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We present arEg grand unified model with a realistic pattern of fermion masses. All standard model
fermions are unified in three fundamental 27-pléts., supersymmetry is not invokgdwhich involve in
addition right-handed neutrinos and three families of vectorlike heavy quarks and leptons. The lightest of those
can lie in the low-TeV range, being accessible to future collider experiments. As a result of the high symmetry,
the masses and mixings of all fermions are closely related. The new heavy fermions play a crucial role for the
quark and lepton mass matrices and the bilarge neutrino oscillations. In all channels generation migiRg and
violation arise from a single antisymmetric matrix. TBg breaking proceeds via an intermediate-energy
region with SU(3), X SU(3)gX SU(3)c gauge symmetry and a discrete left-right symmetry. This breaking
pattern leads in a straightforward way to the unification of the three gauge coupling constants at high scales,
providing for a long proton lifetime. The model also provides for the unification of the top, bottom, and tau
Yukawa couplings and for new interesting relations in flavor and generation space.
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[. INTRODUCTION its active study has been continued until recen@éy. The
phenomenology and properties Gfs; triunification models
The exceptional groufgg [1,2] is the preferred group for are also interesting7].

grand unification. All standard mod€BM) fermions are in According to Egs(1.1) one has besides the SM fermions
the lowest27 representation. Its maximal subgrotJ(3)  additional quark and antiquark fields with the same charges
XSU(3)XSU(3) can be viewed as an extension of theas the corresponding down quarks, t&b(2), doublet lep-
Weinberg-Salam group SU(2),xXU(1)yXSU(3)c: tons(containing additional “active” neutrings and two SM
—SU(3). XSU(3)gXSU(3)c=G333. The fermions can be singlets—"right-handed” neutrinos for each generation.
described by singlet and triplet representations ofSki3) SO(10) andEg grand unified theories in old times usually
groups only. Using for all fermion fields left-handed two predicted small neutrino mixings since in straightforward ap-
component Weyl spinor fields, the quantum number assignplications the large symmetry obtained from these groups

ments argfor each generatior 3] connects the neutrino mixings with the small mixings ob-
served in the quark sector. After the observation of large
quarks: Q_(x)=(3,1,3) mixings in neutrino oscillations one had to return to the

smaller SU(5) group (the minimal version of it does not
o involve right-handed neutringsor needed several Higgs
leptons: L(x)=(3,3,1), bosons of the same representation or special composite op-
erators and fine-tuning procedures. In this paper we will
show, however, that the consequent use of the fermion and
scalar particle interactions and spectrakyf allows us to
) o construct a realistic GUT model.
The 78 generators dfs consist of the threSU(3) adjoint We consider at first the Yukawa sector Bf with its
octet generators and the generatb(8,3,3) andF(3,3,3)  symmetric and antisymmetric matrices in flavor and genera-
of cosetEg/Gggs. tion space. After defining the model, we can calculate from it
The beautiful cyclic symmetry oEs is apparent from the mass spectrum of ordinary and new fermions and their
Egs.(1.1) and from the fact thaff takes a quark field into a mixings in terms of a few parameters only. An interesting
lepton field, a lepton field into an antiquark field, and anfeature is that the mass matrices of quarks and leptons are
antiquark field into a quark field. An additional argument strongly influenced by the flavor mixing of the SM particles
favoring Eg is its appearance through compactification of thewith heavy fermions as was suggested by Bjorken, Pakvasa,
ten-dimensionalEg X Eg heterotic superstring theory on a and Tuan[8]. Earlier suggestions for the mixing of the SM
Calabi-Yau manifold. The compactification process can leagarticles with new heavy fermions can be found ®. Our
either to four-dimensionaEg gauge symmetrywhich is  work is done in the spirit of Ref8]. As in this reference, our
anomaly free and left-right symmetfior to some ofEg's  scenario favors a relatively light mass scale for some of the
maximal subgroupg4]. The phenomenology of tHeg grand  new particles10-plets of SO(10)]. The lightest can lie in
unified theory(GUT) attracted attention earli¢d,2,5), and  the low-TeV region or even below. A major difference[&]}
is the full use of the discrete left-right symmetry©§, valid
at the intermediate symmet@y;,5. It is broken solely by the
*Electronic address: B.Stech@ThPhys.Uni-Heidelberg.DE Majorana property of very heavy neutral leptdtise right-
"Electronic address: Z.Tavartkiladze@ThPhys.Uni-Heidelberg.DEhanded heavy neutrinpsThe use of an antisymmetric Higgs

antiquarks: Qg(x)=(1,3,3). (1.2
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representation proposed many years gEgjplays a decisive It leaves the commutation relations for tlig generators
role. The corresponding antisymmetric matrix determines theinchanged and is often callég, r parity. The new lepton
generation mixing and théP violation in all heavy and light fields L], L3, L3 are identical with their own antiparticle
channelg(in the basis in which the up-quark mass matrix isfields. Nevertheless, if two of these fields—say}, and
diagonal. The inclusion of all neutral leptons & allows | 2_are connected by a single mass term, a four-component
us to connect the mass matrix of the heavy neutrinos with thgyjrac field can be formed. The two fields then behave like a
diagonal up-quark mass matrix and the antisymmetric genwector like particle-antiparticle pair. The parity atP op-

eration matrix. It leads to bimaximal mixings of the light erations change the left handed two component fields into
neutrinos which then change to a bilarge mixing pattern atignt handed ones:

the weak scale by renormalization effects. All mass ratios

and mixing angles of light and heavy fermions are simply P(QLA(t,X)P 1=0,(Qr)* (t,—X),
related to each other.

We then study the gauge coupling and top-bottom-tau uni- PLL(t,X)P*: Uz'—r* (t,—X),
fication inEg. It is achieved by an unbroke®@435 subgroup .
as an intermediate symmetry. The discrete left-righiz P(QR)5(1,X)P " 1=0,(Q)¥* (t,—x),
symmetry, which is unbroken at these intermediate energies,
plays also an important role. The breaking sdsle of the CP(Q)&(t,x)CP 1=0,(Q)¥* (t,—x),
intermediate symmetry is not a free parameter, but uniquely _ _
fixed by the standard model couplingsM,=1.5 CPL(t,x)CP =0, * (t,—X),
X 10" GeV. M, also determines the scale of light and heavy ' _
neutrinos in agreement with experiment. The unification of CP(QR)5(t,X)CP1=0,(QRr)& (t,—X). (2.4

the couplings occurs above ¥@GeV in our specific model

at 2x107 GeV and thus suppresses proton decay. The By including the generation quantum number

renormalization of mass ratios, various Yukawa matrices, anfi=1,2,3) all basic fermions are now classified by the left-

the scaling of the neutrino mass matrix are studied in detailnanded Weyl fieldsPi* with the Eg flavor indexr running
Our model is nonsupersymmetric as the onddh The from 1 to 27.

hierarchy problem persists but it is hoped that its eventual The product of two27s of Eg decomposes into a sym-

solution would not change the basic features of our apmetric 27, an antisymmetric351,, and a symmetri851g

proach. representation:
Il. PARTICLE ASSIGNMENTS IN  E4 AND THE YUKAWA 27X 27=27+351p+35Ls. (29
SECTOR Consequently, the Yukawa interactions in tBgLagrangian
Let us first consider the lowest particle generation contain in general the three Higgs fields
u? L} BT e H=H(27), Ha=H(351), Hs=H(35Lk). (2.6)
(Q2=| d* |, |_ik: EF L§ v |, Each of the three Higgs fields couples to the fermions to-
' - gether with a X 3 matrix G acting on the generation space:
D? e* v Lg
o Gep=[G(2D]ap, Aap=[G(3511)1up.
(Qr)3=(Ua, da, Dy, (2.9

S.s=[G(3515) 15 2.7

wherei,k,a=1,2,3;a is a color index. In this description The E¢ invariant Yukawa interaction reads

SU(3), acts vertically and SU(3)g horizontally. The

charges are obtained from the operator EYI((\Pf)TiUz‘I’f)[GaﬁHrsﬂLAaﬁ(HA)rs+Sa/a(Hs)rs]
1 1 +H.c. (2.8
Q=|I15+ EY +| 13+ EY , (2.2
L R G andSare symmetric matrices in generation space, while

ith 1. Y defined | Bef v breaki is an antisymmetric matrixCy is invariant with respect tg,
With s, elined as usual. belore symmelry breakingy,, right— left operation. In case of real vacuum expectation
equivalent forms of Eqs(2.1) can be obtained by applying values(VEVs) of the Higgs fields, the part ofy obtained

