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Fermion masses and coupling unification inE6: Life in the desert
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We present anE6 grand unified model with a realistic pattern of fermion masses. All standard model
fermions are unified in three fundamental 27-plets~i.e., supersymmetry is not invoked!, which involve in
addition right-handed neutrinos and three families of vectorlike heavy quarks and leptons. The lightest of those
can lie in the low-TeV range, being accessible to future collider experiments. As a result of the high symmetry,
the masses and mixings of all fermions are closely related. The new heavy fermions play a crucial role for the
quark and lepton mass matrices and the bilarge neutrino oscillations. In all channels generation mixing andCP
violation arise from a single antisymmetric matrix. TheE6 breaking proceeds via an intermediate-energy
region with SU(3)L3SU(3)R3SU(3)C gauge symmetry and a discrete left-right symmetry. This breaking
pattern leads in a straightforward way to the unification of the three gauge coupling constants at high scales,
providing for a long proton lifetime. The model also provides for the unification of the top, bottom, and tau
Yukawa couplings and for new interesting relations in flavor and generation space.
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I. INTRODUCTION

The exceptional groupE6 @1,2# is the preferred group fo
grand unification. All standard model~SM! fermions are in
the lowest27 representation. Its maximal subgroupSU(3)
3SU(3)3SU(3) can be viewed as an extension of t
Weinberg-Salam group SU(2)L3U(1)Y3SU(3)C
→SU(3)L3SU(3)R3SU(3)C[G333. The fermions can be
described by singlet and triplet representations of theSU(3)
groups only. Using for all fermion fields left-handed tw
component Weyl spinor fields, the quantum number ass
ments are~for each generation! @3#

quarks: QL~x!5~3,1,3̄!,

leptons: L~x!5~ 3̄,3,1!,

antiquarks: QR~x!5~1,3̄,3!. ~1.1!

The 78 generators ofE6 consist of the threeSU(3) adjoint
octet generators and the generatorsF(3,3,3) andF̄(3̄,3̄,3̄)
of cosetE6 /G333.

The beautiful cyclic symmetry ofE6 is apparent from
Eqs.~1.1! and from the fact thatF takes a quark field into a
lepton field, a lepton field into an antiquark field, and
antiquark field into a quark field. An additional argume
favoringE6 is its appearance through compactification of t
ten-dimensionalE83E8 heterotic superstring theory on
Calabi-Yau manifold. The compactification process can le
either to four-dimensionalE6 gauge symmetry~which is
anomaly free and left-right symmetric! or to some ofE6’s
maximal subgroups@4#. The phenomenology of theE6 grand
unified theory~GUT! attracted attention earlier@1,2,5#, and
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its active study has been continued until recently@6#. The
phenomenology and properties ofG333 triunification models
are also interesting@7#.

According to Eqs.~1.1! one has besides the SM fermion
additional quark and antiquark fields with the same char
as the corresponding down quarks, twoSU(2)L doublet lep-
tons~containing additional ‘‘active’’ neutrinos!, and two SM
singlets—‘‘right-handed’’ neutrinos for each generation.

SO(10) andE6 grand unified theories in old times usual
predicted small neutrino mixings since in straightforward a
plications the large symmetry obtained from these gro
connects the neutrino mixings with the small mixings o
served in the quark sector. After the observation of la
mixings in neutrino oscillations one had to return to t
smaller SU(5) group ~the minimal version of it does no
involve right-handed neutrinos! or needed several Higg
bosons of the same representation or special composite
erators and fine-tuning procedures. In this paper we w
show, however, that the consequent use of the fermion
scalar particle interactions and spectra ofE6 allows us to
construct a realistic GUT model.

We consider at first the Yukawa sector ofE6 with its
symmetric and antisymmetric matrices in flavor and gene
tion space. After defining the model, we can calculate from
the mass spectrum of ordinary and new fermions and t
mixings in terms of a few parameters only. An interesti
feature is that the mass matrices of quarks and leptons
strongly influenced by the flavor mixing of the SM particle
with heavy fermions as was suggested by Bjorken, Pakv
and Tuan@8#. Earlier suggestions for the mixing of the SM
particles with new heavy fermions can be found in@9#. Our
work is done in the spirit of Ref.@8#. As in this reference, our
scenario favors a relatively light mass scale for some of
new particles@10-plets ofSO(10)]. The lightest can lie in
the low-TeV region or even below. A major difference to@8#
is the full use of the discrete left-right symmetry ofE6, valid
at the intermediate symmetryG333. It is broken solely by the
Majorana property of very heavy neutral leptons~the right-
handed heavy neutrinos!. The use of an antisymmetric HiggE
©2004 The American Physical Society02-1



th

is

th
e
t
a

io
ply

n

ie

e

vy
o

l
h

an
ta

tu
ap

ng
g

it

ent
e a

into

ft-

-

to-
e:

on

der
ir

he

B. STECH AND Z. TAVARTKILADZE PHYSICAL REVIEW D 70, 035002 ~2004!
representation proposed many years ago@5# plays a decisive
role. The corresponding antisymmetric matrix determines
generation mixing and theCP violation in all heavy and light
channels~in the basis in which the up-quark mass matrix
diagonal!. The inclusion of all neutral leptons ofE6 allows
us to connect the mass matrix of the heavy neutrinos with
diagonal up-quark mass matrix and the antisymmetric g
eration matrix. It leads to bimaximal mixings of the ligh
neutrinos which then change to a bilarge mixing pattern
the weak scale by renormalization effects. All mass rat
and mixing angles of light and heavy fermions are sim
related to each other.

We then study the gauge coupling and top-bottom-tau u
fication in E6. It is achieved by an unbrokenG333 subgroup
as an intermediate symmetry. The discrete left-rightDLR
symmetry, which is unbroken at these intermediate energ
plays also an important role. The breaking scaleMI of the
intermediate symmetry is not a free parameter, but uniqu
fixed by the standard model couplings:M I.1.5
31013 GeV. MI also determines the scale of light and hea
neutrinos in agreement with experiment. The unification
the couplings occurs above 1016 GeV in our specific mode
at 231017 GeV and thus suppresses proton decay. T
renormalization of mass ratios, various Yukawa matrices,
the scaling of the neutrino mass matrix are studied in de

Our model is nonsupersymmetric as the one in@8#. The
hierarchy problem persists but it is hoped that its even
solution would not change the basic features of our
proach.

II. PARTICLE ASSIGNMENTS IN E6 AND THE YUKAWA
SECTOR

Let us first consider the lowest particle generation

~QL! i
a5S ua

da

Da
D , Lk

i 5S L1
1 E2 e2

E1 L2
2 n

e1 n̂ L3
3
D ,

~QR!a
k5~ ûa , d̂a , D̂a!, ~2.1!

where i ,k,a51,2,3; a is a color index. In this description
SU(3)L acts vertically and SU(3)R horizontally. The
charges are obtained from the operator

Q5S I 31
1

2
YD

L

1S I 31
1

2
YD

R

, ~2.2!

with I 3 , Y defined as usual. Before symmetry breaki
equivalent forms of Eqs.~2.1! can be obtained by applyin
left and rightU-spin rotations.

The charge conjugation operator interchanges left w
right-handed indices:

C~QL! i
aC 215~QR!a

i , CLk
i C 215Li

k ,

C~QR!a
i C 215~QL! i

a . ~2.3!
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It leaves the commutation relations for theE6 generators
unchanged and is often calledDLR parity. The new lepton
fields L1

1, L2
2, L3

3 are identical with their own antiparticle
fields. Nevertheless, if two of these fields—say,L1

1 and
L2

2—are connected by a single mass term, a four-compon
Dirac field can be formed. The two fields then behave lik
~vector like! particle-antiparticle pair. The parity andCP op-
erations change the left handed two component fields
right handed ones:

P~QL! i
a~ t,x!P 215s2~QR!a

i* ~ t,2x!,

PLk
i ~ t,x!P 215s2Li

k* ~ t,2x!,

P~QR!a
i ~ t,x!P 215s2~QL! i

a* ~ t,2x!,

CP~QL! i
a~ t,x!CP215s2~QL! i

a* ~ t,2x!,

CPLk
i ~ t,x!CP215s2Lk

i* ~ t,2x!,

CP~QR!a
i ~ t,x!CP215s2~QR!a

i* ~ t,2x!. ~2.4!

By including the generation quantum numbera
(51,2,3) all basic fermions are now classified by the le
handed Weyl fieldsC r

a with the E6 flavor index r running
from 1 to 27.

The product of two27’s of E6 decomposes into a sym
metric 27, an antisymmetric351A , and a symmetric351S
representation:

273275271351A1351S . ~2.5!

Consequently, the Yukawa interactions in theE6 Lagrangian
contain in general the three Higgs fields

H5H~27!, HA5H~351A!, HS5H~351S!. ~2.6!

Each of the three Higgs fields couples to the fermions
gether with a 333 matrix G acting on the generation spac

Gab5@G~27!#ab , Aab5@G~351A!#ab ,

Sab5@G~351S!#ab . ~2.7!

The E6 invariant Yukawa interaction reads

LY5~~C r
a!Tis2Cs

b!@GabHrs1Aab~HA!rs1Sab~HS!rs#

1H.c. ~2.8!

G andSare symmetric matrices in generation space, whileA
is an antisymmetric matrix.LY is invariant with respect toC,
the right↔ left operation. In case of real vacuum expectati
values~VEVs! of the Higgs fields, the part ofLY obtained
from the real part of these matrices is formally even un
the CP and P operations, while the term arising from the
imaginary parts is formally odd underCP andP.

The decomposition of the Higgs fields with respect to t
G333 subgroup reads

H5~ 3̄,3,1!1~1,3̄,3!1~3,1,3̄!, ~2.9!
2-2
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HA5~ 3̄,3,1!1~1,3̄,3!1~3,1,3̄!1~ 3̄,6̄,1!1~1,3̄,6̄!

