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LISA observations of rapidly spinning massive black hole binary systems

Alberto Vecchio
School of Physics and Astronomy, The University of Birmingham, Edgbaston, Birmingham B15 2TT, United Kingdom
(Received 28 February 2003; published 17 August 2004

Binary systems of massive black holes will be detectable by the Laser Interferometer Space Ari@Ana
throughout the entire Universe. Observations of gravitational waves from this class of sources will have
important repercussions on our understanding of the behavior of gravity in the highly nonlinear relativistic
regime, the distribution and interaction of massive black holes at high redshift, and the formation and evolution
of cosmic structures. It is therefore important to address how accurately LISA can measure the source param-
eters and explore the implications for astronomy and cosmology. Present observations and theoretical models
suggest that massive black holes could be spinning, possibly rapidly in some cases. In binary systems, the
relativistic spin-orbit interaction causes the orbital plane to precess in space, producing a characteristic signa-
ture on the emitted gravitational waves. In this paper we investigate the effect of spins on the gravitational
wave signal registered at the LISA output—we provide ready-to-use analytical expressions of the measured
signal—and the implications for parameter estimation. We consider the inspiral phase of binary systems in
circular orbit undergoing the so-called “simple precession” and we approximate the gravitational radiation at
the restricted posf-Newtonian order. We show that the presence of spins changes dramatically the signature
of the signal recorded by LISA. As a consequence, the mean square errors associated with the parameter
measurements are significantly smaller than the ones obtained when the effect of spins is neglected. For a
binary system of two 1M black holes, the angular resolution and the relative error on the luminosity
distance improve by a factor 6f 3—10; the fractional errors on the chirp mass and the reduced mass decrease
by a factor of~10 and~1C®, respectively.
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[. INTRODUCTION between host velocity dispersion and black hole mass is con-
sistent with the one observed locall§0]. The present day

Binary systems of massive black holes in the mass rangpopulation of MBHSs is therefore likely to be the dormant
10°M »—10'M, are among the most spectacular sources thatemnant of those earlier activities. Two black holes are
will be observed by the Laser Interferometer Space Antennarought together at the center of a merger remnant by dy-
(LISA), an ESA/NASA space-borne laser interferometernamical friction from the stars of the common host. The
aimed at observations of gravitational wau&Ws) in the  further evolution of a binary must then take place on a time
low-frequency region of the spectrum,10°°-0.1 Hz, and scale short enough for the system to coalesce within a
expected to be launched in 20[1]. The interest in the de- Hubble time due to radiation reaction. Two are the main
tection of gravitational radiation from massive black holesmechanisms that could make the binary hard enough to sat-
(MBHs) is twofold [2]: (i) for fundamental physics, because isfy this condition: dynamical friction from stars in the core
it will provide a thorough understanding of the behavior of[11-15 and gas dynamical effecf&6,17. However, despite
strong gravity in the highly nonlinear relativistic regime and all this circumstantial evidence, the rate of coalescence of
(i) for astronomy and cosmology because GWs provide amassive black hole binaries in the Universe is still controver-
“orthogonal” and complementary mean, with respect to con-sial: present astrophysical estimations vary widely from
ventional astronomy, of investigating the high-redshift for-~0.1 to ~100 yr ! [11,18-24, depending on model as-
mation and evolution of cosmic structures, such as galaxgumptions and BH mass range. At present there is no direct
interactions and mergers, and exploring the demography afbservational evidence for the presence of massive black
massive black holes. hole binary systems, with the possible exception of 0J287

Massive black holes are considered to be essentially ubid25].
uitous in the center of galaxies in the local and low-redshift LISA will be able to detect MBH binaries at a moderate-
universe[3,4]. Our galaxy[5] and NGC 425§6] provide to-high signal-to-noise ratio throughout the entire Universe
probably the most solid observational evidence for the exis¢redshift z~=10 and beyond, if black holes are already
tence of such black holds]. Evidence for the presence of present During the whole LISA observational campaigh—
black holes in galaxies at high redshift is more circumstanthe nominal duration of the mission is 3 years, but the instru-
tial, but the fact that galaxies, at some stage of their lifement is expected to operate for about 10 years, if no cata-
harbor AGNs and that we observe quasarszat6 [8]  strophic failure occurs on the spacecraft—one can therefore
strongly favors the hypothesis that black holes are fairlyexpect from a few to a very large number of detections.
common also at high redshift. This conclusion is supported LISA is an all-sky monitor. At any one time, the instru-
by recent result§9] that show that the high-redshift quasar ment maps the whole sky, although with a different sensitiv-
distribution and the present day density of black holes can bity depending on the location of the source and the polariza-
reconciled by invoking galaxy mergers where the relationtion of the waves. By coherently tracking the phase and
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amplitude evolution of GWSs, one can extract precise infor-beyond the scope of this paper; such analysis is currently in
mation about a source. In observations of binary systems, thgrogress and will be reported in a separate p&pé.
number of parameters on which the waveform depends, and The organization of the paper is as follows. In Sec. Il we
that one needs to extract from the data, is large, in the mogeview the main features of the LISA mission, in particular
general case 17. Clearly correlations among parameters alté orbital configuration which is central for the topic dis-
inevitable, degrading the precision of the measurements. Cussed in this paper. In Sec. Ill we review the main proper-
A few studies have been carried out so far to address holes and key equations regarding the emission of GWs from
accurately LISA can measure the source parameters and tffespiraling binary systems, with emphasis on the role played
implications for astronomy and cosmology. Because of thdy SPins, and we stress the differences with respect to the
complexity of the problem and open theoretical issues in thé0nspinning—i.e., nonprecessing—case. Sections IV and V
modeling of the gravitational waveform in the most generaicontain the key results of the paper. In Sec. IV we derive
case, assumptions, possilalgl hog have been introduced on explicit ready-to-use analytical expressions for the S|gn§1I
the waveform model. Cutld26] has considered the inspiral Measured at the LISA detector output for binary systems in
phase of binary systems approximating the waveform at thélrcular orbit that_ undergo s_lmple precession; the wave_form
restricted podt>Newtonian order. Sintes and Vecchio IS computed within the restricted p&StNewtonian approxi-
[27,28 and Moore and Helling$29] have investigated the mation. In Sec. V we explore the errors with which the 12
parameter estimation including pddtewtonian corrections Parameters of the signal can be determined and compare the
to the amplitude and the phase. Hugh@g] has considered results Wlth_the case Wher'e spins are neglectgd. In Sec. VI
restricted pogtNewtonian waveforms for the inspiral phase We Summarize our conclusions and present pointers to future
and has included the ringdown portion of the signal; moreVork.
recently, Seto has included the effect of the finite length of
the LISA arms using restricted pdstNewtonian waveforms
[31]. All these analyses hava priori assumed that black Il. LISA MISSION

holes have no spins or the spins are parallel to each other and |, this section we review the main properties of the LISA

the orbital angular momentum. However, present astrophysimission. We refer the reader [a] for more details.
cal observations and theoretical models suggest that massive

black holes are likely to be rotating, possibly rapidly in some
cases. Observations of AGNs and quasars are highly consis- A. LISA orbit

tent with rapidly rotating black holes; observations of black LISA is an all-sky monitor with a quadrupolar antenna
holes in quiescence are in agreement with a slow, if any

rotation and some theoretical models suggest small topattern. Its orbital configuration is conceived in order to keep
. - ““the geometry of the interferometer as stable as possible dur-
moderate spingsee, e.g.[32]). If there is little doubt that g y b

black hol . | Trotating. h " . .ing the mission, which in turn provides a thorough coverage
ack holes are, In genera, rotating, NOW Strong Spins are iy¢ i, q \yhole sky: a constellation of three drag-free spacecraft
to a large extent unknown. Quite likely, gravitational wave

