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Glueball production in radiative JÕc,Y decays
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Using a bound-state model of weakly bound gluons for glueballs made of two gluons and a natural gener-
alization of the perturbative QCD formalism for exclusive hadronic processes, we present results for glueball
production in radiativeJ/c,Y decays into several possible glueball states, includingLÞ0 ones. We perform a
detailed phenomenological analysis, presenting results for the more favored experimental candidates and for
decay angular distributions.
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I. INTRODUCTION

The unambiguous experimental observation of two-
three-gluon bound states should be an important test of q
tum chromodynamics and of its internal consistency. In
last years a huge experimental and theoretical work wa
fact dedicated to this goal. Unfortunately, lower-mass gl
ball states are supposed to fall in a mass range~a few GeV!
which is already largely occupied by mesonic and/or h
ronic states, including exotic states, hybrids, etc. Moreo
glueball states are probably not narrow enough to allow
very clear observation. However, an intense experime
search @1,2#, complemented by lattice QCD calculation
@3,4# and several other theoretical contributions, like b
models@5#, flux-tube models@6#, QCD sum rules@7#, has
given evidence of a few possible candidates for two-glu
bound states. Typically, experimental searches for glue
candidates have been performed in favorable experime
environments. A good place to search for glueballs is in
diative J/c,Y decays, because of the ‘‘gluon-rich enviro
ment’’ produced in theQQ̄ decayQQ̄→ggg, which should
be particularly suitable for subsequent glueball formati
Two other processes of interest are central production in h
ronic collisions andp̄p annihilation in the few-GeV energy
range. It is interesting to observe that one can take advan
also of negative-answer experiments like, e.g., hadron
duction in photon-photon collisions. In this case, meson p
duction is expected to be favored with respect to glueb
formation, which should only proceed via higher-order@in
the electromagnetic~e.m.! coupling constant# contributions.
In some sense, the situation is reversed compared to radi
quarkonium decays. From a more quantitative point of vie
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this implies that the so-called ‘‘stickiness’’ parameter@8#
S5@G(J/c,Y→gR)PS(gg→R)#/@G(gg→R)PS(J/c,Y
→gR)#, whereR is a hadronic resonance andPS denotes
the phase space factor, should be much greater for glue
as compared to ordinary mesonic states. The present stat
the glueball search program can be summarized by reca
that there are two main candidates for glueball states@1,2,9#:
a scalar, 011 state with massM011.1.5 or 1.7 GeV and a
tensor, 211 ~or 411) state with massMJ11.2.22 GeV;
these observations are supported also by lattice QCD ca
lations @3,4#. Other possible experimental candidates are@2#
a pseudoscalar, 021 state with massM02152.14 GeV; a
vector, 111 state with massM11152.34 GeV; a pseudoten
sor, 221 state with massM22152.04 GeV; and a 311 state
with mass M31152.0 GeV. Present lattice calculation
however, predict larger masses for most of these states@3#.
Other glueball candidates have also been proposed. In
following, we will not consider these additional states, lim
iting ourself to discussing some selected examples in de
it will then be clear how to deal with the remainder. Add
tional information can be found in Refs.@1,2# and references
therein.

Motivated by the fundamental role played byJ/c,Y ra-
diative decays in the field of glueball search, in this paper
study in detail these decay processes and analyze their
plications for glueball production.

To this end, we use an approach previously developed
some of us and already applied to several processes inv
ing the production and/or decay of hadronic states~including
qq̄ mesons and two-gluon bound states! at high energies
@10–13#. This approach is a generalization of the formalis
developed, starting from the early 1980s, in the framew
of perturbative QCD for the study of exclusive hadronic pr
cesses at high transfer momentum@14#. Our model assumes
that the dominant contribution to the production and decay
a hadronic state at large energy scale is given by its lead
Fock state, considered as a weakly bound state of vale
constituents, with any internal angular orbital momentum
has also been shown that this approach reduces to the u

:
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perturbative QCD results in the case ofL50 states. Let us
clarify from the start that, being based on perturbative QC
this model is not suitable for predicting physical observab
which are nonperturbative in their essence. Thus, for
ample, it cannot give sensible predictions for the masses
decay constants of lightqq̄ and two-gluon states. Rathe
these quantities must be taken as input parameters of
model, obtained from experimental results or other nonp
turbative approaches, like, e.g., lattice QCD calculations
QCD sum rules. In some cases, like for decay-product an
lar distributions, it is possible to give predictions for physic
observables which have little dependence on these non
turbative inputs, as will be shown in the following.

Let us recall that our approach was already applied
glueball production in radiative quarkonium decays in R
@10#, in the case of a nonrelativistic distribution amplitud
for the two-gluon bound state. Here we extend and gene
ize the analysis to the case of a generic glueball distribu
amplitude; we also present analytical and numerical res
obtained using several different models for the glueball d
tribution amplitude.

We derive and discuss, in the framework of our mode
number of general analytical results for scattering am
tudes, angular distributions, etc., that may be useful indep
dently of the numerical results presented here. This sho
hopefully facilitate the use of our approach for future, mo
detailed investigations along these lines.

The paper is organized as follows: In Sec. II we summ
rize our approach and present all relevant relations requi
In Sec. III we consider in detail the radiative decayJ/c,Y
→gG, deriving the expressions of the helicity scattering a
plitudes for several possible two-gluon bound states witS
50,1,2, L50,1,2,3,4, andJ50,1,2,3,4; we also derive th
expression of the decay photon angular distribution in
quarkonium rest frame. Section IV is devoted to the pres
tation and discussion of several numerical results and pre
tions; we give our final comments and conclusions in Sec
A few appendixes contain most of the analytical results
the helicity scattering amplitudes and some useful analyt
integrals required in the calculations.

II. DESCRIPTION OF THE FORMALISM
AND GENERAL RESULTS

FOR HELICITY SCATTERING AMPLITUDES

In this section we outline the formalism utilized in th
following calculations and present some general express
for the scattering amplitudes. We limit ourselves to summ
rizing the main steps of our approach. The interested rea
will find more details in Refs.@10–13#, where the same ap
proach was formulated and applied to several hadronic
duction and decay processes at high-energy scales.

The basic ingredients we need in order to evaluate obs
ables for the processJ/c,Y→gG are the corresponding he
licity scattering amplitudesAlg ,lG ;lQ, where thel ’s indi-
cate the helicities of the corresponding particles. From n
on we always indicate by the subscriptQ all quantities re-
lated to the genericQQ̄ bound state,Q5J/c,Y.
03402
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Notice that we know from first principles that the helici
amplitudesAlg ,lG ;lQ can be written, in the quarkonium res
frame, as

Alg ,lG ;lQ~ug ,fg!5Âlg ,lG
eilQfg dlQ ,lg2lG

1 ~ug!,

~1!

whereug and fg are, respectively, the polar and azimuth
angles specifying the photon outgoing direction in t
quarkonium rest frame,dl,l8

j are the usual Wigner rotation

matrices, andÂlg ,lG
are ‘‘reduced’’ amplitudes, dependin

only on lg , lG and on the dynamics of the decay proce
Notice also that, sincedl,l8

j (u→0)5dl,l8 , Eq. ~1! gives

Alg ,lG ;lQ~ug5fg50!5Âlg ,lG
dlQ ,lg2lG

. ~2!

This means that we can evaluate the helicity amplitu
Alg ,lG ;lQ in the simple kinematical configurationug5fg

50, find the reduced amplitudesÂlg ,lG
from Eq. ~2!, and

utilize Eq. ~1! to reconstruct the full amplitudes.
In the framework of perturbative QCD and its factoriz

tion theorems for exclusive hadronic processes at hi
energy scales@14# ~in our case, theQQ̄ bound-state mass
MQ), the helicity amplitudesAlg ,lG ;lQ for the physical pro-
cess may be evaluated starting from the helicity amplitu
for the elementary hard processQQ̄→gg* g* ,
Tlg ,l1 ,l2 ;lQ ,lQ̄

, wherel1 ,l2 are the helicities of the two
final ~virtual! gluons.