1~ 6̄,1,3̄!1~6,3,1!1~1,6,3!1~3,1,6!1~3,8,3̄!

1~ 3̄,3,8!1~8,3̄,3!, ~2.10!

HS5~ 3̄,3,1!1~1,3̄,3!1~3,1,3̄!1~6,6̄,1!1~1,6,6̄!

1~ 6̄,1,6!1~3,8,3̄!1~ 3̄,3,8!1~8,3̄,3!. ~2.11!

The color singlet parts whose neutral members can dev
VEVs are

H→~ 3̄,3,1!,

HA→~ 3̄,3,1!1~ 3̄,6̄,1!1~6,3,1!,

HS→~ 3̄,3,1!1~6,6̄,1!. ~2.12!

We note that the parts containing a sextet or antisextet
resentation can only couple to leptons.

III. MODEL

The vacuum expectation values of the three Higgs fie
determine the particle spectrum. To be in accord with the
the masses of the new particles ofE6 have to get heavy~at
least of order TeV!. Thus, Higgs components which a
SU(2)L singlets can have large VEVs. The members
SU(2)L doublets, on the other hand, should be of the or
of the weak scale, while the VEVs ofSU(2)L triplets are
expected to vanish.

In order to define our model to be predictive and to ha
very few unknown parameters, we need some specific
sumptions concerning the three Higgs fields, about the g
eration matricesG, A, S and the symmetry breaking patter
We do not consider Higgs field components which ca
color. They are supposed to acquire masses of the orde
the GUT scale from appropriate Higgs potentials.

We allow VEVs for all color singlet and neutral compo
nents ofH:

^H1
1&5e1

1 , ^Hk
i &5ek

i , for i ,k52,3. ~3.1!

However, by a biunitary left and rightU-spin transformation
in flavor space@i.e., on theSU(3)L and SU(3)R indices 2
and 3# we can choose a proper basis for which

e3
25e2

350. ~3.2!

Our first assumption concerns the VEVs ofHA and HS .
^HA& can mix the standard model particles with the n
heavyD andL states@the 10-plet ofSO(10)]: d↔D, e↔E,
n5L3

2↔L2
2. This is achieved by components ofHA which

involve left and rightU-spin 1/2 indices. For the (3,̄3,1)
sector ofHA we take, therefore,

^~HA!k
i &5 f k

i , i ,k52,3. ~3.3!

For the (3̄,6̄,1) sector ofHA one has, correspondingly,
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^HA
i $1,k%&5 f i $1,k%, i ,k52,3, ~3.4!

and for the sector (6,3,1),

^HA$1,k% i&5 f $1,k% i , i ,k52,3. ~3.5!

In our numerical treatment we will restrict the VEVs in Eq
~3.4!, ~3.5! to those withi 53, k52,3 andi 52, k53 which
should be the dominant ones. With respect toU spin, f 3$1,3% is
the analogue off 2

3. While f 2
3 mixes d with D, f 3$1,3% mixes

e2 with E2 andn with L2
2.

The VEVs of the symmetric Higgs fieldHS can provide
large Majorana masses for the heavy leptonsL2

3 and L3
3.

They arise from theHS(6,6̄,1) sector. Here we have to tak
theSU(2)L singlets and left- and right-handedU-spin triplets

^~HS!
$3,3

%$2,2%&5F $2,2%, ^~HS!
$3,3

%$3,3%&5F $3,3%.
~3.6!

All other components of̂HA& and^HS& are taken to be zero
or negligible in our calculations.

Of particular interest is the question of the breaking of t
left-right symmetry of E6 . F $22% as obtained from^HS&
breaks this symmetry strongly. It could be the domina
manifestation ofDLR symmetry breaking.̂H& and ^HA& on
the other hand need not break this symmetry significantly
strict left-right symmetry in this sector would imply the re
lations

f k
i 52 f i

k , f i $1,k%5 f $1,k% i , i ,k52,3. ~3.7!

The signs follow by taking theHA part of the Yukawa
interaction to be even underDLR when HA is replaced by
^HA&. As a consequence of Eqs.~3.7! the f ’s are of the order
of the weak scale even though some are standard model
glets and thus only protected by the discreteDLR symmetry
itself. If this is indeed the case, it implies new particles in t
few TeV region as we will see.

The next assumption concerns the generation matriceG,
A, andS. The symmetric matrixGab can be diagonalized by
an orthogonal transformation, which leaves the symme
properties ofAab andSab unchanged. By choosing this ba
sis, the up-quark mass matrix is diagonal because, accor
to the above-assumed properties of^HA& and^HS&, only ^H&
contributes to it:

~mU!ab5Gabe1
15gadabe1

1 . ~3.8!

As a consequence, the quark mixing angles and theCP vio-
lating phase must entirely come from the inclusion of t
Higgs HA with its antisymmetric generation matrixAab as
proposed in Ref.@5#. Thus, Aab has to contain imaginary
parts which cannot be rotated away using quark phase re
nitions. This leads us to assume that the matrixA is—in our
phase convention—purely imaginary—i.e., a Hermitian m
trix. The normalized matrix contains then only two param
eters, in fact only one when utilizing a discrete generat
exchange symmetry forA as shown later.

We suggest that the generation matricesG, A, andS are
not independent of each other. In particular, the coupl
2-3
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matrix S for the heaviest leptons should have an intim
relation with the generation matrices of the charged fermi
@10#. S may then be expanded in terms ofG andA. Specu-
latively we assume that the generation mixing matrixS is a
combination of the bilinear productG2 and the commutato
@G,A#. The generation mixing in this sector is then due
the same matrixA which causes the mixing of the charge
fermions. As it turns out this structure forS is crucial for
bilarge neutrino mixings. In fact, it leads to bimaximal mi
ing which is then changed to bilarge mixing by renormaliz
tion group effects.

The last assumption concerns the breaking pattern ofE6,
which is presumably the origin of the breakings seen in
Yukawa sector. We suppose the following symmetry bre
ing chain:

E6 ——→
MGUT

SU~3!L3SU~3!R3SU~3!C3DLR

→
MI

SU~2!L3U~1!Y3SU~3!C . ~3.9!

Here MGUT is the GUT scale andDLR denotes the discret
left↔right symmetry operation. As we will show below, th
breaking chain~3.9! leads in a straightforward way to th
unification of the gauge coupling constants. The first bre
ing step to the intermediate symmetry can be caused b
scalar 650-plet which contains twoG333 singlets. One of
them S1 is even underDLR (S1→S1), while the second
oneS2 is odd (S2→2S2). It then follows from the sym-
metries atMI and aboveMI that S1 has the nonzero VEV
and ^S2&50. This ensures that in the (MI , MGUT) interval
L↔R symmetry is precise and the equality of the coupli
constantsgL andgR is protected also at the quantum leve

We take two HiggsSU(2)L doublets ofH—namely,H1
1,2

andH2
1,2—to be relatively light. The remaining Higgs boso

masses of the color neutral components ofH and HA are
taken to be of orderMI or higher. The only exception is th
SU(2)L doublet (HA)2

1,2 which can be much lighter thanMI

because of the left-right symmetry (f 2
2'0) in theHA sector

mentioned above. But it must be heavier than'500 TeV not
to induce flavor changing processes above presently kn
limits. All Higgs bosons not mentioned are assumed to h
masses at the order of the GUT scale.

Before starting our investigation, let us state the quark
lepton masses at the scalem5MZ @11,12#:

mu5~1.860.4! MeV, md5~3.360.7! MeV,

ms5~62612! MeV, mc5~0.6460.04! GeV,

mb5~2.8960.03! GeV, mt5~17365! GeV,

me50.487 MeV, mm5102.8 MeV,

mt51.747 GeV, ~3.10!

as obtained from the analysis of experimental data. The g
eral hierarchical structure of the SM masses and of
Cabibbo-Kobayashi-Maskawa~CKM! matrix elements will
03500
e
s

-

e
-

-
a

n
e

d

n-
e

be used in the following. Some of the masses—in particu
mt , mb , andmt—are taken as input parameters.

IV. QUARK MASS MATRIX

Because of the hierarchical structure of the quark mas
and mixing angles, it is convenient to express them in ter
of powers of a small dimensionless parameter. We introd
the parameters @10# with the value

s50.058, ~4.1!

for which

uVcbu.
s

A2
, Umu

mc
U.Umc

mt
U.uVubu.s2 ~4.2!

hold within experimental uncertainties. One also h
(ms /mb)uVusu's2.

According to our assumption~3.1!, ~3.2! the up-quark
mass matrix is

~mU!ab[Gab^H1
1&5gadabe1

15DiagS mu

mt
, 6

mc

mt
, 1Dmt .

~4.3!

At the scalem.MZ we can write

mU.Diag~s4, 6s2, 1!173 GeV. ~4.4!

The signs of the mass parameters are in general of no
evance because of the freedom to change phases. But
we keepG and A to be Hermitian matrices, the Jarlsko
determinant obtained from the commutator of mass matr
depends on the sign chosen in Eq.~4.3! giving two solutions
for the area of the unitarity triangle.

Because of the existence of theD quarks, the down-quark
~big! mass matrix is a 636 matrix, which contains the anti
symmetric generation matrixA:

d̂ D̂

Md,D5
d

DS e2
2G1 f 2

2A, f 3
2A

f 2
3A, e3

3G1 f 3
3A

D . ~4.5!

Here e2
2, f 2

2, and f 3
2 are mass scales of order of the we

scale, while at leaste3
3 should describe a heavy mass sca

In accordance with our model assumptions we havef 2
3 , f 3

3

!e3
3 which allows us to integrate out theD,D̂ states and to

write down the seesaw formula

mD.e2
2G1 f 2

2A2
f 2

3f 3
2

e3
3 ~AG21A!. ~4.6!