) ; : X containing the “free-falling test massesfis placed at the
observations shall provide the most effective tool in address\('/ertexes gf an ideal eql?ilateral trian)gle I\)Ni'[h sidess

ing this issue. Spins are likely to add vast complexity to theX 10° km: it forms a three-arm interferometer, with a 60°

signal recorded at the detector output and “?q“"e more p"’};{ngle between two adjacent laser beams. The LISA orbital
rameters to describe the wavefofB8-34. In this paper we motion is as follows: the barycenter of the instrument fol-

show that spins do change dramatically the structure of th?ows an essentially circular heliocentric orbit, 20° behind the

s!gnal observed by LISA and, as a consequence, affect si —arth; the detector plane is tilted by 60° with respect to the
nificantly (even by orders of magnitudes for some selecteqc ;. . :
cliptic and the instrument counterrotates around the normal

parametersthe errors with which LISA can measure the to the detector plane with the same period 1 yr.

source parameters. X . .
P Following [26] we introduce two Cartesian reference

In this paper we restrict our attention to the inspiral phaseframes[38]: (i) a fixed “barycentric” frame K.y.z) tied to

O.f massive b_lnary systems of comparable mass. We CO.nS'd?hre Ecliptic and centered in the solar system barycenter, with
circular orbits, model the waveform at the restricted.

post-5-Newtonian order, and assume that binary systems uré Perpendicular to the ecliptic, and the planey() in the
dergo the so-calledimple precessiof83], which is the rel- ~ €cliptic itself; (i) a detector reference frame’'(y’,z’), cen-
evant scenario from an astrophysical viewpoint. The goal 0;eredAln the LISA center of mass and attached to the detector,
the paper is twofold{(i) to provide ready-to-use analytical with z' perpendicular to the plane defined by the three arms
expressions for the LISA detector output when binary sysand thex’ andy’ axes defined so that the unit vectdys
tems undergo spin-orbit precession diigito show the dra-  (j=1,2,3) along each arm read

matic change in parameter estimation that occurs when spin-

orbit modulation in phase and amplitude is taken into A m T
account. The actual parameter space is so vast—the wave- Ij=co{1—2+ §(l -1
form is described by 12 parameters—that here we concen-

trate on typical systems of two 98I, black holes. A thor-

ough exploration of the whole parameter space requirefn the ecliptic frame the motion of LISAs center of mass is
large-scale, CPU-intensive Monte Carlo simulations and islescribed by the polar angles

X'+ sin

T T -,
1—2+§(J—1)Y- 1
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in the — N direction and wave polarization, which is related
to the orientation of the orbital plane, and therefore the or-

bital angular momenturh, with respect to the detector. With
respect to the frame tied to the solar system baryceRter,

where and L are df—:'scribed 'by the polar anglegy(¢y) and
(6. ,¢.). Equivalently, in the frame attached to the detector,
G 2T 3 N andL are identified by the anglesdf;, ¢y) and (6, , ().
1 yr In the reference frame attached to LISA, the antenna beam

patterns read
and @ sets the position of the detector at same arbitrary

reference time. The normal to the detector plﬁ‘nprecesses
aroundz according to

@_77
_E'

D(t)=Py+ngt, (2

1
Fo(Ohdrin)= 5 (1+ C0S6},%) oS 2p1,COS 24,

—COSHySin 2¢{sin 24y, (89

1. 43 c "
Zf:52—7[cos<b(t)x+sm<b(t)Y]- (4)

1
. F(6) ,¢,(,¢,Q):§(1+cosb’,’\,2)cos 2p{,Sin 24,
The time evolution of the unit vectofs (j=1,2,3) along

each arm is described by the expresdipé| + C0SsHySin 2¢(,C0S 2 (8b)
ij: Esinaj(t)COSq)(t)—COSaj(t)Sin(b(t) X where i, describes the “polarization angle” of the wave-
2 form in the detector frame. The antenna patte(®s and
1 A (8b) for the two outputs =1 and =1l are, therefore,
+ Esinaj(t)sin(l)(t)-i-COSaj(t)COSCI)(t)}y L,
F+,><(0N,¢N'//N) (L:|)y
\/§ . ~ F(-:)'X(t): ! ! ! (9)
+|5siney(1) |2, (5) Fo (O (=714, 07)  (e=1).

Note that because of the detector change of orientation, the

wherea;(t) increases linearly with time, according to anglesl,, ¢, andy, are time dependent. As a function of

aj()=nyt—(j— 1) 73+ aq, (6) the angles measured in the solar system barycenter they read
and « is just a constant specifying the orientation of the \cgr )= Ecosa _ Es'nﬁ cod b (t)— 10
arms at the arbitrary reference time 0. NB=3 NT 5 SINONCOSD(D) = dul, (10

B. LISA detector output

The strainh(t) produced at the output of the LISA Mich-
elson interferometer by a GW signal characterized by the 3
two independent polarization states(t) andh, (t) [42] is >

A +tan sinGysin ®(t) — ¢y ] '
hm(t):7[F(;’(t)h+(t)+F(;)(t)hx(t)]- (@) ) N (11

au
¢N(t):‘:l+ 1_2

1
coséy+ Esin ONSIN D (1) — D]

In Eq.(7), F(t) andF{’(t) are thetime-dependerdntenna

patters and the factoy/3/2=sin(s/3) comes from the 60° tanyy = ——
opening angle of the LISA arm§.. andF . vary with time N-(L
because during the observation the interferometer changes

orientation with respect to the source; in fact, inspiral bina-Where

ries are long-lived sources in the low-frequency band. The

index «=1,Il labels the two independent Michelson outputs Eo=ngt———=(j—1)+E,, (13)

that can be constructed from the readouts of the three arms if . 12 3

the noise is uncorrelated and “totally symmetri@6]. They R

are equivalent to the outputs of two identical interferometersind £, sets the orientation of; at t=0. We are not yet

in the same location, rotated by 45° one with respect to theeady to derive the explicit expression fay,, Eq. (12),
other. because for spinning black holes, the source at the center of

The functions describing the interferometer beam patterfihis paper,[ is not a constant of motion. We derive the
depend on the source location in the $ky{GWs propagate necessary equations in the following section.

m
N>
|
—~~
m
X =
=
—~
~ N>
2>
N

: (12
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Ill. GRAVITATIONAL WAVES FROM BINARY SYSTEMS forms—to circularize before it enters the observational win-

In this section we briefly review, partly to fix notation, the Elo;v Aﬂdue to- dynamical friction and radiation  reaction

basic concepts and formulas regarding the emission of gravi-
tational waves by binary systems, with emphasis on the ef- _ .
fects produced by spins. We refer the readef3,34 for A. Amplitude and phase evolution

The wholecoalescencef a binary system is usually di- gre actually useful:

vided into three distinct phasd40]: (i) the adiabatic in-

spiral, during which the BH orbital evolution occurs on the M=m;+m,, (163
time scale of the gravitational radiation reaction, which is
much longer than the orbital periodj) the merger, which
takes place at the end of the inspiral when the binary orbit
becomes relativistically unstable and the black holes enter a
free fall plunge; andiii) the ringdown, when the resulting
BH settles down in its final stationary Kerr state, oscillating M= p¥MP=M 7", (160
according to its normal modes. In this paper we consider

only the inspiral phase. In fact the time to coalescence for a

my;m;

I (16b)

M(1+2z)

R 7\t they represent, respectively, the total mass, the reduced mass,
=1.2x 10’ —|  sec,
1M