IeftT?]nd rLghtM-spin_rota:_ions. tor interch left wit from the real part of these matrices is formally even under
. ht-ﬁaﬁdzrjgen;(c)gjsqga lon operator interchanges et wi r1he CP and P operations, while the term arising from their
'9 indices- imaginary parts is formally odd undé€P andP.
- i i The decomposition of the Higgs fields with respect to the
CQUTC *=(QRia: CLi € *=Lf, Gaas subgrouppreads % P
C(QRILC=(QL)}. (2.3 H=(3.3,1)+(1.33) +(3,1.3), (2.9
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Ha=(3,3,1)+(1,33)+(3,1,3+(3,6,1) +(1,3,6) (HAHh =18, k=23, (3.4
+(6,1,3)+(6,3,1)+(1,6,3 +(3,1,6)+(3,8,3 and for the sector (6,3,1),
+(3,3,8)+(8,3,3), (2.10 (Haqigi) = frawi 1,k=2,3. (3.5

In our numerical treatment we will restrict the VEVs in Egs.
(3.4), (3.5 to those withi=3, k=2,3 andi=2, k=3 which
_ - — : ; 0 £3{13
+(6.1,6)+(3,83+(3.3.8)+(833). (217  should be the dogmnan_t ones. With res_pedtllx;plrl,f { _3}|s
the analogue of3. While f3 mixesd with D, f3{*% mixes
The color singlet parts whose neutral members can develog™ with E~ and v with L%.
VEVs are The VEVs of the symmetric Higgs fieldl5 can provide
_ large Majorana masses for the heavy Ieptdu‘}sand Lg.
H—(3.3.1), They arise from thed4(6,6,1) sector. Here we have to take
theSU(2), singlets and left- and right-handé#spin triplets

((Ho), H2.2)=F23, ((Hg) H33)=F@3.

He=(3,3,1)+(1,3,3)+(3,1,3 +(6,6,1) + (1,6,6)

Ha—(3,3,1)+(3,6,1)+(6,3,),

Hs—(3,3,1)+(6,6,1). (2.12 (3.6
We note that the parts containing a sextet or antisextet repAll other components ofH,) and(Hs) are taken to be zero
resentation can only couple to leptons. or negligible in our calculations.
Of particular interest is the question of the breaking of the
IIl. MODEL left-right symmetry of Eq. F1?% as obtained from(Hg)

) ) ~ breaks this symmetry strongly. It could be the dominant
The vacuum expectation values of the three Higgs fieldgnanifestation ofp, z symmetry breaking{H) and(H,) on
determine the particle spectrum. To be in accord with the SMpe other hand need not break this symmetry significantly. A

the masses of the new particlesif have to get heavyat  gtrict left-right symmetry in this sector would imply the re-
least of order TeY. Thus, Higgs components which are |ations

SU(2), singlets can have large VEVs. The members of

SU(2), doublets, on the other hand, should be of the order fi=—f = f0, i,k=23. (3.7
of the weak scale, while the VEVs @&U(2), triplets are
expected to vanish. The signs follow by taking théd, part of the Yukawa

In order to define our model to be predictive and to haventeraction to be even undépP g whenH, is replaced by
very few unknown parameters, we need some specific agHa). As a consequence of Eq8.7) the f’s are of the order
sumptions concerning the three Higgs fields, about the gersf the weak scale even though some are standard model sin-
eration matrices, A, Sand the symmetry breaking pattern. glets and thus only protected by the discré{g; symmetry
We do not consider Higgs field components which carryitself. If this is indeed the case, it implies new particles in the
color. They are supposed to acquire masses of the order &w TeV region as we will see.

the GUT scale from appropriate Higgs potentials. The next assumption concerns the generation mat@ces
We allow VEVs for all color singlet and neutral compo- A, andS The symmetric matrixG, ; can be diagonalized by
nents ofH: an orthogonal transformation, which leaves the symmetry
, , properties ofA,; and S,z unchanged. By choosing this ba-
(H)=e1, (Hp=e, for ik=23. (3.1 sis, the up-quark mass matrix is diagonal because, according

o ) ) . to the above-assumed propertiegldfy) and(Hg), only (H)
However, by a biunitary left and riglat-spin transformation  contriputes to it:

in flavor spacdi.e., on theSU(3), and SU(3)g indices 2

and 3 we can choose a proper basis for which (MY) =G ap€1= U0 Oapel- (3.9
e§=e§=0. (3.2 As a consequence, the quark mixing angles and’Be&io-

] ) lating phase must entirely come from the inclusion of the
Our first assumption concerns the VEVs Wy and Hs.  Higgs H, with its antisymmetric generation matri,; as

(Ha) can mix the standard model particles with the NeWproposed in Ref[5]. Thus, A, has to contain imaginary
heavyD andL stategthe 10-plet ofSQ(10)]: d—D, e~E,  parts which cannot be rotated away using quark phase redefi-
v=L3<L5. This is achieved by components Hfs which nitions. This leads us to assume that the matvis—in our
involve left and righti/-spin 1/2 indices. For the (3,1) phase convention—purely imaginary—i.e., a Hermitian ma-

sector ofH, we take, therefore, trix. The normalized matrix contains then only two param-
‘ , eters, in fact only one when utilizing a discrete generation
((Hp)p="f, i,k=23. (3.9  exchange symmetry fok as shown later.
L We suggest that the generation matri€gsA, andS are
For the (36,1) sector ofH, one has, correspondingly, not independent of each other. In particular, the coupling
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matrix S for the heaviest leptons should have an intimatebe used in the following. Some of the masses—in particular
relation with the generation matrices of the charged fermionsn,, m,, andm_—are taken as input parameters.
[10]. Smay then be expanded in terms @fand A. Specu-
latively we assume that the generation mixing ma8iis a
combination of the bilinear produ&? and the commutator
[G,A]. The generation mixing in this sector is then due to Because of the hierarchical structure of the quark masses
the same matriXA which causes the mixing of the charged and mixing angles, it is convenient to express them in terms
fermions. As it turns out this structure f& is crucial for  of powers of a small dimensionless parameter. We introduce
bilarge neutrino mixings. In fact, it leads to bimaximal mix- the parametes [10] with the value
ing which is then changed to bilarge mixing by renormaliza-
tion group effects. 0=0.058, 4.9

The last assumption concerns the breaking pattegpf
which is presumably the origin of the breakings seen in theor which
Yukawa sector. We suppose the following symmetry break-
ing chain:

IV. QUARK MASS MATRIX

o my| |me
Vo2, [ml|m

~ =~ 2
Mgut o m. |Vub| o 4.2
Eg ——— SU(3) XSU(3)gXSU(3)c XD r

hold within experimental uncertainties. One also has
M SU(2) X U(1)y X SU3)c. 39 (M/mp)|Vud=~o.
According to our assumptio3.1), (3.2) the up-quark
Here Mgyt is the GUT scale an@®, g denotes the discrete mass matrix is
left—right symmetry operation. As we will show below, the
breaking chain(3.9) leads in a straightforward way to the 1 1 (Mg m
unification of the gauge coupling constants. The first break- (Mu) ag=Gap(H1) =0 0.pe1=Diag m T 1me
ing step to the intermediate symmetry can be caused by a ' ' (4.3
scalar 650-plet which contains twB335 singlets. One of
them S.. is even underD g (S, —&.), while the second At the scaleu=M, we can write
oneS_ is odd (S_——S&_). It then follows from the sym-
metries atM, and aboveM, that S, has the nonzero VEV my=Diag(c?*, +¢?, 1)173 GeV. (4.4
and(S_)=0. This ensures that in thev;, M¢gyy) interval
LR symmetry is precise and the equality of the couplingryg gigns of the mass parameters are in general of no rel-
constantg, andgg is protected also at the quantum 'f\zlel' evance because of the freedom to change phases. But since
Weltéake two HiggsSU(2), doublets ofH—namely,H;”  \ye keepG and A to be Hermitian matrices, the Jarlskog
andH;“—to be relatively light. The remaining Higgs boson determinant obtained from the commutator of mass matrices
masses of the color neutral componentstbfand Hy are  depends on the sign chosen in E4.3) giving two solutions
taken to be of ordeM, or higher. The only exception is the for the area of the unitarity triangle.
SU(2), doublet H,)3*which can be much lighter tha Because of the existence of tBequarks, the down-quark
because of the left-right symmetrﬁ(wO) in theH, sector  (big) mass matrix is a 86 matrix, which contains the anti-
mentioned above. But it must be heavier thaB00 TeV not  symmetric generation matrii:
to induce flavor changing processes above presently known