The D-quark mass matrix is simply proportional to the u
quark mass matrix:
2-4
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MD.e3
3G5

e3
3

e1
1

mU . ~4.7!

Although Eq. ~4.5! should only be valid at the unificatio
scale and has to be carefully scaled down for a determina
of mD at m.MZ , we will use Eq.~4.6! at MZ for a first
orientation.

The first entry in Eq.~4.6! is responsible for the mass o
the bottom quark, while the second term must provide for
small mixing angles and the largeCP violating phase. The
third term gives a correction to the symmetric part of t
mass matrix which is important for the strange quark ma
We expect, therefore,

e2
2.mb , f 2

2uA23u.uVcbumb ,

f 2
2uA12u.msuVusu, and f 2

2uA13u.uVubumb .
~4.8!

From Eq.~4.2! one then gets, forf 2
2 and the generation ma

trix A,

f 2
2.

smb

A2lA

, A.S 0, is, 2 is

2 is, 0,
i

A2

is, 2
i

A2
, 0

D lAA2.

~4.9!

We introduced a scaling factorA2lA ~as discussed in Sec
VIII ! such thatf 2

25^H2
2& and the scale-dependent matrixA is

normalized according to Tr(A2).2lA
2 . We remark that the

antisymmetric matrixA taken here is also antisymmetr
with respect to the~discrete! interchange of the second ge
eration with the third one. We know, of course, that the m
trix A can have its strictly antisymmetric form only abov
MI , the breaking point of the left-right symmetry. Thus,
our renormalization group treatment we take the matrixA as
given in Eq. ~4.9! to be strictly valid atm5MGUT, even
though we anticipated its form at a low scale. By going do
from m5MGUT to MI , the matrixA ‘‘splits’’ into a matrix
AQ for the quarks and a matrixAL for the leptons. By going
further down toMZ , AQ as well asAL each splits into three
matrices relevant for the sectors indicated by the sup
scripts:

AQ→~Add̂, AdD̂, ADd̂!,

AL→~Ae2e1
, Ae2E1

, AE2e1
!. ~4.10!

These matrices are no more strictly antisymmetric. Ob
ously, also the matrixG splits into more matrices. Betwee
MGUT and MI we haveG→(GQ , GL) for the quarks and
leptons. BelowMI , one gets
03500
n

e

s.

-

n

r-

i-

GQ→~Guû, Gdd̂, GDD̂!,

GL→~Ge1e2
, GLL̄, Gnn̂!. ~4.11!

We calculated these matrices atm5MZ in a model speci-
fied in Sec. VIII, which has a unification scale of
31017 GeV. The matrixe2

2G in Eq. ~4.6! becomese2
2Gdd̂. It

is obtained frommU5e1
1Guû at MZ @Eq. ~4.4!# scaled up to

the GUT scale, whereGuû5Gdd̂ holds and then scaled dow
to MZ . In our approximation, it is still a diagonal matrix. I
the same way, one obtains the matrix replacingG21 in the
DD̂ channel of Eq.~4.6!. It is denoted by (GDD̂)21. The
matricesGDD̂ andGdd̂ at m5MZ are given in@13#.

With these changes the mass matrix for the down qua
becomes now

mD~MZ!5e2
2Gdd̂1 f 2

2Add̂2
f 2

3f 3
2

e3
3

AdD̂~GDD̂!21ADd̂,

e2
2~Gdd̂!33.mb

0 , f 2
2~Add̂!23.

ismb
0

A2
. ~4.12!

mb
0 will slightly differ from the mass of the bottom quar

because of the mixing occurring inmD .
After having found the renormalization group effects

the matricesG andA, the only parameter for calculating th
d-quark masses and the CKM matrix isf 2

3f 3
2/@e3

3(GDD̂)33#.
We use this parameter for a fit of the Cabibbo angleuVusu.
Because of our expectation of an approximate left right sy
metry @see Eq.~3.7!# we look for a negative value of this
parameter and find

f 3
2f 2

3

e3
3~GDD̂!33

.24.7531025 GeV. ~4.13!

Upon diagonalization of the down-quark mass matrix~4.12!,
with the negative sign taken in Eq.~4.4!, one obtains

md~MZ!.2.66 MeV, ms~MZ!.49.7 MeV,

mb~MZ!.2.89 GeV,

uVusu.0.217, uVcbu.0.045, uVubu.0.0034,
~4.14!

and for the angles of the unitarity triangle,

a.84°, b.20°, g.76°. ~4.15!

To obtain the correct value formb(MZ) we took for the~3,3!
element ofe2

2Gdd̂, mb
052.859 GeV. A similar good fit is

obtained if in Eq.~4.4! the positive sign is chosen. The num
ber given in Eq.~4.13! then changes to23.2631025 GeV
and the angles of the unitarity triangle become
2-5
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a.95°, b.21°, g.64°. ~4.16!

In the following we will use the negative sign in Eq.~4.4!.
The results~4.14!–~4.16! are in good agreement wit

present experimental data. The mass of the strange quar
bit low but still within the bounds of Eq.~3.10!. We also see
that Weinberg’s suggestion@13#

uVusu'Amd

ms
~4.17!

is valid. It follows from the smallness of the (1,1) entrye2
2s4

in Eq. ~4.12! due to the small first generation up quark ma
We further note that the term inmD , which arises from the
mixing with the heavyD quarks, reduced the angleg from
the originally obtained value.90° @5# to a lower value.

Besides Eq.~4.13! there is no restriction on the value o
e3

3 except thatf 2
3/e3

3 has to be sufficiently small to justify th
seesaw formula and thereby the near unitarity of the CK
mixing matrix. However, as mentioned in Sec. III, the VEV
^H& and^HA& may approximately respect the left-right sym
metry of E6 and of the intermediate symmetry in contrast
the large VEV ofHS . This idea is supported by the sma
value found forf 2

2 in Eq. ~4.9!. It would be zero for a strict
left-right symmetry in this channel and is indeed small (f 2

2

.0.093 GeV) compared to the weak interaction scale. O
can then expect that the product2 f 3

2f 2
3 is not of orderMZMI

but not much higher than (MZ)2. This gives us a rough es
timate fore3

3 and thus for the masses of theD quarks:

e3
3~GDD̂!33'

2.13104

GeV
MZ

2 or '
3.073104

GeV
MZ

2 .

~4.18!
m
t

te

a

03500
s a

.

e

From these relations, which are of course sensitive to
value taken for the weak scale input, we expecte3

3(GDD̂)33 to

be of order (107–108) GeV. Taking e3
3(GDD̂)3354

3107 GeV as an example~and scaling effects into account!,
one obtains

MD1.557 GeV, MD2.129 TeV,

MD3.43104 TeV. ~4.19!

A more detailed discussion of the heavy fermions and th
masses is presented in Sec. VII.

V. CHARGED LEPTON MASS MATRIX

The charged lepton mass matrix has the same structur
the down-quark mass matrix. By going from quarks to le
tons E6 Clebsch-Gordon coefficients have to be taken in
account. Quarks and leptons couple toH(3̄,3,1) according to
the combination

qiq̂
k1

1

2
« i i 8 i 9«

kk8k9Lk8
i 8 Lk9

i 9 . ~5.1!

The (3̄,3,1) sector of the Higgs fieldHA couples only to
quarks, the sectors (3,̄6̄,1) and (6,3,1) only to leptons. Thus
the relevant 636 matrix at the GUT scale is
e1 E1

Me,E5
e2

E2S 2e2
2G2~ f 2$1,3%2 f $1,3%2)A, f 3$1,3%A

2 f $1,3%3A, 2e3
3G1~ f 3$1,2%2 f $1,2%3)A

D . ~5.2!
Using the same arguments as for the down-quark mass
trix the f ’s in the diagonal elements are small compared
the main terms. After integrating out theE-type states, the
mass matrix for the charged leptons of the SM is genera
and has atm.MZ the form

mE.2e2
2Ge2e1

2~ f 2$13%2 f $13%2)Ae2e1

2
f $1,3%3f 3$1,3%

e3
3

Ae2E1
~GLL̄!21AE2e1

. ~5.3!

The first term is constructed likee2
2Gdd̂, but for leptons. The

contribution of VEVs in the second term should be as sm
a-
o

d

ll

as the corresponding termf 2
2 in the quark mass matrix. Di-

agonalizing Eq.~5.3! one gets, with

f 2$13%2 f $13%2.0.042 GeV,

f $1,3%3f 3$1,3%

e3
3~GLL̄!33

.12.631025 GeV, ~5.4!

the charged lepton masses

me50.488 MeV, mm5102.8 MeV, mt51.748 GeV.

~5.5!
2-6
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For obtaining the correct value of the tau lepton mass
took mt

0 @the ~3,3! element ofe2
2Ge2e1

] to be 1.689 GeV.
The contributions from the first term in Eq.~5.3! for the light
generations are proportional tos4 ands2, respectively, and
thus negligibly small. The muon mass receives its essen
contribution from the third term in Eq.~5.3!—i.e., from the
mixing with the heavy leptons. The contributions from t
second and third terms to the electron mass are compar
There is someCP violation due to the second term in Eq
~5.3!. The corresponding unitarity triangle, for charged le
tons, has the anglesa.43°, b.62°, g.75°. After diago-
nalization of the charged lepton matrix, thisCP violation will
n-

ve

et
a
na

e
an

m

te

03500
e

ial

le.