M
system radiating at frequendyis ==\ (160
f —-8/3
T4 025 the chirp mass, and the symmetric mass ratio.
107" Hz ' Th Ives by losi d angul
(14 e system evolves by losing energy and angular momen-
tum through emission of gravitational waves of increasing
] frequency and amplitude. The emitted radiation is given by
whereM and » are the total mass and the symmetric masspe superposition of harmonics at multiples of the orbital
ratio, respectively, defined in Eq€l6b)—(16d), andr is the  period, and the two independent polarization amplitudes

observedifetime of a binary system as recorded in the solargngh,, [42] can be schematically represented 43]
system for a source at redsh#ftwith intrinsic total massvi

that enters the detector window at the observed frequéncy

=10 Hz. Binary systems are therefore long lived in the hy (D=2 2 HE, (1)elkPonD 17

LISA band, and one critically relies on long integration times K

to disentangle the sources parameters, in particular to resolve

the source position in the sky and measure its luminosityvhereH{", are time-dependent functions of the source pa-

distance 26]. rameters andp,,(t) is the binary orbital phase. The stron-
As we consider only the inspiral phase of the coalescencejest harmonic is associated with the quadrupole moment of

in the frequency domain we shut off the signal at frequencythe source and therefore correspondg«+o2. In this paper

we consider the so-calledstricted post-Newtonian approxi-

mationto the radiation17): we retain only the leading order

Froco= o contribution to the amplitude, therefore only'?), at the
7763’2M(1+z) Newtonian order, and take into account post-Newtonian cor-
rections only to the phase of the signa(t) =2¢q(t). In
_ this approximation Eq(17) reads
4.4x10°3 M(1+2)) " H (19 " .
=4, —_— Z,
1(ﬁM@ 5/3

h+:ZD_[l‘*‘U: ‘N)2](7f)ZPcosp(t), (18
L

which corresponds to the innermost stable circular orbit of a
particle orbiting a Schwarzichild black ho{ESCO). The real M5B
transition from inspiral to merger will occur at a frequency hy=—-4 D
somewhat(by a factor=2) different fromf;s,, but due to -
the difficulty of defining the ISCO we will adopt the value ) o . ]
(15). The results presented in this paper are anyway essethereD is the source luminosity distan¢é4], N the unit
tially unaffected by changing the cutoff frequency by a smallvector pointing toward the binary center of massour con-
factor. vention the GW propagation direction isN), andL the
We also assume the orbit to be circular. This is completelyorbital angular momentum unit vector.
reasonable from an astrophysical point of view, as a massive We review now the expression for the GW phagg).
binary system of roughly equal mass black holes has enoughhe signal frequencf; twice the orbital one, evolves accord-
time—regardless of the initial eccentricity at which it ing to[45]

(L-N)(7rf)Zsine(t), (18b)

042001-4



LISA OBSERVATIONS OF RAPIDLY SPINNING . .. PHYSICAL REVIEW Y0, 042001 (2004

df 96 743 11 1 [t
— 8/3 5/3¢11/ _ 213 — ’ ’
Gi= 5 M 3{1 (—336+—4 )(wa) Mt) —zwftad)(t )dt'. (25)

34103 13661

m+ 2016 " From Eqgs.(23) and(24), it is easy to compute the number of

cycles in the final year of inspiral:

+(47T—,8)(77Mf)+<

+5_9772+0' (77Mf)4/3} (19 f /3 M(1+2) —5/3
; +z
18 N~4.8x10° 2
. . _ 10°% Hz 10°M ¢
where Eq.(19) is valid through the po$tNewtonian order
and s
Tops | 8 M(1+2)
1 2 \2 . S ~2.1X :I.O3 1 vr (ﬁ (26)
B=15 2 |13 37| +757|| L. (20) vl | Mo
12 =1 m
Table | contains reference values fiy, fisco, and A\ for a
7 31 S, number of choices of masses and observation times.
o=— 78 —24 ml mz
B. Spin-induced precession
+72 81 . i (21) Present observations and theoretical prejudices suggest
m? m? that massive black holes could be rapidly rotating. As we

have mentioned in the previous section, if black holes are
are the so calledpin-orbitandspin-spin parametersespec-  spinning, then the GW phas@3) contains two additional
tively [45]. From Eq.(19) andd¢/dt=27f, one can derive terms, one at the 1.5PN order, which is proportionajgto
the time and phase evolution of the gravitational radiation: and the other at the 2PN order, which is proportionairto
However, spins introduce a much more dramatic effect in the
structure of the waveform, which is qualitatively different
from the ones just mentioned: the orbital angular momentum
L and the spinsS; and S, change orientation due to the
3058673+ 5429 N 617 ,  spin-orbit interactior(1.5PN effect, so that the radiation de-
1016064 10087 1447 tected has a time varying polarizatidn, S;, andS, precess,
over a time scale longer than the orbital period f(2/
—a)(wa)“B}, (22) ~30 min) but shorter than the observation time X yr),
around the(almos} fixed direction of the total angular mo-
mentumL +S;+S,. This effect is actually quite dramatic

t(f)=t.—5(8f) ¥ M1

4743 11 M )23
31336 7 7)("M0)

— 2(477—,6’)(77Mf)+2(

5 5 743 11 203 and drastically changes the signature of the detected signal,
P(1)=dc— (WfM) 1+3 3 336 27 7|(7MT) as the orientation of the orbital plane changes during the year
long observation time and the angular momenta complete
S 3058673 several precession cycles around the fixed detection.
_5(477_'8)(77'\/' H+5 1016064 The spin-orbit-induced precession is the key new physical
effect which is introduced in this paper. Here we review the
5429 617 64|, main concepts and expressions and refer the read@8184
100877+ 14477 o | (M) (23 for more details. In this paper we restrict our attention to the

so-calledsimple precessiof83], which takes place whefi)
t. and ¢, thetime andphase at coalescencare constants the BH masses are equah{~m,) or (ii) one of the BHs
of integration, defined as the value band ¢ at (formally) has negligible spir(for convention, in this paper we shall
f=0. As we mentioned, massive black holes spend monthassumeS,=0). Furthermore, one needs to impose the
to years in the LISA observational window, depending on thecondition that the angular momenta be oriented so that
mass. For future reference, if we assume that LISA observels# —(S;+S,). Under this assumptions the equations that
the final year of inspiral of a binary, then the signal sweepslescribe the evolution of the angular momenta simplify con-
the frequency band between siderably, and one can construct explicit analytical solutions
for the relevant quantities. Moreover, the regime that we con-

Tops) A M(1+2)| sider is well justified from an astrophysical point of view.
fa=4.2x10" ( 1 yr) W ' (24) For circular orbits through the pdstNewtonian order the
© equations describing the evolution bf S;, andS, read
which we call “arrival” (or “initial” ) frequency, andg. . 1 3m
An interesting quantity to consider is the total number of L= 2+ _2)3 XL, (27)
gravitational wave cycles recorded by the detector: r3 2my

042001-5



ALBERTO VECCHIO

PHYSICAL REVIEW D70, 042001 (2004

TABLE I. Summary of the frequency band swept by massive black hole binary systems and the number of wave cycles recorded at the
detector output in LISA observations for selected masses and integration times. The table shows the initial and final frequencies of the GWs,
faandfis,, respectively, the corresponding time of observaligg, and the number of waves cycles recorded at the output of the detector,
coming from the various contributions of the terms in Eg3): Newtonian: the first term; posNewtonian (1IPN): the second term,
proportional to M f)?3: tail: — 107 (M f); spin-orbit: (5/28(7Mf); post-Newtonian(2PN): the last term, proportional tomM f)*2
with o=0; spin-spin: the- 50 (M f)*3 term. The sources are selected with masses in the rarfg@L01PM, ; for each mass choice,
three differentf /s are considered: the first corresponddtgs—=1 yr, which does depend an; andm,, whereas the other two are the same
for all m; andm,, and correspond th,=5x 10 ° Hz and 10“ Hz, respectively. Notice that depending fn m;, andm,, systems are

observable for different times. The fiducial source igatl.