The partonic process is schematically represented in
1, both in theQQ̄ c.m. reference frame~the quarkonium rest
frame! ~A! and in the glueball rest frame~B!, where the two
constituent gluons are moving with relative momentum 2k.

FIG. 1. Kinematical configuration for the processQQ̄→gG in
the quarkonium rest frame~A! and for the elementary partonic pro

cessQQ̄→gg* g* in the glueball rest frame~B!.
1-2
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As a first step, using the well-known nonrelativistic colo
singlet model for the quarkonium bound state, we can ea
find the connection between the helicity amplitud
Tlg ,l1 ,l2 ;lQ ,lQ̄

and those relative to the processQ
→gg* g* , Mlg ,l1 ,l2 ;lQ. A further step will in turn connect
the amplitudesM to the hadronic amplitudesA, Eq. ~1!,
which describe the full hadronic process.

Let us remark at this point that in the last years the cru
role of color-octet contributions in hadronic processes
volving the production and decay of charmonium bou
states has been discussed in the framework of nonrelativ
QCD ~NRQCD! @15#. It has been shown that color-octet co
tributions are crucial for the consistency of a nonrelativis
model of quarkonium. To our knowledge, only a few a
tempts have been made to apply NRQCD and color-o
contributions to the treatment of exclusive charmonium
cays @16#. These attempts have shown that color-octet c
tributions are probably of little relevance in the case ofJ/c,
Y exclusive decays. In what follows, then, we stick to t
usual color-singlet model for the3S1 , QQ̄ bound state. In
this case we can write

Mlg ,l1 ,l2 ;lQ~ug ,fg ;b,u,f!

5
f Q

2A3
(

lQ ,lQ̄

ClQ , lQ̄ , lQ
1/2, 1/2, 1

3Tlg ,l1 ,l2 ;lQ ,lQ̄
~ug ,fg ;b,u,f!, ~3!

where f Q is the quarkonium decay constant; theCm1 ,m2 ,M
j 1 , j 2 , J

are the well-known Clebsch-Gordan coefficients;u, f are
the polar and azimuthal angles specifying the direction of
relative momentum between the two gluons, 2k, in the glue-
ball rest frame; andb is the modulus of the relative momen
tum in units of the glueball mass,b52uku/MG . Without
giving more details of the calculation of the hard scatter
amplitudesT, let us only recall that, at leading order in th
strong-coupling constant power expansion, there are
Feynman graphs contributing to the process, correspon
to all the possible ways the photon and the two gluons
attach to the fermionic line. The expressions of the helic
amplitudesMlg ,l1 ,l2 ;lQ are collected in Appendix A.

Following our approach@11,12#, the hadronic amplitude
Alg ,lG ;lQ

L, S, J (ug ,fg) for the production of a two-gluon boun

stateG(gg) with spin, orbital, total angular momentum, an
helicity S, L, J, andlG , respectively, is given by

Alg ,lG ;lQ
L, S, J ~ug ,fg!52gL* E

21

1

dz
F* ~z!

A12z2
lim
b→0

1

bL

3E d~cosu!df

4p (
l1 ,l2

zl1 ,l2

L,S,J,lG~u,f!

3Mlg ,l1 ,l2 ;lQ~ug ,fg ;b,u,f!, ~4!

wheregL is the glueball decay constant,
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1

2 S 2L11

2pMG
D 1/2S 2

2i

MG
D L ~2L11!!!

L! F dL

drL
RL~r !G

r 50

;

~5!

RL(r ) is the glueball radial wave function in momentu
space;F(z) is the glueball distribution amplitude, which de
scribes how the glueball longitudinal momentum~in the so-
called infinite momentum frame! is shared between its two
constituent gluons@x1,25(16z)/2 is the fractional longitu-
dinal momentum carried by gluons 1, 2 respectively#, and

zl1 ,l2

L,S,J,lG~u,f!5C 0 l̄ l̄
L S J

Cl1 ,2l2 l̄
1 1 S

e2 il GfdlG ,l̄
J

~u!, ~6!

wherel̄5l12l2.
It can be easily checked that Eq.~4! reduces to the usua

result of perturbative QCD forL50 bound states, apart from
some trivial redefinitions of the decay constants. In fact
same expression, with obvious appropriate modificatio
can be used for aQQ̄ bound state, and Eq.~3! could be
retrieved from Eq.~4! by substituting the gluons with the
QQ̄ pair, puttingL50, S5J51, and using for theJ/c dis-
tribution amplitude the nonrelativistic limitFNR(z)5d(z).

Let us now consider in more detail the total glueball wa
function CG . It must be completely symmetric under e
change of the two gluons,g1↔g2 . CG is factorized into the
product of the color, spin, and orbital wave functions and
the distribution amplitude,CG5FcFSFLF(z). Since the
two gluons must be in a color-singlet state,Fc is symmetric.
The combination of twos51 particles can giveS50,1,2,
and FS(g1↔g2)5(21)SFS ; the orbital angular momen
tum component has symmetry (21)L; finally, in our ap-
proach the distribution amplitudeF(z) is always taken as
symmetric inz. As a consequence, to have a completely sy
metric wave function, only states with evenL1S are al-
lowed. We have explicitly checked that all amplitudes w
odd L1S would require a nonvanishing, antisymmetric di
tribution amplitude. We do not consider this ‘‘exotic’’ poss
bility in the following. The parity of the glueball state i
given by P5(21)L, while its charge conjugation isC
5(21)L1S511 for all allowed states.

A ~pure two-gluon! glueball bound stateuJPC& is given in
the most general case by a linear combination of states
different values ofL, S and sameJ,P,C quantum numbers
@only states with evenL1S and (21)L5P may contribute#.
In Table I we show, for each glueball state with quantu
numbersJPC ~up to J54), all the uL,S& states withL<4
contributing. We can put this in a concise form

f JPCuJPC&5 (
S50,1,2

(
L5uJ2Su

J1S
1

4
@11~21!L1S#

3@11P~21!L#AL,Sf LuL,S&, ~7!

where f JPC is the decay constant of the physical state a
AL,S are ~complex! mixing coefficients; whenever only on
uL,S& state contributes, we takeAL,S[1 and f JPC[ f L . The
expressions of the helicity amplitudes for alluL,S& states of
interest are reported in Appendix B.
1-3
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Let us remark that in our approach the gluons in the tw
gluon bound state have an effective constituent massm1,2

5(MG/2)A(16z)22b2. This fact has two important conse
quences:~i! The gluons have three possible helicity sta
l1,2561,0. It is easy to check~see Appendix B! that all
amplitudes withl150 and/orl250 correctly vanish in the
limit m1,2→0. ~ii ! Yang’s theorem states that two massle
spin-1 particles cannot bind to form aJ51 state or a state
with oddJ and negative parity. In principle this theorem do
not apply to our model with constituent gluons; in fact, w
find nonvanishing amplitudes for the 111, 121, 321 bound
states; however, all amplitudes involved correctly vanish
the limit m1,2→0. The observation of two-gluon, 111, 121,
321 bound states in radiative decays of quarkonium sho
indeed be an interesting test in favor of approaches,
ours, involving massive constituent gluons@17#.

