h2hH , such that the spectrum is neatly sp
into the thermal and primoridial contribution.

V. MAGNETIC FIELD SPECTRUM

When suitably averaged over a physical scale,ph5a,,
the magnetic field operator can be defined as

BW ,~h,xW ![E d3yW~xW2yW ,, !BW ~h,yW !, ~18!

where W denotes a coordinate space window functio
which, e.g., can be chosen asW5@2p,2#23/2

3exp@2uuxW2yWuu2/(2,2)#, and

BW ~h,yW !5
1

a2E d3k

~2p!3
ikW3(T

@AkW~h!eW kW
T
eikW•yW âKW

T
2H.c.#.

~19!
04300
-

,

The creation and annihilation operatorsâKW
T† and âKW

T obey the

commutation relation,@ âKW
T ,âkW8

T8†
#5(2p)3dTT8d (3)(k2W kW8),

and âKW
T u0&50. When~18! is squared and averaged over t

vacuum state, one arrives at

^BW ,
2~h,xW !&[E dk

k
uWu2PB , PB5

1

a4

k5

p2
uAKW ~h!u2,

~20!

where PB5PB(h,k) defines themagnetic field spectrum,
andW(,,k)5*d3zW(zW,h)exp(ikW•zW) is the momentum spac
window function@W5exp(2k2,2/2̄) for the coordinate space
window functionWmentioned above#.

When conductivity is vanishingly small, the spectrum
radiation era can be calculated by inserting Eqs.~10!–~12!
into ~20!. The result is~whena@1)

P B.
1

a4

G2~n!

~2p!3

~2H !2n11

k2n23 S n2
1

2D 2

sin2@k~h2hH!#,

~21!

such that on superhorizon scaleskh!1 the spectrum~21!
P B}k522n, and on subhorizon scales the spectrum is os
latory, with the envelope scaling asP B}k322n. This spec-
trum is shown in Fig. 1 on a log-log plot. Note that sca
invariance is reached fornflat55/2 ~superhorizon scales!
nflat53/2 ~subhorizon scales!.

In the limit of a large conductivitys, the magnetic field
spectrum can be split into the contribution from thermal e
citations and the primordial contribution. A new scale aris
in Eq. ~17!, associated with the momentum

ks5AsH/2, ~22!

which we refer to as theconductivity scale. The thermal
spectrum can be inferred from~17!: In the ultraviolet PB

th

}k3 (k@ks), while in the infraredPB
th}k5 (k!ks), imply-

FIG. 1. Magnetic field spectrum in radiation era~21! for van-
ishing conductivity on a log-log scale forn51 andn53/2. ~Nor-
malization is arbitrary.!
4-3
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ing that thermal excitations give rise to fields of negligib
strength on cosmological scales~see Ref.@17#!.

The primordial contribution to the spectrum can be o
tained from Eqs.~11!, ~17!, and~20!,

P B
prim.

1

a4

G2~n!

2p3

~2H !2n21

k2n25
expS 2

2k2

Hs
~12a21! D ,

~23!

such that the spectrum is exponentially cut off whenk
.ks . The flat spectrum is reached fornflat55/2 for k,ks .
This spectrum is shown in Fig. 2 on a log-log plot. Sin
typically in radiation eras;T@H/a (a@1), ks,ph[ks /a
@H(t)5H/a2, implying that a rapid growth in conductivity
after inflation freezes out large scales magnetic fields
destroys the small scales fields~electric field spectrum is
completely destroyed!, such that no oscillations are prese
on subhorizon scales. Thus, the absence or presence of
horizon oscillations, and observation of a conductivity sca
can be testing grounds for the conductivity history duri
radiation era.

VI. DISCUSSION

The spectrum~21! can be thought of as a function of th
scalar coupling to gravityj and its massmF , which are
fundamental parameters characterizing a scalar field. To
lustrate this point more precisely, we show in Fig. 3 t
spectral indexn5322n characterizing the spectrum env
lope of P B}kn in Eq. ~21! on subhorizon scales,k/a
.H(t) @or B,[^BW ,

2&1/2},2n/2 (nÞ0), B,}2 ln(,) (n50)
in Eq. ~20!#. Between j5jcrit[2mF

2 /(12H2) and j5j3

[(a/p)2mF
2 /(12H2), n53, equal to that of thermal spec

trum. Abovej.j3 , n drops, reaching an asymptotic valu
n→n`52 whenj→`. The spectral index on superhorizo
scales is obtained simply by replacingn12→n5522n.
When compared with the vacuum spectrum,P B

vac}k4 (k
,H), a spectrum withnP(2,3) exhibits an enhancement o
magnetic fields on subhorizon scales, which is due to a c
version of the electric energy~which is enhanced during in
flation! into the magnetic energy during radiation era. T

FIG. 2. Magnetic field spectrum in radiation~23! when a large
conductivity sets in rapidly after inflation on a log-log scale forn
51 andn55/2. ~Normalization is arbitrary.!
04300
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conversion is efficient provided the radiation era is char
terized by a low conductivity. This mechanism was used
Refs.@12–18# to argue that a spectrumB,},21 can be ob-
tained from inflation, which could be sufficient to seed t
galactic dynamo mechanism.

WhenjP(2`,jcrit), however, gauge fields exhibit insta
bility and are enhanced during inflation, such that the sp
tral index of subhorizon modes drops fromn52 whenj→
2`, to flat spectrum (n50), when

jflat52
a

8p
2

mF
2

12H2
, ~24!

to n,0, whenjP(jflat ,jcrit). A negative spectral indexn
<22 would imply a growth in magnetic field energy durin
inflation, resulting in a divergent magnetic~and electric! field
energy, as it can be inferred from Eqs.~21!, ~23!, and ~20!,
with W51. A proper study of this case would require a
inclusion of backreaction of the electromagnetic field on
background space-time, which is beyond the scope of
article. A spectral indexn.22 on subhorizon scales~or n
.0 on superhorizon scales!, results in an acceptable mag
netic field spectrum on cosmological scales, whose dyna
cal impact on CMBR and large scale structure format
should be considered.

Spectrum normalization today can be determined fr
magnetic field strength at a co-moving scale correspond
to the Hubble scale at the end of inflation (k5H). At the
co-moving inflation scale,H;3 m;10216 parsec~corre-
sponding toH;1037 Hz;1013 GeV) the field strength is
aboutBH;10212210211 gauss@20#. Therefore, if the spec-
trum is ~almost! flat, the magnetic field is potentially observ
able by the next generation of CMBR experimen
~PLANCK satellite!, as well as of importance for the dynam
ics of large scale structures of the Universe.
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FIG. 3. Spectral indexn for subhorizon modes in the low con
ductivity case@cf. Eq. ~21!# as a function of the scalar coupling t
gravity j ~with a51/137 and the scalar massmF

2 51023H2).
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