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LISA observations of rapidly spinning massive black hole binary systems
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Binary systems of massive black holes will be detectable by the Laser Interferometer Space Antenna~LISA!
throughout the entire Universe. Observations of gravitational waves from this class of sources will have
important repercussions on our understanding of the behavior of gravity in the highly nonlinear relativistic
regime, the distribution and interaction of massive black holes at high redshift, and the formation and evolution
of cosmic structures. It is therefore important to address how accurately LISA can measure the source param-
eters and explore the implications for astronomy and cosmology. Present observations and theoretical models
suggest that massive black holes could be spinning, possibly rapidly in some cases. In binary systems, the
relativistic spin-orbit interaction causes the orbital plane to precess in space, producing a characteristic signa-
ture on the emitted gravitational waves. In this paper we investigate the effect of spins on the gravitational
wave signal registered at the LISA output—we provide ready-to-use analytical expressions of the measured
signal—and the implications for parameter estimation. We consider the inspiral phase of binary systems in
circular orbit undergoing the so-called ‘‘simple precession’’ and we approximate the gravitational radiation at
the restricted post1.5-Newtonian order. We show that the presence of spins changes dramatically the signature
of the signal recorded by LISA. As a consequence, the mean square errors associated with the parameter
measurements are significantly smaller than the ones obtained when the effect of spins is neglected. For a
binary system of two 106M ( black holes, the angular resolution and the relative error on the luminosity
distance improve by a factor of'3 –10; the fractional errors on the chirp mass and the reduced mass decrease
by a factor of;10 and;103, respectively.

DOI: 10.1103/PhysRevD.70.042001 PACS number~s!: 04.80.Nn, 95.55.Ym, 95.75.Pq, 97.60.Lf
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I. INTRODUCTION

Binary systems of massive black holes in the mass ra
105M ( –107M ( are among the most spectacular sources
will be observed by the Laser Interferometer Space Ante
~LISA!, an ESA/NASA space-borne laser interferome
aimed at observations of gravitational waves~GWs! in the
low-frequency region of the spectrum,;1025–0.1 Hz, and
expected to be launched in 2011@1#. The interest in the de
tection of gravitational radiation from massive black ho
~MBHs! is twofold @2#: ~i! for fundamental physics, becaus
it will provide a thorough understanding of the behavior
strong gravity in the highly nonlinear relativistic regime a
~ii ! for astronomy and cosmology because GWs provide
‘‘orthogonal’’ and complementary mean, with respect to co
ventional astronomy, of investigating the high-redshift fo
mation and evolution of cosmic structures, such as gal
interactions and mergers, and exploring the demograph
massive black holes.

Massive black holes are considered to be essentially u
uitous in the center of galaxies in the local and low-reds
universe@3,4#. Our galaxy@5# and NGC 4258@6# provide
probably the most solid observational evidence for the e
tence of such black holes@7#. Evidence for the presence o
black holes in galaxies at high redshift is more circumst
tial, but the fact that galaxies, at some stage of their l
harbor AGNs and that we observe quasars atz*6 @8#
strongly favors the hypothesis that black holes are fa
common also at high redshift. This conclusion is suppor
by recent results@9# that show that the high-redshift quas
distribution and the present day density of black holes can
reconciled by invoking galaxy mergers where the relat
1550-7998/2004/70~4!/042001~17!/$22.50 70 0420
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between host velocity dispersion and black hole mass is c
sistent with the one observed locally@10#. The present day
population of MBHs is therefore likely to be the dorma
remnant of those earlier activities. Two black holes a
brought together at the center of a merger remnant by
namical friction from the stars of the common host. T
further evolution of a binary must then take place on a ti
scale short enough for the system to coalesce within
Hubble time due to radiation reaction. Two are the ma
mechanisms that could make the binary hard enough to
isfy this condition: dynamical friction from stars in the co
@11–15# and gas dynamical effects@16,17#. However, despite
all this circumstantial evidence, the rate of coalescence
massive black hole binaries in the Universe is still controv
sial: present astrophysical estimations vary widely fro
;0.1 to ;100 yr21 @11,18–24#, depending on model as
sumptions and BH mass range. At present there is no di
observational evidence for the presence of massive b
hole binary systems, with the possible exception of OJ2
@25#.

LISA will be able to detect MBH binaries at a moderat
to-high signal-to-noise ratio throughout the entire Unive
~redshift z'10 and beyond, if black holes are alread
present!. During the whole LISA observational campaign—
the nominal duration of the mission is 3 years, but the inst
ment is expected to operate for about 10 years, if no c
strophic failure occurs on the spacecraft—one can there
expect from a few to a very large number of detections.

LISA is an all-sky monitor. At any one time, the instru
ment maps the whole sky, although with a different sensi
ity depending on the location of the source and the polar
tion of the waves. By coherently tracking the phase a
©2004 The American Physical Society01-1
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amplitude evolution of GWs, one can extract precise inf
mation about a source. In observations of binary systems
number of parameters on which the waveform depends,
that one needs to extract from the data, is large, in the m
general case 17. Clearly correlations among parameters
inevitable, degrading the precision of the measurements

A few studies have been carried out so far to address
accurately LISA can measure the source parameters an
implications for astronomy and cosmology. Because of
complexity of the problem and open theoretical issues in
modeling of the gravitational waveform in the most gene
case, assumptions, possiblyad hoc, have been introduced o
the waveform model. Cutler@26# has considered the inspira
phase of binary systems approximating the waveform at
restricted post1.5-Newtonian order. Sintes and Vecch
@27,28# and Moore and Hellings@29# have investigated the
parameter estimation including post2-Newtonian corrections
to the amplitude and the phase. Hughes@30# has considered
restricted post2-Newtonian waveforms for the inspiral phas
and has included the ringdown portion of the signal; m
recently, Seto has included the effect of the finite length
the LISA arms using restricted post1.5-Newtonian waveforms
@31#. All these analyses havea priori assumed that black
holes have no spins or the spins are parallel to each other
the orbital angular momentum. However, present astroph
cal observations and theoretical models suggest that ma
black holes are likely to be rotating, possibly rapidly in som
cases. Observations of AGNs and quasars are highly co
tent with rapidly rotating black holes; observations of bla
holes in quiescence are in agreement with a slow, if a
rotation and some theoretical models suggest smal
moderate spins~see, e.g.,@32#!. If there is little doubt that
black holes are, in general, rotating, how strong spins ar
to a large extent unknown. Quite likely, gravitational wa
observations shall provide the most effective tool in addre
ing this issue. Spins are likely to add vast complexity to
signal recorded at the detector output and require more
rameters to describe the waveform@33–36#. In this paper we
show that spins do change dramatically the structure of
signal observed by LISA and, as a consequence, affect
nificantly ~even by orders of magnitudes for some selec
parameters! the errors with which LISA can measure th
source parameters.

In this paper we restrict our attention to the inspiral pha
of massive binary systems of comparable mass. We cons
circular orbits, model the waveform at the restrict
post1.5-Newtonian order, and assume that binary systems
dergo the so-calledsimple precession@33#, which is the rel-
evant scenario from an astrophysical viewpoint. The goa
the paper is twofold:~i! to provide ready-to-use analytica
expressions for the LISA detector output when binary s
tems undergo spin-orbit precession and~ii ! to show the dra-
matic change in parameter estimation that occurs when s
orbit modulation in phase and amplitude is taken in
account. The actual parameter space is so vast—the w
form is described by 12 parameters—that here we conc
trate on typical systems of two 106M ( black holes. A thor-
ough exploration of the whole parameter space requ
large-scale, CPU-intensive Monte Carlo simulations and
04200
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beyond the scope of this paper; such analysis is currentl
progress and will be reported in a separate paper@37#.