III. DECAY RATES AND ANGULAR DISTRIBUTIONS

In the previous section we have presented all genera
sults regarding the helicity scattering amplitudes required
the calculation of decay rates, photon angular distributio
etc. In this section we first discuss the choice of the~nonper-
turbative! glueball distribution amplitudeF(z). We will con-
sider two physically plausible and justified possibilities th
on the one hand, give indications of the dependence of
merical results onF(z) and that, on the other hand, are su
that the integrals in the expressions of the helicity amplitu
~see Appendix B! can be performed analytically. After thi
discussion, we will present the expressions of the decay
and of the photon angular distribution for the process c
sidered, in terms of the helicity amplitudes.

Looking at the results of Appendix B, one sees that all
integrals appearing in the helicity amplitudes are of the fo

C l ,m,n~y!52E
0

1

dz
F~z!

A12z2

z2m

~12z2! l~12y2z2!n
, ~8!

wherey5MG
2 /MQ

2 . To perform numerical calculations, on
needs an explicit expression for the glueball distribution a
plitude F(z). This function is largely unknown, given it
nonperturbative origin. The simplest possible option wo

TABLE I. For each uJPC& two-gluon glueball state, up toJ
54, the contributinguL,S& states withL<4 are shown.

uJPC& uL,S&

011 uL50,S50&; uL52,S52&
021 uL51,S51&
111 uL52,S52&
121 uL51,S51&
211 uL50,S52&; uL52,S50&; uL52,S52&; uL54,S52&
221 uL51,S51&; uL53,S51&
311 uL52,S52&; uL54,S52&
321 uL53,S51&
411 uL52,S52&; uL54,S50&; uL54,S52&
421 uL53,S51&
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be that of considering the nonrelativistic limitFNR(z)
5d(z). This gives very simple analytical results for the h
licity amplitudes; however, it is generally considered inacc
rate, in particular for low-mass bound states; therefore,
will not consider furthermore this option in the rest of th
paper. Let us only notice that the reader can easily derive
useful results for the nonrelativistic case by himself fro
Appendix B. We will then consider two more realistic op
tions, based on results obtained in the past years for
production and decay of light mesons at high energies
largely adopted in the literature in various forms.

~i! A generalized version of the so-called asymptotic d
tribution amplitude@13#:

FL
GAS~z!5NL~12z2!L115

G~L15/2!

ApG~L12!
~12z2!L11,

~9!

whereG(z) is the well-known Euler gamma function.
~ii ! Following Refs.@18–20#, a version of the asymptotic

distribution amplitude which suppresses end-point contri
tions:

FAS~z!5Nu~12z2!exp@2u/~12z2!#

5
3

2
exp~u/2!$u2K0~u/2!1u~12u!

3K1~u/2!%21~12z2!exp@2u/~12z2!#, ~10!

whereu5MG
2 /(2b2), b is a hadronic scale parameter, an

K0 andK1 are the well-known modified Bessel functions
the second kind. Notice that whenb→0 ~or better when
MG@b), FAS(z)→d(z); for light mesons like, e.g., the
pion, and reasonable values ofb;0.5–1.0 GeV,FAS(z) is
very similar to the well-known asymptotic distribution am
plitude @14#.

With these choices for the glueball distribution amplitud
all integralsC l ,m,n(y), Eq. ~8!, can be performed analyti
cally. A more detailed discussion of these integrals an
collection of useful results are presented in Appendix C.

The decay rate and the photon angular distribution for
processQ→gG(JPC) can be easily obtained from the di
ferential decay rate

dG

dfg d~cosug!

5
1

64p2MQ
~12y! (

lQ ,lQ8
(

lg ,lG

rlQ ,lQ8
~Q!

3Alg ,lG ;lQ~ug ,fg!Alg ,lG ;lQ8
* ~ug ,fg!, ~11!

wherer(Q) is the helicity density matrix of the quarkonium
state, normalized so that Trr(Q)51. r(Q) depends on the
quarkonium production dynamics. For typical production
high-energy,1,2 colliders all off-diagonal elements ar
1-4
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TABLE II. Numerical values of the ratioR5G(Y→gG)/G(J/c→gG) for the glueball candidates con
sidered in this paper; for each case, differentuL,S& contributions~up toL54) and three possible choices fo
the glueball DA~see text! are considered; comparison with experimental bounds, when available, is
shown.

uJPC& MG ~GeV! uLS& R Rexpt

GAS ASI

b50.5 GeV b51.0 GeV

011 1.71 0 0 2.131022 2.231022 2.231022 ,3.431021

2 2 3.131023 2.131023 2.831023

021 2.14 1 1 3.831024 3.431024 3.531024

111 2.34 2 2 2.831024 4.331024 3.631024

211 2.22 0 2 7.731023 8.831023 8.531023 ,2.931021

2 0 1.331022 2.231021 4.531022

2 2 7.631023 6.731023 7.131023

4 2 2.131022 7.731023 1.831022

221 2.04 1 1 1.331023 1.831023 1.631023

3 1 1.531022 1.631022 1.731022

311 2.00 2 2 1.431022 9.731023 1.231022

4 2 1.031022 5.631023 1.031022

411 2.22 2 2 3.231021 2.031021 2.731021 ,2.931021

4 0 5.531021 2.831023 1.431021

4 2 3.131021 1.531021 2.831021
al

to

al
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only
ven
l
r

vanishing,r61,61(Q).1/2, r00(Q).0; in the following ap-
plications, we will consider this case.

By using Eqs.~1!, ~2! one can easily see that the tot
decay width can be written in the form

G~Q→gG!5
1

16pMQ
~12y!

1

3 (
lg ,lG

uÂlg ,lG
u2, ~12!

while the decay polar angular distribution, normalized
unity, can be written as

1

G

dG

d~cosug!
5

3

2

1

(
lg ,lG

uÂlg ,lG
u2

(
lQ ,lg ,lG

rlQ ,lQ~Q!

3@dlQ ,lg2lG

1 ~ug!#2uÂlg ,lG
u2. ~13!

If uÂ11,0uÞ0, we can define, for a glueball state with tot
angular momentumJ,

r i
J5

uÂ11,1 i u2

uÂ11,0u2
, ~14!

wherei 51,2 and, sinceulGu<J, r i
J50 if J, i . Then, using

Eq. ~13!, one finds
03402
1

GJ

dGJ

d~cosug!
5

3

4

122r 1
J1r 2

J

11r 1
J1r 2

J H 11r 2
J

122r 1
J1r 2

J
2r1,1~Q!

2@123r1,1~Q!#cos2ugJ . ~15!

If uÂ11,0u50 anduÂ11,1uÞ0, we may in turn define

r 2
J5

uÂ11,12u2

uÂ11,1u2
, ~16!

and Eq.~15! simplifies to

1

GJ

dGJ

d~cosug!
5

3

4

r 2
J22

11r 2
J H r 2

J

r 2
J22

2r1,1~Q!

2@123r1,1~Q!#cos2ugJ . ~17!

IV. NUMERICAL RESULTS

Since our approach cannot predict the glueball decay c
stantsf L , we are not able to give reliable estimates for a
solute quantities like decay rates, unless using informa
from other nonperturbative approaches. Another source
uncertainty is that, as we have seen, even considering
pure two-gluon states, some of the bound states with gi
quantum numbersJPC may result from the mixing of severa
L,S states, with unknown mixing coefficients. Although fo
1-5
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weakly bound systems it is usually assumed that amplitu
corresponding to larger values ofL are suppressed, the ove
all contribution of eachL,S state may be modified by th
inclusion of the mixing coefficients. Therefore, in this pap
we limit ourself to give predictions separately for eachL,S
contribution and for quantities that do not depend on
glueball decay constants—i.e., the angular distribution of
decay products and the branching ratiosR5G(Y→gG)/
G(J/c→gG). For this last quantity some experiment
information is available concerning possible glueball can
dates. Both these observables can in principle give us
information regarding the glueball distribution amplitud
and, for a givenJPC state, regarding the relative weight o
the variousL,S amplitudes contributing.