Number of wave cycles

m; m, fa fisco Tobs Newt. 1PN tail spin-orbit 2PN spin-spin
(Mo) (Mo) (X10* Hz) (x107* Hz) (yn (Xp) (Xo)
10’ 10 0.070 1.099 1.000 342 42  —40 3 3 -1
10’ 10 0.500 1.099 0.004 10 3 -5 0 1 0
10’ 10° 0.153 1.999 1.000 761 87 —103 8 7 -2
107 10° 0.500 1.999 0.038 96 22 -34 3 3 -1
10’ 10° 1.000 1.999 0.005 23 7 -13 1 1 0
10’ 10° 0.350 2.177 1.000 1792 290 —455 36 32 -10
10’ 10° 0.500 2.177 0.366 949 187 —319 25 24 -8
10’ 10° 1.000 2.177 0.045 238 65 —130 10 11 -4
10’ 10t 0.776 2.196 1.000 4102 990 -—1881 150 153 -51
10’ 10t 0.500 2.196 3.649 9477 1834 —3160 252 235 -78
10’ 104 1.000 2.196 0.447 2383 647 —1296 103 110 -37
108 108 0.295 10.993 1.000 1453 102 -76 6 5 -1
10° 10° 0.500 10.993 0.246 602 59 -51 4 4 -1
10° 10° 1.000 10.993 0.038 187 28 —30 2 3 -1
10° 10° 0.647 19.987 1.000 3216 215 —201 16 11 -3
10° 10° 0.500 19.987 1.991 4950 280 -—243 19 12 -4
10° 10° 1.000 19.987 0.312 1552 137 —144 11 9 -3
10° 10t 1.508 21.768 1.000 7571 748 —943 75 55 —-18
10° 10t 0.500 21.768 19.285 48121 2366 —2176 173 96 -31
10° 10t 1.000 21.768 3.019 15096 1155 —1300 103 68 -22
10° 10° 1.242 109.929 1.000 6161 247 —141 11 8 -2
10° 100 0.500 109.929 11.261 28097 618 —266 21 11 -2
10° 10° 1.000 109.929 1.781 8848 308 165 13 9 -2
10° 10t 2.729 199.872 1.000 13594 519 -—374 30 16 -5
10° 10t 0.500 199.872 91.802 230221 2867 —1208 96 33 -9
10° 10t 1.000 199.872 14.494 72508 1430 —753 60 25 -7
. [1 3m, A quantities nee_ded for the computation of. the LISA o_letector
S= = 2+ >m. J| XS, (28 output. We will neglect the posNewtonian corrections,
a 1 while retaining the po$f-Newtonian terms(spin-orbid,
g which are dominant, for then,=m, case; they vanish any-
u _ way for S,=0 [33,34.
dt (51-5)=0, 29 One can summarize the main features of simaple pre-
_ cessioras follows.J, L, andS precess with the same angular
S=0, (300  velocity
where 3m,\ J
Q=2+ —)— (32
2my /3
J=L+S (S=S,+S)) (31) ur
is the conserved total angular moment{#6,47 (indeedL around the fixed direction
=-9). Jo=J—eIXL, (33

Following [33], we highlight the main features of simple
precession and provide, in a ready-to-use form, the relevanthere
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L L : LN L
e=7 LQP<1. (34) 5p¢(t)=m(LXN)'L- (37)
The quantitiesS, - S,, S=|S,+S,|, and In analogy with the number of wave cycles, we can introduce
=i [ (35) here the number of precession cycleg,, thatL and S

undergo around from some initial frequency,, at timet,,

are constant during the inspiral. The phase of the gravitato the final coalescence #t:
tional signal contains an additional contribution, the so-

called “Thomas precession phase,” given [38] sziftcﬂp(t)dt (39)
2T ta ’
te .
5p¢(t):_£ dpp(t)dl’, (36) Depending on the mass ratio of a binary system, whether
m;~m, (L>S) or m;>m, (L<S), N, is well approxi-
where mated by the expression
|
-1 -1
3m m f
10( 1+ 2) a (L>S9),
amg/\ 10°M 104 Hz
Np= ~213 ~213 (39
3m2 ml S fa
2[ 1+ —|| —|| = (L<S).
4amyJ\my/\ mi )\ 10°M ¢ 107* Hz
|
Notice that the precession cycles accumulate at low fre- o 57— jocosej
quency, and folL.>S, N, does not depend o8 if L<S, L =Jpcosh + .—Hsin)\LCOSa
Np=(my/my)>1, which could therefore generate a very sino,
large number of precessions. In Table Il we show the number . . sin\ sina
of precession cycles\V,, and the value of the precession +(JoX Z)W' (419
frequency(}, at f, andfs., for a number of choices of the J
mass of a binary system. In the previous equatiofi; and ¢, are the polar coordinates

Using Eq.(32) we define now therecession angler as of jo in the fixed frame and

do_o (40) A ALl 42)
—=Q,. =arcsin-—
dt P - Qp

. _ _is the angle betweeh andJ (at the first order ine, the
From Eqgs.(31), (33), and(39) it is straightforward to derive approximation in which we are working,, coincides with

the relevant equations for the evolution of the total and or—,[h le betweed andJj q
bital angular momentum: e angle betweeh andJ,) an

s
. Y(t)= —. 43
. L+YS ® L(t) 43
J= 2\1/2° (413
(1+2kY+Y7) From Egs.(32) and (34) one can write, explicitly,
3m,\ L
J=L(1+2Y+Y?¥2 41b - 2\ =
( ) (410 a, (z+ | 50 (49
~ A 3/2] -1
5 SLHIY) L Y) o E:E(T) 1+ﬂ)gz} | 45
(1+2xY +Y?2)3? S1r 4my
where
L=, [3oX L+ e(3ox L)X L], (419 G2(f)=1+2kY + Y2 (46)
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TABLE IlI. The total number of precession cycle§),, and the
precession angular frequentl, at the beginning and end of LISA

observations, for the final year of inspiral of a binary system at
redshiftz=1 with k=S.[=0.9 for selected values of the masses

and spin magnitude.

Number of

m, m, SIM?  Q,atf, O, atfig,, precession
(Mg)  (Mg) (X10*Hz) (x10*Hz)  cycles
10 100 0.95 0.009 1.254 11
10 10° 0.50 0.007 0.892 9
10 10° 0.10 0.005 0.579 7
10 10° 095 0.008 1.043 11
10 10° 0.50 0.005 0.632 7
10’ 10°  0.10 0.003 0.272 4
10 10° 0.95 0.026 0.911 34
10’ 10° 0.50 0.014 0.489 19
10’ 10° 0.10 0.003 0.114 5
10 10*  0.95 0.133 0.895 127
10 10* 0.50 0.064 0.472 71
10 10  0.10 0.012 0.096 15
10° 10° 095 0.018 12.540 25
10° 10° 0.50 0.015 8.919 20
10° 10°  0.10 0.013 5.788 16
10° 10° 0.95 0.015 10.432 23
10° 10° 0.50 0.011 6.319 16
10° 10° 0.10 0.007 2.716 9
10° 10*  0.95 0.047 9.110 74
10° 10* 0.50 0.025 4.892 40
10° 10  0.10 0.007 1.144 11
10° 10° 0.95 0.038 125.396 54
10° 10° 0.50 0.034 89.194 46
10° 10° 0.10 0.030 57.877 39
10° 100  0.95 0.030 104.315 48
10° 10 050 0.023 63.186 34
10° 10  0.10 0.016 27.159 22