The organization of the paper is as follows. In Sec. II w
review the main features of the LISA mission, in particul
its orbital configuration which is central for the topic di
cussed in this paper. In Sec. III we review the main prop
ties and key equations regarding the emission of GWs fr
inspiraling binary systems, with emphasis on the role play
by spins, and we stress the differences with respect to
nonspinning—i.e., nonprecessing—case. Sections IV an
contain the key results of the paper. In Sec. IV we der
explicit ready-to-use analytical expressions for the sig
measured at the LISA detector output for binary systems
circular orbit that undergo simple precession; the wavefo
is computed within the restricted post1.5-Newtonian approxi-
mation. In Sec. V we explore the errors with which the
parameters of the signal can be determined and compare
results with the case where spins are neglected. In Sec
we summarize our conclusions and present pointers to fu
work.

II. LISA MISSION

In this section we review the main properties of the LIS
mission. We refer the reader to@1# for more details.

A. LISA orbit

LISA is an all-sky monitor with a quadrupolar antenn
pattern. Its orbital configuration is conceived in order to ke
the geometry of the interferometer as stable as possible
ing the mission, which in turn provides a thorough covera
of the whole sky: a constellation of three drag-free spacec
~containing the ‘‘free-falling test masses’’! is placed at the
vertexes of an ideal equilateral triangle with sides.5
3106 km; it forms a three-arm interferometer, with a 60
angle between two adjacent laser beams. The LISA orb
motion is as follows: the barycenter of the instrument f
lows an essentially circular heliocentric orbit, 20° behind t
Earth; the detector plane is tilted by 60° with respect to
Ecliptic and the instrument counterrotates around the nor
to the detector plane with the same period 1 yr.

Following @26# we introduce two Cartesian referenc
frames@38#: ~i! a fixed ‘‘barycentric’’ frame (x,y,z) tied to
the Ecliptic and centered in the solar system barycenter, w
ẑ perpendicular to the ecliptic, and the plane (x,y) in the
ecliptic itself;~ii ! a detector reference frame (x8,y8,z8), cen-
tered in the LISA center of mass and attached to the dete
with ẑ8 perpendicular to the plane defined by the three ar
and thex8 and y8 axes defined so that the unit vectorsl̂ j
( j 51,2,3) along each arm read

l̂ j5cosF p

12
1

p

3
~ j 21!G x̂81sinF p

12
1

p

3
~ j 21!G ŷ8. ~1!

In the ecliptic frame the motion of LISA’s center of mass
described by the polar angles
1-2
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Q5
p

2
,

F~ t !5F01n% t, ~2!

where

n%[
2p

1 yr
, ~3!

and F0 sets the position of the detector at same arbitr
reference time. The normal to the detector planeẑ8 precesses
aroundẑ according to

ẑ85
1

2
ẑ2

A3

2
@cosF~ t !x̂1sinF~ t !ŷ#. ~4!

The time evolution of the unit vectorsl̂ j ( j 51,2,3) along
each arm is described by the expression@26#

l̂ j5F1

2
sina j~ t !cosF~ t !2cosa j~ t !sinF~ t !G x̂

1F1

2
sina j~ t !sinF~ t !1cosa j~ t !cosF~ t !G ŷ

1FA3

2
sina j~ t !G ẑ, ~5!

wherea j (t) increases linearly with time, according to

a j~ t !5n% t2~ j 21!p/31a0 , ~6!

and a0 is just a constant specifying the orientation of t
arms at the arbitrary reference timet50.

B. LISA detector output

The strainh(t) produced at the output of the LISA Mich
elson interferometer by a GW signal characterized by
two independent polarization statesh1(t) andh3(t) @42# is

h(i)~ t !5
A3

2
@F1

(i)~ t !h1~ t !1F3
(i)~ t !h3~ t !#. ~7!

In Eq. ~7!, F1
(i)(t) andF3

(i)(t) are thetime-dependentantenna
patters and the factorA3/25sin(p/3) comes from the 60°
opening angle of the LISA arms.F1 andF3 vary with time
because during the observation the interferometer cha
orientation with respect to the source; in fact, inspiral bin
ries are long-lived sources in the low-frequency band. T
index i5I,II labels the two independent Michelson outpu
that can be constructed from the readouts of the three arm
the noise is uncorrelated and ‘‘totally symmetric’’@26#. They
are equivalent to the outputs of two identical interferomet
in the same location, rotated by 45° one with respect to
other.

The functions describing the interferometer beam patt
depend on the source location in the skyN̂ ~GWs propagate
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in the2N̂ direction! and wave polarization, which is relate
to the orientation of the orbital plane, and therefore the
bital angular momentumL̂ , with respect to the detector. Wit
respect to the frame tied to the solar system barycenteN̂
and L̂ are described by the polar angles (uN ,fN) and
(uL ,fL). Equivalently, in the frame attached to the detect
N̂ andL̂ are identified by the angles (uN8 ,fN8 ) and (uL8 ,fL8).
In the reference frame attached to LISA, the antenna be
patterns read

F1~uN8 ,fN8 cN8 !5
1

2
~11cosuN8

2!cos 2fN8 cos 2cN8

2cosuN8 sin 2fN8 sin 2cN8 , ~8a!

F3~uN8 ,fN8 cN8 !5
1

2
~11cosuN8

2!cos 2fN8 sin 2cN8

1cosuN8 sin 2fN8 cos 2cN8 , ~8b!

where cN8 describes the ‘‘polarization angle’’ of the wave
form in the detector frame. The antenna patterns~8a! and
~8b! for the two outputsi5I and i5II are, therefore,

F1,3
(i) ~ t !5H F1,3~uN8 ,fN8 cN8 ! ~i5I!,

F1,3~uN8 ,~fN8 2p/4!,cN8 ! ~i5II !.
~9!

Note that because of the detector change of orientation,
anglesuN8 , fN8 , andcN8 are time dependent. As a function o
the angles measured in the solar system barycenter they

cosuN8 ~ t !5
1

2
cosuN2

A3

2
sinuNcos@F~ t !2fN#, ~10!

fN8 ~ t !5J11
p

12

1tan21H A3

2
cosuN1

1

2
sinuNsin@F~ t !2fN#

sinuNsin@F~ t !2fN#
J ,

~11!

tancN8 5
L̂• ẑ82~ L̂•N̂!~ ẑ8•N̂!

N̂•~ L̂3 ẑ8!
, ~12!

where

J j5n% t2
p

12
2

p

3
~ j 21!1J0 , ~13!

and J0 sets the orientation ofl̂ j at t50. We are not yet
ready to derive the explicit expression forcN8 , Eq. ~12!,
because for spinning black holes, the source at the cente
this paper,L̂ is not a constant of motion. We derive th
necessary equations in the following section.
1-3



e
av
e

e

-

e
is

rb
er
g
ng
de
r

s

la

cy
he
es
o
sit

c
c

f

cy

e
se
a

e
si
u
it

in-
n

ers

ass,

en-
ing
by
tal

a-
-
t of

-
r

or-

-

ALBERTO VECCHIO PHYSICAL REVIEW D70, 042001 ~2004!
III. GRAVITATIONAL WAVES FROM BINARY SYSTEMS

In this section we briefly review, partly to fix notation, th
basic concepts and formulas regarding the emission of gr
tational waves by binary systems, with emphasis on the
fects produced by spins. We refer the reader to@33,34# for
details and to@39# and references therein for a thorough r
view regarding post-Newtonian gravitational waveforms.

The wholecoalescenceof a binary system is usually di
vided into three distinct phases@40#: ~i! the adiabatic in-
spiral, during which the BH orbital evolution occurs on th
time scale of the gravitational radiation reaction, which
much longer than the orbital period;~ii ! the merger, which
takes place at the end of the inspiral when the binary o
becomes relativistically unstable and the black holes ent
free fall plunge; and~iii ! the ringdown, when the resultin
BH settles down in its final stationary Kerr state, oscillati
according to its normal modes. In this paper we consi
only the inspiral phase. In fact the time to coalescence fo
system radiating at frequencyf is

t.1.23107S f

1024 Hz
D 28/3S M ~11z!

106M (

D 25/3S h

0.25D
21

sec,

~14!

whereM and h are the total mass and the symmetric ma
ratio, respectively, defined in Eqs.~16b!–~16d!, andt is the
observedlifetime of a binary system as recorded in the so
system for a source at redshiftz with intrinsic total massM
that enters the detector window at the observed frequenf
51024 Hz. Binary systems are therefore long lived in t
LISA band, and one critically relies on long integration tim
to disentangle the sources parameters, in particular to res
the source position in the sky and measure its lumino
distance@26#.