A. Predictions for the ratio RÄG„Y\gG…ÕG„JÕc\gG…

Let us consider the ratioR5G(Y→gG)/G(J/c→gG).
R is independent of the value of the glueball decay const
On the other hand, it depends on the quarkonium decay
stantsf c , f Y . From Eq.~12! and the results of Appendix B
we easily see that

FIG. 2. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the Y→gG(111) decay and different
choices of the glueball distribution amplitude~DA! F(z):
asymptotic DA~ASY DA!, b50.5 GeV ~solid line!; ASY DA, b
51.0 GeV~dashed line!; generalized asymptotic~GAS! DA ~dotted
line!.

FIG. 3. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the J/c→gG(111) decay and different
choices of the glueball distribution amplitude~DA! F(z):
asymptotic DA~ASY DA!, b50.5 GeV ~solid line!; ASY DA, b
51.0 GeV~dashed line!; generalized asymptotic~GAS! DA ~dotted
line!.
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es

r

e
e

i-
ul

t.
n-

R5
G~Y→gG!

G~J/c→gG!

5
12y

Y

12y
c

S as~MY
2 !

as~Mc
2 !

D 2S f Y

f c
D 2S Mc

MY
D 3 F~y

Y
!

F~y
c
!

, ~18!

whereyQ5(MG /MQ)2 andF(y
Y,c

) includes the rest of the
contribution from the helicity amplitudes not explicitl
shown. We can make use of the well-known leading-or
result

G~Q~3S1!→e1e2!5
32

27
pa2

f Q
2

MQ
~19!

and of the leading-order expression for the strong-coup
constant:

as~Q2!5
12p

~11nc22nf !ln~Q2/L2!
, ~20!

FIG. 4. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the Y→gG(211) decay and different
uL,S& glueball states, using the asymptotic DA~ASY DA!, with b
50.5 GeV: L50, S52 ~solid line!; L52, S50 ~dashed line!; L
52, S52 ~dotted line!. Notice that theL54, S52 case~which is
not shown, for clarity! is almost indistinguishable from theL52,
S50 case. Moreover, notice that for theL50, S52 caseI (ug) is
independent of the glueball DA; for all other cases, use of the A
DA with b51.0 GeV, or of the GAS DA, leads to very simila
results.

FIG. 5. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the J/c→gG(211) decay and different
uL,S& glueball states, using the asymptotic DA~ASY DA!, with b
50.5 GeV: L50, S52 ~solid line!; L52, S50 ~dashed line!; L
52, S52 ~dotted line!; L54, S52 ~dot-dashed line!. Notice that
for the L50, S52 caseI (ug) is independent of the glueball DA
for all other cases, use of the ASY DA withb51.0 GeV, or of the
GAS DA, leads to very similar results.
1-6
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with nc53, nf54,5 for Q5Mc ,MY , respectively, andL
50.2 GeV. We then find

R5
G~Y→e1e2!

G~J/c→e1e2!
S Mc

MY
D 2 12y

Y

12y
c

3S 25 ln~Mc
2/L2!

23 ln~MY
2 /L2!

D 2 F~y
Y
!

F~y
c
!

. ~21!

We make also use of the experimental results@9#

Gexpt~J/c→e1e2!55.2660.37 keV,

Gexpt~Y→e1e2!51.3260.0460.03 keV.
~22!

In Table II we present our results for the ratioR, for several
glueball bound states. For each state, the mass is ch
according to the most favored experimental candidate av
able @1,2,9#. As a consequence of its interest, we also c
sider one of the states forbidden by Yang’s theorem—i.e.,
111 state—for which we have indicatively takenM111

52.34 GeV.
For each state, we have also separately considered all

sible uL,S& states contributing. This could be useful, togeth
with a study of the decay angular distributions, to get inf
mation on the unknown mixing coefficients. To study t
dependence of our results on the choice of the glueball
tribution amplitude, we present results for the generaliz
asymptotic distribution amplitudeFL

GAS, Eq. ~9!, and for the
modified asymptotic distribution amplitudeFAS, Eq. ~10!,
using in this case two indicative values for the parameteb:
b50.5 GeV andb51.0 GeV.

For two of the most accredited glueball candida
@9#—i.e., the resonancesf 0(1710) andf J(2220) (J52 or
4!—some experimental results on branching ratios are av
able:

Bexpt
„J/c→g f 0~1710!…3Bexpt

„f 0~1710!→K1K2
…

58.520.9
11.231024,

FIG. 6. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the Y→gG(221) decay and different
uL,S& glueball states:L51, S51 ~solid line!; L53, S51, ASY
DA with b50.5 GeV ~dashed line!, ASY DA with b51.0 GeV
~dotted line!, GAS DA ~dot-dashed line!. Notice that for theL
51, S51 caseI (ug) is independent of the DA adopted.
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Bexpt
„J/c→g f J~2220!…3Bexpt

„f J~2220!→K1K2
…

5~8.163.0!31025, ~23!

Bexpt
„Y→g f 0~1710!…3Bexpt

„f 0~1710!→K1K2
…

,2.631024,

Bexpt
„Y→g f J~2220!…3Bexpt

„f J~2220!→K1K2
…

,1.531025. ~24!

Taking the lowest possible value for theJ/c case, this results
in upper bounds for the ratioR, which are reported in
Table II.

From Table II we can see that, apart from two cases~i.e.,
the L52, S50 contribution to the 211 state and theL
54, S50 contribution to the 411 state!, the results show
relatively little dependence on the glueball distribution a
plitude, differing at most by a factor of 2–3. Our estimat
are consistent with the experimental upper limits, wh
available; for the 411 state, the results are very close to~and
in some case slightly larger than! the upper limit, while in all
other cases they are considerably smaller. For a given s
there are remarkable differences between the possibleL,S
contributions, which could be useful once more experimen

FIG. 7. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the J/c→gG(221) decay and different
uL,S& glueball states:L51, S51 ~solid line!; L53, S51, ASY
DA with b50.5 GeV ~dashed line!, ASY DA with b51.0 GeV
~dotted line!, GAS DA ~dot-dashed line!. Notice that for theL
51, S51 caseI (ug) is independent of the DA adopted.

FIG. 8. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the Y→gG(311) decay and different
uL,S& glueball states:L52, S52 ~solid line!; L54, S52, ASY
DA with b50.5 GeV ~dashed line!, ASY DA with b51.0 GeV
~dotted line!, GAS DA ~dot-dashed line!. Notice that for theL
52, S52 caseI (ug) is independent of the DA adopted.
1-7
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information on the ratioR will hopefully be available.
Complementary information can be found by looking at t
photon angular distributions.

Regarding the scalar, 011 glueball state, since the
f 0(1500) is also reported to be a possible candidate as
alternative to thef 0(1710), we have also considered the ca
M01151.5 GeV. The value of the ratioR correspondingly
decreases~increases! by 10%–20%~20%–30%! at most for
the L50 (L52) contribution.

In spite of the lack of detailed experimental informatio
we have investigated the dependence of the ratioR on the
glueball mass for the other states as well, using other p
sible mass attributions@2#. While the 021, 111, 211 states
show overall a dependence smaller than, or comparable
that of the scalar case, the 221, 311, 411 states show a
stronger sensitivity. As an example, a 10% change in
mass of the 411 state induces a change of up to a factor
2–3 in the ratioR, the sign and value of the change depen
ing on the particularL contribution and glueball wave func
tion considered. This sensitivity could be of some usefuln
in discriminating among possible candidates in the m
range where our model is applicable.