Equations(43), (44), (45), and(46) can be used to integrate
Eq. (40):

96 3m, ;
aZaC—m 1+4—ml 2(GL)°—3kS(L+ «kS)GL
L+«S
—3KS3(1—K2)arcsinV(S(l_—:2)1/2) . (47)

In Eq. (47) the anglea, is a constant of integration that

essentially identifies the position &f and S on the preces-
sion cone at the reference tintg. Finally, the frequency

evolution of \, —the angle betweeh andJ changes with
time—is given by

Y(l_K2)1/2 _S(l_K2)1/2
(1+2xY+Y2)¥2 L(F)G(f)

Sil’l)\,_:

(483
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1+ &Y _L(f)+KS
(1+2cY+Y2)Y2 L(H)G(F)

COS\| =
(48b)

Notice that at 1.5PN order, which corresponds to the post-
Newtonian order at which we model the waveform in this
paper, the contribution of the spins to the GW ph#&2®
depends only on the paramejgr However, if one takes into
account the change of orientation of the angular momenta,
then the spin-orbit coupling is described by three
parameters—say., k, andS—on which3 depends. In the
implementation of the computation of the Fisher information
matrix (cf. Sec. V}, we found it convenient to use as inde-
pendent parametef, «, and .

IV. OBSERVED SIGNAL

We can now derive ready-to-use analytical expressions for
the signal measured by LISA at the Michelson detector out-
put, Eq.(7), when the source is an inspiraling binary system
of spinning massive black holes. In this case, as a result of
the relativistic spin-orbit coupling, the binary angular mo-
mental, S;, and S, precess, following the equations de-
scribed in Sec. Il B. It is worth spelling out the assumption
under which the signal is derived) the binary is in circular
orbit; (ii) the waveform is modeled using the restricted
post->-Newtonian approximatiorfamplitude at the lowest
quadrupole Newtonian contribution, and GW phase at the
1.5PN ordey; (iii ) the masses and/or spins are such that the
system undergoes “simple precession.”

In the most general case the signal depends on 17 param-
eters: two mass parameters, six parameters related to the BH
spins—the magnitude and orientation of each spin—the or-
bital eccentricity, the luminosity distandehich is adirect
observablein GW astronomy, two angles identifying the
location of the source in the sky, two angles that describe the
orientation of the orbital plane, one angle that describes the
orientation of the ellipse in the orbital plane, an arbitrary
reference time—say, the time at coalescence—and the signal
phase at that time. In the approximation that we consider
here the signal depends on 12 unknown paramétérghe
next section for more deta)lsThe key new qualitative fea-
ture that we introduce here and that is not present in any of
the previous analysi26,27,29,30is the change of orienta-
tion of the orbital angular momentum during the observation.
Unlike the model considered 27,29, here we consider
only the waves emitted at twice the orbital frequency.

Before providing the explicit expression far(t), it is
worth summarizing the key motions and the associated time
scales that affect the detector output.

(i) LISA orbits around the Sun, so that the barycenter of
the instrument changes position over the time scale of one
sidereal year: this motion Doppler-shifts the incoming gravi-
tational waves and depends only on the source position in the
sky;

(i) The orientation of the LISA arms changes over the
same time scale because the detector precesses around the
normal to the ecliptic: this introduces a phase and amplitude
modulation which is due to the time-dependent response of
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the detector to the two orthogonal polarizatidnsandh ; . (i) the change ofl due to the spin-orbit interaction

this effect depends on both the position and orientation of the

source in the sky. which affectsAl? and ¢ through (- L) and i, [cf. Egs.

(iii) The binary orbital plane changes orientation in the(83. (8D, (12, (50), and(51)]; the impinging signal isn-
sky with L and S that precess around the total angular mo-trinsically modulated. Furthermoré,,¢> adds to the phase of

mentumJ, whose direction is essentially constant. The timethe signal.

scale of precession is longer than the orbital period but much !N order to complete the analysis of the detector output,
shorter than the LISA rotation time scale and depends ofve need to provide explicit expressions fdr-(N), which
both the source-detector relative orientation and the binargnters Eq.(50) and (51), and (-z') and [N-(LxZ')],
physical parameter@nasses and spipsthe incoming GWs  which are needed to compugg,, Eq.(12), and therefore the

are thereforentrinsically modulated in amplitude and phase. antenna beam patters. Using EG$. and (418 we obtain
We consider first the representation of detector output in

the time domairh(Y(t); we will then turn to the frequency

) e e cosfy— (Jo-N)cosé,
domain representation‘”(f). L-N=(Jo-N)cos\ _+

sin 6

A. Measured signal in the time domain (Jox2)-N

. 0
X sin\ cosa+ ———

sind, sin\ sina, (54

In the amplitude-and-phase representation, the signal
h()(t) [cf. Eq. (7)] measured by theth Michelson LISA
interferometer and produced by the polarization amplitudes L.y
(18a and(18b) reads

(Jo-Z')cos\

1-2(3o-2')cos#,

h(t) = A() AL (t)cog (1) + Sp(t) + @4 (1) + @p(1)]. : sin\_cosa
(49) 2 siné,
In the previous expression, (jos>i<n20)~2' sin\,sina, (55
\/§ o o J
Agﬁ(t):7{[1+(L-N)2]2F$>(t)2+4(L-N)2F<;>(t)2}1’2, o
(50) N-(LXZ")=N-(JgXZz")cos\_
. N-(zxZ')—N-(JyXZ')cosb
o L 2C-NFY() + ( ) : (Jox2)) Y sin\ _cosa
¢p (1) =tan VI (52) sin 6,
[1+(L-N)7JF(Y) A e .
N-(Jox2) %2
are thepolarization amplitudeand phase respectively; TQJSW\LSIH . (56)

ep(t)=27R,f sinfycog P(t)—pn] (Ry=1 AU) . . . .
(52) In the previous expressions sip, cos\; anda are given by

Egs. (483, (48b), and (47), respectively, and the remaining
is the Doppler phase modulatiomduced by the motion of quantities describing the orientation of the source with re-
the LISA detector around the Su@,¢(t) is the so-called spect of the detector read
Thomas precession phadeg. (36), which vanishes for spin-

less binary systems; the amplitude of the gravitational wave .1 V3
signal is Jo-2' =5 0086,~ —-sin6; cog (1)~ ¢,], (57)
5/3
— 2/3 A A
Alt(f)]=2 D [7F (D] (53 Jo- N=cos#;c0s6y+ sin 6;sin Oycog d;— dy),

(58)
and the GW phaseé(t) is given by Eq(23), where at 1.5PN
order one neglects the term proportional to\ f)*2. A 1
The structure oh(“)(t) clearly shows that the signal mea- ~ N-(JoX2')= 7 sinysin §,Sin(¢;— ) — —-cosd(t)
sured at the detector output is phase and amplitude modu-

lated because of the three effects that we have mentioned X (€0s6;Sin OySin ¢y — cOSH\SIN B3SiN ¢ 3)
above:
(i) the orbital motion of the instrument around the Sun _ —3$in<I>(t)(cosa Sin6,C0S¢
which Doppler modulates, throughy , the phase of the in- 2 N=TE J
coming gravitational wave signal; this effect is the same for _
h( and h(": (ii) the change of orientation of the detector —€0s6;Sin 6\ COShy), (59)
during the time of observation that througﬁ(j)(t) and
FO(t) affectsAg) and (,of)‘), in different ways depending on N- (JgX 2) =sin OysSin ;5iN( d3— dy), (60)
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= 8 i FIG. 1. The evolution of the polarization am-

E 05 8 L plitude (left panel$ and phase(right panel$,

g 2 2 computed according to Eq&0) and(51), for the

2, | | B AT AT R final year of inspiral of a binary system as a func-
O ——— tion of time. The bold solid line refers to black

25 2 15 -1 -2.5 2 15 -1 holes with no spin, the dotted lirér the phasg

time to coalescence / 107 sec time to coalescence / 107 sec and thin solid-line(for the amplitudgto spinning

objects. The relevant source parameters are cho-
sen as follows: m;=10Mg, m,=10Mg,
S/m?=0.95, andS-L=0.5 (top panels and m,
=m,=10My, S/m?=0.3, andS-L=0.9 (bot-

tom panels The location and initial orientation

of the source have been chosen randomly. See the
text for further details.