As we consider only the inspiral phase of the coalescen
in the frequency domain we shut off the signal at frequen

f isco5
1

p63/2M ~11z!

.4.431023S M ~11z!

106M (

D 21

Hz, ~15!

which corresponds to the innermost stable circular orbit o
particle orbiting a Schwarzichild black hole~ISCO!. The real
transition from inspiral to merger will occur at a frequen
somewhat~by a factor&2) different from f isco, but due to
the difficulty of defining the ISCO we will adopt the valu
~15!. The results presented in this paper are anyway es
tially unaffected by changing the cutoff frequency by a sm
factor.

We also assume the orbit to be circular. This is complet
reasonable from an astrophysical point of view, as a mas
binary system of roughly equal mass black holes has eno
time—regardless of the initial eccentricity at which
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forms—to circularize before it enters the observational w
dow, due to dynamical friction and radiation reactio
@12,41#.

A. Amplitude and phase evolution

We consider two massive black holes of massm1 andm2
and spinsS1 and S2, respectively. Several mass paramet
are actually useful:

M5m11m2 , ~16a!

m5
m1m2

M
, ~16b!

M5m3/5M2/55Mh3/5, ~16c!

h55
m

M
; ~16d!

they represent, respectively, the total mass, the reduced m
the chirp mass, and the symmetric mass ratio.

The system evolves by losing energy and angular mom
tum through emission of gravitational waves of increas
frequency and amplitude. The emitted radiation is given
the superposition of harmonics at multiples of the orbi
period, and the two independent polarization amplitudesh1

andh3 @42# can be schematically represented as@43#

h1,3~ t !5RH(
k

H1,3
(k) ~ t !eikforb(t)J , ~17!

whereH1,3
(k) are time-dependent functions of the source p

rameters andforb(t) is the binary orbital phase. The stron
gest harmonic is associated with the quadrupole momen
the source and therefore corresponds tok52. In this paper
we consider the so-calledrestricted post-Newtonian approxi
mationto the radiation~17!: we retain only the leading orde
contribution to the amplitude, therefore onlyH1,3

(2) at the
Newtonian order, and take into account post-Newtonian c
rections only to the phase of the signalf(t)52forb(t). In
this approximation Eq.~17! reads

h152
M 5/3

DL
@11~ L̂•N̂!2#~p f !2/3cosf~ t !, ~18a!

h3524
M 5/3

DL
~ L̂•N̂!~p f !2/3sinf~ t !, ~18b!

whereDL is the source luminosity distance@44#, N̂ the unit
vector pointing toward the binary center of mass~in our con-
vention the GW propagation direction is2N̂), and L̂ the
orbital angular momentum unit vector.

We review now the expression for the GW phasef(t).
The signal frequencyf, twice the orbital one, evolves accord
ing to @45#
1-4
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d f

dt
5

96

5
p8/3M 5/3f 11/3F12S 743

336
1

11

4
h D ~pM f !2/3

1~4p2b!~pM f !1S 34103

18144
1

13661

2016
h

1
59

18
h21s D ~pM f !4/3G , ~19!

where Eq.~19! is valid through the post2-Newtonian order
and

b5
1

12 (
i 51

2 F113S mi

M D 2

175hG S L̂•
Si

mi
2D , ~20!

s5
h

48H 2247S S1

m1
2
•

S2

m2
2D

1721F L̂•
S1

m1
2GF L̂•

S1

m1
2G J ~21!

are the so calledspin-orbitandspin-spin parameters, respec-
tively @45#. From Eq.~19! anddf/dt52p f , one can derive
the time and phase evolution of the gravitational radiatio

t~ f !5tc25~8p f !28/3M 25/3F11
4

3 S 743

336
1

11

4
h D ~pM f !2/3

2
8

5
~4p2b!~pM f !12S 3058673

1016064
1

5429

1008
h1

617

144
h2

2s D ~pM f !4/3G , ~22!

f~ f !5fc2
1

16
~p fM!25/3F11

5

3 S 743

336
1

11

4
h D ~pM f !2/3

2
5

2
~4p2b!~pM f !15S 3058673

1016064

1
5429

1008
h1

617

144
h22s D ~pM f !4/3G ; ~23!

tc andfc , the time andphase at coalescence, are constants
of integration, defined as the value oft andf at ~formally!
f 5`. As we mentioned, massive black holes spend mon
to years in the LISA observational window, depending on
mass. For future reference, if we assume that LISA obse
the final year of inspiral of a binary, then the signal swee
the frequency band between

f a.4.231025S Tobs

1 yrD
23/8FM~11z!

106M (

G25/8

, ~24!

which we call ‘‘arrival’’ ~or ‘‘initial’’ ! frequency, andf isco.
An interesting quantity to consider is the total number
gravitational wave cycles recorded by the detector:
04200
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e
es
s

f

N~ t !5
1

2pEta

t

f~ t8!dt8. ~25!

From Eqs.~23! and~24!, it is easy to compute the number o
cycles in the final year of inspiral:

N'4.83102S f a

1024 Hz
D 25/3FM~11z!

106M (

G25/3

'2.13103S Tobs

1 yrD
5/8FM~11z!

106M (

G25/8

. ~26!

Table I contains reference values forf a, f isco, andN for a
number of choices of masses and observation times.

B. Spin-induced precession

Present observations and theoretical prejudices sug
that massive black holes could be rapidly rotating. As
have mentioned in the previous section, if black holes
spinning, then the GW phase~23! contains two additional
terms, one at the 1.5PN order, which is proportional tob,
and the other at the 2PN order, which is proportional tos.
However, spins introduce a much more dramatic effect in
structure of the waveform, which is qualitatively differe
from the ones just mentioned: the orbital angular moment
L and the spinsS1 and S2 change orientation due to th
spin-orbit interaction~1.5PN effect!, so that the radiation de
tected has a time varying polarization.L , S1, andS2 precess,
over a time scale longer than the orbital period (2f
;30 min) but shorter than the observation time (;1 yr),
around the~almost! fixed direction of the total angular mo
mentumL1S11S2. This effect is actually quite dramati
and drastically changes the signature of the detected sig
as the orientation of the orbital plane changes during the y
long observation time and the angular momenta comp
several precession cycles around the fixed detection.

The spin-orbit-induced precession is the key new phys
effect which is introduced in this paper. Here we review t
main concepts and expressions and refer the reader to@33,34#
for more details. In this paper we restrict our attention to
so-calledsimple precession@33#, which takes place when~i!
the BH masses are equal (m1;m2) or ~ii ! one of the BHs
has negligible spin~for convention, in this paper we sha
assumeS250). Furthermore, one needs to impose t
condition that the angular momenta be oriented so t
LÞ2(S11S2). Under this assumptions the equations th
describe the evolution of the angular momenta simplify co
siderably, and one can construct explicit analytical solutio
for the relevant quantities. Moreover, the regime that we c
sider is well justified from an astrophysical point of view.

For circular orbits through the post1.5-Newtonian order the
equations describing the evolution ofL , S1, andS2 read

L̇̂5F 1

r 3 S 21
3m2

2m1
D JG3L̂ , ~27!
1-5
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TABLE I. Summary of the frequency band swept by massive black hole binary systems and the number of wave cycles record
detector output in LISA observations for selected masses and integration times. The table shows the initial and final frequencies of
f a and f isco, respectively, the corresponding time of observationTobs, and the number of waves cycles recorded at the output of the dete
coming from the various contributions of the terms in Eq.~23!: Newtonian: the first term; post1-Newtonian ~1PN!: the second term,
proportional to (pM f )2/3; tail: 210p(pM f ); spin-orbit: (5/2)b(pM f ); post2-Newtonian~2PN!: the last term, proportional to (pM f )4/3

with s50; spin-spin: the25s(pM f )4/3 term. The sources are selected with masses in the range 107M ( –105M ( ; for each mass choice
three differentf a’s are considered: the first corresponds toTobs51 yr, which does depend onm1 andm2, whereas the other two are the sam
for all m1 andm2, and correspond tof a5531025 Hz and 1024 Hz, respectively. Notice that depending onf a, m1, andm2, systems are
observable for different times. The fiducial source is atz51.