limits. All Higgs bosons not mentioned are assumed to have d D
masses at the order of the GUT scale. ) ) )
Before starting our investigation, let us state the quark and M. = d [ esG+ 1A, f3A 45
lepton masses at the scale=M; [11,12: db™p f3A, e3G+f3A])° :
= + = +
m,=(18=04) MeV, m,=(33=0.7) MeV, Here e3, f3, and f5 are mass scales of order of the weak
m.=(62+12) MeV, m.=(0.64+0.04 GeV scale, while at Ieaseg should describe a heavy mass scale.
° B ’ In accordance with our model assumptions we h&33
m,=(2.89£0.03 GeV, m=(173=5) GeV, <e§ which allows us to integrate out th2,D states and to

write down the seesaw formula

m,=0.487 MeV, m,=102.8 MeV,
2 c2a_ 1213
m,=1.747 GeV, (3.10 mp=e5G+ f5A— —3(AG*1A). (4.6
3
as obtained from the analysis of experimental data. The gen-
eral hierarchical structure of the SM masses and of thdhe D-quark mass matrix is simply proportional to the up-

Cabibbo-Kobayashi-Maskaw@CKM) matrix elements will quark mass matrix:
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3 uu dd DD

e Go—(G™, G, G"7),
MDze§G=—imU. 4.7 Q

er I

G —(G*'®, G, G™). (4.1
Although Eq. (4.5 should only be valid at the unification . . )
scale and has to be carefully scaled down for a determination Ve calculated these matricesat= Mz in a model speci-
of mp at u=M, we will use Eq.(4.6) at M, for a first fied in Sec. VIIl, which has a unification scale of 2
orientation. X 10t GeV. The matrixe5G in Eq. (4.6) become=3GY. It

The first entry in Eq(4.6) is responsible for the mass of s obtained fromm,=elG" at M, [Eq. (4.4)] scaled up to
the bottom quark, while the second term must provide for the[he GUT scale. wher&U= G99 holds and then scaled down
small mixing angles and the larg& violating phase. The to M. In our approximation, it is still a diagonal matrix. In

third term gives a correction to the symmetric part of thethe same way, one obtains the matrix replac@]gl in the

mass matrix which is important for the strange quark mass._ - i DBy 1
We expect, therefore, DD channel of Eq.(4.6). It is denoted by G°°) . The

matricesGPP andGY? at u=M; are given in[13].
2 2 ' i
e2=my, 2|Amd=|Vepmy, With these changes the mass matrix for the down quarks
becomes now

falAL=mVyd, and f3|As=|Vyplm,. ) 32 A
(48) mD(Mz)zengd+f§Add— 2_33AdD(GDD)71ADd,
€3
From Eq.(4.2) one then gets, fof3 and the generation ma-
trix A, .0

. - iom
B g=m), AT =0 (412
0, o, —lo \E
i 0 I mg will slightly differ from the mass of the bottom quark
f2 oMy A~ - ’ E Aay2 because of the mixing occurring mp .
2 27\A’ AVE: After having found the renormalization group effects on
i B I_ 0 the matricesc andA, the only parameter for calculating the

J2' d-quark masses and the CKM matrix fi§f3/[ e3(GPP) ).
(4.9  We use this parameter for a fit of the Cabibbo anylgy.
Because of our expectation of an approximate left right sym-
We introduced a scaling factof2\ , (as discussed in Sec. Metry [see Eq.(3.7)] we look for a negative value of this
VIIl) such thatf2=(H2) and the scale-dependent mathixs ~ Parameter and find
normalized according to TA?)=2\%. We remark that the

. . . . . . 2¢3
antisymmetric matrixA taken here is also antisymmetric f3f3 5
with respect to thdédiscrete interchange of the second gen- eg‘(GDD)Ss_ —4.75<107" GeV. (4.13

eration with the third one. We know, of course, that the ma-
trix A can have its strictly antisymmetric form only above
M, , the breaking point of the left-right symmetry. Thus, in
our renormalization group treatment we take the mairixs
given in Eq. (4.9 to be strictly valid atu=Mgyt, even Mg(M5)=2.66 MeV, myM,)=49.7 MeV
though we anticipated its form at a low scale. By going down ¢ 2" < bos e ' '
from u=Mgyt to M, the matrixA “splits” into a matrix

AQ for the quarks and a matrik" for the leptons. By going
further down toM,, A% as well asAt each splits into three

matrices relevant for the sectors indicated by the super- [Vus=0.217,  [Vcp|=0.045, |V,|=0.0034,
scripts: (4.14

Upon diagonalization of the down-quark mass mat#ixL.2),
with the negative sign taken in E(4.4), one obtains

my(M5)=2.89 GeV,

AQ—>(Ada, Adb, AD&), and for the angles of the unitarity triangle,

a=84°, [=20°, y=T76°. (4.15

AL (Ae e’ ACET AETen) (4.10
To obtain the correct value fon,(M ;) we took for the(3,3)

These matrices are no more strictly antisymmetric. Obvielement ofe3GY%, mJ=2.859 GeV. A similar good fit is
ously, also the matrixG splits into more matrices. Between obtained if in Eq.(4.4) the positive sign is chosen. The num-
Mgyt and M, we haveG—(Gq, G,) for the quarks and ber given in Eq.(4.13 then changes te- 3.26X 10°° GeV
leptons. BelowM, , one gets and the angles of the unitarity triangle become
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a=95°, B=21°, y=64°. (4.16 From these relations, which are of course sensitive to the
value taken for the weak scale input, we ex@G?D)% to
be of order (16-1C°) GeV. Taking e3(GPP)g=4

s>%\107 GeV as an examplénd scaling effects into account
one obtains

In the following we will use the negative sign in E@L.4).

The results(4.14—(4.16 are in good agreement with
present experimental data. The mass of the strange quark i
bit low but still within the bounds of Eq.3.10. We also see
that Weinberg’s suggestidi 3]

~ Mp,=557 GeV, Mp,=129 TeV,
Vs~ FS (4.17)

is valid. It follows from the smallness of the (1,1) ena3o* Mpg=4x 10" TeV. 4.19

in EQ. (4.12 due to the small first generation up quark mass.

We further note that the term im , which arises from the A more detailed discussion of the heavy fermions and their

mixing w|th the hgavyD quarks, reduced the anglefrom  155ses is presented in Sec. VII.

the originally obtained value=90° [5] to a lower value.

Besides Eq(4.13 there is no restriction on the value of

eg except thatfgleg has to be sufficiently small to justify the V. CHARGED LEPTON MASS MATRIX

seesaw formula and thereby the near unitarity of the CKM _

mixing matrix. However, as mentioned in Sec. Ill, the VEVs  The charged lepton mass matrix has the same structure as

(H) and(H ) may approximately respect the left-right sym- the down-quark mass matrix. By going from quarks to lep-

metry of Eg and of the intermediate symmetry in contrast totons E¢ Clebsch-Gordon coefficients have to be taken into

the large VEV ofHg. This idea is supported by the small account. Quarks and leptons couplé+(3,3,1) according to

value found forf3 in Eq. (4.9). It would be zero for a strict the combination

left-right symmetry in this channel and is indeed smeﬁﬁ (

=0.093 GeV) compared to the weak interaction scale. One 1

can then expect that the produef3f3 is not of ordemM M, QG+ e e L (5.1)

but not much higher thanM,)?. This gives us a rough es- 2

timate fore3 and thus for the masses of tBequarks:

3,GDb 2.1X 10“'\/|2 3.07x 10“'\/|2 The (33,1) sector of the Higgs fieltH, couples only to
&G e~ gy Mz OF =gy Mz quarks, the sectors (8,1) and (6,3,1) only to leptons. Thus,
(4.18 the relevant &<6 matrix at the GUT scale is
|
e’ ET
Moo —e5G— (13— 35)A, foiL3A 5.2
*FE ~f39A, —eJG+ (12— 43)A) '