15 T[T 1T [ rrrr[rrrr

0.5

polarization phase
o
T I T T T I T T T I T T

polarization amplitude

o 1
2.5 -2 -1.5 -1 -2.5 -2 -1.5 -1
time to coalescence / 107 sec time to coalescence / 107 sec
<~ 3 with my=10My, m,=10My, S/m?=0.95, and & [
. X 12 — . . _ il ) y . il
N-(zx2') 2 SinGysiL® (1) = én], (62) =0.5 and an equal mass binary where the parameters corre-
Iz spond tom; =m,=10My, S/m?=0.3, andS-L=0.9. The
Ao 3 evolution of Ay(t) and ¢,(t) for the two sets of physical
. N=_"_gj i - p p
J-(2x2) 2 Sin6,Si (1) = ¢, ], 62) parameters is compared to the spinless case. A simple eye

inspection shows how dramatic is the effect induced by
A A A A 1 spins, and it should therefore not come as a surprise that the
N-(JoX2)XZ'=—3sin 65{\3 cosovcog @ (1)~ 5] errors associated with the measurements of the source pa-
rameters are strongly affected.

+sin Oncod by — ) - (63
Last, we need to compute the scalar and vector products B. Measured signal in the frequency domain
necessary to derive the Thomas precession plaggsgt),
Egs.(36) and (37): For several applications in data analysis, it is often more

useful to work in the frequency domain, and we will derive
. L L . now an approximation to the Fourier representation of the
(LXN)-L=Qp[cos\ (N-L)—=(N-Jg) —€Jo- (LXN)], signalh(’(t), Eq.(49). Our convention for the Fourier trans-

(64) form g(f) of any real functiong(t) is
ioao o N(Gox2) o
JO.(LXN): TQJSIH)\LCOSQ a(f):f ez,-,mg(t)dt. (66)
cos6;(N-Jy) —cosh
o o Nsin)\Lsina; (65)

siné
J The Fourier transforn66) of the signalh(Y(t) can be

Sp¢(t) can be therefore computed using E¢&7), (48a), computed in an rather straightforward way using the station-
(48Db), (54), (57), (58), and(59). ary phase approximatiortsee [52]) and considering the

An example of the LISA output when black holes rapidly gravitational waveformA(t)cosg(t) in Eq. (49) as thecar-
spin is shown in Fig. 1, where we plot the amplitude andrier signal modulated by the motion of the detector and the
phase modulation, Eq50) and(51), during the final year of source’s orbital plang26,33. Under this assumption, the
inspiral. Two cases are actually presented: a binary systefffourier transform of the detector outpt9) reads
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i ()
_ AAW[E(£) ]~ 70elil¥ (D= ¢p [N —eplt(N] = 5pdltI]} - 0< F<Fige,
hO(f)= P (67)
’ f>fiscoa
|
where (hlh)
S/N=—h:(h|h)1’2. (72)
5\ 12 56 rmg (h[n)]
- -23
== —_, 68 _ . . .
A (96) m D €8 In this paper we discuss the errors associated with the mea-

surement of the unknown parameter veXahat character-

T 3 53 izes the signah(t;\). In the limit of large SNR, which is
W(f)=2mfte—de— 4+, (8mMF) clearly the case for LISA observations of massive black hole
binary systems, the errors\ follow a Gaussian probability
20(743 11 3 distribution:
1+3 §6+ Z?} (Wmf)
de(F) vz -T. TANKy
3058673 5429 PAN) =| —— ) e TiANANE (73

~4(4m=p)(mmb+ 10( 1016064 1008”

In Eq. (73) the matrixI';, is known as the Fisher information

617 ;
o2 413 matrix and reads
+ 122" 0)(7Tmf) . (69
ohW | gh(W
Notice that in Eq.(69) the term proportional to #mf)*3 = oN | ank | (74)

corresponds to the pdshewtonian order and will not be

considered in this work. The variance-covariance matrixs simply given by the in-

verse of the Fisher information matrix:
V. PARAMETER ESTIMATION
Sik=(ANANKY=[ (1) 17K, (75)
In this section we discuss the errors associated to the pa-
rameter measurement when LISA monitors binary Systems oThe matriXE contains full information about the parameter
rapidly rotating massive black holes in circular orbit. We €rrors and their correlations and is what we need to compute
start by briefly recalling the general concepts and formulagcf. next sectionin order to investigate the LISA parameter
regarding parameter estimation—we refer the readmge. estimation. In fact the diagonal elementsﬁz)frepresent the
52] and references therein for more details—and then presegxpected mean-square errors
the results of our analysis applied to LISA data.

((AN)?) =31, (76)
A. Review of signal analysis and parameter estimation and its off-diagonal elements provide information about the
The signals(t) registered at the detector output is the correlations among different parameters through the correla-
superposition of noisa(t) and gravitational wavel(t;\):  tion coefficientsc/:
s(t)=h(t;N) +n(t); (70 LSk 5
= (—1scfs+1). (77)
\ represents the vector of the unknown parameierstion, VEIX

masses, spins, ef¢hat characterize the actual waveform and
that one wishes to estimate from the data stream. We assu
the noise to be stationary and Gaussian, characterized by
noise spectral densitg,(f). In the geometrical approach to
signal processing it is useful to considgt) as a vector in
the signal vector space and to introduce the following inne
product between two signalsandw [52]:

the limit of high signal-to-noise ratid!! provides a tight
qwer bound to the minimum mean-square erfehN))?),
the so-called Cramer-Rao boufd9,50. It is important to
notice that the errorg$76) and the correlation coefficients
r(77) depend both on the actual value of the signal parameter
vector N. For the case of observations with two or more
detectors with uncorre!a;ted noise, the Fisher information ma-

. ~ e trix is simply 'y, == '/
(U|W):2f v(Hw (f) v (f)W(f)df_ (71) One of the ;Jropertiles that we are interested in is the an-
Sn(f) gular resolution of the instrument, which we define as

According to the definitior(71), the optimal signal-to-noise AQy=27{(A coshZ)(A p2)— (A coSONA )22
ratio (SNR) at whichh can be detected is (78
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The physical meaning afQ is the following: the probabil-  of I';,, makes the computational time very long, due to our
ity of the source to lieutsidean (appropriately shapeerror  limited computational resources. We have checked for a few
ellipse enclosing a solid angleQ) is simply e 2¥/4n, (random choices of the source parameters that including
op[t(f)] does not change in any appreciable way the result.
This is to be expected. For the physical parameters consid-
ered in this paper the Thomas precession phase contribute to
We discuss now how accurately LISA can measure the=1 wave cycle, out of a totat=1500. It also represents a
source parameters in the case of rapidly spinning blackecular increase in the phase of the GW signal, qualitatively
holes. The goal of this section is to investigate whether spingyot different from the one given by (f).
which have been neglected in studies carried out so far, can (iv) We consider the fiducial sources to be at redshift
significantly affect the estimation of the source parameters. A=1 [55]. As the systems are at cosmological distance, the
thorough exploration of this effect requires to probe a verwalues of all the physical parameters entering the GW signal
large multidimensional parameter space, and it is well outpresented in the previous sections must be considered as the
side of the scope of this paper. Here we concentrate on @bserved oneghey differ from the values of the parameters
fiducial source of two 1M, black holes at redshit=1—  as measured in the source rest frame by a facterz) the

a rather typical LISA source—and we compare the errorparameters are “Doppler shifted” according to:
associated with the parameter measurements in the case in