Number of wave cycles
m1 m2 f a f isco Tobs Newt. 1PN tail spin-orbit 2PN spin-spin
(M () (M () (31024 Hz) (31024 Hz) ~yr! (3b) (3s)

107 107 0.070 1.099 1.000 342 42 240 3 3 21
107 107 0.500 1.099 0.004 10 3 25 0 1 0
107 106 0.153 1.999 1.000 761 87 2103 8 7 22
107 106 0.500 1.999 0.038 96 22 234 3 3 21
107 106 1.000 1.999 0.005 23 7 213 1 1 0
107 105 0.350 2.177 1.000 1792 290 2455 36 32 210
107 105 0.500 2.177 0.366 949 187 2319 25 24 28
107 105 1.000 2.177 0.045 238 65 2130 10 11 24
107 104 0.776 2.196 1.000 4102 990 21881 150 153 251
107 104 0.500 2.196 3.649 9477 1834 23160 252 235 278
107 104 1.000 2.196 0.447 2383 647 21296 103 110 237
106 106 0.295 10.993 1.000 1453 102 276 6 5 21
106 106 0.500 10.993 0.246 602 59 251 4 4 21
106 106 1.000 10.993 0.038 187 28 230 2 3 21
106 105 0.647 19.987 1.000 3216 215 2201 16 11 23
106 105 0.500 19.987 1.991 4950 280 2243 19 12 24
106 105 1.000 19.987 0.312 1552 137 2144 11 9 23
106 104 1.508 21.768 1.000 7571 748 2943 75 55 218
106 104 0.500 21.768 19.285 48121 2366 22176 173 96 231
106 104 1.000 21.768 3.019 15096 1155 21300 103 68 222
105 105 1.242 109.929 1.000 6161 247 2141 11 8 22
105 105 0.500 109.929 11.261 28097 618 2266 21 11 22
105 105 1.000 109.929 1.781 8848 308 165 13 9 22
105 104 2.729 199.872 1.000 13594 519 2374 30 16 25
105 104 0.500 199.872 91.802 230221 2867 21208 96 33 29
105 104 1.000 199.872 14.494 72508 1430 2753 60 25 27
e
va

tor

-

ar
Ṡ̂5F 1

a3 S 21
3m2

2m1
D JG3Ŝ, ~28!

d

dt
~S1•S2!50, ~29!

Ṡ50, ~30!

where

J5L1S ~S5S11S2! ~31!

is the conserved total angular momentum@46,47# ~indeedL̇
52Ṡ).

Following @33#, we highlight the main features of simpl
precession and provide, in a ready-to-use form, the rele
04200
nt

quantities needed for the computation of the LISA detec
output. We will neglect the post2-Newtonian corrections,
while retaining the post1.5-Newtonian terms~spin-orbit!,
which are dominant, for them15m2 case; they vanish any
way for S250 @33,34#.

One can summarize the main features of thesimple pre-

cessionas follows.Ĵ, L̂ , andŜ precess with the same angul
velocity

Vp5S 21
3m2

2m1
D J

r 3
~32!

around the fixed direction

Ĵ05 Ĵ2e Ĵ3L̂ , ~33!

where
1-6
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e[
L

J

L̇

LVp
!1. ~34!

The quantitiesS1•S2 , S5uS11S2u, and

k[Ŝ•L̂ ~35!

are constant during the inspiral. The phase of the grav
tional signal contains an additional contribution, the s
called ‘‘Thomas precession phase,’’ given by@33#

dpf~ t !52E
t

tc
dpḟ~ t8!dt8, ~36!

where
fre

ry
b
n

o

04200
a-
-

dpḟ~ t !5
L̂•N̂

12~ L̂•N̂!2
~ L̂3N̂!• L̇̂ . ~37!

In analogy with the number of wave cycles, we can introdu
here the number of precession cycles,Np , that L̂ and Ŝ
undergo aroundĴ from some initial frequencyf a , at timeta,
to the final coalescence attc :

Np5
1

2pEta

tc
Vp~ t !dt. ~38!

Depending on the mass ratio of a binary system, whet
m1;m2 (L@S) or m1@m2 (L!S), Np is well approxi-
mated by the expression
Np'5 10S 11
3m2

4m1
D S m

106M (

D 21S f a

1024 Hz
D 21

~L@S!,

2S 11
3m2

4m1
D S m1

m2
D S S

m1
2D S m

106M (

D 22/3S f a

1024 Hz
D 22/3

~L!S!.

~39!
s

Notice that the precession cycles accumulate at low
quency, and forL@S, Np does not depend onS; if L!S,
Np}(m1 /m2)@1, which could therefore generate a ve
large number of precessions. In Table II we show the num
of precession cycles,Np , and the value of the precessio
frequencyVp at f a and f isco for a number of choices of the
mass of a binary system.

Using Eq.~32! we define now theprecession anglea as

da

dt
5Vp . ~40!

From Eqs.~31!, ~33!, and~35! it is straightforward to derive
the relevant equations for the evolution of the total and
bital angular momentum:

Ĵ5
L̂1YŜ

~112kY1Y2!1/2
, ~41a!

J5L~112Y1Y2!1/2, ~41b!

J̇̂5Ẏ
Ŝ~11SY!2L̂ ~k2Y!

~112kY1Y2!3/2
, ~41c!

L̇̂5Vp@ Ĵ03L̂1e~ Ĵ03L̂ !3L̂ #, ~41d!
-

er

r-

L̂5 Ĵ0coslL1
ẑ2 Ĵ0cosuJ

sinuJ
sinlLcosa

1~ Ĵ03 ẑ!
sinlLsina

sinuJ
. ~41e!

In the previous equationuJ andfJ are the polar coordinate
of Ĵ0 in the fixed frame and

lL[arcsin
u L̇̂ u
Vp

~42!

is the angle betweenL̂ and Ĵ ~at the first order ine, the
approximation in which we are working,lL coincides with
the angle betweenL̂ and Ĵ0) and

Y~ t ![
S

L~ t !
. ~43!

From Eqs.~32! and ~34! one can write, explicitly,

Vp5S 21
3m2

2m1
D L

r 3
G, ~44!

e5
16

5 S m

r D 3/2F S 11
3m2

4m1
DG 2G21

, ~45!

where

G 2~ f ![112kY1Y2. ~46!
1-7
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Equations~43!, ~44!, ~45!, and~46! can be used to integrat
Eq. ~40!:

a5ac2
96

5m3m3 S 11
3m2

4m1
D F2~GL !323kS~L1kS!GL

23kS3~12k2!arcsinhS L1kS

S~12k2!1/2D G . ~47!

In Eq. ~47! the angleac is a constant of integration tha
essentially identifies the position ofL̂ and Ŝ on the preces-
sion cone at the reference timetc . Finally, the frequency
evolution of lL—the angle betweenL̂ and Ĵ changes with
time—is given by

sinlL5
Y~12k2!1/2

~112kY1Y2!1/2
5

S~12k2!1/2

L~ f !G~ f !
, ~48a!

TABLE II. The total number of precession cycles,Np , and the
precession angular frequencyVp at the beginning and end of LISA
observations, for the final year of inspiral of a binary system

redshift z51 with k5Ŝ•L̂50.9 for selected values of the mass
and spin magnitude.