-

affect the neutrino mixings. The charged lepton mixi
angles turn out to be small:uVemu.0.034, uVetu.0.003,
uVmtu.0.068. Therefore, the large neutrino mixings are n
due to the mixings in the charged lepton sector but sho
come from the neutral lepton sector where large Majora
masses appear. In the next section it will be shown that th
indeed the case. Comparing now Eq.~4.13! with Eq. ~5.4! we
get f $1,3%3f 3$1,3%/2 f 3

2f 2
3.(1.6)2. Considering the analogy o

f 3
2 with f $1,3%3 and f 2

3 with f 3$1,3% this appears to be a reaso
able value. In Secs. VII, VIII we will useu f $1,3%3u.u f 3$1,3%u,
u f 3

2u.u f 2
3u—i.e., appropriate left-right symmetry in thes

channels.
, the
VI. NEUTRAL LEPTON MASS MATRIX

The fundamental fermion representation ofE6 contains five neutral two-component fields. Thus, for three generations
mass matrix for these neutral leptons is a 15315 matrix. According to the assumption stated in Sec. III, it is given by

L3
2 L2

3 L3
3 L1

1 L2
2

ML5

L3
2

L2
3

L3
3

L1
1

L2
2

S 0 2e1
1G 0 2 f 3$1,3%A 0

2e1
1G F$2,2%S 0 2 f $1,3%3A 0

0 0 F $3,3%S e2
2G1h2

2A e1
1G

2 f 3$1,3%AT 2 f $1,3%3AT e2
2G1h2

2AT 0 e3
3G1h3

3A

0 0 e1
1G e3

3G1h3
3AT 0

D , ~6.1!
i-

d

os,

e
the
where

h2
25 f 2$1,3%1 f $1,3%2 , h3

35 f 3$1,2%1 f $1,2%3 , ~6.2!

and L3
2 stands for the standard light neutrino fields. All i

gredients in this matrix arising from the Higgs fieldsH and
HA are defined in the previous sections. We notice, howe
that in theL1

1L2
2 block the contribution of thef ’s is additive.

The new elements are the ones containing the symm
generation matrixS. They give rise to genuine Majoran
mass terms and are of particular significance in the diago
ization process. The strength of theHS Higgs contribution to
ML is governed by the constantsF $2,2% and F $3,3% carrying
right-handed U-spin quantum numbers.F $3,3% essentially
fixes the Majorana mass for the heavyL3

3 leptons which are
expected to be of the order of theSU(3)L3SU(3)R break-
ing scale. The constantF $2,2% of similar strengths breaks th
left-right symmetry and thus is responsible for the domin
breaking of this symmetry.

We can reduce the matrixML to a 939 matrix by know-
ing thate3

3 is much larger than the other elements in the sa
row and column—in particular, iff 3$1,3% and f 3$1,2% are in-
deed of the order of the weak scale. This allows us to in
grate out theL1

1, L2
2 states. With the abbreviations

f 5 f 3$1,3%e1
1/e3

3 , f̄ 5 f $1,3%3e1
1/e3

3 , ~6.3!

one finds
r,

ric

l-

t

e

-

L3
2 L2

3 L3
3

ML85

L3
2

L2
3

L3
3S 0 2e1

1G f A

2e1
1G F$2,2%S f̄ A

f AT f̄ AT F $3,3%S
D ~6.4!

and

ML
1
1L

2
2'e3

3G. ~6.5!

We neglected in Eq.~6.4! a correction to the~3-3! block—
namely,2(e1

1/e3
3)e2

2G. It is small compared to the large e
genvalues ofF $3,3%S.

For values off 3$1,3% of the order of the weak scale an
F $(2,2)%,F $(3,3)% nearMI'1013 GeV, we can again apply the
seesaw mechanism and finally arrive at the 333 Majorana
matrix for the light neutrinos,

mn.2
~e1

1!2

F $2,2%
GS21G2

f 2

F $3,3%
ATS21A, ~6.6!

and for the mass matrices of the heavy Majorana neutrin

ML
2
3.F $2,2%S, ML

3
3.F $3,3%S. ~6.7!

Only the first term in Eq.~6.6! need to be considered, sinc
the remaining one can safely be neglected. Therefore,
2-7
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neutrino mass matrix~6.6! is mainly due to the decoupling o
L2

35 n̂ states. It scales with the masses of these heavy le
states.

We expect~see Sec. III! S to be related to the two othe
generation matricesG andA. The main term forSshould be
G2, which leads to a diagonal nondegenerate mass ma
@see Eq.~6.6!#. We then add a term linear inA, the commu-
tator @G,A#, with a tiny coefficient. It implies that also in
this sector generation mixing is solely due to the antisy
metric matrixA. We take forS, divided by the overall cou-
pling strengthlS to the Higgs fieldHS , the real and bilinear
construct

S/lS5G21 ixs3@G,A#, ~6.8!

with the single parameterx. The G2 term with its dominant
element.1 for the third generation serves for generati
o

t-

d
d

s
e
b
rin

en
ts
th
i-

he

03500
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rix

-

hierarchy and for the normalization ofS/lS @for which the
s3 term in Eq.~6.8! can be neglected#. With no renormaliza-
tion effects included, the matrixS, as defined in Eq.~6.8!
reads

S/lS.S s8, 2s6x, 2s4x

2s6x, s4,
s3

A2
x

2s4x,
s3

A2
x, 1

D . ~6.9!

In each element of Eq.~6.9! only the leading powers ofs are
shown.

By inverting the matrixS defined in Eq.~6.8! and using
Eq. ~6.6!, one finds, formn ,
mn.S 21, S 12
1

A2
sxD x, 2S 12

1

A2
sxD x

S 12
1

A2
sxD x, x221, S x2

1

A2
s D x

2S 12
1

A2
sxD x, S x2

1

A2
s D x, x221

D ~e1
1lt!

2

~122x21A2x3s!lSF $2,2%
. ~6.10!
ng
he

is
ase

ed

of

ht
For the simplicity of representation Eq.~6.10! contains only
the zeroth and first powers ins. Taking the full expression
makes numerically little difference. The interesting feature
mn is the fact that it produces for any value ofx*1.5 auto-
matically an almost perfect bimaximal neutrino mixing pa
tern with a normal~not inverted! neutrino spectrum. By
changingx, solely the ratio of mass square differences

R5
m2

22m1
2

m3
22m2

2
, ~6.11!

changes (mi denotes the threen eigenstates mass ordere
according tom1,m2,m3). The experimentally observe
ratio R'0.03 is obtained forx.3.5.

However, for a proper calculation of the neutrino ma
matrix atm5MI andm5MZ , renormalization effects hav
to be taken into account. This is particularly necessary
cause of the large generation splitting of the heavy neut
statesL2

35 n̂ caused by theG2 term in the matrixS. We have
to integrate out these states in steps and to redefinemn in
each step. We start by using Eq.~6.8! at the scaleMI with
G5GL andA5AL and proceed according to the rules giv
in the Appendix. It turns out that renormalization effec
strongly influence the neutrino mass matrix and thus also
mixing pattern. The bimaximal mixing is changed to a b
large mixing. The calculation is again performed for t
f

s

e-
o

e

gauge and Yukawa unification at 231017 GeV described in
Sec. VIII. As in the examples given in@15# we find that the
renormalization coefficients strongly reduce the mixi
angleu12 observed in solar neutrino experiments while t
angle u23 observed in atmospheric neutrino experiments
less affected. The renormalization coefficients also incre
the value of the ratioR.

A good description of the known neutrino data is obtain
by changing the value of our parameterx53.5 to

x.2.8. ~6.12!

With this value we obtainR.0.055. Larger values ofx re-
duceR. However, this would lead to a too strong reduction
the solar neutrino oscillation probability.

With x.2.8 one obtains for the mass matrix of the lig
neutrinos atm5MZ :

mn52S 20.135, 0.67, 20.62

0.67, 3.75, 4.61

20.62, 4.61, 2.81
D M0

10
, ~6.13!

with
2-8
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M05
~lt~MI !e1

1~MI !!2

lSF $2,2%
.

~102.17 GeV!2

M n̂3n̂3

. ~6.14!

Herelt is the coupling of the third generation lepton toH2
1,2

ande1
1 is the VEV of the Higgs fieldH1

1 as used before.
We obtain the mass-squared difference observed in at

spheric neutrino experimentsDmatm
2 .2.531023 eV2 when

settingM n̂3n̂3
.1.631014 GeV. It is very satisfying that this

scale is of the same order of magnitude as expected from
value of MI , the breaking point of the left-right symmetr
@14#. With this value ofM n̂3n̂3

the neutrino mass eigenvalue
turn out to be

m150.0023 eV, m250.0120 eV, m350.0516 eV,

m2
22m1

2.1.431024 ~eV!2,

m3
22m2

2.2.531023 ~eV!2. ~6.15!

To obtain the neutrino mixing matrix, one has to go to
basis in which the charged lepton mass matrix is diago
Diagonalizing Eq.~5.3! and denoting byna the weak eigen-
states (a5e,m,t), we find, from Eq.~6.13!,

na5Ua i
n n i , ~6.16!

Ua i
n . S 20.210.86i, 20.4620.08i, 0.026

20.2920.015i, 0.04410.55i, 0.78

0.3720.017i, 20.03620.69i, 0.62
D

a i

.

~6.17!

Here we took a special phase choice for the neutrino fla
eigenstates such that the third column has only real and p
tive elements.

Our results for the three mixing angles relevant in ne
trino oscillation experiments as obtained from Eq.~6.17! are

sin2u13.6.831024, sin2u12.0.22, sin2u23.0.61.
~6.18!

These values and the ratioR.0.055 of mass-squared diffe
ences are quite close to the results@16# of SuperKamiokande
@17,18#, SNO @19#, and KamLAND @20#, the CHOOZ limit
@21#, and the observations of the disappearance of solar
trinos @22#.

We can also get from Eq.~6.17! the neutrino unitarity
triangle, defined in analogy with the quark unitarity triang
It turns out to be

an.74°, bn.6°, gn.100°. ~6.19!