Using the same arguments as for the down-quark mass mas the corresponding terfi3 in the quark mass matrix. Di-
trix the f's in the diagonal elements are small compared toagonalizing Eq(5.3) one gets, with

the main terms. After integrating out thetype states, the

mass matrix for the charged leptons of the SM is generated f2{13}_f{13}2:0'042 GeV,

and has ap=Mj the form

N f{l’3}3f3{1,3}

me=—e3G® ¢ —(f219—f52)A° © P
3 33

=12.6x10"° GeV, (5.4

B fr1,3af30%

3
€3

e EY ~LLy-1pE e"
A (GT) A ' (53 the charged lepton masses

The first term is constructed Iil@Gda, but for leptons. The me=0.488 MeV, m,=102.8 MeV, m,=1.748 GeV.

contribution of VEVs in the second term should be as small (5.5

035002-6



FERMION MASSES AND COUPLING UNIFICATION IN . .. PHYSICAL REVIEW Dr0, 035002 (2004

For obtaining the correct value of the tau lepton mass weffect the neutrino mixings. The charged lepton mixing

took m? [the (3,3 element ofe2G® ©'] to be 1.689 Gev. angles turn out to be smallV,|~0.034, |V, [=0.003,
The contributions from the first term in E¢5.3) for the light ~ |V,-/=0.068. Therefore, the large neutrino mixings are not

thus negligibly small. The muon mass receives its essentiflome from the neutral lepton sector where large Majorgng
contribution from the third term in E¢5.3—i.e., from the ~Masses appear. In the next section it will be shown that this is

mixing with the heavy leptons. The contributions from theindeed the case. Comparing now E4.13 with Eq. (5.4) we
second and third terms to the electron mass are comparab@et f(1 3af**¥/—f3f5=(1.6)%. Considering the analogy of
There is some&’P violation due to the second term in Eq. 3 with fr133 andf3 with £33 this appears to be a reason-
(5.3). The corresponding unitarity triangle, for charged lep-able value. In Secs. VII, VIII we will uséf ; 55|=|f3*3],
tons, has the anglea=43°, =62°, y=75°. After diago-  |f3|=|f3|—i.e., appropriate left-right symmetry in these
nalization of the charged lepton matrix, tigiB violation will channels.

VI. NEUTRAL LEPTON MASS MATRIX

The fundamental fermion representationEgf contains five neutral two-component fields. Thus, for three generations, the
mass matrix for these neutral leptons is &% matrix. According to the assumption stated in Sec. lll, it is given by

L3 L3 L3 L] L3

2 0 —elG 0 —f313A 0
L3
L3| -—eG F23s 0 —fr132A 0

M =L3 0 0 Fi33s  &G+h2A ec |, (6.1)
1
L% —f3LIAT 5 53AT  e5G+NIAT 0 e3G+h3A
L2 0 0 e1G eSG+h3AT 0

[
where L2 L3 L3
=123 4 £, 0, h3=3031f,,. (62 L2 0 —elG  fA
M '=L3| —eiG F23s  tA (6.4)

and L2 stands for the standard light neutrino fields. All in- 3
gredients in this matrix arising from the Higgs fieldsand L3\ faT  FaT F(®3s

H, are defined in the previous sections. We notice, however,

that in theL]L3 block the contribution of thé’s is additive. ~ and

The new elements are the ones containing the symmetric

generation matrixS. They give rise to genuine Majorana MLingegG. (6.5
mass terms and are of particular significance in the diagonal-

ization process. The strength of thig Higgs contribution to  We neglected in Eq(6.4) a correction to thé3-3) block—
M is governed by the constan&*# and F'*¥ carrying  namely, — (el/e2)e2G. It is small compared to the large ei-
right-handedz/-spin quantum numbersEt®3 essentially  genvalues oF 33,

fixes the Majorana mass for the heavy leptons which are For values off3{13 of the order of the weak scale and
expected to be of the order of tH8U(3) X SU(3)g break-  F{(22} F{3} hearM,~10'% GeV, we can again apply the

ing scale. The constait®# of similar strengths breaks the seesaw mechanism and finally arrive at the 3 Majorana
left-right symmetry and thus is responsible for the dominanimatrix for the light neutrinos,
breaking of this symmetry.

We can reduce the matri, to a 9x9 matrix by know- (ebz §2
ing thate3 is much larger than the other elements in the same m,=— 3 GS G- ﬁATS‘ A, (6.6)
row and column—in particular, if**# and {32 are in- F= F

deed of the order of the weak scale. This allows us to imeénd for the mass matrices of the heavy Maiorana neutrinos
grate out theL], L3 states. With the abbreviations vy Ve ’

_ Ms=F*2s, M 3=F13s, (6.7
f=f313el/ed, f=fqzelle], (6.3

Only the first term in Eq(6.6) need to be considered, since
one finds the remaining one can safely be neglected. Therefore, the
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neutrino mass matrig6.6) is mainly due to the decoupling of hierarchy and for the normalization &\ g [for which the
L3=7 states. It scales with the masses of these heavy lepton’ term in Eq.(6.8) can be neglectddWith no renormaliza-

states. tion effects included, the matri$ as defined in Eq(6.8)
We expect(see Sec. Il Sto be related to the two other reads
generation matrice& andA. The main term foiS should be 8 6y a4
G2, which leads to a diagonal nondegenerate mass matrix o o, o X
[see Eq(6.6)]. We then add a term linear iy, the commu- 6 . ol
tator [G,A], with a tiny coefficient. It implies that also in —oX, o, EX
this sector generation mixing is solely due to the antisym- S/\g= 6.9
metric matrixA. We take forS divided by the overall cou- . ol
pling strength\ g to the Higgs fieldHg, the real and bilinear —o X, TX, 1
construct 2
S/Ag=G2+ixc[G,A], (6.8  Ineach element of Eq6.9) only the leading powers af are
shown.
with the single parametet. The G? term with its dominant By inverting the matrixS defined in Eq.(6.8) and using

element=1 for the third generation serves for generationEqg. (6.6), one finds, fom,,,

S P R M Y

(1 1 ) 2 ( 1 ) (e1n,)? 6.10
m,= — —=0X|X, -4 X——F=0|X . .
V2 2 (1-2x%+ 2x3a)\gF 122

—(1—%ax)x, (X—%U)x, x2—1

For the simplicity of representation E(6.10 contains only  gauge and Yukawa unification at<2L0'” GeV described in

the zeroth and first powers im. Taking the full expression Sec. VIII. As in the examples given {i15] we find that the
makes numerically little difference. The interesting feature ofrenormalization coefficients strongly reduce the mixing
m, is the fact that it produces for any valuet1.5 auto-  angle 6;, observed in solar neutrino experiments while the
matically an almost perfect bimaximal neutrino mixing pat- angle 6,5 observed in atmospheric neutrino experiments is
tern with a normal(not inverted neutrino spectrum. By less affected. The renormalization coefficients also increase

changingx, solely the ratio of mass square differences the value of the ratidR.
A good description of the known neutrino data is obtained
m3—m3 by changing the value of our parameier 3.5 to
= 5 o (61])
mz—m;

x=2.8. (6.12

changes Ify; denotes the three eigenstates mass ordered

according tom;<m,<ms). The experimentally observed With this value we obtairR=0.055. Larger values of re-

ratio R~0.03 is obtained fox=23.5. duceR. However, this would lead to a too strong reduction of
However, for a proper calculation of the neutrino massthe solar neutrino oscillation probability.

matrix atu=M, and u=M, renormalization effects have WiFh x=2.8 one obtains for the mass matrix of the light

to be taken into account. This is particularly necessary beReutrinos aju=Mz:

cause of the large generation splitting of the heavy neutrino

states 3= v caused by th&? term in the matrixS We have

to integrate out these states in steps and to redefinén —0.135, 0.67, —0.62 M

each step. We start by using E®.8 at the scaleM, with _ | o067 375, 4.61| 20

G=G, andA=A, and proceed according to the rules given M, o o ' 10’ .13
in the Appendix. It turns out that renormalization effects —-062, 461, 281

strongly influence the neutrino mass matrix and thus also the
mixing pattern. The bimaximal mixing is changed to a bi-
large mixing. The calculation is again performed for thewith
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p o OMOEIM))? (10217 Gev? o (My)ee=My(Ugy)*+My(Ugy)®+ma(Ugs)”
0= = . .