Number of
m1 m2 S/M2 Vp at f a Vp at f isco precession
(M () (M () (31024 Hz) (31024 Hz) cycles

107 107 0.95 0.009 1.254 11
107 107 0.50 0.007 0.892 9
107 107 0.10 0.005 0.579 7
107 106 0.95 0.008 1.043 11
107 106 0.50 0.005 0.632 7
107 106 0.10 0.003 0.272 4
107 105 0.95 0.026 0.911 34
107 105 0.50 0.014 0.489 19
107 105 0.10 0.003 0.114 5
107 104 0.95 0.133 0.895 127
107 104 0.50 0.064 0.472 71
107 104 0.10 0.012 0.096 15
106 106 0.95 0.018 12.540 25
106 106 0.50 0.015 8.919 20
106 106 0.10 0.013 5.788 16
106 105 0.95 0.015 10.432 23
106 105 0.50 0.011 6.319 16
106 105 0.10 0.007 2.716 9
106 104 0.95 0.047 9.110 74
106 104 0.50 0.025 4.892 40
106 104 0.10 0.007 1.144 11
105 105 0.95 0.038 125.396 54
105 105 0.50 0.034 89.194 46
105 105 0.10 0.030 57.877 39
105 104 0.95 0.030 104.315 48
105 104 0.50 0.023 63.186 34
105 104 0.10 0.016 27.159 22
04200
coslL5
11kY

~112kY1Y2!1/2
5

L~ f !1kS

L~ f !G~ f !
.

~48b!

Notice that at 1.5PN order, which corresponds to the po
Newtonian order at which we model the waveform in th
paper, the contribution of the spins to the GW phase~23!
depends only on the parameterb. However, if one takes into
account the change of orientation of the angular mome
then the spin-orbit coupling is described by thr
parameters—say,ac , k, andS—on whichb depends. In the
implementation of the computation of the Fisher informati
matrix ~cf. Sec. V!, we found it convenient to use as inde
pendent parametersb, k, andac .

IV. OBSERVED SIGNAL

We can now derive ready-to-use analytical expressions
the signal measured by LISA at the Michelson detector o
put, Eq.~7!, when the source is an inspiraling binary syste
of spinning massive black holes. In this case, as a resu
the relativistic spin-orbit coupling, the binary angular m
mentaL , S1, and S2 precess, following the equations de
scribed in Sec. III B. It is worth spelling out the assumpti
under which the signal is derived:~i! the binary is in circular
orbit; ~ii ! the waveform is modeled using the restrict
post1.5-Newtonian approximation~amplitude at the lowes
quadrupole Newtonian contribution, and GW phase at
1.5PN order!; ~iii ! the masses and/or spins are such that
system undergoes ‘‘simple precession.’’

In the most general case the signal depends on 17 pa
eters: two mass parameters, six parameters related to the
spins—the magnitude and orientation of each spin—the
bital eccentricity, the luminosity distance~which is adirect
observablein GW astronomy!, two angles identifying the
location of the source in the sky, two angles that describe
orientation of the orbital plane, one angle that describes
orientation of the ellipse in the orbital plane, an arbitra
reference time—say, the time at coalescence—and the si
phase at that time. In the approximation that we consi
here the signal depends on 12 unknown parameters~cf. the
next section for more details!. The key new qualitative fea
ture that we introduce here and that is not present in an
the previous analysis@26,27,29,30# is the change of orienta
tion of the orbital angular momentum during the observati
Unlike the model considered in@27,29#, here we consider
only the waves emitted at twice the orbital frequency.

Before providing the explicit expression forh(t), it is
worth summarizing the key motions and the associated t
scales that affect the detector output.

~i! LISA orbits around the Sun, so that the barycenter
the instrument changes position over the time scale of
sidereal year: this motion Doppler-shifts the incoming gra
tational waves and depends only on the source position in
sky;

~ii ! The orientation of the LISA arms changes over t
same time scale because the detector precesses aroun
normal to the ecliptic: this introduces a phase and amplit
modulation which is due to the time-dependent response

t

1-8
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the detector to the two orthogonal polarizationsh1 andh3 ;
this effect depends on both the position and orientation of
source in the sky.

~iii ! The binary orbital plane changes orientation in t
sky with L andS that precess around the total angular m
mentumJ, whose direction is essentially constant. The tim
scale of precession is longer than the orbital period but m
shorter than the LISA rotation time scale and depends
both the source-detector relative orientation and the bin
physical parameters~masses and spins!: the incoming GWs
are thereforeintrinsically modulated in amplitude and phas

We consider first the representation of detector outpu
the time domainh(i)(t); we will then turn to the frequency
domain representationh̃(i)( f ).

A. Measured signal in the time domain

In the amplitude-and-phase representation, the sig
h(i)(t) @cf. Eq. ~7!# measured by theith Michelson LISA
interferometer and produced by the polarization amplitu
~18a! and ~18b! reads

h(i)~ t !5A~ t !Ap
(i)~ t !cos@f~ t !1dpf~ t !1wp

(i)~ t !1wD~ t !#.
~49!

In the previous expression,

Ap
(i)~ t !5

A3

2
$@11~ L̂•N̂!2#2F1

(i)~ t !214~ L̂•N̂!2F3
(i)~ t !2%1/2,

~50!

wp
(i)~ t !5tan21H 2~ L̂•N̂!F3

(i)~ t !

@11~ L̂•N̂!2#F1
(i)~ t !

J ~51!

are thepolarization amplitudeandphase, respectively;

wD~ t !52pR% f sinuNcos@F~ t !2fN# ~R% 51 AU!
~52!

is the Doppler phase modulationinduced by the motion of
the LISA detector around the Sun;dpf(t) is the so-called
Thomas precession phase, Eq. ~36!, which vanishes for spin-
less binary systems; the amplitude of the gravitational w
signal is

A@ t~ f !#52
M 5/3

D
@p f ~ t !#2/3, ~53!

and the GW phasef(t) is given by Eq.~23!, where at 1.5PN
order one neglects the term proportional to (pM f )4/3.

The structure ofh(i)(t) clearly shows that the signal mea
sured at the detector output is phase and amplitude m
lated because of the three effects that we have mentio
above:

~i! the orbital motion of the instrument around the S
which Doppler modulates, throughwD , the phase of the in-
coming gravitational wave signal; this effect is the same
h(I ) and h(II ); ~ii ! the change of orientation of the detect
during the time of observation that throughF1

(i)(t) and
F3

(i)(t) affectsAp
(i) andwp

(i) , in different ways depending on
04200
e

-

h
n
ry

n

al

s

e
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i; ~iii ! the change ofL̂ due to the spin-orbit interaction

which affectsAp
(i) andwp

(i) through (N̂•L̂ ) andcN8 @cf. Eqs.
~8a!, ~8b!, ~12!, ~50!, and ~51!#; the impinging signal isin-
trinsically modulated. Furthermore,dpf adds to the phase o
the signal.

In order to complete the analysis of the detector outp
we need to provide explicit expressions for (L̂•N̂), which
enters Eq.~50! and ~51!, and (L̂• ẑ8) and @N̂•(L̂3 ẑ8)#,
which are needed to computecN8 , Eq.~12!, and therefore the
antenna beam patters. Using Eqs.~4! and ~41e! we obtain

L̂•N̂5~ Ĵ0•N̂!coslL1
cosuN2~ Ĵ0•N̂!cosuJ

sinuJ

3sinlLcosa1
~ Ĵ03 ẑ!•N̂

sinuJ
sinlLsina, ~54!

L̂• ẑ85~ Ĵ0• ẑ8!coslL

1
122~ Ĵ0• ẑ8!cosuJ

2 sinuJ
sinlLcosa

1
~ Ĵ03 ẑ!• ẑ8

sinuJ
sinlLsina, ~55!

N̂•~ L̂3 ẑ8!5N̂•~ Ĵ03 ẑ8!coslL

1
N̂•~ ẑ3 ẑ8!2N̂•~ Ĵ03 ẑ8!cosuJ

sinuJ
sinlLcosa

1
N̂•~ Ĵ03 ẑ!3 ẑ8

sinuJ
sinlLsina. ~56!

In the previous expressions sinlL , coslL anda are given by
Eqs. ~48a!, ~48b!, and ~47!, respectively, and the remainin
quantities describing the orientation of the source with
spect of the detector read

Ĵ0• ẑ85
1

2
cosuJ2

A3

2
sinuJ cos@F~ t !2fJ#, ~57!

Ĵ0•N̂5cosuJcosuN1sinuJsinuNcos~fJ2fN!,
~58!

N̂•~ Ĵ03 ẑ8!5
1

2
sinuNsinuJsin~fJ2fN!2

A3

2
cosF~ t !