The phases of the elements of the first row ofUn are ‘‘Ma-
jorana phases’’ relevant for neutrinoless double-b-decay ex-
periments. With the convention used in Eq.~6.17! we get

d11.103°, d12.2170°, d1350. ~6.20!

For the quantitŷ mn&ee which determines the decay rate w
find
03500
o-

he

l.

r
si-

-

u-

.

^mn&ee5um1~Ue1
n !21m2~Ue2

n !21m3~Ue3
n !2u

.9.531024 eV. ~6.21!

The matrixUn, in particular its deviation from bimaxima
mixing, depends via the renormalization parameters to so
extent on the way unification is obtained. But a bilarge m
ing with near maximal mixing in them-t sector will always
result from the basic assumptions of ourE6 model outlined
in Sec. III.

VII. DESERT IS BLOOMING

In our model the masses of the heavy down quarksD and
the corresponding leptonsL, which form 10-plets of
SO(10), have a generation splitting similar to the up quar
The absolute values of these masses cannot be given. H
ever, if ^HA& still respects to some extent the left-right sym
metry of E6 as discussed above, the lightestD andL states
lie in the TeV region. In Sec. VIII, we present a numeric
solution of the problem of the gauge and Yukawa coupl
unification for MGUT5231017 GeV and e3

3(GDD̂)3353.98
3107 GeV. This solution also fixes the so-far undetermin
VEVs of H and HA . With the values quoted there@Eq.
~8.36!#, we can now directly diagonalize the 636 matrices
~4.5! and ~5.2! which determine the mixing of the SM par
ticles with theD andL states. This mixing, although impor
tant for the mass matrices, does not seriously violate
unitarity relations for the SM particles. For example, the s
of the squares of the second row of the CKM matrix diffe
from one only by 1.231024. In the charged lepton secto
the corresponding deviation amounts to 3.731024.

We can list now the mass values of the new particles
using againe3

3(GDD̂)33543107 GeV and settinglSF $2,2%

5lSF $3,3%51.631014 GeV in accordance with the neutrin
results:

MD1
.557 GeV, MD2

.129 TeV,

MD3
.43104 TeV,

ML1
.355 GeV, ML2

.103 TeV,

ML3
.3.833104 TeV,

M ~L2
3!1.5.83105 GeV, M ~L2

3!2.9.63108 GeV,

M ~L2
3!3.1.631014 GeV,

M ~L3
3!1.5.83105 GeV, M ~L3

3!2.9.63108 GeV,

M ~L3
3!3.1.631014 GeV. ~7.1!

In the evaluation we took the most important renormalizat
effects into account~see Sec. VIII and the Appendix!. As we
see, the desert is populated between the mass scalesMZ and
MGUT. The mass ratios for different generations of the st
2-9
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dard model singlet neutrinos are even more drastic than
corresponding ratios for theD quarks and theSU(2)L dou-
blet heavy leptons.

Our specific unification model allows us to calculate n
merous properties of the old and new particles, in particu
those related to their decay properties. We will present he
few examples only.

From the 636 mass matrix~4.5!, for the quarks, one can
calculate the coupling matrices in generation space for
03500
he

-
r
a

e

couplings of the light and heavy mass eigenstates to the
propriate light Higgs field components:

dTis2C dd̂ d̂ H2
2 , dTis2C dD̂ D̂ H2

2 ,

DTis2C Dd̂ d̂ H2
2 . ~7.2!

We find, without using the remaining freedom of changi
phases,
the
.

C dd̂.S ~20.1811.6i!31024, ~20.2517.3i!31024, 2~3.210.9i!31025

~7.410.28i!31024, ~3.311.3i!31023, ~20.4211.5i!31024

2~9.910.4i!31023, 20.04310.014i, 0.0691 i
D ,

C dD̂.S 0, 24.431027, 0

2~0.313.4i!31022, 0, 4.1i31026

20.7728.9i, 0.39, 0
D 31023,

C Dd̂.S 0, ~0.3323.8i!31022, 0.8429.7i

24.831027, 0, 0.43

0, 24.631026, 0
D 31023. ~7.3!

Of course, similar results can be derived for the lepton couplings to the Higgs fields.
For the weak interaction processD→uWL one can introduce the matrixVuD as an extension of the CKM matrix

ūgm~12g5!VuDD~WL!m
1 . ~7.4!

From Eq.~4.5! one gets

VuD.S 23.531024, 20.04, 21.131024

20.95111i, 0, 1.331023

0.8129.4i, 0.42, 0
D 31023. ~7.5!

There are also right-handed current interactions of the standard model particles with the heavySU(2)R vector bosonsWR
6 :

ūgm~11g5!Vûd̂d~WR!m
1 , ~7.6!

whereVûd̂ is slightly different but has the same structure as the CKM matrix.
Of particular interest for the decay properties of the mass eigenstates ofn̂ neutrinos are the Dirac masses connecting

flavor eigenstates of the light neutrinos~in a basis in which the charged lepton matrix is diagonal! with the heavy neutrinos
Using Eq.~5.3!, e1

1GL(MI) from Eqs.~A22!, ~A23!, and diagonalizingS(MI) we obtain

mDirac.

n1

n2

n3

n̂1 n̂2 n̂3

S ~1.7210i!31024, ~21.2211i!31023, 20.4120.0099i

~24.610.3i!31023, 0.03310.32i, 3.817.7i

~3.313.9i!31023, 20.03410.041i, 293.7183.6i
D GeV. ~7.7!
2-10
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VIII. UNIFICATION OF COUPLINGS

A. Gauge coupling unification with intermediate SU„3…L

ÃSU„3…RÃSU„3…C symmetry

As is known, the SM does not lead to the unification
the gauge coupling constants. In our scenario, there are
additional Dirac fermionsD and L below the GUT scale
MGUT. However, these do not alter the unification picture
the standard model significantly. We still need to introdu
an intermediate breaking scaleMI .

A large group likeE6 with high-dimensional representa
tions should first be broken by a step which lowers the sy
metry considerably. It is natural to breakE6 to the maximal
subgroupSU(3)L3SU(3)R3SU(3)C . As we will see, this
has the advantage that the corresponding intermediate
is not an arbitrary parameter but fixed. The breaking at
GUT scale can be achieved in the scalar sector by a H
H(650), which contains twoG333 singlets (1,1,1),S1 and
S2 . S1 is even underDLR and thus keeps the left-righ
symmetry, whileS2 is odd. We have to takêS2&50 and
^S1& to be different from zero for the breaking. It keepsgL
5gR@gL5gSU(3)L

, gR5gSU(3)R
# for m>MI . The reason is

that at the intermediate scaleMI theSU(2)L gauge coupling
g2(m) and the hypercharge couplingg1(m) have to respec
the SU(3)L3SU(3)R symmetry. Since theU(1)Y hyper-
charge is a combination ofYL , I 3R , andYR , according to
Eq. ~2.2!, the intermediate symmetry automatically requir
the matching

g2~MI !5g1~MI !5gL~MI !5gR~MI !,

gL~m!5gR~m! for m>MI . ~8.1!

The relationgL(m)5gR(m) for m>MI holds even at the
quantum level since it is protected byDLR parity. As a con-
sequence,MI is fixed by the meeting point ofg2 and g1.
From thereon the two curves continue as a single one u
MGUT where gL5gR unifies with gC5gSU(3)C

. For this to

happen the statesHA(6,3,1) andHA(3̄,6̄,1) will play a cen-
tral role as we will see shortly.

The details are as follows: BelowMI , the field content
consists of the fermionic generations of the standard mo
together with two light Higgs doublets and the three Dir
particlesD(D, D̂), L0(L1

1 ,L2
2), L2(L2

1 ,L1
2). The two Higgs

doublets are H1
1,2, H2

1,2 with ^H1
1&21^H2

2&25v0
2<v2

5(174 GeV)2. v0 will be smaller thanv in case an addi-
tional Higgs meson with standard model quantum numb
has a nonzero VEV.

The correspondingb factors for the evolution of the cou
plings are

~b1 ,b2 ,b3!5S 21

5
,23,27D , ~8.2!

as obtained from the standard model fermions and two Hi
doublets. The additionalb factors for theD ’s and L ’s for
each generation are
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f
he

f
e

-

ale
e
gs

s

to

el

rs

s

~b1 ,b2 ,b3!D5S 4

15
,0,

2

3D , ~b1 ,b2 ,b3!L5S 2

5
,
2

3
,0D .

~8.3!

Apart from these additional states, there are more scalar d
blets Hd

m(m51,2,3,4), which are involved in the constru
tion of the fermion sector. One of them comes fro
H(3̄,3,1) and the other three fromHA(3̄,3,1). H and HA

also contain two isosinglet fieldsH1
n (n51,2) carrying the

sameU(1)Y charge ase1. If some of the corresponding
states with massesm(Hd

m) andm(H1
m) lie belowMI , each of

them will contribute to theb factors according to

~b1 ,b2 ,b3!Hd5S 1

10
,
1

6
,0D , ~b1 ,b2 ,b3!H15S 1

5
,0,0D .

~8.4!

Four more Higgs components which are SM singlets co
also be relatively light, but they do not contribute to th
running of the gauge couplings. Thus, the solution of
renormalization group~RG! equation~at the one-loop level!
for the gauge couplings atMI reads

aa
21~MI !5aa

21~MZ!2
ba

2p
ln

MI

MZ
2

ba
Hd

2p (
m

ln
MI

m~Hd
m!

2
ba

H1

2p
ln

MI
2

m~H1
1 !m~H1

2 !
2

ba
D

2p
ln

MI
3

MD1
MD2

MD3

2
ba

L

2p
ln

MI
3

ML1
ML2

ML3

. ~8.5!

Hereba
D , MD , andba

L , ML denote masses andb factors of
D and L states, respectively. The matching ofg1 and g2 at
MI gives

ln
MI

MZ
5

5p

18
@a1

21~MZ!2a2
21~MZ!#1

1

108 (
m

ln
MI

m~Hd
m!