B. Photon angular distributions

Using the results of Eqs.~15!, ~17!, we present in Figs
2–11 the normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the decaysY,J/c→gG, consider-
ing the glueball candidates of Table II. For eachJPC state we
give the angular distribution for all possibleL,S contribu-
tions separately and for the three different choices of
glueball distribution amplitude. Notice that for the 011 and
021 states, where for eachL,S contribution there is only
one nonvanishing amplitude~the one withlG50) I (ug)
5(3/8)(11cos2ug), which gives no useful information
There are also some cases in which, for a pureL,S contri-
bution, I (ug) is independent of the glueball distribution am
plitude. This happens when, at fixedL,S values, all nonvan-
ishing amplitudes with different values oflG have the same
functional form of the integrals over the variablez. More
precisely, this situation applies to the following cases:
L50, S52 contribution to the 211 state; theL51, S51

FIG. 9. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the J/c→gG(311) decay and different
uL,S& glueball states, using the ASY DA withb50.5 GeV: L52,
S52 ~solid line!; L54, S52 ~dashed line!. Notice that for theL
52, S52 caseI (ug) is independent of the DA adopted, while fo
the L54, S52 case the three choices here adopted give alm
indistinguishable results.
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contribution to the 221 state; theL52, S52 contribution to
the 311 state; theL52, S52 contribution to the 411 state;
it also applies to the 421 state, not considered in Table II.

Regarding Figs. 2–11 one can make the following
marks:

~i! Apart from the cases where, for the reasons discus
above, there is no dependence on the glueball distribu
amplitude at all, practically all remaining cases show little
negligible dependence onF(z). The only remarkable case i
the L53, S51 contribution toY→gG(221), where there
is a sizable difference between the results obtained with
generalized asymptotic DA and those with the modifi
asymptotic DA.

~ii ! Regarding the possibility of discriminating among th
different uL,S& contributions to a givenJPC state, the overall
situation looks more interesting. There are remarkable dif
ences in the 211 case, for theJ/c decay; in the 221 case,
for the Y decay; in the 311 case, for bothY and J/c de-
cays; in the 411 case, for theJ/c decay.

~iii ! The 221, 311, 411 cases are those that, on th
whole, show the most interesting effects when comparing
Y andJ/c decays.

V. CONCLUSIONS

In this paper we have presented a detailed derivation
the helicity amplitudes, decay widths, and angular distrib

st

FIG. 10. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the Y→gG(411) decay and different
uL,S& glueball states, using the asymptotic DA~ASY DA!, with b
50.5 GeV: L52, S52 ~solid line!; L54, S50 ~dashed line!; L
54, S52 ~dotted line!. Use of the ASY DA withb51.0 GeV, or
of the GAS DA, leads to very similar results.

FIG. 11. Normalized photon angular distributionI (ug)
5(1/G)dG/d(cosug) for the J/c→gG(411) decay and different
uL,S& glueball states, using the asymptotic DA~ASY DA!, with b
50.5 GeV: L52, S52 ~solid line!; L54, S50 ~dashed line!; L
54, S52 ~dotted line!. Use of the ASY DA withb51.0 GeV, or
of the GAS DA, leads to very similar results.
1-8
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tions for two-gluon glueball production in radiative quark
nium decays. To this end, we have further extended an
proach previously developed and applied by some of u
different high-energy hadronic processes. Given the limi
knowledge of some of the nonperturbative ingredients en
ing the calculation~the glueball distribution amplitude an
decay constant, the mixing coefficients among differentL,S
contributions! we limited ourself to presenting some indic
tive numerical results for the decay widths and angular d
tributions in the production of possible glueball candidates
a pureL,S configuration, adopting two different models fo
the glueball distribution amplitude. These results are ma
intended to illustrate the potentiality of our approach in d
criminating among different glueball candidates and th
masses, quantum number attributions, etc., once it is com
mented by experimental information and other theoretic
nonperturbative inputs. We have tried to present in detai
analytical results, so that they could be used and even fur
extended by the interested reader.

An interesting feature of our model is that it implies th
use of massive constituent gluons, so that two-gluon bo
states can escape Yang’s theorem and form 111, 121, 321

states, whose observation in the mass range considered
would then be a strong argument in favor of approaches,
ours, involving constituent gluons.

We conclude by stressing that our approach can be g
eralized to include lightqq̄ pair ~mesonic! production and
possibly exotic states made of a diquark-antidiquark p
This could be a necessary step if one would consider m
realistic situations, where the observed resonances may r
from the mixing of qq̄, gg, etc., components. Let us als
remark that a similar approach could be extended~and in fact
this has been already done, at least in part! to the case of
hadronic resonance production in photon-photon collisio
The completion of this unified approach would certainly
of great interest for a deeper understanding of hadronic st
ture and spectroscopy in the mass range of a few GeV/c2.
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APPENDIX A: HELICITY AMPLITUDES
FOR THE PROCESS JÕc,Y\gg* g*

In this appendix we present the expressions of the heli
amplitudesMlg ,l1 ,l2 ;lQ for the processQ→gg* g* , with

the kinematics defined in the rest frame ofQ; see Fig. 1~A!.
Notice that according to Eqs.~1!, ~2!, it is sufficient to evalu-
ate the helicity amplitudes in the simple kinematical config
ration ug5fg50. Let us recall that, while the amplitude
are given in the quarkonium rest frame, the anglesu andf
specify the direction of the two-gluon relative momentum
03402
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the glueball rest frame; see Fig. 1~B!. A simple Lorentz boost
along thez axis connects the two reference frames. We f
ther notice that, as a result of parity invariance, only 27
of all 54 amplitudes are in principle independent. Therefo
in the following relations we fixlg511.

Let us define

K5
128p3/2Aaasf Q

9MQ

3
1

@11y~b22z2!#22~12y!2~b cosu2z!2
,

~A1!

where y5MG
2 /MQ

2 . We have, for the helicity amplitude
Mlg ,l1 ,l2 ;lQ(u,f),

M 1,6,6;152K$~12b22z2!~11cos2u!

72yb@~17b!22z2#

12z$2b6y@~17b!22z2#%cosu%, ~A2!

M 1,6,7;152K sin2u~11b22z2!, ~A3!

M 1,6,0;157A2KA~12z!22b2 sinu@~cosu6yz!~11z!

2~12y!b7yb2#, ~A4!

M 1,0,6;156A2KA~11z!22b2 sinu@~cosu6yz!

3~12z!1~12y!b6yb2#, ~A5!

M 1,0,0;152KA~11z!22b2A~12z!22b2 sin2u,
~A6!

M 1,6,6;052A2Ky1/2e2 ifsinu@~12b22z2!cosu

1z$2b6y@~17b!22z2#%#, ~A7!

M 1,6,7;057A2Ky1/2e2 ifsinu~17cosu!

3~11b22z2!, ~A8!

M 1,6,0;057Ky1/2A~12z!22b2e2 if~17cosu!@~11z!

3~11yz62 cosu!7~12y!b2yb2#, ~A9!

M 1,0,6;056Ky1/2A~11z!22b2e2 if~16cosu!@~12z!

3~12yz72 cosu!7~12y!b2yb2#, ~A10!

M 1,0,0;0522A2Ky1/2A~11z!22b2A~12z!22b2

3e2 ifsinu cosu, ~A11!

M 1,6,6;252Kye2 i2fsin2u~12b22z2!, ~A12!
1-9
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M 1,6,7;252Kye2 i2f~17cosu!2~11b22z2!,
~A13!

M 1,6,0;252A2KyA~12z!22b2e2 i2f~11z!

3sinu~17cosu!, ~A14!
03402
M 1,0,6;252A2KyA~11z!22b2e2 i2f~12z!

3sinu~16cosu!, ~A15!