3~cosuJsinuNsinfN2cosuNsinuJsinfJ!

2
A3

2
sinF~ t !~cosuNsinuJcosfJ

2cosuJsinuNcosfN!, ~59!

N̂•~ Ĵ03 ẑ!5sinuNsinuJsin~fJ2fN!, ~60!
1-9
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FIG. 1. The evolution of the polarization am
plitude ~left panels! and phase~right panels!,
computed according to Eqs.~50! and~51!, for the
final year of inspiral of a binary system as a fun
tion of time. The bold solid line refers to blac
holes with no spin, the dotted line~for the phase!
and thin solid-line~for the amplitude! to spinning
objects. The relevant source parameters are c
sen as follows: m15107M ( , m25105M ( ,

S/m250.95, andŜ•L̂50.5 ~top panels! and m1

5m25106M ( , S/m250.3, andŜ•L̂50.9 ~bot-
tom panels!. The location and initial orientation
of the source have been chosen randomly. See
text for further details.
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N̂•~ ẑ3 ẑ8!5
A3

2
sinuNsin@F~ t !2fN#, ~61!

Ĵ•~ ẑ3 ẑ8!5
A3

2
sinuJsin@F~ t !2fJ#, ~62!

N̂•~ Ĵ03 ẑ!3 ẑ852
1

2
sinuJ$A3 cosuNcos@F~ t !2fJ#

1sinuNcos~fJ2fN!%. ~63!

Last, we need to compute the scalar and vector prod
necessary to derive the Thomas precession phasedpf(t),
Eqs.~36! and ~37!:

~ L̂3N̂!• L̇̂5Vp@coslL~N̂•L̂ !2~N̂• Ĵ0!2e Ĵ0•~ L̂3N̂!#,
~64!

Ĵ0•~ L̂3N̂!5
N̂•~ Ĵ03 ẑ!

sinuJ
sinlLcosa

1
cosuJ~N̂• Ĵ0!2cosuN

sinuJ
sinlLsina; ~65!

dpf(t) can be therefore computed using Eqs.~47!, ~48a!,
~48b!, ~54!, ~57!, ~58!, and~59!.

An example of the LISA output when black holes rapid
spin is shown in Fig. 1, where we plot the amplitude a
phase modulation, Eqs.~50! and~51!, during the final year of
inspiral. Two cases are actually presented: a binary sys
04200
ts

m

with m15107M ( , m25105M ( , S/m250.95, and Ŝ•L̂
50.5 and an equal mass binary where the parameters c

spond tom15m25106M ( , S/m250.3, andŜ•L̂50.9. The
evolution of Ap(t) and wp(t) for the two sets of physica
parameters is compared to the spinless case. A simple
inspection shows how dramatic is the effect induced
spins, and it should therefore not come as a surprise tha
errors associated with the measurements of the source
rameters are strongly affected.

B. Measured signal in the frequency domain

For several applications in data analysis, it is often m
useful to work in the frequency domain, and we will deriv
now an approximation to the Fourier representation of
signalh(i)(t), Eq.~49!. Our convention for the Fourier trans

form g̃( f ) of any real functiong(t) is

g̃~ f !5E
2`

`

e2p i f tg~ t !dt. ~66!

The Fourier transform~66! of the signalh(i)(t) can be
computed in an rather straightforward way using the stati
ary phase approximation~see @52#! and considering the
gravitational waveformA(t)cosf(t) in Eq. ~49! as thecar-
rier signal modulated by the motion of the detector and t
source’s orbital plane@26,33#. Under this assumption, th
Fourier transform of the detector output~49! reads
1-10
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h̃(i)~ f !.H AAp
(i)@ t~ f !# f 27/6e$ i [C( f )2wp

(i)[ t( f )] 2wD[ t( f )] 2dpf[ t( f )]] %, 0, f < f isco,

0, f . f isco,
~67!
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A5S 5

96D
1/2

p22/3
M 5/6

D
, ~68!

C~ f !52p f tc2fc2
p

4
1

3

4
~8pMf !25/3

3F11
20

9 S 743

336
1

11

4
h D ~pm f!2/3

24~4p2b!~pm f!110S 3058673

1016064
1

5429

1008
h

1
617

144
h22s D ~pm f!4/3G . ~69!

Notice that in Eq.~69! the term proportional to (pm f)4/3

corresponds to the post2-Newtonian order and will not be
considered in this work.

V. PARAMETER ESTIMATION

In this section we discuss the errors associated to the
rameter measurement when LISA monitors binary system
rapidly rotating massive black holes in circular orbit. W
start by briefly recalling the general concepts and formu
regarding parameter estimation—we refer the reader to@48–
52# and references therein for more details—and then pre
the results of our analysis applied to LISA data.

A. Review of signal analysis and parameter estimation

The signals(t) registered at the detector output is t
superposition of noisen(t) and gravitational wavesh(t;l):

s~ t !5h~ t;l!1n~ t !; ~70!

l represents the vector of the unknown parameters~location,
masses, spins, etc.! that characterize the actual waveform a
that one wishes to estimate from the data stream. We ass
the noise to be stationary and Gaussian, characterized
noise spectral densitySn( f ). In the geometrical approach t
signal processing it is useful to considers(t) as a vector in
the signal vector space and to introduce the following in
product between two signalsv andw @52#:

~vuw!52E
0

` ṽ~ f !w̃* ~ f !1 ṽ* ~ f !w̃~ f !

Sn~ f !
d f . ~71!

According to the definition~71!, the optimal signal-to-noise
ratio ~SNR! at whichh can be detected is
04200
a-
of

s

nt

me
a

r

S/N5
~huh!

rms@~hun!#
5~huh!1/2. ~72!

In this paper we discuss the errors associated with the m
surement of the unknown parameter vectorl that character-
izes the signalh(t;l). In the limit of large SNR, which is
clearly the case for LISA observations of massive black h
binary systems, the errorsDl follow a Gaussian probability
distribution:

p~Dl!5S det~G!

2p D 1/2

e2G jkDl jDlk/2. ~73!

In Eq. ~73! the matrixG jk is known as the Fisher informatio
matrix and reads

G jk
(i)[S ]h(i)

]l j U]h(i)

]lk D . ~74!

The variance-covariance matrixis simply given by the in-
verse of the Fisher information matrix:

S jk5^Dl jDlk&5@~G(i)!21# jk. ~75!

The matrixS contains full information about the paramet
errors and their correlations and is what we need to comp
~cf. next section! in order to investigate the LISA paramete
estimation. In fact the diagonal elements ofS represent the
expected mean-square errors

^~Dl j !2&5S j j , ~76!

and its off-diagonal elements provide information about
correlations among different parameters through the corr
tion coefficientscjk:

cjk5
S jk

AS j j Skk
~21<cjk<11!. ~77!

In the limit of high signal-to-noise ratio,S j j provides a tight
lower bound to the minimum mean-square error^(Dl j )2&,
the so-called Cramer-Rao bound@49,50#. It is important to
notice that the errors~76! and the correlation coefficient
~77! depend both on the actual value of the signal param
vector l. For the case of observations with two or mo
detectors with uncorrelated noise, the Fisher information m
trix is simply G jk5(iG jk

(i) .
One of the properties that we are interested in is the

gular resolution of the instrument, which we define as

DVN52p$^D cosuN
2 &^DfN

2 &2^D cosuNDfN&2%1/2.
~78!
1-11
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The physical meaning ofDVN is the following: the probabil-
ity of the source to lieoutsidean~appropriately shaped! error
ellipse enclosing a solid angleDV is simply e2DV/DVN.

B. LISA observations

We discuss now how accurately LISA can measure
source parameters in the case of rapidly spinning bl
holes. The goal of this section is to investigate whether sp
which have been neglected in studies carried out so far,
significantly affect the estimation of the source parameter
thorough exploration of this effect requires to probe a v
large multidimensional parameter space, and it is well o
side of the scope of this paper. Here we concentrate o
fiducial source of two 106M ( black holes at redshiftz51—
a rather typical LISA source—and we compare the err
associated with the parameter measurements in the ca
which spins are present—for large spinsS/M250.95 and
moderate spinsS/M250.3; in both casesk50.9—and the
case where spins are neglected~the black holes are consid
ered,a priori, to be not spinning!.