NgF 122 M0, ~9.5x10°% eV. (6.21)
Here\ , is the coupling of the third generation Ieptonl-lic;}'2 The matrixU”, in particular its deviation from bimaximal
ande} is the VEV of the Higgs field—ﬁ as used before. mixing, depends via the renormalization parameters to some

We obtain the mass—squared difference observed in atma@xtent on the way unification is obtained. But a bilarge mix-
spheric neutrino experimentSmatm—Z 5x10 3 eV? when  ing with near maximal mixing in the.-7 sector will always
settingM;, ; =1.6X 10* GeV. It is very satisfying that this result from the basic assumptions of dtg model outlined

scale is of the same order of magnitude as expected from tH8 Sec. ll.
value of M, the breaking point of the left-right symmetry
[14]. With this value ofM;_;_the neutrino mass eigenvalues VIl. DESERT IS BLOOMING

turn out to be In our model the masses of the heavy down quérkand
m,=0.0023 eV, m,=0.0120 eV, m,=0.0516 eV, the corresponding IepfconsL, _V\{hlch_ fgrm 10-plets of
SO(10), have a generation splitting similar to the up quarks.
m2—m2=1.4x10"% (eV)?, The a_bsolute \_/alues of these masses cannot be given. How-
ever, if (H,) still respects to some extent the left-right sym-
(6.15 metry of Eg as discussed above, the light&tandL states
' lie in the TeV region. In Sec. VIII, we present a numerical
To obtain the neutrino mixing matrix, one has to go to aSolution of the problem of the gauge and Yukawa coupling
basis in which the charged lepton mass matrix is diagonalnification for Mgyr=2x 10 GeV and e3(GPP),,—3.98
Diagonalizing Eq(5.3) and denoting by, the weak eigen- X 10’ GeV. This solution also fixes the so-far undetermined

m3—m3=2.5x10"2 (eV)2.

states ¢=e,u,7), we find, from Eq.(6.13, VEVs of H and H,. With the values quoted ther€Eq.
(8.36], we can now directly diagonalize thex@ matrices
voa=Ugivi, (6.16 (4.5 and (5.2 which determine the mixing of the SM par-
ticles with theD andL states. This mixing, although impor-
—0.2+0.86i, —0.46-0.08i, 0.02 tant for the mass matrices, does not seriously violate the
U’~ | —0.29-0.015i, 0.044-0.55i, 0.78] . unitarity relations for the SM particles. For example, the sum
of the squares of the second row of the CKM matrix differs

0.37-0.017i, —0.036-0.69i, 0.62 ai from one only by 1.X10 *. In the charged lepton sector,
(6.17  the corresponding deviation amounts 103810 4.

Here we took a special phase choice for the neutrino flavor We can list now the mass values of the new particles by

Db 7 2,2
eigenstates such that the third column has only real and pos‘t‘smg againe3(G°°)3;=4x 10" GeV and setting\ oF 22
tive elements. AgF3¥=1.6x10" GeV in accordance with the neutrino

Our results for the three mixing angles relevant in neutesults:
trino oscillation experiments as obtained from E§17) are
Mp, =557 GeV, Mp =129 TeV,

SiNP0,;5=6.8X10" %, sirf6,,=0.22, siff,3=0.61.

(6.18 Mp,=4X 10* Tev,
These values and the rati=0.055 of mass-squared differ-
ences are quite close to the res(ilt6] of SuperKamiokande M(,=355 GeV, M =103 TeV,

[17,18, SNO[19], and KamLAND[20], the CHOOZ limit

[21], and the observations of the disappearance of solar neu- M, =3.83x 10" TeV,

trinos[22]. N
We can also get from Eq6.17) the neutrino unitarity

triangle, defined in analogy with the quark unitarity triangle.

It turns out to be

M(L3),;=5.8x10° GeV, M(L3),=9.6x10° GeV,

M(L3);=1.6x10" GeV,
a,=74°, B,=6°, y,=100°. (6.19
_ M(L3),~5.8x10° GeV, M(L}),~9.6x10°® GeV,
The phases of the elements of the first ronof are “Ma-
jorana phases” relevant for neutrinoless douBlelecay ex-

4
periments. With the convention used in Ef.17) we get M(L3)s=1.6x10 GeV. 7.0

511=103°, 8,,~—170°, &;5=0. (6.20 In the evaluation we took the most important renormalization

effects into accoungsee Sec. VIl and the AppendixAs we

For the quantitym, ). which determines the decay rate we see, the desert is populated between the mass ddaglesd
find Mgut. The mass ratios for different generations of the stan-
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dard model singlet neutrinos are even more drastic than theouplings of the light and heavy mass eigenstates to the ap-
corresponding ratios for thB quarks and th&&U(2), dou-  propriate light Higgs field components:
blet heavy leptons.

Our specific unification model allows us to calculate nu- dTic,c% d H3, dTio,c9 D H2,
merous properties of the old and new patrticles, in particular i
those related to their decay properties. We will present here a DTio,CPd d H%. (7.2

few examples only.
From the 6x 6 mass matrix4.5), for the quarks, one can We find, without using the remaining freedom of changing
calculate the coupling matrices in generation space for thphases,

(—0.18+1.6) X104, (—0.25+7.3)x10° 4, —(3.2+0.9)x10°°
cdd—| (7.4+0.28)x10 4, (3.3+1.3)x10° 3, (—0.42+1.5)x10 4

—(9.9+0.4i)x 1073, —0.043+0.014i, 0.069-i
0, —4.4x1077, 0
9D~ | —(0.3+3.4)x 102 0, 4.1X10°° | x10°3,
—0.77-8.9i, 0.39, 0
0, (0.33-3.8) <1072, 0.84-9.7i
cPd~| —4.8x1077, 0, 0.43 | x10°3 7.3
0, —4.6x1078, 0

Of course, similar results can be derived for the lepton couplings to the Higgs fields.
For the weak interaction proceBs—uW, one can introduce the matriX'® as an extension of the CKM matrix
Uy*(1-y5)VUPD(WL) | . (7.4
From Eq.(4.5 one gets

—-3.5x1074, -0.04, —1.1x10°*
V= —0095+11, O, 1.3107% | x1073. (7.5
0.81-9.4i, 0.42, 0

There are also right-handed current interactions of the standard model particles with theShigayy vector bosond\y, :
UyH(L+ 75 V9d(WR) (7.6

WhereV‘A“Aj is slightly different but has the same structure as the CKM matrix.

Of particular interest for the decay properties of the mass eigenstaﬁesnelﬁtrinos are the Dirac masses connecting the
flavor eigenstates of the light neutrinGa a basis in which the charged lepton matrix is diagbmath the heavy neutrinos.
Using Eq.(5.3), e1G(M,) from Egs.(A22), (A23), and diagonalizing3(M,) we obtain

V1 Vo V3
o (1.7-10i)x 104,  (—1.2-11i)x10°3, —0.41—0.0099i
mPirac~ p, _ s ] ) GeV. (7.7
(—4.6+0.3i)x10 3, 0.033+0.32i, 3.8+7.7i
V.
: (3.3+3.9)x10 3, —0.034+0.041i, —93.7+83.6i
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VIII. UNIFICATION OF COUPLINGS

4 2 2 2
p_[ T a2 L2 £
A. Gauge coupling unification with intermediate SU(3), (b1,bz,bs) (15’0'3)’ (by,bz,b3) (5 ' 3’0)'
X SU(3)gX SU(3)c symmetry (8.3

As is known, the SM does not lead to the unification of Apart from these additional states, there are more scalar dou-
the gauge cpuplmg cpnstants. In our scenario, there are U’tﬂetng‘(m:l,Z,‘?,A), which are involved in the construc-
additional Dirac fermionsD and L below the GUT scale {ion of the fermion sector. One of them comes from

MguT- However, these do not alter the unification picture OfH(§,3,1) and the other three frorHA(§,3,1). H andH,

the standard model significantly. We still need to introduce . S : non .
an intermediate breaking scalé, . also contain two isosinglet fieldd’, (n=1,2) carrying the

+ )
A large group likeEg with high-dimensional representa- sameU(1)y charge ase™. If some of the corresponding

. - e
tions should first be broken by a step which lowers the symStates With massas(Hg) andu(H) lie belowM,, each of

metry considerably. It is natural to bre&g to the maximal them will contribute to theb factors according to
subgroupSU(3) X SU(3)gX SU(3)c. As we will see, this 1 1 1
has the advantage that the corresponding intermediate scale(bl,bz,ba)Hdz(—,—,O), (bl,bz,bg)H+=(—,0,O).