B. LISA observations

which spins are present—for large spiB&M?=0.95 and f

moderate spin§/M?=0.3; in both cases=0.9—and the f= (1+2)°

case where spins are negleciéide black holes are consid-

ered,a priori, to be not spinning t—(1+2)t,
Before presenting the results we spell out the assumptions

under which we compute the errofz6). M—(1+2)M,

(i) The orbit is circular; we regard such a hypothesis as
realistic, as we are dealing with massive systems of black

holes of comparable mass. As the orbit shrinks due to dy- m—(1+z)m,

namical friction the eccentricity is likely to decreddd —13

and the radiation reaction completes the circularization pro- u—(1+2)p. (79
cess before GWs enter the observational window of LISA; in

fact the eccentricitye evolves according tes f ~1918[41]. (v) We assume that the instrument observes the whole

(i) The black holes are spinning, so that the binary orbitfinal year of inspiral; the GWs sweep therefore the frequency
precesses in space. However, in order to simplify the descrig?and between tharrival frequency f and the final cutoff
tion of the precession motion, still addressing a realistic asfrequencyfisc,; f4 is determined so that after 1 yr, as mea-
trophysica| scenario, we assume that eiﬂn@rz m, (the case sured by an observer in our solar system, the GW instanta-
considered in this papeor S,=0 and the spins and angular neous frequency reachégg,:
momentum are not antialigned. Under this conditions a bi-

nary undergoes the so-called simple precesgs@h and the Tobs= t(fisco) —t(fa)

equations describing the evolution of the relevant physical

quantities simplify considerablgcf. Sec. Il B for more de- =1 yr=3.1556926< 10’ sec. (80
tails).

(iii ) We restrict the analysis only to the inspiral phase ofThe rangef ;< f<f ., determines the integration domain in
the whole coalescence. We approximate the wavefornkq. (74); values off, and f;, for selected choices of the
”ﬁ(t)(f;)\) at the restricted 1.5PN order. The GW signal de-source parameters are given in Table I. Note that we do not
tected at the LISA output is therefore described by Egg,  impose a low-frequency cutoff to LISA; this choice is based
(68), and(69). Because we retain terms up to 1.5PN order inon the fact that the real low-frequency noise wall of space-
the GW phase, in the expression®{f), Eq. (69), we ne- based instruments is not very well understood at the moment,
glect the last term proportional tar f)#3. We shut off the ~ placed somewhere in the range™£6-10"* Hz.
inspiral waveform at the frequendy.,, given by Eq.(15). (vi) The total noise that affects the observations is given
In the computation of the errof36) we actually neglect the by the superposition of instrumental sources and astrophysi-
Thomas precession phasg(t), Eq.(36). This simplification ~ cal foregrounds of unresolved radiation due(iweainly) ga-
is motived by computational reasons and does not affect ifactic white dwarf binary system$53,54, the so-called
any significant way the final results. In fag,[t(f)] mustbe ~ “confusion noise.” The total noise spectral dens8y(f) is
computed numerically at each frequency using the past higherefore the sum of these two components, and we use the
tory of the binary;é,[t(f)] needs then to be included in the analytical approximations given 26,59 .
integrand of the scalar produ€tl) that leads to determina- (Vi) Out of the 17 parameters on which the most general
tion of the elements of the Fisher information matrix. Thiswaveform depends, the signaf?(f;\) that we consider
double numerical integration, which needs to be carried oubere depends on 12 independent parameters. In our analysis
to high accuracy in order to keep under control numericalwe adopt the following choice of independent parameters:
instabilities that occur otherwise in the numerical inversionin M and Inu (mass parameterscosfy, ¢y, C0Sby, ¢,
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anda. (geometry of the binary with respect to the detektor tice that givenm;, m,, S and« we can easily derivgs. It
« and B (spin parameteys InD (distance of the sourge s worth noticing that in this paper we do not explore the

and finallyt. and ¢. . effect of the tilt angle cos'k, which is also likely to affect

(Viizi) 1/\9/9 compute the expected mean squaré ermorge errors. Such analysis is currently in progrE3g. We
(<A)‘i>) and the angular resolutiod € for the case of would also like to stress that for the ca8e 0 the waveform

observations c_arried out with one detector and with COMihat we actually consider is the one corresponding to the
bined observations of both detectors | and Il. The analysis Bonprecessing restricted 2PN approximatitthis is the
done in the frequency domain: we first compute analyt'ca”ywaveform used iff30], very similar to the one used [26]

the derivativesih)/\], wherej=1,. . .,12, then compute which is the nonprecessing restricted 1.5PN approximation
. . Jk . . . .
numericallyl';, and2'*, Eqs.(74) and(75); the integration This is equivalent to assuming that we knaapriori that

and matrix inversion are performed using numerical routines . d the bi tem d Not
of the NAG library. spins are zero and the binary system does no precess. Note

LISA parameter estimation strongly deperitise resuits tha}t this is different from estimating th'e source parameters
vary by orders of magnituden the actual value of the sig- USing the waveform67) where precession is included, and
nal parameters. In particular, one of the key set of paramete@SSUMINGS<1. In the case&S=0 we need to estimate only
that affect the errors is the location and orientation of all parameters, and not 12. The reason of this choice is to
source with respect to the detector. This represents alreadyc@mpare existing results in the literature with our new ones
large parameter space that one needs to explore in order tBat take into account spin-orbit modulations.
obtain meaningful results. We perform this exploration by Figures 2, 3, and 4 summarize the key results. Figures 2
means of Monte Carlo simulations, which therefore affectand 3 show the probability distribution of the parameter er-
the way in which the results are presented, given in terms ofors, for AQy, AD, /D, AM/M, and Au/u. Figure 4
probability distributions. For each set of physical parametersshows the cumulative probability distributions: if we define
we select randomly the five geometrical parametetig,( =AM, the plots showP(£< §0)=fg°p(§’)d§’ as a func-
&N, 05, ¢y, anda;) from a uniform distribution in cody,  tion of &,. Each plot compares the nonspinning case with the
N, COSO;, ¢, and a.. The Monte Carlo simulation is cases in which the black holes are spinning with two differ-
done on 1000 different sets of angles. As far as the othegnt value of the spins§/M?=0.95 and 0.3.
seven parameters are concerned we chose them as follows. The key result, which is absolutely clear from Figs. 2, 3,
We consider a fiducial source at redshift1, with m;  and 4 is that the errors in the spinning case are smaller than
=m,=10FM, (which sets the three parametdds , M, in the nonspinning one, even if the number of parameters
and u), with t.=¢.=0. We fix thetilt angle parameterx  that one needs to estimate is gredt? instead of 1L One
=0.9, and we explore three different values of the size of thean intuitively understand this behavior by looking at Fig. 1,
spinS (i) IM2=0.95, (i) SM?=0.3, and(ii) S=0. No-  which shows the amplitude and phase evolution of the signal
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recorded at the LISA output: precessing binaries show a&triking difference between the “position parameters™—
much greater richness of features than nonspinning sourceecation in the sky and luminosity distance—and mass pa-
These are the features that help in measuring the parameterameters. In fact, the errors{)y andAD, /D, are reduced
However, despite all the parameters being estimated witby a factor of 2—10 depending on the actual value of the
smaller errors with respect to the nonspinning case, there isource parameter. We know that LISA reconstructs the posi-
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tion of the source in the sky by exploiting the modulation in LISA will have enough angular resolution to locate the gal-
the amplitude and phase of the signal, and precession intr@xy or galaxy cluster where a coalescence of massive black
duces one additional modulation effect which can improveholes takes place; this would enable other telescopes to be
the determination oR and decorrelateB, from M, which ~ Pointed at the same area of the sky and to observe the after-
improves the measurement of the luminosity distance. StillMath of such catastrophic event. However, previous studies
the change of position and orientation of LISA is the mainl26,27,29,30have concluded that this might actually be im-