2
1

36
ln

MI
2

m~H1
1 !m~H1

2 !
2

1

27
ln

ML1
ML2

ML3

MD1
MD2

MD3

.

~8.6!

At the GUT scale we should haveMLi
5MDi

. According to

Secs. IV–VI,MLi
.MDi

should hold approximately also a

lower scales, since they are determined by^H3
3&. Thus, for

the determination ofMI we can safely neglect the last ter
in Eq. ~8.6!. Taking the massesm(Hd

m).m(H1
n ).MI , also

the second term can be neglected. Witha1
21(MZ)559 and

a2
21(MZ)529.6 we then obtain, forMI , the breaking point

of the intermediate symmetry,MI.1.331013 GeV. Accord-
ing to our model, however, one extra HiggsSU(2)L

doublet—namely, (HA)2
1,2—should have a mass much belo

MI , as was discussed in Sec. III. The small VEV found f
it, in Sec. IV, supported this view. Let us thus take its ma
n(HA2

1,2)5MA5MD3
'43104 TeV, which is far above the
2-11
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lowest allowed value (;500 TeV) and does not lead to fla
vor changing neutral currents. With this value, the seco
term in Eq.~8.6! leads only to a slight increase ofMI : MI
.1.531013 GeV. In general, the value ofMI is rather stable
with respect to modifications of our model concerning t
Higgs sectorsH(3̄,3,1) andHA(3̄,3,1). It is highly interest-
ing that the value obtained forMI is close~see@14#! to the
phenomenologically obtained mass scale (lSF $2,2%) neces-
sary to describe the mass-squared difference observed i
mospheric neutrino oscillations. Moreover, the same sc
also describes the breaking point of the left-right symme

For the precise calculation ofaL(MI)5aR(MI)
5a1,2(MI) from Eq. ~8.5!, we need input masses for theD
quarks and the leptonsL. The mass of the third generationD
quark we take is based on the discussion about an app
mate left-right symmetry in theH andHA sectors. We use

MD3
.e3

3~GDD̂!33.43104 TeV. ~8.7!

Before renormalization, the leptonL3 has the same mass
The ratios for the generation splitting of these quarks a
leptons ares4:s2:1. The corresponding input in Eq.~8.5!
allows us now to calculate the valuesa3(MI) and a1(MI)
5a2(MI), which can then be used as initial conditions to
up to MGUT. After the study of the Yukawa coupling unifi
cation atMGUT, one can go back to the scales of theD and
L states to find renormalized values for their masses~see the
next section!. The corresponding change of Eq.~8.5! will
little affect the values ofa3 anda15a2 at MI , from which
one can start again. The result is

a3
21~MI !5aC

21~MI !.31.43,

a1
21~MI !5a2

21~MI !5aL,R
21 ~MI !535.63. ~8.8!

The D andL masses, found this way, are quoted in Sec.
and have already been used in form of the mass matr
MD5e3

3GDD̂ andME5e3
3GLL̄ in Secs. IV and V.

Above the scale ofMI G333 is unbroken and the quark
lepton states are unified together with theD states in
QL(3,1,3̄), QR(1,3̄,3) and the leptonsL in L(3̄,3,1) multip-
lets. For the fermion masses we needed besides the V
from H(3̄,3,1) also those fromHA(3̄,3,1). We take the
masses of these Higgs bosons to be negligible for sc
aboveMI @similar to the mass ofH(3̄,3,1)]. In fact, we have
to do that because some members lie belowMI and the full
„SU(3)…2 symmetry must hold aboveMI . The correspond-
ing b factors form>MI are, therefore,

~bL ,bR ,bC!MI5~24,24,25!. ~8.9!

With these values the meeting pointgL5gR5gC would be
above the Planck scale becausebL5bR is not much different
from bC . We know, however, from our treatment of th
charged lepton sector, that the vacuum expectation value
HA(6,3,1) andHA(3̄,6̄,1) play an important role. Since ly
ing above theMI scale, the masses of these two Hig
03500
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bosons are equal due to the left-rightDLR symmetry:
M (6,3,1)5M (3̄,6̄,1)[M6. They contribute to the renor
malization with theb factors

~bL ,bR ,bC!65S 7

2
,
7

2
,0D . ~8.10!

We now have, form>MI ,

aC
21~m!5a3

21~MI !2
bC

MI

2p
ln

m

MI
~8.11!

and

aL,R
21 ~m!5aL,R

21 ~MI !2
bL,R

MI

2p
ln

m

MI
2u~m2M6!

bL,R
6

2p
ln

m

M6
.

~8.12!

The grand unification energyMGUT can now be obtained by
settingm5MGUT and equating Eqs.~8.11! and~8.12!. MGUT
depends onM6 and increases with increasingM6. It is inter-
esting that even for low values ofM6 close toMI we get a
large values forMGUT. For instance forM6.3MI we have
MGUT.1016 GeV. Already for M6.531016 GeV we get
MGUT.331018 GeV. Therefore, in our model we hav
MGUT*1016 GeV, which thus ensures proton stability com
patible with present experimental limits. But we still have
see which restrictions are forced on us by top-bottom-
unification.

B. Top-bottom-tau unification

In this section we study the running of the Yukawa co
plings and their unification. We concentrate on the unific
tion of the third-generation couplingsl t , lb , lt for the top,
bottom, and tau fermions, respectively. In the SM, becaus
the small mixings in the quark sector, their evolution is litt
affected by the other couplings. In the considered model,
situation is different. Apart from the fermion couplings
H(3̄,3,1) @first coupling in Eq.~2.8!# also couplings withHA

are important. In particular, the Higgs fieldsHA
6(6,3,1),

HA
6̄ (3̄,6̄,1) with common massM6,MGUT are important for

gauge coupling unification. Therefore, above the scaleMI ,
the following Yukawa couplings are relevant for renorma
ization:

QLGQQRH1
1

2
LGLLH1QLAQQRHA1

1

2
LALLHA

6

1
1

2
LĀLLHA

6̄ . ~8.13!

We have to distinguish the coupling matricesGQ , GL , AQ,
AL, but haveAL5ĀL due to the left-rightDLR symmetry
which holds abovem5MI . The elements of the diagona
matricesGQ , GL determine the massesMDi

, MLi
, respec-

tively.
2-12
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As a consequence of the first term in Eq.~8.13! one has
already at theG333 level top-bottom unification:l t(m) and
lb(m) must unify atMI and evolve then further as a sing
coupling lQ3

(m). This coupling should then unify with

lt(m)5lL3
(m) at m5MGUT.

Below the scaleMI the coupling matricesGQ , GL , AQ,
andAL5ĀL split into more matrices depending on the Hig
field components they are attached to. In an obvious nota
we have

GQ→~Guû, Gdd̂, GDD̂!,

GL→~Ge2e1
, GLL̄, Gnn̂!,

AQ→~Add̂, AdD̂, ADd̂!,

AL→~Ae2e1
, AE2e1

, Ae2E1
!. ~8.14!

We left out the matricesADD̂, AE2E1
and additional matrices

from the neutral lepton sector. They are multiplied w
VEVs which are—in our model—small compared to com
peting terms in the same channel. In the approximations
use for the renormalization theG matrices remain diagona
and the diagonal elements of the matricesA remain zero.
Furthermore, the matrices connected toĀL are the same a
the ones fromAL. But the matrices derived fromAL5ĀL are
no longer strictly antisymmetric.

The most important elements of the matrices~8.14! are
the (3,3) elements of theG’s and the (2,3) and (3,2) ele
ments of theA’s: (Guû)335l t(m), (Ge2e1

)335lt(m), etc.
For the matrix elements ofAdd̂ we define

~Add̂!235 il̄A~m!, ~Add̂!3252 il̂A~m!. ~8.15!

Clearly, we havel̄A(m)5l̂A(m) for m>MI .
There is a restriction from the mass of the vector bosonW

for a combination of the VEVs multiplying the coupling ma
trices. With the notation

e1
15v0sinb, e2

25v0cosb, ~8.16!

the condition is

v0
21~ f 2

2!21~ f 3
2!21~ f $1,3%3)21~ f 2$13%2 f $13%2)2

5~174 GeV!2. ~8.17!

Sincee1
1 ande2

2 contribute to the masses of the third gene
tion, thev0

2 term should be the dominant one. At the sca
m5MZ one has

l t~MZ!5
mt

v0sinb
, lb~MZ!5

mb
0

v0cosb
,

lt~MZ!5
mt

0

v0cosb
. ~8.18!
03500
n

e

-

Heremb
0 andmt

0 are a little smaller thanmb andmt , respec-
tively, since they refer to the diagonal parts of the dow
quark and charged lepton mass matrices. In Secs. IV an
we foundmb

0/mb.0.989,mt
0/mt.0.966.

We can now set up the renormalization group equati
for l t , lb , lt , l̄A , andl̂A . They are connected with eac
other and—as a result of theSU(3)L3SU(3)R symmetry at
m>MI—no other coupling intervenes. BelowMI we have,
for h t5l t

2/4p, hb5lb
2/4p, ht5lt

2/4p, ĥA5(l̂A)2/4p,

and h̄A5(l̄A)2/4p,

2ph t85
9

2
h t

21
1

2
h thb2h tS 17

20
a11

9

4
a218a3D

1u~m2MA!
1

2
h tĥA , ~8.19!

2phb85
9

2
hb

21
1

2
hbh t1hbht2hbS 1

4
a11

9

4
a2

18a3D1u~m2MA!hbS 1

2
ĥA1h̄AD , ~8.20!

2pht85
5

2
ht

213hthb2htS 9

4
a11

9

4
a2D , ~8.21!

2pĥA85
1

2
ĥAS hb1h t2

1

5
a123a2216a3D1u~m

2MA!