Before presenting the results we spell out the assumpt
under which we compute the errors~76!.

~i! The orbit is circular; we regard such a hypothesis
realistic, as we are dealing with massive systems of bl
holes of comparable mass. As the orbit shrinks due to
namical friction the eccentricity is likely to decrease@11–13#
and the radiation reaction completes the circularization p
cess before GWs enter the observational window of LISA
fact the eccentricitye evolves according toe} f 219/18 @41#.

~ii ! The black holes are spinning, so that the binary or
precesses in space. However, in order to simplify the desc
tion of the precession motion, still addressing a realistic
trophysical scenario, we assume that eitherm15m2 ~the case
considered in this paper! or S250 and the spins and angula
momentum are not antialigned. Under this conditions a
nary undergoes the so-called simple precession@33#, and the
equations describing the evolution of the relevant phys
quantities simplify considerably~cf. Sec. III B for more de-
tails!.

~iii ! We restrict the analysis only to the inspiral phase
the whole coalescence. We approximate the wavefo
h̃(i)( f ;l) at the restricted 1.5PN order. The GW signal d
tected at the LISA output is therefore described by Eqs.~67!,
~68!, and~69!. Because we retain terms up to 1.5PN order
the GW phase, in the expression ofC( f ), Eq. ~69!, we ne-
glect the last term proportional to (pM f )4/3. We shut off the
inspiral waveform at the frequencyf isco, given by Eq.~15!.
In the computation of the errors~76! we actually neglect the
Thomas precession phasedp(t), Eq.~36!. This simplification
is motived by computational reasons and does not affec
any significant way the final results. In fact,dp@ t( f )# must be
computed numerically at each frequency using the past
tory of the binary;dp@ t( f )# needs then to be included in th
integrand of the scalar product~71! that leads to determina
tion of the elements of the Fisher information matrix. Th
double numerical integration, which needs to be carried
to high accuracy in order to keep under control numeri
instabilities that occur otherwise in the numerical invers
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of G jk , makes the computational time very long, due to o
limited computational resources. We have checked for a
~random! choices of the source parameters that includ
dp@ t( f )# does not change in any appreciable way the res
This is to be expected. For the physical parameters con
ered in this paper the Thomas precession phase contribu
'1 wave cycle, out of a total'1500. It also represents
secular increase in the phase of the GW signal, qualitativ
not different from the one given byC( f ).

~iv! We consider the fiducial sources to be at redshifz
51 @55#. As the systems are at cosmological distance,
values of all the physical parameters entering the GW sig
presented in the previous sections must be considered a
observed ones; they differ from the values of the paramete
as measured in the source rest frame by a factor (11z); the
parameters are ‘‘Doppler shifted’’ according to:

f→ f

~11z!
,

t→~11z!t,

M→~11z!M,

m→~11z!m,

m→~11z!m. ~79!

~v! We assume that the instrument observes the wh
final year of inspiral; the GWs sweep therefore the freque
band between thearrival frequency fa and the final cutoff
frequencyf isco; f a is determined so that after 1 yr, as me
sured by an observer in our solar system, the GW insta
neous frequency reachesf isco:

Tobs5t~ f isco!2t~ f a!

51 yr53.15569263107 sec. ~80!

The rangef a< f < f isco determines the integration domain
Eq. ~74!; values of f a and f isco for selected choices of the
source parameters are given in Table I. Note that we do
impose a low-frequency cutoff to LISA; this choice is bas
on the fact that the real low-frequency noise wall of spa
based instruments is not very well understood at the mom
placed somewhere in the range 1025–1024 Hz.

~vi! The total noise that affects the observations is giv
by the superposition of instrumental sources and astroph
cal foregrounds of unresolved radiation due to~mainly! ga-
lactic white dwarf binary systems@53,54#, the so-called
‘‘confusion noise.’’ The total noise spectral densitySn( f ) is
therefore the sum of these two components, and we use
analytical approximations given in@26,55# .

~vii ! Out of the 17 parameters on which the most gene
waveform depends, the signalh̃(i)( f ;l) that we consider
here depends on 12 independent parameters. In our ana
we adopt the following choice of independent paramete
ln M and lnm ~mass parameters!, cosuN , fN , cosuJ , fJ ,
1-12
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FIG. 2. The probability distribution ofDVN

~left! and DDL /DL ~right!, for observations of
the final year of inspiral of a binary system wit
m15m25106 M ( at z51. The histograms show
the result of a Monte Carlo simulation, wher
1000 sources have been randomly located a
oriented in the sky. The bottom panels refer
measurements carried out with only one detect
whereas the top panels describe the results
tained by combining the two independent da
streams. The plots compare the errors for diffe
ent values of the BH spins:S/m250.9 ~solid
line!, 0.3 ~dotted line!, and 0~dot-dashed line!.
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nal
andac ~geometry of the binary with respect to the detecto!,
k and b ~spin parameters!, ln DL ~distance of the source!,
and finally tc andfc .

~viii ! We compute the expected mean square er
(^Dl j

2&)1/2 and the angular resolutionDVN for the case of
observations carried out with one detector and with co
bined observations of both detectors I and II. The analysi
done in the frequency domain: we first compute analytica
the derivatives]h(i)/]l j , wherej 51, . . .,12, then compute
numericallyG jk andS jk, Eqs.~74! and ~75!; the integration
and matrix inversion are performed using numerical routi
of the NAG library.

LISA parameter estimation strongly depends~the results
vary by orders of magnitude! on the actual value of the sig
nal parameters. In particular, one of the key set of parame
that affect the errors is the location and orientation o
source with respect to the detector. This represents alrea
large parameter space that one needs to explore in ord
obtain meaningful results. We perform this exploration
means of Monte Carlo simulations, which therefore aff
the way in which the results are presented, given in term
probability distributions. For each set of physical paramet
we select randomly the five geometrical parameters (uN ,
fN , uJ , fJ , andac) from a uniform distribution in cosuN ,
fN , cosuJ , fJ , and ac . The Monte Carlo simulation is
done on 1000 different sets of angles. As far as the o
seven parameters are concerned we chose them as fol
We consider a fiducial source at redshiftz51, with m1
5m25106M ( ~which sets the three parametersDL , M,
and m), with tc5fc50. We fix thetilt angle parameterk
50.9, and we explore three different values of the size of
spin S: ~i! S/M250.95, ~ii ! S/M250.3, and~iii ! S50. No-
04200
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e

tice that givenm1 , m2 , S, andk we can easily deriveb. It
is worth noticing that in this paper we do not explore t
effect of the tilt angle cos21k, which is also likely to affect
the errors. Such analysis is currently in progress@37#. We
would also like to stress that for the caseS50 the waveform
that we actually consider is the one corresponding to
nonprecessing restricted 2PN approximation~this is the
waveform used in@30#, very similar to the one used in@26#,
which is the nonprecessing restricted 1.5PN approximatio!.
This is equivalent to assuming that we knowa priori that
spins are zero and the binary system does no precess.
that this is different from estimating the source paramet
using the waveform~67! where precession is included, an
assumingS!1. In the caseS50 we need to estimate onl
11 parameters, and not 12. The reason of this choice i
compare existing results in the literature with our new on
that take into account spin-orbit modulations.

Figures 2, 3, and 4 summarize the key results. Figure
and 3 show the probability distribution of the parameter
rors, for DVN , DDL /DL , DM/M, and Dm/m. Figure 4
shows the cumulative probability distributions: if we defin
j[Dl j , the plots showP(j,j0)5*0

j0p(j8)dj8 as a func-
tion of j0. Each plot compares the nonspinning case with
cases in which the black holes are spinning with two diff
ent value of the spins,S/M250.95 and 0.3.