M 1,0,0;2522KyA~11z!22b2A~12z!22b2e2 i2fsin2u.
~A16!
itudes
be
APPENDIX B: HELICITY AMPLITUDES FOR THE PROCESS Q\gG„L ,S,J…

Using Eqs.~4!, ~5!, ~6! and the results of Appendix A, we here present the expressions of the helicity ampl
Alg ,lG ;lQ

L, S, J (ug5fg50), for all glueball states up toJ54 andL<4. The full angular dependence of the amplitudes can

obtained from Eq.~1!. Moreover, as a result of parity invariance,A2lg ,2lG ;2lQ
L, S, J 5(21)L2S1lQ2(lg2lG)Alg ,lG ;lQ

L, S, J . We here

present only independent amplitudes, by fixinglg511. For eachuJPC& state we consider all possibleuL,S& amplitudes
contributing, according to Table I.

JPC5011:

A1, 0; 1
0, 0, 052

256A2

9A3
pAaas

f Q
MQ

uR0~0!u

MG
1/2 E

21

1

dz
FN~z!

A12z2

1

12y2z2
, ~B1!

A1, 0; 1
2, 2, 05

1024

9A3
pAaas

f Q
MQ

uR29~0!u

MG
5/2 E

21

1

dz
FN~z!

A12z2

1

~12z2!2~12y2z2!3

3$1113y1y21~31y28y2234y313y4!z22y2~912y231y225y3!z415y2~223y!z6%. ~B2!

JPC5021:

A1, 0; 1
1, 1, 05 i

512

9
pAaas

f Q
MQ

uR18~0!u

MG
3/2

yE
21

1

dz
FN~z!

A12z2

32~114y1y2!z213y2z4

~12z2!~12y2z2!2
. ~B3!

JPC5111:

A1, 0; 1
2, 2, 152

2560A2

3A3
pAaas

f Q
MQ

uR29~0!u

MG
5/2

yE
21

1

dz
FN~z!

A12z2

1

~12z2!2~12y2z2!
, ~B4!

A1, 1; 0
2, 2, 152

512A2

3A3
pAaas

f Q
MQ

uR29~0!u

MG
5/2

y1/2E
21

1

dz
FN~z!

A12z2

1

~12z2!2~12y2z2!3

3$113y1y22~22y27y2119y323y4!z21y2~6217y116y2!z4%. ~B5!

JPC5121:

A1, 0; 1
1, 1, 15 i

512A2

3A3
pAaas

f Q
MQ

uR18~0!u

MG
3/2 ~12y!E

21

1

dz
FN~z!

A12z2

1

~12z2!~12y2z2!
, ~B6!

A1, 1; 0
1, 1, 15 i

512A2

3A3
pAaas

f Q
MQ

uR18~0!u

MG
3/2

y1/2~12y!E
21

1

dz
FN~z!

A12z2

12yz2

~12z2!~12y2z2!2
. ~B7!

JPC5211:

A1, 0; 1
0, 2, 252

256

9A3
pAaas

f Q
MQ

uR0~0!u

MG
1/2 E

21

1

dz
FN~z!

A12z2

1

12y2z2
, ~B8!
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A1, 1; 0
0, 2, 252

256

9
pAaas

f Q
MQ

uR0~0!u

MG
1/2

y1/2E
21

1

dz
FN~z!

A12z2

1

12y2z2
, ~B9!

A1,2;21
0, 2, 252

256A2

9
pAaas

f Q
MQ

uR0~0!u

MG
1/2

yE
21

1

dz
FN~z!

A12z2

1

12y2z2
, ~B10!

A1, 0; 1
2, 0, 25

1024A10

9A3
pAaas

f Q
MQ

uR29~0!u

MG
5/2 E

21

1

dz

3
FN~z!

A12z2

~12y!22y~2210y110y223y3!z21y2~3214y113y224y3!z41y4z6

~12z2!2~12y2z2!3
, ~B11!

A1, 1; 0
2, 0, 252

1024A10

9
pAaas

f Q
MQ

uR29~0!u

MG
5/2

y1/2E
21

1

dz
FN~z!

A12z2

~126y16y222y3!z21y2z4

~12z2!2~12y2z2!2
, ~B12!

A1,2;21
2, 0, 25

4096A5

3A3
pAaas

f Q
MQ

uR29~0!u

MG
5/2

yE
21

1

dz
FN~z!

A12z2

z2

~12z2!2~12y2z2!
, ~B13!

A1, 0; 1
2, 2, 25

256A10

9A21
pAaas

f Q
MQ

uR29~0!u

MG
5/2 E

21

1

dz
FN~z!

A12z2

1

~12z2!2~12y2z2!3
$2124~12y!21~9228y246y2128y3

212y4!z21y2~218192y267y2128y3!z427y4z6%, ~B14!

A1, 1; 0
2, 2, 25

256A10

9A7
pAaas

f Q
MQ

uR29~0!u

MG
5/2

y1/2E
21

1

dz
FN~z!

A12z2

1

~12z2!2~12y2z2!3
$2122~12y!2

1~1214y244y2114y326y4!z21y2~22146y223y2114y3!z427y4z6%, ~B15!

A1,2;21
2, 2, 25

512A5

9A7
pAaas

f Q
MQ

uR29~0!u

MG
5/2

yE
21

1

dz
FN~z!

A12z2

1

~12z2!2~12y2z2!3
$2114~12y!21~5256y146y2256y3

112y4!z21y2~1828y125y2!z427y4z6%, ~B16!

A1, 0; 1
4, 2, 252

256A2

3A21
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2 E

21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$131152y2264y21104y3

116y412~231172y21090y211280y32244y42284y5180y6!z21~5248y2352y21392y3

15406y4210960y517592y621800y7180y8!z414y2~25168y1259y221994y312839y4

21408y5182y6154y7!z61y4~4621360y15520y226760y313325y42456y5!z8

16y6~342152y1153y2256y3!z10121y8z12%, ~B17!

A1, 1; 0
4, 2, 252

256A2

9A7
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

y1/2E
21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$25132y1108y2240y3

232y412~21286y2142y21518y321114y41796y52160y6!z21~225284y2460y217232y3

216926y4120156y5211548y612760y72160y8!z414y2~311311y22408y214402y3

24199y411769y52167y6254y7!z61y4~268613716y24884y214256y321829y41372y5!z8

16y6~22130y1107y2242y3!z10163y8z12%, ~B18!
034021-11
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A1,2;21
4, 2, 252

512

9A7
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

yE
21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$1432176y1120y2232y3

18y412~732736y11246y221256y31700y42256y5140y6!z21~312144y11792y222720y3

13618y422960y511768y62480y7140y8!z414y2~2132284y1413y22784y31659y42380y5

174y6!z61y4~3621208y1144y21160y3171y4!z816y6~24618y225y2!z10163y8z12%. ~B19!

JPC5221:

A1, 0; 1
1, 1, 252 i

1024A2

9
pAaas

f Q
MQ

uR18~0!u

MG
3/2

y~12y!2E
21

1

dz
FN~z!

A12z2

z2

~12z2!~12y2z2!2
, ~B20!

A1, 1; 0
1, 1, 252 i

512A2

3A3
pAaas

f Q
MQ

uR18~0!u

MG
3/2

y3/2~12y!2E
21

1

dz
FN~z!

A12z2

z2

~12z2!~12y2z2!2
, ~B21!

A1,2;21
1, 1, 250, ~B22!

A1, 0; 1
3, 1, 25 i

2048

9A3
pAaas

f Q
MQ

uR3-~0!u

MG
7/2

y~12y!2E
21

1

dz
FN~z!

A12z2

1

~12z2!3~12y2z2!4
$71~33280y

126y2!z22~2116y278y2116y319y4!z41y2~12280y133y2!z6114y4z8%, ~B23!

A1, 1; 0
3, 1, 25 i

1024

27
pAaas

f Q
MQ

uR3-~0!u

MG
7/2

y1/2~12y!2E
21

1

dz
FN~z!