3ĥAS 9

2
ĥA13h̄A2

3

20
a12

3

4
a2D , ~8.22!

2ph̄A85h̄AS hb2
1

10
a12

3

2
a228a3D1u~m2MA!

3h̄AS 9

2
h̄A13ĥA2

3

20
a12

3

4
a2D . ~8.23!

At m5MI the matching

h t5hb[hQ3
, ht[hL3

, h̄A5ĥA[hA ~8.24!

is required.
Above MI we have for hQ3

, hL3
, hA , and hAL

5(lA
L)2/4p the equations

2phQ3
8 56hQ3

2 1hQ3
hL3

13hQ3
hA2hQ3

8~aL,R1aC!,

~8.25!

2phL3
8 52hL3

2 13hL3
hQ3

2hL3

56

3
aL,R

1u~m2M6!3hL3
hAL , ~8.26!

2phA859hA
21

3

2
hAhQ3

2hA8~aL,R1aC!,

~8.27!
2-13
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2phAL8 5hALS 1

2
hL3

216aL,RD
1u~m2M6!hALS 4hAL2

14

3
aL,RD . ~8.28!

ilA
L is the (2,3) element ofAL5ĀL and is only needed abov

MI . The matching condition atMGUT for the final unification
of the couplings reads

hQ3
~MGUT!5hL3

~MGUT!, hA~MGUT!5hAL~MGUT!.
~8.29!

The procedure of finding a solution with gauge and to
bottom-tau unification is the following: A given value o
MGUT*1016 GeV ~otherwise no solution is possible! fixes
M6. Taking then trial values forhQ3

(MGUT) andhA(MGUT)

and solving Eqs.~8.25!–~8.28! gives their values atMI .
These values determineh t(MI)5hb(MI), ht(MI), and
h̄A(MI)5ĥA(MI). The renormalization group equation
~8.19!–~8.23! allow us then to calculatel t(MZ), lb(MZ),
lt(MZ). Clearly, the input valueshQ3

(MGUT) and

hA(MGUT) have now to be changed such thatlt /lb be-
comes equal tomt

0/mb
0 and l t , lb are in the perturbative

region—i.e.,&3. If this can be achieved, one can calcula
from Eq. ~8.18! v0

2 and tanb:

v0
25

mt
2

l t
2

1
~mb

0!2

lb
2

, tanb5
mt

mb
0

lb

l t
. ~8.30!

Of course, only solutions withv0,v5174 GeV are accept
able.

C. Numerical solution for M GUTÄ2Ã1017 GeV,
M D3

ÄM AÄ4Ã104 TeV

Here we present a numerical solution of the problem
gauge and Yukawa coupling unification inE6, which satis-
fies all above-mentioned requirements. We choose the u
cation scale to be 231017 GeV, the masses of the heaviestD
state and the Higgs field (HA)2

1,2 both equal to 3.98
3107 GeV.

Further input values are the third-generation masses

mt~MZ!5173 GeV, mb
0~MZ!52.859 GeV,

mt
0~MZ!51.689 GeV, ~8.31!

the three gauge coupling constants atm5MZ and a suitable
value forh t,b,t at MGUT:

h t,b,t~MGUT!.0.0381. ~8.32!

For this latter value all couplings remain in the perturbat
region andv0,v5174 GeV. As a result we find the solutio

M6.1.631016 GeV, MI.1.531013 GeV,

hA~MGUT!5hAL~MGUT!.0.0336, ~8.33!
03500
-

f

fi-

with the consequences

aG
21~MGUT!.38.99,

h t,b~MI !5hQ3
~MI !.0.0412,

ht~MI !5hL3
~MI !.0.0536,

ĥA~MI !5h̄A~MI !5hA~MI !.0.0368,

hAL~MI !.0.0598, ~8.34!

lt~MZ!5lb~MZ!
mt

0

mb
0

.0.612, l t~MZ!.1.127,

v0.153.48 GeV, tanb.55.59. ~8.35!

From the value found forv0, we can now determine (f 3
2)2

1( f $13%3)2 from Eq. ~8.17!. Using then Eqs.~4.13!, ~5.4!
together with e3

3(GDD̂)3353.983107 GeV and u f 3
2u5u f 2

3u,
u f $13%3u5u f 3$13%u, we finally get

f 3
25643.504 GeV, f 2

35743.504 GeV,

f $13%35 f 3$13%569.484 GeV. ~8.36!

The solution for the gauge coupling and Yukawa coupli
unification given here has been applied in the previous s
tions, in particular for the evaluation of the renormalizati
parameters for all the different mass matrices.

In Fig. 1—‘‘Concorde’’—we show the evolution of the
gauge couplings and their unification. Figure 2—‘‘Bermu
triangle’’—exhibits the running of the Yukawa couplingsh t ,
hb , ht , and their unification. In Fig. 3—‘‘desert spider’’—
the running of the~2,3! and~3,2! elements of theA matrices
and their unification is presented. In these evaluations
splittings between the massesMDi

andMLi
have been taken

into account.

FIG. 1. Unification of gauge couplings.MI.1.531013 GeV,
M6.1.631016 GeV, MGUT.231017 GeV, andaG

21.39.
2-14



e
re

le
ra
-
e
ib
an
e
d

w
nd
ro
tr

e
In
is

re
he

d to

f
the
ate

of
ou-
ss
so-

th
and
if-
to
ma-
the
i-
-
ays.
ge.
h-
er-

ni-

nd
the

e

ses,
tes
rix
nt
xtet

ce

FERMION MASSES AND COUPLING UNIFICATION IN . . . PHYSICAL REVIEW D70, 035002 ~2004!
IX. CONCLUSIONS

The E6 model presented has many attractive featur
Only few input data are sufficient to obtain a realistic pictu
of the fermion masses and their mixings. The presence
new heavy fermions in the ‘‘desert’’ plays an important ro
even for the mass matrices of the SM particles. All gene
tion mixings andCP violations arise from a single antisym
metric matrixA, which mixes the light fermions but also th
light with the heavy fermions. The latter effect also contr
utes in an important way to the eigenvalues of the quark
lepton mass matrices. For instance, the main part of thm
meson mass and of the strange quark mass is generate
virtual transitions to heavy fermions. As a side remark
note that the antisymmetric generation mixing matrix fou
here could lead to significant effects in rare weak decay p
cesses with fixed phases of the new contributions. The ma
A, in combination withG, is also responsible for the bilarg
mixing of the light neutrinos and their oscillation pattern.
the limit of no renormalization effects, the neutrino mixing
bimaximal.

Those heavy new particles, which form 10-plets with
spect toSO(10), have a hierarchical spectrum similar to t

FIG. 2. t-b-t unification: l t(MGUT)5lb(MGUT)5lt(MGUT)
.0.692.

FIG. 3. Unification of~2,3!, ~3,2! elements ofAQ and AL ma-
trices.A23

Q (MGUT)5A23
L (MGUT).0.65i.
03500
s.
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spectrum of the up quarks. The lightest ones are expecte
lie in the low-TeV region.

The groupE6 provides new insights into the unification o
the three gauge couplings and into the unification of
Yukawa couplings of top, bottom, and tau. The intermedi
symmetrySU(3)L3SU(3)R3SU(3)C with a discrete left-
right symmetry plays a decisive role. The breaking point
this intermediate symmetry is fixed by the known gauge c
plings g1 and g2. Simultaneously it determines the ma
scales for the light and heavy neutrinos. We achieved a
lution of the gauge and Yukawa coupling unification wi
strongly constraint parameters. It describes the evolution
the final convergence of many coupling matrices which d
fer significantly at low energies. The solution allows us
calculate quite a number of properties such as transition
trices from heavy to light fermions, Majorana phases, and
double-b-decay matrix element. As a result of the high un
fication scale (.1016 GeV), the model adequately sup
presses dimension-6 operators which induce nucleon dec
The proton lifetime is above the presently accessible ran

The presentedE6 model can be supersymmetrized wit
out changing the construction of the Yukawa sector. A sup
symmetric version would, however, affect the coupling u
fication picture given here.
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APPENDIX: NEUTRINO MASS MATRIX
RENORMALIZATION

Here we will perform the renormalization analysis for th
neutrino sector.

Dimension-5 operators, responsible for neutrino mas
are generated by integrating out the ‘‘right-handed’’ sta
(L2

3)a5 n̂a . The n̂a masses are determined by the mat
F $2,2%S. The matrix S describes the generation-depende
Majorana couplings of these states to the symmetric se
component of the Higgs fieldHS . In our modelS is postu-
lated to be the bilinear matrix product in generation spa
~6.8!. We take this form to be valid atMI with G→GL and
A→AL. With the appropriate scaling factors, atm5MI the
matrix S has the form

S/lS.S ~k1
L!2s8, 2k2

Lka
Ls6x, 2s4x

2k2
Lka

Ls6x, ~k2
L!2s4,

s3

A2
x

2s4x,
s3

A2
x, 1

D .

~A1!

Again, as in Eq.~6.9!, only the leading terms ins are ex-
hibited here. The renormalization coefficientsk are shown in
Eq. ~A23!. At the scale MI , the mass matrix for the
statesn̂a is
2-15



la
ec
ne

tio
rv

ino

nd
t

ith
th

-

en
te
e

no

ix

B. STECH AND Z. TAVARTKILADZE PHYSICAL REVIEW D 70, 035002 ~2004!
M n̂ n̂
ab

~MI !5F $2,2%Sab. ~A2!