The key result, which is absolutely clear from Figs. 2,
and 4 is that the errors in the spinning case are smaller
in the nonspinning one, even if the number of paramet
that one needs to estimate is greater~12 instead of 11!. One
can intuitively understand this behavior by looking at Fig.
which shows the amplitude and phase evolution of the sig
1-13
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FIG. 3. The probability distribution of
DM/M ~left! andDm/m ~right! for observations
carried out with only one interferometer~bottom!
and the two combined LISA outputs~top!. The
parameters are the same as in Fig 2.
rc
te
i

e

pa-

the
osi-
recorded at the LISA output: precessing binaries show
much greater richness of features than nonspinning sou
These are the features that help in measuring the parame

However, despite all the parameters being estimated w
smaller errors with respect to the nonspinning case, ther
04200
a
es.
rs.

th
is

striking difference between the ‘‘position parameters’’—
location in the sky and luminosity distance—and mass
rameters. In fact, the errorsDVN andDDL /DL are reduced
by a factor of 2–10 depending on the actual value of
source parameter. We know that LISA reconstructs the p
a-
e

FIG. 4. Same as Fig. 2, but now the cumul
tive probability distributions as a function of th
parametersDVN and DDL /DL are shown. See
text for more details.
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tion of the source in the sky by exploiting the modulation
the amplitude and phase of the signal, and precession in
duces one additional modulation effect which can impro

the determination ofN̂ and decorrelatesDL from M, which
improves the measurement of the luminosity distance. S
the change of position and orientation of LISA is the ma
effect that allows the source to be located. The improvem
in DVN andDDL /DL is, however, significant: the fraction o
sources that can be located within, say, one square degr
10% for nonspinning binaries, 35% for binaries with 0.3, a
50% with 0.95~for k50.9). The systems whose distance
known to better than 1% is about 60% for nonspinning bi
ries and essentially the totality for spinning binaries.

The situation is radically different for the masses: in t
nonspinning case the instrument reconstructs the value o
two mass parameters by staying in phase with the GW ph
whose time evolution is mainly controlled byM ~the leading
Newtonian term! and, to a less extent, bym, through the
post-Newtonian corrections@cf. Eqs.~23! and~69! and Table
I#. M andm play no role in the amplitude and phase mod
lation, Ap(t) and wp(t), Eqs. ~50! and ~51!. As a conse-
quence,M is measured much more accurately, by a facto
;100 or more, thanm ~see Fig. 3 and@26,30#!. If spins are
present, the masses start to play a role also inAp(t) and
wp(t), because they control the rate at whichL and S pre-
cess, and therefore are responsible for the intrinsic amplit
and phase modulation of the signal. This has two effects
the parameter estimation: it decorrelatesM from m ~at the
Newtonian order the two mass parameters are even deg
ate! and provides new features in the measured signal
improve the parameter estimation. The net effect is that
errors inM andm are now of the same order, with a dras
improvement with respect to the nonspinning case, of b
factor of ;50 and;103 for DM/M and Dm/m, respec-
tively; DM/M is still '3 times smaller thanDm/m, due to
the role played byM in the GW phasef(t). It also clear
that the additional signature produced by the masses on
amplitude and phase modulation helps in removing the c
relation betweenM andDL , therefore reducingDDL /DL ,
as we have already mentioned.

To summarize, the parameters of two 106 M ( black holes
spiraling toward the final merger atz51 and rapidly
rotating—say,S/M250.95 andk50.9—can be measure
very accurately:M andm can be measured to a few parts
105, the luminosity distance to better than 1%~in some cases
almost 0.1%!, and with an error box in the sky 1026 srad
&DVN;1023 srad. Notice that the errors scale with the d
tance roughly as DVN;1/DL

2 and DM/M;Dm/m
;DDL /DL;1/DL . This would be strictly true for white
noise, which is not the case for LISA. In particular going
higher redshift, one can expect a degradation of the meas
ments more severe than the one predicted by this sim
scaling, because GWs are redshifted to lower frequen
where the noise is higher and some initial portion of t
signal falls out of the observational window.

For multiband, electromagnetic, and gravitational obs
vations of the same event the key parameter is the ins
ment’s angular resolution. In fact there is some hope t
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LISA will have enough angular resolution to locate the g
axy or galaxy cluster where a coalescence of massive b
holes takes place; this would enable other telescopes t
pointed at the same area of the sky and to observe the a
math of such catastrophic event. However, previous stu
@26,27,29,30# have concluded that this might actually be im
possible for sources atz'1 ~or beyond!, because of the poo
angular resolution of GW observations. In short, the res
of our analysis suggest that in some exceptional case L
might be able to identify the host galaxy cluster of a MB
binary of 106 M ( at z51, but in general the LISA error box
will contain several hundreds of galaxy clusters and*105

galaxies, all of them potential hosts of a LISA detect
source. Such a conclusion can be easily derived by com
ing the LISA angular resolution with the one of other tel
scopes and the angular size of galaxies at high redshift.
optical telescope, such as the Keck telescope, has a fie
view of about 1 square degree. Chandra has a square fie
view of 16316 arcmin with a spatial resolution o
.1 arcsec, and XMM has a circular field of view with ra
dius 15 arcmin and a spatial resolution of a few arcsec.
TEGRAL has an even wider circular field of view—the r
dius is 10 deg—with a poorer spatial resolution~12 arcmin!.
There is therefore no doubt that, for a typical LISA source
z51, GW observations will provide information accura
enough to cover the interesting portion of the sky with
single observation by one of~or all! the former instruments
At z51, the typical size of a galaxy is.3 arcsec and the
typical size of a galaxy cluster is.2 arcmin. In a very few
lucky occasions LISA will be able to detect a source w
DVN'331023 deg2, but more typically the angular resolu
tion is DVN'0.3 deg2, and could be much worse for a few
detections (DVN'5 deg2). It is therefore clear that for the
‘‘high-spatial-resolution’’ GW detections, only'3 galaxy
clusters will fall in the LISA error box, but more typically
the number of clusters will be'300. If there is still a small
~but not negligible! chance of identifying the galaxy cluste
hosting a GW source, the chances of pinpointing the h
galaxy seem to be very bleak~the former numbers need to b
multiplied by a factor;103 for galaxies!.

VI. CONCLUSION

We have considered LISA observations of massive bl
hole binary systems in the final stage of inspiral for rapid
rotating black holes. We have restricted our analysis to co
parable mass objects in circular orbit, modeling the radiat
at the restricted post1.5-Newtonian order assuming simpl
precession. We have derived ready-to-use analytical exp
sions for the signal registered at the detector output, bot
the time and frequency domains, and have determined
mean-square errors associated with the parameter mea
ments for equal mass 106 M ( binary systems atz51 for
selected spin parameters and a wide range of source l
tions and orientations. Our analysis clearly shows that
presence of spins reduces~by orders of magnitude, for som
parameters! the errors with which the source parameters
measured. LISA is therefore a more powerful telescope t
previously thought if spins play a significant role. The ma
1-15
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shortcoming of our analysis is the limited region of the p
rameter space that we have been able to explore, whic
entirely due to our limited computational resources. Su
analysis is currently in progress@37#. Of particular interest is
the exploration of the parameter space in the case where
masses are not comparable—i.e., where the mass rat
;0.1 or smaller. Our present understanding of the relev
astrophysical scenarios suggests, in fact, that the forma
of unequal mass binaries should be regarded as the
rather than the exception. When the mass ratio increases
number of precession cycles detected at the LISA output
increase as well@cf. Table II and Eq.~39!#. It is therefore
conceivable that precession will be even more effective
breaking the degeneracy among the parameters, in partic
the two masses. However, the amount of intrinsic rotatioS
shall also play a crucial role, as the number of precess
cycles is proportional toS. Preliminary results suggest tha
l-
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for m2 /m150.1 and rapidly rotating systems (S/M2'0.9)
the estimation of the mass parameters and the angular r
lution improve by a factor of a few, with respect to the equ
mass case, provided that the signal-to-noise ratio is
strongly affected. In general, in fact, unequal mass syste
will be detected at a lower SNR, so that precession comp
sates for the loss of SNR. The latter eventually dominates
effect of rotation whenm2 /m1 decreases further and com
promises the accuracy with which parameters can be m
sured.
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