effect that allows the source to be located. The improvemerf?OSS'bIe for Sources at-1 (or beyond, because of the poor
in AQ, andAD, /D, is, however, significant: the fraction of angular resolution of GW observations. In short, the results
N L L o ’ .

sources that can be located within, say, one square degreeﬁ% our analysis suggest that in some exceptional case LISA
- T ' o . ht be able to identify the host galaxy cluster of a MBH
10% for nonspinning binaries, 35% for binaries with 0.3, and 9 ! ity galaxy clu

o ri . binary of 18 M, atz=1, but in general the LISA error box
50% with 0.95(for k=0.9). The systems whose distance is,,;; <ontain several hundreds of galaxy clusters and0®

known to better than 1% is about 60% for nonspinning binayajaxies, all of them potential hosts of a LISA detected
ries and essentially the totality for spinning binaries. source. Such a conclusion can be easily derived by compar-

The situation is radically different for the masses: in theing the LISA angular resolution with the one of other tele-
nonspinning case the instrument reconstructs the value of th:opes and the angular size of galaxies at high redshift. An
two mass parameters by staying in phase with the GW phasgptical telescope, such as the Keck telescope, has a field of
whose time evolution is mainly controlled byt (the leading  view of about 1 square degree. Chandra has a square field of
Newtonian term and, to a less extent, by, through the view of 16x16 arcmin with a spatial resolution of
post-Newtonian correctiorjsf. Egs.(23) and(69) and Table =1 arcsec, and XMM has a circular field of view with ra-

I]. M andu play no role in the amplitude and phase modu-dius 15 arcmin and a spatial resolution of a few arcsec. IN-
lation, Ap(t) and ¢,(t), Egs. (50) and (51). As a conse- TEGRAL has an even wider circular field of view—the ra-
quence M is measured much more accurately, by a factor ofdius is 10 deg—with a poorer spatial resolutid@? arcmir).
~100 or more, than (see Fig. 3 andi26,30). If spins are  There is therefore no doubt that, for a typical LISA source at
present, the masses start to play a role als@\jt) and z=1, GW observations will provide information accurate
¢p(t), because they control the rate at whichand S pre-  enough to cover the interesting portion of the sky with a
cess, and therefore are responsible for the intrinsic amplitudsingle observation by one ¢br all) the former instruments.
and phase modulation of the signal. This has two effects ot z=1, the typical size of a galaxy is3 arcsec and the
the parameter estimation: it decorrelates from wu (at the  typical size of a galaxy cluster is2 arcmin. In a very few
Newtonian order the two mass parameters are even degenduieky occasions LISA will be able to detect a source with
ate and provides new features in the measured signal that ) ~3x 102 dedf, but more typically the angular resolu-
improve the parameter estimation. The net effect is that théion is AQy~0.3 ded, and could be much worse for a few
errors inM and u are now of the same order, with a drastic detections AQy~5 ded). It is therefore clear that for the
improvement with respect to the nonspinning case, of by a@high-spatial-resolution” GW detections, only=3 galaxy
factor of ~50 and~10% for AM/M and Au/u, respec- clusters will fall in the LISA error box, but more typically
tively; AM/ M is still ~3 times smaller thah u/u, due to  the number of clusters will be=300. If there is still a small
the role played byM in the GW phasep(t). It also clear (but not negligible chance of identifying the galaxy cluster
that the additional signature produced by the masses on th®sting a GW source, the chances of pinpointing the host
amplitude and phase modulation helps in removing the corgalaxy seem to be very bledthe former numbers need to be
relation betweenM andD/, therefore reducingoD, /D, multiplied by a factor~10® for galaxies.

as we have already mentioned.

To summarize, the parameters of twd I ., black holes
spiraling toward the final merger at=1 and rapidly
rotating—say,S/M?=0.95 and«=0.9—can be measured  We have considered LISA observations of massive black
very accurately’M and u can be measured to a few parts in hole binary systems in the final stage of inspiral for rapidly
10°, the luminosity distance to better than 1# some cases  rotating black holes. We have restricted our analysis to com-
almost 0.1%, and with an error box in the sky I6 srad  parable mass objects in circular orbit, modeling the radiation
=<AQy~103 srad. Notice that the errors scale with the dis-at the restricted post-Newtonian order assuming simple
tance roughly as AQN~1/Df and AMIM~Apulu precession. We have derived ready-to-use analytical expres-
~AD_ /D, ~1/D,. This would be strictly true for white sions for the signal registered at the detector output, both in
noise, which is not the case for LISA. In particular going tothe time and frequency domains, and have determined the
higher redshift, one can expect a degradation of the measureiean-square errors associated with the parameter measure-
ments more severe than the one predicted by this simplments for equal mass 90 binary systems ar=1 for
scaling, because GWs are redshifted to lower frequencieselected spin parameters and a wide range of source loca-
where the noise is higher and some initial portion of thetions and orientations. Our analysis clearly shows that the
signal falls out of the observational window. presence of spins reducésy orders of magnitude, for some

For multiband, electromagnetic, and gravitational obserparametersthe errors with which the source parameters are
vations of the same event the key parameter is the instruneasured. LISA is therefore a more powerful telescope than
ment’'s angular resolution. In fact there is some hope thapreviously thought if spins play a significant role. The main

VI. CONCLUSION
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shortcoming of our analysis is the limited region of the pa-for m,/m;=0.1 and rapidly rotating systems/(V?~0.9)
rameter space that we have been able to explore, which the estimation of the mass parameters and the angular reso-
entirely due to our limited computational resources. SucHution improve by a factor of a few, with respect to the equal
analysis is currently in progre$37]. Of particular interestis mass case, provided that the signal-to-noise ratio is not
the exploration of the parameter space in the case where ttstrongly affected. In general, in fact, unequal mass systems
masses are not comparable—i.e., where the mass ratio vell be detected at a lower SNR, so that precession compen-
~0.1 or smaller. Our present understanding of the relevargates for the loss of SNR. The latter eventually dominates the
astrophysical scenarios suggests, in fact, that the formatioeffect of rotation wherm,/m; decreases further and com-

of unequal mass binaries should be regarded as the ruf@omises the accuracy with which parameters can be mea-
rather than the exception. When the mass ratio increases, tkered.
number of precession cycles detected at the LISA output will
increase as wellcf. Table Il and Eq.(39)]. It is therefore
conceivable that precession will be even more effective in
breaking the degeneracy among the parameters, in particular We would like to thank C. Cutler and A. Sintes for several
the two masses. However, the amount of intrinsic rotaion discussions about LISA parameter estimation. We would also
shall also play a crucial role, as the number of precessiofike to thank L. Jones and I. Stevens for discussions about
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