A12z2

1

~12z2!3~12y2z2!4
$14~12y!

1~282157y1188y2252y3!z22y~32144y1142y2110y3218y4!z4

2y3~66220y211y2!z6121y5z8%, ~B24!

A1,2;21
3, 1, 252 i

28672A2

27
pAaas

f Q
MQ

uR3-~0!u

MG
7/2

y~12y!2E
21

1

dz
FN~z!

A12z2

z2

~12z2!3~12y2z2!2
. ~B25!

JPC5311:

A1, 0; 1
2, 2, 350, ~B26!

A1, 1; 0
2, 2, 35

1024

9
pAaas

f Q
MQ

uR29~0!u

MG
5/2

y1/2~12y!2E
21

1

dz
FN~z!

A12z2

11~328y13y2!z21y2z4

~12z2!2~12y2z2!3
, ~B27!

A1,2;21
2, 2, 35

1024A5

9
pAaas

f Q
MQ

uR29~0!u

MG
5/2

y~12y!2E
21

1

dz
FN~z!

A12z2

11~328y13y2!z21y2z4

~12z2!2~12y2z2!3
, ~B28!

A1, 0; 1
4, 2, 35

10240

A15
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

y~12y!2E
21

1

dz
FN~z!

A12z2

11~328y13y2!z21y2z4

~12z2!4~12y2z2!3
, ~B29!

A1, 1; 0
4, 2, 352

2560A2

9A5
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

y1/2~12y!2E
21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$524y24y2

1~20240y259y21128y3240y4!z21~7228y2152y21664y32737y41260y5220y6!z4

1y2~2251272y2716y21632y32169y4!z61y4~2431140y2112y2124y3!z823y6z10%, ~B30!
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A1,2;21
4, 2, 352

512A2

9
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

y~12y!2E
21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$53216y18y2

1~2002712y1589y22352y3180y4!z21~252280y11048y221136y311063y42400y5

140y6!z41y2~1552592y1664y22712y31215y4!z61y4~271104y18y2!z8215y6z10%. ~B31!

JPC5321:

A1, 0; 1
3, 1, 35 i

512A7

9
pAaas

f Q
MQ

uR3-~0!u

MG
7/2 ~12y!2E

21

1

dz
FN~z!

A12z2

1

~12z2!3~12y2z2!3

3$12y1~1211y111y223y3!z21~32y!y2z4%, ~B32!

A1, 1; 0
3, 1, 35 i

4096A14

27
pAaas

f Q
MQ

uR3-~0!u

MG
7/2

y1/2~12y!2E
21

1

dz
FN~z!

A12z2

1

~12z2!3~12y2z2!4

3$12y2~1114y216y215y3!z22y~3224y120y227y3!z42y3~32y12y2!z6%, ~B33!

A1,2;21
3, 1, 352 i

8192A70

27
pAaas

f Q
MQ

uR3-~0!u

MG
7/2

y~12y!2E
21

1

dz
FN~z!

A12z2

z2

~12z2!3~12y2z2!2
. ~B34!

JPC5411:

A1, 0; 1
2, 2, 45

1024A2

3A21
pAaas

f Q
MQ

uR29~0!u

MG
5/2 ~12y!2E

21

1

dz
FN~z!

A12z2

11~328y13y2!z21y2z4

~12z2!2~12y2z2!3
, ~B35!

A1, 1; 0
2, 2, 45

1024A5

3A21
pAaas

f Q
MQ

uR29~0!u

MG
5/2

y1/2~12y!2E
21

1

dz
FN~z!

A12z2

11~328y13y2!z21y2z4

~12z2!2~12y2z2!3
, ~B36!

A1,2;21
2, 2, 45

1024A5

3A21
pAaas

f Q
MQ

uR29~0!u

MG
5/2

y~12y!2E
21

1

dz
FN~z!

A12z2

11~328y13y2!z21y2z4

~12z2!2~12y2z2!3
, ~B37!

A1, 0; 1
4, 0, 452

2A2

A3
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2 E

21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$~12y!2~39126102y11721y2!

1~2503223466y1139087y22301024y31279356y42114996y5117210y6!z21y~23442167196y

2413514y21929047y32915276y41425324y5289960y618605y7!z41y2~625240670y1320322y2

2798058y31773961y42321024y5152012y625788y7!z612y4~1955246467y1153058y2

2141519y3142517y411096y5!z81y6~20341283242y174871y2223940y3!z1012660y8z12%, ~B38!

A1, 1; 0
4, 0, 45

20480

3A15
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

y1/2~12y!2E
21

1

dz
FN~z!

A12z2

z2

~12z2!4~12y2z2!4
$3212y112y2

24y31~1220y162y2264y3128y424y5!z21y2~6220y115y224y3!z41y4z6%, ~B39!

A1,2;21
4, 0, 452

20480

3A15
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

y~12y!2E
21

1

dz
FN~z!

A12z2

z2@11~328y13y2!z21y2z4#

~12z2!4~12y2z2!3
, ~B40!
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A1, 0; 1
4, 2, 452

5120

3A1155
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2 ~12y!2E

21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$25116y28y21~962176y

2247y21264y3280y4!z21~152128y2144y211240y321101y41400y5240y6!z41y2~2251528y

21600y211408y32597y4188y5!z61y4~21071368y2272y2188y3!z8211y6z10%, ~B41!

A1, 1; 0
4, 2, 452

512A2

3A231
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

y1/2~12y!2E
21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$3~5118y24y2!

1~54021452y19y21308y32120y4!z21~252500y1488y212564y321877y41600y5260y6!z4

1y2~1551528y23236y212508y321165y41220y5!z61y4~228711124y2672y21220y3!z8255y6z10%,

~B42!

A1,2;21
4, 2, 452

512A2

3A231
pAaas

f Q
MQ

uR
4

IV~0!u

MG
9/2

y~12y!2E
21

1

dz
FN~z!

A12z2

1

~12z2!4~12y2z2!5
$3~79248y124y2!1~116024488y

15061y223168y31720y4!z21~19523160y110712y2214064y3110767y423600y51360y6!z4

1y2~99524048y15336y224488y311215y4!z61y4~171296y172y2!z8255y6z10%. ~B43!

JPC5421:

A1, 0; 1
3, 1, 45 i

16384

9
pAaas

f Q
MQ

uR
3
-~0!u

MG
7/2

y~12y!4E
21

1

dz
FN~z!

A12z2

z2@11~124y1y2!z21y2z4#

~12z2!3~12y2z2!4
, ~B44!

A1, 1; 0
3, 1, 45 i

20480A2

9A5
pAaas

f Q
MQ

uR
3
-~0!u

MG
7/2

y3/2~12y!4E
21

1

dz
FN~z!

A12z2

z2@11~124y1y2!z21y2z4#

~12z2!3~12y2z2!4
, ~B45!

A1,2;21
3, 1, 450. ~B46!
r a

w
Eq

tr

de
ls

-

the
APPENDIX C: USEFUL ANALYTICAL INTEGRALS

In this appendix we collect several relations useful fo
complete analytical calculation of the amplitudesAlg ,lG ;lQ.
An inspection of the results presented in Appendix B sho
that all the required integrals can be cast in the form of
~8!:

C l ,m,n~y!52E
0

1

dz
F~z!

A12z2

z2m

~12z2! l~12y2z2!n
. ~C1!

We consider separately the two classes of glueball dis
bution amplitudes utilized in this paper.