is not an arbitrary parameter but fixed. The breaking at the 10°6 >

GUT scale can be achieved in the scalar sector by a Higgs 8.4

H(650), which contains twd333 singlets (1,1,1)5. and  Four more Higgs components which are SM singlets could
S_. S, is even underD g and thus keeps the left-right 5o be relatively light, but they do not contribute to the
symmetry, whileS_ is odd. We have to takeéS_)=0 and  yynning of the gauge couplings. Thus, the solution of the
(8.) to be different from zero for the breaking. It keeps  renormalization grouggRG) equation(at the one-loop level
=0rl9L=0su(a),» IR=Isu(a),] for u=M,. The reason is for the gauge couplings &fl, reads

that at the intermediate scalé, the SU(2), gauge coupling
0,(u«) and the hypercharge couplingg(u«) have to respect . 1
the SU(3), X SU(3)gr symmetry. Since théJ(1)y hyper- “%a (M) =qa, (MZ)_EIHM_Z_Z -
charge is a combination of , |3z, andYg, according to

Eq. (2.2, the intermediate symmetry automatically requires pH+ M2 b2 M3
the matching ' 2 '

92(M))=g1(M|)=g.(M)=gr(M)),

-—h—— N
2’7T M(H:_I"_)M(Hi) 2’7T MDlMDZMD3
bgl M3

-

gu(w)=gr(p) for u=M,. (8.1 2m - MMM,

Hereb®, My, andb., M, denote masses arfactors of
D andL states, respectively. The matchinggf andg, at
M, gives

The relationg, () =gr(x) for u=M, holds even at the
guantum level since it is protected I g parity. As a con-
sequenceM, is fixed by the meeting point of, and g;.

From thereon the two curves continue as a single one up to

Mgyt Whereg, =gg unifies with gc_=_gsu(3)c. For this to In%: %[afl(Mz)—agl(Mz)]Jr %32 n M|m
happen the statdd,(6,3,1) andH A(3,6,1) will play a cen- ‘ m wu(Hg)
tral role as we will see shortl)./. _ 1 MI2 1 M MM

The details are as follows: BeloM,, the field content S . S [ S
consists of the fermionic generations of the standard model 36 w(HY)w(H?) 27 Mp Mp Mp,
together with two light Higgs doublets and the three Dirac 8.6

particlesD(D, D), L(L1,L3), L™(L3,L?). The two Higgs
doublets are HI?, H1? with (H})2+(H2)2?=v3<p? Atthe GUT scale we should hawd =Mp . According to
=(174 GeVY. v, will be smaller thanw in case an addi- Secs. IV=VI,M_ =Mp, should hold approximately also at

tional Higgs meson with standard model quantum numberg,er scales, since they are determined(b@). Thus, for

has a nonzero VE\./' . the determination oM, we can safely neglect the last term
The correspondingy factors for the evolution of the cou- in Eq. (8.6). Taking the masseg(H™) = w(H")=M, , also
. .(8.6). = =M,
plings are the second term can be neglected. With'(M;) =59 and
5 agl(MZ)=29.6 we then obtain, foM, , the breaking point
_1 -3 _7) (8.2) of the intermediate symmetriy),=1.3x 10" GeV. Accord-
5 ing to our model, however, one extra HigdsU(2),
doublet—namely, l(IA)%'Z—should have a mass much below
as obtained from the standard model fermions and two HiggM,, as was discussed in Sec. Ill. The small VEV found for
doublets. The additiondb factors for theD’s and L's for  it, in Sec. IV, supported this view. Let us thus take its mass
each generation are v(H}\'Z?)= Ma=Mp ~4X 10* TeV, which is far above the

(blabzab3):

035002-11



B. STECH AND Z. TAVARTKILADZE PHYSICAL REVIEW D 70, 035002 (2004

lowest allowed value 500 TeV) and does not lead to fla- bosons are equal due to the left-rigiy g symmetry:

vor changing neutral currents. With this value, the seconcM(e 3,1)=M(3,6,1)=M;. They contribute to the renor-

term in Eq.(8.6) leads only to a slight increase M,: M, malization with theb factors

=1.5x 10" GeV. In general, the value M, is rather stable

with respect to modifications of our model concerning the o (77

Higgs sectordd(3,3,1) andHA(3,3,1). It is highly interest- (b ,bg,be) :(E’ E’O)' (8.10

ing that the value obtained fov, is close(see[14]) to the

phenomenologically obtained mass scaleR'>?) neces- \We now have, fou=M,,

sary to describe the mass-squared difference observed in at-

mospheric neutrino oscillations. Moreover, the same scale pMi

also describes the breaking point of the left-right symmetry. aglw): agl(M|)— Lmﬂ (8.11)
For the precise calculation ofa (M|)=ar(M)) 2m M,

=a; (M) from Eq. (8.5, we need input masses for tiie

quarks and the leptoris The mass of the third generati@n

quark we take is based on the discussion about an approxi- M

mate left-right symmetry in thél andH, sectors. We use L

and
R M blr  w
aLR(M) aLR(MI) 2_nM_|_9(’u_M6)2_’I M’

Mp,=e3(GPP)5=4x 10" TeV. 8.7 (8.12

The grand unification energyl g+ can now be obtained by
gettingu=Mgyr and equating Eqg8.11) and(8.12. Mgyt
depends oM and increases with increasihgg. It is inter-
esting that even for low values &4 close toM, we get a
large values foM gyr. For instance foMg=3M, we have
Mgur=10"° GeV. Already for Mg=5x10' GeV we get
Mgur=3X10'® GeV. Therefore, in our model we have
M guTt=10'® GeV, which thus ensures proton stability com-
patible with present experimental limits. But we still have to
see which restrictions are forced on us by top-bottom-tau
unification.

Before renormalization, the lepton; has the same mass.
The ratios for the generation splitting of these quarks an
leptons areo*:0?:1. The corresponding input in E¢8.5)
allows us now to calculate the values(M,) and a4(M))
=a,(M,), which can then be used as initial conditions to go
up to Mgyt. After the study of the Yukawa coupling unifi-
cation atM g1, one can go back to the scales of theand

L states to find renormalized values for their magsesg the
next section The corresponding change of E@®.5 will
little affect the values ofv; and @y = @, at M, from which
one can start again. The result is

a3t (M) =act(M))=31.43, B. Top-bottom-tau unification

In this section we study the running of the Yukawa cou-
a; '(M)=a; (M) =a_ §(M,)=35.63. (8.8  plings and their unification. We concentrate on the unifica-
tion of the third-generation couplings, Ay, X\, for the top,
The D andL masses, found this way, are quoted in Sec. Vllbottom, and tau fermions, respectively. In the SM, because of
and have already been used in form of the mass matricape small mixings in the quark sector, their evolution is little
MD=e§GDD and ME=e§G'-'- in Secs. IV and V. affected by the other couplings. In the considered model, the
Above the scale oM, Ggs;is unbroken and the quark- situation is different. Apart from the fermion couplings to
lepton states are unified together with tie states in  H(3,3,1)[first coupling in Eq(2.8)] also couplings withH 5
Q.(3,1,3, Qgr(1,3,3) and the leptonk in L(3,3,1) multip- are important. In particular, the Higgs field4S A(6,3,1),
lets. For the fermion masses we needed besides the VE\4$6(3 6. ,1) with common mas¥ <M g are important for
from H(3,3,1) also those fronH(3,3,1). We take the gauge coupling unification. Therefore, above the sé4le
masses of these Higgs bosons to be negligible for scalabe following Yukawa couplings are relevant for renormal-
aboveM, [similar to the mass dfi(3,3,1)]. Infact, we have ization:
to do that because some members lie beldwand the full

_(SU(3))2 symmetry must hold abov®!,. The correspond- QLGoQrH + ELGLLH +Q_ARQRH A+ ELALLH,?
ing b factors foru=M, are, therefore, 2 2
1 o _
(bL,br,bc)M1=(—4,—4,-5). (8.9 + SLALLHS. (8.13

With these values the meeting poigt=gg=gc would be o ) .

above the Planck scale becatie= by is not much different We have to distinguish the coupling matric®g, G, A%,
from be. We know, however, from our treatment of the A', but haveA-=Al due to the left-rightD g symmetry
charged lepton sector, that the vacuum expectation values ofhich holds aboveu=M,. The elements of the diagonal
Ha(6,3,1) andH(3,6,1) play an important role. Since ly- MmatricesGq, G determine the massédp , M, , respec-
ing above theM, scale, the masses of these two Higgstively.
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As a consequence of the first term in E§.13 one has Heremg andm? are a little smaller tham, andm_, respec-
already at theG333 level top-bottom unificationh () and  tively, since they refer to the diagonal parts of the down
Ap(u) must unify atM,; and evolve then further as a single quark and charged lepton mass matrices. In Secs. IV and V,
coupling Aq (x). This coupling should then unify with we foundmd/m,=0.989, m%m,_=0.966.