The eigenvalues are m1.s8@(k1
L)22(ka

L)2x22x2

1(ka
L/k2

L)A2x3s#lSF $2,2%, m2.s4(k2
L)2lSF $2,2%, and

lSF $2,2%. As we can see, these scales are separated by
distances. Because of this fact, strong renormalization eff
occur. They are the cause of the difference between the
trino mass matrices~6.10! and~6.13!. The decoupling of the
threen̂a states occurs step by step. Thus the renormaliza
has to be performed separately in each energy inte
@23,15#. By generalizing the results of Ref.@15# we present
model-independent formula for the running of the neutr
mass matrixmn and then apply them to our model.

The couplings in the neutrino sector involve Dirac a
Majorana mass terms. One can choose a basis in which
mass matrix for the heavy neutrinos is diagonal. Thus, w
out loss of generality, one can write the coupling terms in
form

na~lDirac!abn̂b1
1

2
man̂an̂a . ~A3!

The matrix lDirac is related to the original Dirac matrix
l0

Dirac5Gnn̂e1
15GLe1

1 ~for m>MI) via

lDirac5l0
DiracUS

T . ~A4!

Here the unitary matrixUS diagonalizes the matrixM n̂ n̂ :

~USM n̂ n̂US
T!ab5dabma . ~A5!

By integrating out the staten̂a , the light neutrino mass ma
trix gets a contribution at the scalema . Without renormal-
ization effects,mn would have the form

mn
ab52~Y11Y21Y3!ab, ~A6!

where

Y1
ab5

1

m1
~lDirac!a1~lDirac!b1,

Y2
ab5

1

m2
~lDirac!a2~lDirac!b2,

Y3
ab5

1

m3
~lDirac!a3~lDirac!b3. ~A7!

The division of the mass matrix in three parts is conveni
in order to see the contributions coming from each integra
staten̂a . Eachd55 operator (Yi), generated on the scal
m i , runs from this scale down toMZ according to the RG
equations
03500
rge
ts
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4p
d

dt
Yi

ab5Yi
ab~6h t23a2!, with ~a,b!Þ~3,3!,

~A8!

4p
d

dt
Yi

3a5Yi
3aS 6h t1

1

2
ht23a2D , with aÞ3,

~A9!

4p
d

dt
Yi

335Yi
33~6h t1ht23a2!. ~A10!

These equations have the solutions

Yi
ab~m8!5Yi

ab~m!r g~m8!r g
21~m!, ~A11!

Yi
3a~m8!5Yi

3a~m!r g~m8!r t~m8!r g
21~m!r t

21~m!.
~A12!

Yi
33~m8!5Yi

33~m!r g~m8!r t
2~m8!r g

21~m!r t
22~m!,

~A13!

where

r g~m!5r t
26~m!ra2

3 ~m!, r t~m!5rt
21/2~m!. ~A14!

Before the emergence of thed55 operators, only the Dirac
couplings run. They obey the equations@24#

4p
d

dt
~lDirac!ab50, ~a,b!Þ~3,3!, ~A15!

4p
d

dt
~lDirac!3a5l3a

1

2
ht , aÞ3. ~A16!

According to these equations, we have, form,MI ,

~lDirac!ab~m!5~lDirac!ab~MI !,

~lDirac!3a~m!5~lDirac!3a~MI !r t~m!. ~A17!

With all these results, one can write down the light neutri
mass matrix at the scalem5MZ :

mn
ab~MZ!52Y abr g~MZ!, ~A18!

where

Y ab5 (
i , j 51,2

da idb j@Y3
i j 1r g

21~m2!Y2
i j 1r g

21~m1!Y1
i j #

1 (
i 51,2

~da3db i1db3da i !r t~MZ!@Y3
i31r g

21~m2!Y2
i3

1r g
21~m1!Y1

i3#da3db3r t
2~MZ!@Y3

331r g
21~m2!Y2

33

1r g
21~m1!Y1

33#. ~A19!

The quantitiesYi are given in Eq.~A7! and the renormaliza-
tion factors in Eq.~A14!.

We now apply this result to our model. The matr
(lDirac) is built according to Eq.~A4! taking
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l0
Dirac~MI !5Diag~k1

Ls4, 2k2
Ls2, 1!lt~MI !e1

1~MI !.
~A20!

The value ofe1
1 at the scaleMI can be calculated from th

RG equation

4p
d

dt
e1

15e1
1S 23h t1

9

20
a11

9

4
a2D , ~A21!

knowing its value at the scalem5MZ :

e1
1~MI !5e1

1~MZ!r t
23~MZ!ra1

9/20~MZ!ra2

9/4~MZ!.

~A22!

In our model, it turns out thate1
1(MI).124.52 GeV.

The values of the factors appearing in Eq.~A1! are

k1
L.0.707, k2

L.0.746, ka
L.1.017. ~A23!
c

rk

cl

tt.

op

ed

vy

03500
After constructing the matrixlDirac, one can calculate al
elements ofYi according to Eq.~A7!. The numerical values
of the renormalization factors, appearing in Eqs.~A18!,
~A19!, are

r g~MZ!.0.58, r g~m1!.0.75,

r g~m2!.0.87, r t~MZ!.0.96.
~A24!

The diagonalization of the neutrino mass matrix obtain
in this way allows us to calculate the neutrino mixing and t
ratio R5Dmsol

2 /Dmatm
2 from the single parameterx. To obtain

values forR and the mixing angles, which lie within exper
mental bounds, we have to usex.2.8 which is bit smaller
than the valuex53.5 found without renormalization correc
tions @25#. The mixing is now no more bimaximal, but sti
bilarge. The results are discussed in the text~Sec. VI!.
. B

s.

tz,

s

ll

gs
@1# F. Gürsey, P. Ramond, and P. Sikivie, Phys. Lett.60B, 177
~1976!; Y. Achiman and B. Stech,ibid. 77B, 389 ~1978!; Q.
Shafi, ibid. 79B, 301 ~1978!; R. Barbieri, D.V. Nanopoulos,
and A. Masiero,ibid. 104B, 194 ~1981!.

@2# For an early review see B. Stech, Ettore Majorana, B. Ste
Inst. Sci.7, 23 ~1980!.

@3# We took the quark fields to be color antitriplets, the antiqua
fields color triplets. In this way the cyclic symmetry ofE6 is
obvious@2#.

@4# P. Candelas, G. Horowitz, A. Strominger, and E. Witten, Nu
Phys.B258, 46 ~1985!; E. Witten, ibid. B258, 75 ~1985!.

@5# B. Stech, Phys. Lett.130B, 189 ~1983!.
@6# Y. Achiman and A. Lukas, Nucl. Phys.B384, 78 ~1992!; M.

Bando and T. Kugo, Prog. Theor. Phys.101, 1313~1999!; 109,
87 ~2003!; N. Maekawa and T. Yamashita,ibid. 107, 1201
~2002!; J. Harada, J. High Energy Phys.04, 011 ~2003!.

@7# G. Lazarides and Q. Shafi, Nucl. Phys.B308, 451 ~1988!; G.
Lazarides, C. Panagiotakopolous, and Q. Shafi, Phys. Le
315, 325 ~1993!; G. Dvali and Q. Shafi,ibid. 403, 65 ~1997!.

@8# J.D. Bjorken, S. Pakvasa, and S.F. Tuan, Phys. Rev. D66,
053008~2002!.

@9# J. Rosner, Phys. Rev. D61, 097303~2000!.
@10# B. Stech, in proceedings of 23rd Johns Hopkins Worksh

Baltimore 1999, p. 295; hep-ph/9909268; Phys. Lett. B465,
219 ~1999!; Phys. Rev. D62, 093019~2000!.

@11# M. Jamin, talk presented at QCD’03, to appear in the proce
ings.

@12# C.R. Das and M.K. Parida, Eur. Phys. J. C20, 121 ~2001!.
@13# S. Weinberg, New York Acad. Sci.38, 185 ~1977!.
@14# By interpreting the value ofMI as the mass scale for the hea

SU(3)L,R vector bosons one expectsM n̂3n̂3
.lSF $2,2%
h,

.

B

,

-

'@2A2/gL,R(MI)#MI'731013 GeV.
@15# S. Antusch, J. Kersten, M. Lindner, and M. Ratz, Phys. Lett

538, 87 ~2002!; 544, 1 ~2002!.
@16# M. Maltoni, T. Schwetz, M.A. Tortola, and J.W.F. Valle, Phy

Rev. D68, 113010~2003!.
@17# Super-Kamiokande Collaboration, S. Fukudaet al., Phys. Rev.

Lett. 85, 3999~2000!.
@18# Super-Kamiokande Collaboration, S. Fukudaet al., Phys. Rev.

Lett. 86, 5651~2001!.
@19# SNO Collaboration, Phys. Rev. Lett.92, 181301~2004!.
@20# KamLAND Collaboration, K. Eguchiet al., Phys. Rev. Lett.

90, 021802~2003!.
@21# CHOOZ Experiment, M. Apollonioet al., Eur. Phys. J. C27,

331 ~2003!.
@22# HOMESTAKE Collaboration, B.T. Clevelandet al., Astro-

phys. J.496, 505 ~1998!; SAGE Collaboration, J.N. Abdu-
rashitov et al., Phys. Rev. Lett.83, 4686 ~1999!; GALLEX
Collaboration, W. Hampelet al., Phys. Lett. B 447, 127
~1999!; GNO Collaboration, M. Altmannet al., ibid. 490, 16
~2000!.

@23# S. Antusch, M. Drees, J. Kersten, M. Lindner, and M. Ra
Phys. Lett. B519, 238 ~2001!.

@24# The running ofl33 is not relevant because it involves term

connected with integrating out then̂3 state. We assume that a
Yukawa couplings related to Dirac masseslab @(a,b)
Þ(3,3)# are small. Also, it is assumed that Yukawa couplin

involving n̂ n̂ terms are small. Therefore the scale factorsma

do not run in the energy interval we are dealing with~these
assumptions are valid in the model considered!.

@25# The scaling factors in Eq.~A24! have a mildx dependence.
The values presented correspond tox.2.8.
2-17