1. Generalized asymptotic distribution amplitude

Using the generalized asymptotic distribution amplitu
FL

GAS(z), defined in Eq.~9!, we easily see that the integra
C l ,m,n(y) reduce to

C l ,m,n
GAS~y!52NLE

0

1

dz
~12z2!1/2z2m

~12y2z2!n
5NLIm,n~y!,

~C2!

whereIm,n(y), independent ofL, is given by
03402
s
.

i-

Im,n~y!52E
0

1

dz
~12z2!1/2z2m

~12y2z2!n

5
ApG~m11/2!

2G~m12! 2F1~m11/2,n,m12,y2!, ~C3!

and 2F1(a,b,c,z) is the well-known hypergeometrical func
tion. It is easy to verify that

Im,0~y!5Im,n~y50!5
p

2m11

~2m21!!!

~m11!!
. ~C4!

Two useful recursive relations between theIm,n(y) are
the following:

Im11,n11~y!5
1

2ny

d

dy
Im,n~y!, n.0, ~C5!

Im11,n11~y!5
1

y2
@Im,n11~y!2Im,n~y!#. ~C6!

From these two relations one can easily get as well
following one:
1-14
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Im,n11~y!5S 11
y

2n

d

dyDIm,n~y!, n.0. ~C7!

Equation~C3! is not very useful for practical calculations
One can instead utilize the well-known transformation f
mula for the hypergeometrical functions,

2F1~a,b,c;x!5
G~c!G~2c8!

G~a8!G~b8!
2F1~a,b,c811;12x!

1~12x!2c8
G~c!G~c8!

G~a!G~b!

32F1~a8,b8,12c8;12x!, ~C8!

where a85c2a, b85c2b, and c85a1b2c, together
with the so-called Gauss recursion formulas

2F1~a,b,c;x!5 2F1~a11,b21,c;x!

1
a2b11

c
x 2F1~a11,b,c11;x!, ~C9!

2F1~a,b,c;x!

5
~c21!~a2b21!

~a21!~c2b21! 2F1~a21,b,c21;x!

1
b~c2a!

~a21!~c2b21! 2F1~a21,b11,c;x!, ~C10!

in order to expressIm,n(y) as a combination of several hy
pergeometrical functions of the simple form2F1(r ,d,d;x)
5(12x)2r , with arbitrary reald and integerr.

For completeness, we present below all the functio
Im,n(y) required in an evaluation of the helicity scatterin
amplitudes of interest:

I0,1~y!5
p

y2
~12A12y2!, ~C11!

I1,1~y!5
p

y4 S 12A12y22
1

2
y2D , ~C12!

I2,1~y!5
p

y6 S 12A12y22
1

2
y22

1

8
y4D , ~C13!

I3,1~y!5
p

y8 S 12A12y22
1

2
y22

1

8
y42

1

16
y6D ,

~C14!

I4,1~y!5
p

y10S 12A12y22
1

2
y22

1

8
y42

1

16
y62

5

128
y8D ,

~C15!

I0,2~y!5
p

2

1

A12y2
, ~C16!
03402
-

s

I1,2~y!5
p

y4 S 22y2

2A12y2
21D , ~C17!

I2,2~y!5
p

2y6 S 423y2

A12y2
241y2D , ~C18!

I3,2~y!5
p

2y8 S 625y2

A12y2
2612y21

1

4
y4D , ~C19!

I4,2~y!5
p

2y10S 827y2

A12y2
2813y21

1

2
y41

1

8
y6D ,

~C20!

I0,3~y!5
p

8

423y2

~12y2!3/2
, ~C21!

I1,3~y!5
p

8

1

~12y2!3/2
, ~C22!

I2,3~y!5
p

y6 S 12
8212y213y4

8~12y2!3/2 D , ~C23!

I3,3~y!5
p

2y8 S 62y22
24240y2115y4

4~12y2!3/2 D , ~C24!

I4,3~y!5
p

8y10S 48212y22y42
48284y2135y4

~12y2!3/2 D ,

~C25!

I0,4~y!5
p

16

8212y215y4

~12y2!5/2
, ~C26!

I1,4~y!5
p

16

22y2

~12y2!5/2
, ~C27!

I2,4~y!5
p

16

1

~12y2!5/2
, ~C28!

I3,4~y!5
p

y8 S 16240y2130y425y6

16~12y2!5/2
21D , ~C29!

I4,4~y!5
p

2y10S 642168y21140y4235y6

8~12y2!5/2
281y2D ,

~C30!

I0,5~y!5
p

128

642144y21120y4235y6

~12y2!7/2
, ~C31!
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I1,5~y!5
p

128

16216y215y4

~12y2!7/2
, ~C32!

I2,5~y!5
p

128

823y2

~12y2!7/2
, ~C33!

I3,5~y!5
p

128

5

~12y2!7/2
, ~C34!

I4,5~y!5
p

y10S 12
1282448y21560y42280y6135y8

128~12y2!7/2 D ,

~C35!

I5,5~y!5
p

2y12S 102y2

2
64022304y213024y421680y61315y8

64~12y2!7/2 D ,

~C36!

I6,5~y!5
p

8y14S 120220y22y4

2
192027040y219504y425544y611155y8

16~12y2!7/2 D .

~C37!

2. Modified asymptotic distribution amplitude

Using the modified asymptotic distribution amplitud
FAS(z), defined in Eq.~10!, the integralsCL,m,n(y) take the
form

C l ,m,n~y,u!52NuE
0

1

dz
exp@2u/~12z2!#z2m

~12z2! l 21/2~12y2z2!n
,

~C38!

with the normalization factor

Nu5
3

2
exp~u/2!@u2K0~u/2!1u~12u!K1~u/2!#21.

~C39!

Let us now consider the integrals

Jl ,m,n~y,u!52E
0

1

dz
exp@2u/~12z2!#z2m

~12z2! l 21/2~12y2z2!n
. ~C40!

It is easy to verify that the following recurrence relatio
hold:

Jl ,m11,n11~y,u!5
1

y2
@Jl ,m,n11~y,u!2Jl ,m,n~y,u!#,
03402
Jl 11,m11,n~y,u!5Jl 11,m,n~y,u!2Jl ,m,n~y,u!,

Jl ,m11,n11~y,u!5
1

2ny

d

dy
Jl ,m,n~y,u!, n.0,

Jl 11,m,n~y,u!52
d

du
Jl ,m,n~y,u!,

Jl ,m,n11~y,u!5S 11
y

2n

d

dyDJl ,m,n~y,u!, n.0.

~C41!

By definingt1151/(12z2) andg51/(12y2), the inte-
gralsJl ,m,n(y,u) can be cast in the form

Jl ,m,n~y,u!

5e2ugnE
0

`

dttm21/2~ t11! l 2m1n22~ t1g!2ne2ut.

~C42!

Solving these integrals is not immediate. However, o
can show that, by performing a certain number of approp
ate integrations and differentiations with respect tou ~the
order and number of these operations being related to
values ofl, m, n) and using as boundary conditions the sim
pler integralsJl ,m,n(y,u50), they can be related to an inte
gral representation of the well-known error function Erf(x).

Without entering into more details of this conceptua
simple but algebraically cumbersome procedure, we pre
below a minimal set of three integrals of the fami
Jl ,m,n(y,u) that, using the recurrence relations~C41!, gener-
ate all other integrals required by the calculation of our sc
tering amplitudes. Since the expressions found are in so
cases quite lengthy and involved, we do not present al
them explicitly:

J0,0,0~y,u!5Apue2u2p~u21/2!@12Erf~Au!#, ~C43!

J0,0,1~y,u!5
p

y2
$12Erf~Au!2A12y2 exp@uy2/~12y2!#

3@12Erf„Au/~12y2!…#%, ~C44!

J0,2,1~y,u!5
p

8y6
e2u$22Auy2~41y212uy4!

1@81~8u24!y21~4u214u21!y4#Apeu

3@12Erf~Au!#28Ap~12y2!

3exp@u/~12y2!#@12Erf„Au/~12y2!…#%.

~C45!
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