NA(pw) =N (1) at p=Mgyr. We can now set up Ehe renormalization group _equations

Below the scaléM, the coupling matrice§q, G, , A%, for X, Ny, A, Na, @andh,. They are connected with each
andAL=AL split into more matrices depending on the Higgs Other and—as a result of tH&U(3), X SU(3)r symmetry at
field components they are attached to. In an obvious notatiot#=M—no0 other coupling intervenes. Belokt, we have,
we have for p=N\l4m, ny=Ndw, n,=N4mw, na=(\p)?l4m,

- - - and ﬂA:()\A)Z/4’7T,
GQ—>(GuU, Gdd, GDD),

2l =t L it Dyt 8
GLH(Geiei G'I, G”;’), T =5 ™ 5 Mo~ | 51T 4 X2 9a3
. . - 1 .
AR (AYd AID ADD) +O0(n=Ma)5 M7, (8.19
N A CRLY (8.14 L9, 1 1 9
) 2T N =% Mo 5 Mot M7= M| zort g2
We left out the matriceAPP, AE E" and additional matrices
from the neutral lepton sector. They are multiplied with B E‘ —
VEVs which are—in our model—small compared to com- T8ag |+ 0(u=Ma)my 2T A, (8.20

peting terms in the same channel. In the approximations we
use for the renormalization th® matrices remain diagonal , ) 9
and the diagonal elements of the matrigesemain zero. 2w, =5 Nyt 30— 04 gaat gap), (8.2

Furthermore, the matrices connectedAtb are the same as

the ones fronAL. But the matrices derived from= At are
no longer strictly antisymmetric.
The most important elements of the matrig8sl4) are

~ 1. 1
27777A:§77A( npt §a1—3a2— 16“3) +60(u

the (3,3) elements of th&’s and the (2,3) and (3,2) ele- —Ma)
ments of theA’s: (G")as=\(u), (G° ¢ )za=\ (1), etc. (9. _ 3 3
For the matrix elements 0% we define X 7A E”A+377A_ 20917 2 %2) (8.29
(A% pg=iNa(p), (A% g= —iRp(n). (819 —,_— 1 3
23T ALK % ALK 27na" = na| Mo~ Eal—§a2—8a3 +0(n—Mp)

Clearly, we havex s(u) = Aa(u) for u=M,.

There is a restriction from the mass of the vector bodbn x; 2; + 34— ia _ §a ) 8.23
for a combination of the VEVs multiplying the coupling ma- Al27A A 207t 472

trices. With the notation .
At uw=M, the matching

1 : 2
e;=voSinB, e5=vyCoSsp, 8.1 _ _ — _~
1=VoSINB, €;=v,CoSp (8.16 T= =0, M=, A= 7a=7a  (8.29

the condition is is required.

Above M, we have for Qg My 7MAs and 7,

20 (§2\24 (£2)2 24 (f2{13 _ 2
vt (F2)2+ (1) + (fi1,93)+(f fr1342) — (\5Y2/4ar the equations
=(174 GeW?. (8.17 , X
2m1q,=67q, T 7, M, 37,7~ 70, 8(aL rtac),
Sinceel ande3 contribute to the masses of the third genera- (8.2
tion, thev3 term should be the dominant one. At the scale

u=Mj one has o6

27y = 27753+ 37,70, ~ My 3 AR
0

m
Np(Mp)= —— +0(=Mg)37 7aL, (8.26

N(Mz)= :voCOS,B’

t
voSingB’

0
r

3
2mpp=9ma+ 2 A, ~ 1a8(aLrt ac),
(8.18

MM2)= S osB (8.27
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1
2T AL= 77AL(§ /v 16“|.,R)

. (8.28

14
+ 0(u—Meg) naL| 4maL— 3 LR

i\ is the (2,3) element of"=A' and is only needed above
M, . The matching condition & ¢, for the final unification
of the couplings reads

na(Mgur) = 7aL(Mgur)-
(8.29

The procedure of finding a solution with gauge and top-
bottom-tau unification is the following: A given value of
M guT=10'® GeV (otherwise no solution is possibldixes
M. Taking then trial values forq (Mgyr) and 7a(Mgyr)
and solving Eqs(8.25—(8.28 gives their values aM, .
These values determinegy(M,)=n,(M,), 7.(M,), and
na(M)) = ;;A(M,). The renormalization group equations
(8.19—(8.23 allow us then to calculata(My), N\p(M;),
NA(My). Clearly, the input values 77Q3(MGUT) and
na(Mgyur) have now to be changed such that/A, be-
comes equal tan’/mQ and \(, \, are in the perturbative
region—i.e.,<3. If this can be achieved, one can calculate
from Eq.(8.18 v% and tang:

77Q3( Mgur) = 77|_3( Maur),

0
(mb)2

2

b

2
m;

_)\tz

b2 M Ao
0
mo A

tang (8.30

Of course, only solutions withg<v=174 GeV are accept-
able.

C. Numerical solution for M g r=2X 10 GeV,
Mp,=M,=4X10" TeV

PHYSICAL REVIEW D 70, 035002 (2004

’Concorde’
60 T T 1 ) ) I 1 ]
50 |- -
40+ -
l/a /
30 -
20 -
10 —
] 1 I 1 1 1 1 1
2 4 6 8 10 12 14 16 18
Logyq[n/GeV]

FIG. 1. Unification of gauge couplingvl,=1.5x 10'% GeV,
Mg=1.6x 10'® GeV, Mgyr=2%x 10" GeV, andag'=39.

with the consequences
ag (Mgyr)=38.99,
Np(M)) = 7q,(M 1)=0.0412,

7 M)=n_ (M,)=0.0536,

7a(M )= 77a(M|) = 7a(M,)=0.0368,

7aL(M;)=0.0598, (8.39

0
r

m
NAM2)=Ap(M2)—=0.612, A\(My)=1.127,
m,

vo=153.48 GeV, taB=55.59.

(8.35

Here we present a numerical solution of the problem ofryom the value found foo,, we can now determinef§)2

gauge and Yukawa coupling unification iy, which satis-
fies all above-mentioned requirements. We choose the unif
cation scale to be 2 10'/ GeV, the masses of the heaviést
state and the Higgs field H,)3? both equal to 3.98
X 10" GeV.

Further input values are the third-generation masses

m(M5)=173 GeV, mJ(M)=2.859 GeV,
m2(M,)=1.689 GeV, (8.31)

the three gauge coupling constantsuat M, and a suitable
value forn, p, , at Mgyr:

+(f(133)? from Eq. (8.17). Using then Egs(4.13, (5.9

fogether with e3(GPP),,—3.98< 107 GeV and |3 =|f3,
|f (133 =T33, we finally get

f2=+43.504 GeV, f3=743.504 GeV,

figs="131¥=69.484 GeV. (8.36
The solution for the gauge coupling and Yukawa coupling
unification given here has been applied in the previous sec-
tions, in particular for the evaluation of the renormalization
parameters for all the different mass matrices.

In Fig. 1—“Concorde™—we show the evolution of the

7b,(Mgur)=0.0381. gauge couplings and their unification. Figure 2—"“Bermuda

(8.32
For this latter value all couplings remain in the perturbativelfiangle’—exhibits the running of the Yukawa couplings,
7y, 75, and their unification. In Fig. 3—"desert spider”—

region andv<v =174 GeV. As a result we find the solution ) )

g 0=v the running of thg2,3) and(3,2) elements of thé\ matrices
and their unification is presented. In these evaluations the
splittings between the massk, andM,_i have been taken

into account.

Me=1.6X10' GeV, M,;=1.5x10" GeV,
7a(Mgyt) = 7aL(Mgyr) =0.0336, (8.33
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"Bermuda Triangle’ spectrum of the up quarks. The lightest ones are expected to
lie in the low-TeV region.

The groupEg provides new insights into the unification of
the three gauge couplings and into the unification of the
Y Yukawa couplings of top, bottom, and tau. The intermediate
0.08 T symmetrySU(3), X SU(3)gX SU(3)c with a discrete left-

b right symmetry plays a decisive role. The breaking point of
0.06 4 this intermediate symmetry is fixed by the known gauge cou-
plings g, and g,. Simultaneously it determines the mass
scales for the light and heavy neutrinos. We achieved a so-
lution of the gauge and Yukawa coupling unification with
| | . | | | . . strongly constraint parameters. It describes the evolution and
2 4 6 0 12 14 16 18 the final convergence of many coupling matrices which dif-
Logm[,u/GeV] fer significantly at low energies. The solution allows us to
calculate quite a number of properties such as transition ma-

FIG. 2. t-b-7 unification: A(Mgur) =Ao(Meur) =M (Meur) trices from heavy to light fermions, Majorana phases, and the

=0.692. doubleB-decay matrix element. As a result of the high uni-
fication scale 10 GeV), the model adequately sup-
IX. CONCLUSIONS presses dimension-6 operators which induce nucleon decays.
The proton lifetime is above the presently accessible range.
The presentedtg model can be supersymmetrized with-
ut changing the construction of the Yukawa sector. A super-
ymmetric version would, however, affect the coupling uni-
cation picture given here.

0.1 1 T I I I I I

0.04 - -

The E¢ model presented has many attractive features.
Only few input data are sufficient to obtain a realistic picture
of the fermion masses and their mixings. The presence Q
new heavy fermions in the “desert” plays an important role]cI
even for the mass matrices of the SM particles. All genera-
tion mixings andCP violations arise from a single antisym-
metric matrixA, which mixes the light fermions but also the
light with the heavy fermions. The latter effect also contrib- We thank Qaisar Shafi for interesting discussions and
utes in an important way to the eigenvalues of the quark anfliathias Jamin for providing us with the newest data on the
lepton mass matrices. For instance, the main part ofithe quark masses.
meson mass and of the strange quark mass is generated by
virtual transitions to heaVy fermions. As a side remark we APPENDIX: NEUTRINO MASS MATRIX
note that the antisymmetric generation mixing matrix found RENORMALIZATION
here could lead to significant effects in rare weak decay pro-
cesses with fixed phases of the new contributions. The matrix Here we will perform the renormalization analysis for the
A, in combination withG, is also responsible for the bilarge neutrino sector.
mixing of the light neutrinos and their oscillation pattern. In  Dimension-5 operators, responsible for neutrino masses,
the limit of no renormalization effects, the neutrino mixing is are generated by integrating out the “right-handed” states
bimaximal. (L3),=v,. The v, masses are determined by the matrix
Those heavy new particles, which form 10-plets with re-F{23g, The matrix S describes the generation-dependent
spect toS((10), have a hierarchical spectrum similar to the Majorana couplings of these states to the symmetric sextet
component of the Higgs fiel#is. In our modelS is postu-
lated to be the bilinear matrix product in generation space
(6.8). We take this form to be valid a1, with G—G, and

T A— AL, With the appropriate scaling factors, at=M, the

ACKNOWLEDGMENTS

"Desert Spider’

0.12 - matrix S has the form
(D208, —i5kbo®x, —o'x
0.09 - o3
— k550, (k5)%0%, —X
S/)\S2 \/E
0.06 . . o3
—o'X, —X, 1
V2
0.03 d (A1)
2 4 6 10 12 14 16 18 _ _ : :
Logw[u/GeV] Again, as in Eq.(6.9), only the leading terms i are ex-

hibited here. The renormalization coefficiertsre shown in
FIG. 3. Unification 0f(2,3), (3,2 elements ofA° andA" ma-  Eq. (A23). At the scaleM,, the mass matrix for the
triceS. Agg( M GUT) = AIES( M GUT) = 065| StateSVa |S
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ap —Ff{22gep
M5, (M) =FaST (A2) 41 jtvaf” Y*B(679—3ay), with (a,8)#(3,3),
The eigenvalues are wi=0o%[(x})?—(x5)2x?—x? (A8)
+ (k55 V230 INgF122,  pu,=0t(k5)AAgF23,  and d
AsF122. As we can see, these scales are separated by large 47— Y3*=Y3«
distances. Because of this fact, strong renormalization effects dt
occur. They are the cause of the difference between the neu-
trino mass matrice€6.10 and(6.13. The decoupling of the

three,, states occurs step by step. Thus the renormalization 4m o YE=YR6m+ n,—3ay). (A10)

has to be performed separately in each energy interval

[23,15. By generalizing the results of R€fl5] we present  These equations have the solutions

model-independent formula for the running of the neutrino

mass matrixm, and then apply them to our model. YR ) =Y P(rg(urg (), (A11)
The couplings in the neutrino sector involve Dirac and

Majorana mass terms. One can choose a basis in which the Y?“(u')=Y*(u)rg(m )r (' )rg (w)r; (w).

1
677I+§7;T—3a2), with  a#3,
(A9)

mass matrix for the heavy neutrinos is diagonal. Thus, with- (A12)
out loss of generality, one can write the coupling terms in the
form Y ) =Yg P ) rg H(m)r 2w,
(A13)
i ~o1 where
Va()\D'rac)”‘Bvﬁ-i- > MavaVa- (A3)

ro()=pg (Pl (W), Tw)=p; YA(n). (AL4)
The matrix AP is related to the original Dirac matrix

\Diac_ Grvgl= G el (for u=M,) via Before the emergence of tlie=5 operators, only the Dirac

couplings run. They obey the equatidrzsf]

)\Dirac: )\DiracUT. Ad d )
o s (A4) 4m L (\P)P=0, (a,B)#(33,  (Al5)

Here the unitary matri}Jg diagonalizes the matriM;; :

. A7 d(xD"aC)M Wlm, a#3. (A16)
(UsM;;Ug) =6 p, . (A5) dt 2

. _ R _ . According to these equations, we have, foxM,,
By integrating out the state,, the light neutrino mass ma-

trix gets a contribution at the scaje,. Without renormal- (\DPragyeB( ) = (\PracyaB(m,),
ization effectsm, would have the form

(NP3 () = (ANPTO34(M 1 (). (A17)
aB_ _ aB
m, (Y1 F Yo+ ¥5)™, (A6) With all these results, one can write down the light neutrino
mass matrix at the scaje=M:
where
myP(Mz) == Y*ry(My), (A18)
1 ) )
YizB: _()\DlraC)al()\DlraC)ﬁl, where
M1

1 yeb= 3 s 1 )Y Hrg N (uy) Y]
YaB_ ()\DiragaZ()\DiraC)ﬁz ij=12
M2
+ D (8C6F 4+ P25 (M) YE+15 () YS
i=1,2
1 A o
aff _ D a3y D B3
Y5P= (PRI, (A7) +1g () YIRS 2M ALY 41 M) Y32

g (rO)YY). A19
The division of the mass matrix in three parts is convenient g () ] (A19)

in order to see the contributions coming from each integratecthe quantitiesy; are given in Eq(A7) and the renormaliza-
stater,. Eachd=5 operator ¥;), generated on the scale tion factors in Eq(A14).

i, runs from this scale down tM, according to the RG We now apply this result to our model. The matrix
equations (AP is built according to Eq(A4) taking
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AgiraC(Ml):Diag(K&O.‘l' —Ky0", 1))\7—(M|)e%(MI)

(A20)

The value ofe} at the scaleM, can be calculated from the
RG equation

d , 9 9
4w&el=e1 =3yt 2—0a1+ 2%/ (A21)
knowing its value at the scale=M3:
e1(M)=ex(Mz)p; *(M2)pa?AMz)p2(M2).
(A22)

In our model, it turns out tha{i(Ml)le4.52 GeV.
The values of the factors appearing in £E41) are

k;=0.707, k5=0.746, k5=1.017. (A23)

PHYSICAL REVIEW Dr0, 035002 (2004

After constructing the matrix°"¢ one can calculate all
elements ofY; according to Eq(A7). The numerical values
of the renormalization factors, appearing in E¢A18),
(A19), are

rg(Mz)=058, ry(u;)=0.75,

ro(12)=0.87, r.(Mz)=0.96.
(A24)

The diagonalization of the neutrino mass matrix obtained
in this way allows us to calculate the neutrino mixing and the
ratio R=AmZ,/Am?,,, from the single parameter To obtain
values forR and the mixing angles, which lie within experi-
mental bounds, we have to uge-2.8 which is bit smaller
than the valux=3.5 found without renormalization correc-
tions[25]. The mixing is now no more bimaximal, but still
bilarge. The results are discussed in the {Sdc. V).
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